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A shell model has been developed and used in a study of the lattice dynamics of hydroxyapatite. The results
give insight into the modes of vibration of the lattice, but in addition, the dynamics has been used to obtain
quantities involved in x-ray and neutron diffraction patterns and in infrared spectra to help in the interpretation
of experimerimental data. Phonons throughout the Brillouin zone were obtained and used to calculate atomic
thermal factors entering the x-ray and neutron scattering intensity. The calculated values were in very good
agreement with experiment. The phonon modes were also obtained for the �-point taking into account the long
range Coulomb correction to the dynamical matrix. They were used to calculate the infrared reflectivity for
single crystals of hydroxyapatite through the dielectric function and using the dipole approximation, and the
powder spectrum was also obtained using the dipole method. Although the positions of peaks in the measured
intensities were in good agreement with the frequencies of features in the calculated phonon density of states,
the calculated intensities were in poorer agreement with experiment.
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I. INTRODUCTION

Phosphates play an important role in our lives. Not only
are there more than two hundred minerals containing phos-
phate groups finding applications ranging from fertilizers to
oral care and in medical industries,1 but life forms them-
selves are dependent on them. For example, phosphates play
a fundamental role in DNA and energy transfer processes
and are a key ingredient of the skeleton.2 The focus of this
study is calcium hydroxyapatite, Ca10�PO4�6�OH�2, which is
the primary inorganic component of animal bone. The hex-
agonal structure of hydroxyapatite can be viewed as consist-
ing of unconnected fairly robust PO4

3− tetrahedra with Ca2+ in
the space between and a column of OH− ions along the c axis
to balance the charge. Ab initio calculations gave a P63 space
group with all the OH groups aligned, an arrangement which
is assumed in this work.3

Experimental techniques routinely applied to study the
structural properties of phosphates include x-ray and neutron
diffraction and infrared spectroscopy, but the interpretation
of results involves a knowledge of the dynamical properties
of the lattice. The analysis of x-ray and neutron diffraction
data involves the thermal factors, and infrared spectra in-
volve a group of the lattice vibrations directly.

The difficulty of obtaining pure single crystal samples of
these phosphates means that the materials are often powder
samples containing a mixture of phases with low crystallo-
graphic symmetry. The analysis of x-ray or neutron diffrac-
tion patterns from powder samples is usually performed
through a Rietveld refinement in which a large number of
parameters are fit to the scattering data. Knowledge of the
anisotropic thermal factors for each of the atoms would sig-
nificantly reduce the number of fitting parameters and im-
prove the reliability of the physical quantities extracted from
the experimental data.

The infrared spectrum of a single crystal and its powder
differ considerably making the analysis of multiphase pow-
der infrared spectra difficult. A way to assign vibrational

modes to observed spectral features in this situation is to use
very expensive isotopic substitution in combination with
group theoretical analysis.4 But, the calculation of the pho-
non frequencies, density of states, their association with par-
ticular vibrational modes and ultimately the calculation of
the infrared intensities can be a useful alternative to isotopic
substitution and could facilitate an accurate interpretation of
the infrared data.

The calculation of these diffraction and infrared related
quantities requires the phonon frequencies and eigenvectors,
and there are two levels at which this can be done: Using
either a full quantum mechanical treatment of the electrons
in the presence of the ions, or using a classical model for the
forces. But, even with today’s computers and ab initio den-
sity functional perturbation theory5 for the calculation of
force constants, dielectric functions and other properties, ob-
taining reliable results in a reasonable time using these first
principles methods is not feasible for systems as large as the
ones we are interested in, e.g., apatites and tricalcium phos-
phates. The alternative is to use parametrized potential mod-
els to eliminate the electronic degrees of freedom and con-
sequently the solution of the Schrödinger equation for the
electronic structure, which is the most time consuming part
in the ab initio calculations.

However, ab initio methods have been applied to study
the ground state crystallographic and electronic structure of
calcium phosphates. Hydroxyapatite and related calcium
apatites with 40 atoms or so in the unit cell have been
investigated,3 along with the more complex �- and
�-tricalcium phosphates with about three hundred atoms per
unit cell.6 But, the dynamical properties of such systems are
presently beyond the scope of the ab initio methods.

The potential model used in this work is the so-called
shell model,7,8 which consists of replacing each atom or ion
in the system by a massive core with a charged massless
shell interacting with the core via some potential, usually
harmonic. The interaction between cores is Coulombic while
each shell interacts with other cores and shells via Coulomb
interactions and short-range two- and three-body forces. The
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shell model goes beyond a rigid ion model for interatomic
forces by including some account of interactions between
ions, polarization effects and covalent bonding. The shells
are massless so that each follows its core instantaneously and
for them the adiabatic approximation holds. With the ojective
of studying not just calcium hydroxyapatite but other cal-
cium phosphates we have developed a shell model that can
be transferred from hydroxyapatite to these other systems.
Section II, which follows, describes the theoretical back-
ground of this study and begins with details of the shell
model potential that was used.

The calcium phosphates are polar which introduces long
range Coulomb splitting of the phonons in the long wave
length limit ��-point�.9 This requires extension of the dy-
namical matrix in the shell model to include a long range
Coulomb correction. The extension is described in Sec. II,
which also gives details of the method for calculating the
infrared intensities including the development of an expres-
sion for the dielectric function as a function of frequency
within the shell model. The calculation of the thermal factors
from the phonon frequencies and eigenvectors throughout
the Brillouin zone when there are different types of atom in
the unit cell is also described.

Section III begins with an evaluation of the available shell
models for hydroxyapatite. A new model is then introduced
and used to study the lattice dynamics of hydroxyapatite. The
results are presented and discussed also in Sec. III, and some
concluding remarks complete the paper.

II. THEORETICAL BACKGROUND

A. Shell model potential

Within the shell model the potential energy could include
two-, three-, and N-body terms where the bodies that are
interacting are understood to be any shell or core in the sys-
tem. If Zi and Zj are the charges of the ith and jth bodies,
respectively, and Rij is the distance between them; the two-
body part of the interaction potential can be written as:

Vij =
ZiZj

Rij
+ Aij exp�− Rij

�ij
� +

Cij

Rij
n +

kij

2
Rij

2 , �1�

where Aij, Cij, and kij are coefficients depending on the na-
ture of the interacting bodies. The first term in Eq. �1� is the
Coulomb interaction between the bodies. The second pro-
vides a short-range repulsive barrier which prevents ions of
different charges collapsing onto each other due to the Cou-
lomb attraction. The third term accounts for van der Waals
interactions, and the last provides a harmonic interaction be-
tween the ith ion and its massless shell labeled as j. A three
body potential describing the effect of directional bonding in
the harmonic approximation would be given by:

Vijk =
kijk

2
��ijk − �0�2, �2�

where the angle � is measured on the common plane of the
three ions, and �0 is the equilibrium angle. The total interac-
tion potential, V, is the sum of terms Eqs. �1� and �2� over all
the ions and shells in the system.

The coefficients of the potentials are found by fitting ex-
perimental and/or theoretical ab initio results on, for ex-
ample, geometry and phonon frequencies, and when there
are anharmonic terms, some properties that depend on third-
order derivatives such as thermal expansion coefficients. The
computer program GULP10 was used in this study to fit po-
tential parameters, to relax the structure and to calculate off-
� phonon states. For the calculation of phonon states at the
�-point the correction9 due to the long range of the Coulomb
potential was introduced into the shell model �Eq. �11�� and
required new programming.

B. Phonons

For nonpolar systems and any wave vector q� the harmonic
dynamical problem can be cast into the eigenvalue-
eigenvector equation:9

�2u��n� = �
��n�

D���
q� �nn��u���n�� , �3�

where

D���
q� �nn�� = �mnmn��

−1/2�
ll�

C����nn�

ll�
�

�exp�− iq� · „T� �l�� − T� �l�…� , �4�

is the Fourier transform of the force constant matrix
C���

� nn�
ll�

�, which is defined by:

C����nn�

ll�
� = � �2V

�u��n

l
� � u���n�

l�
��

o

. �5�

T� �l� is a crystal translational vector, u�� n
l
� is the displacement

vector of the nth atom in the lth unit cell, and 	o denotes
evaluation of the derivative at the equilibrium ion arrange-
ment, and mn is the mass of the nth atom.

It is straightforward to determine the phonon eigenvalues
and vectors throughout the Brillouin zone, but the �-point
�q� =0� is a special case in polar solids which is addressed
later.

C. Thermal factors

The average intensity of a diffracted x-ray beam from a

crystal in thermal equilibrium when the scattering vector S� is
a reciprocal lattice vector is given by the following
expression:9

I�S�� = �
nln�l�

fn�S��fn��S
��exp�iS� · „r��n� − r��n��…�

�exp�iS� · „T� �l� − T� �l��…�

�
exp�iS� · �u��n

l
� − u��n�

l�
��� , �6�

where fn�S�� is the atomic form factor of the atom n, r��n� its

position in the unit cell, and T� �l� is a translational or lattice
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vector. The brackets � � represent an ensemble average. After
quantum mechanical ensemble averaging and in the zero-
order scattering approximation9,11 the intensity is written as

I�S�� = ��
n

fn�S��eiS� ·r��n�e−Wn�S���2
, �7�

where Wn�S�� is the Debye-Waller factor defined as

Wn�S�� =
	

2Nmn
�
q� j

	S� · e��	n	 j
q��	2

��q�

j
�

��1

2
+

1

exp�	��q�

j
�� kBT� − 1� , �8�

where N is the number of cells in the crystal, q� is a vector in
the Brillouin Zone, e��n	 j

q�� is the jth eigenvector of wave vec-
tor q� of the dynamical matrix and �� q�

j
� is the corresponding

frequency.
The Debye-Waller factor is usually written as12

Wn�S�� = 2
2S� · Bn · S� . �9�

where

Bn =
	

Nmn
�
q� j

e��	n	 j
q��e��	n	 j

q��

��q�

j
� �1

2
+

1

exp�	��q�

j
�� kBT� − 1� ,

�10�

is the displacement matrix, or the matrix of thermal factors.
The expression for the thermal factors �Eq. �10�� involves

a sum over wave vectors in the Brillouin zone. Convergence
was achieved summing over 100 points.

D. �-point phonons

For polar solids at the �-point it is necessary to introduce
a correction to the force constant matrix Eq. �5�, due to the
long-range character of the Coulomb interaction which in the
long wave length limit introduces a macroscopic longitudinal
electric field in the force constant matrix and, therefore, also
in the dynamical matrix.9

Although the phonon frequencies at q� =0 may be obtained
by straightforward numerical calculation of ��q�� at small but
finite q� values by solving Eq. �3� and extrapolating to zero,
extrapolation of the eigenvectors to q� =0 if these are also
needed, is more complicated. Alternatively, the long wave-
length limit of the force constant matrix including the Cou-
lomb corrections may be used to obtain the phonon frequen-
cies and eigenvectors at q� =0 directly.

The force constant matrix in the long wavelength limit
taking into account the zero mass of the shells in the shell
model13 and including the Coulomb correction5,13 is11

C̃���nn�� = C���nn�� +
4


v�L
� �q̂ f c�n����q̂ f c�n����

+ �
ns�
�C��

T �nns�� +
4


v�L
� �q̂ f c�n����q̂ f s�ns�����

� �
ns�

�s−1�ns�ns��
c�ns�n�����, �11�

where � and � denote Cartesian components, n and ns label
the cores and shells, respectively, C�nn�� is the force con-
stant matrix between cores n and n� without the macroscopic
electric field correction and similarly C�nns� and C�nsns� de-
note core-shell and shell-shell matrices, respectively, q̂ is a
unit vector in the direction of the wave vector, f c�n� and
f s�ns� are the Born charge tensors for the nth core and nsth
shell, respectively, v is the volume of the unit cell, �L

� is the
high frequency dielectric constant in the direction of q̂ and
s

���nsns�� and c
���nsn� are given by

s
���nsns�� = C���nsns�� +

4


v�L
� �q̂ f s�ns����q̂ f s�ns���� �12�

and

c
���nsn� = C���nsn� +

4


v�L
� �q̂ f s�ns����q̂ f c�n���. �13�

The Born charge tensors for the cores and shells are isotropic
in the shell model.

Classification of the phonon states is helpful for compli-
cated systems such as hydroxyapatite and there are two main
types of method for doing this. The first is based on the site
and factor group symmetry analysis, while the second is
based on full representations of groups.14 For �-point states
in nonpolar solids the symmetry of � is used, i.e., the whole
point group of the crystal, but for polar solids the classifica-
tion should be done according to the symmetry of the
q̂-vector which is in the direction of approach to the
�-point.15

The classification of phonon states based on full group
representations is rather abstract and a physical picture is not
obvious. However, the availability of the eigenvectors allows
the examination of displacement patterns and the projected
density of states, which provides information on how groups
of atoms or molecules in the system vibrate and what are
their characteristic frequencies. This information is useful for
the calcium phosphates in which there are robust PO4 groups
whose internal vibrations are a feature of the dynamics. Pho-
non states are also classified as transversal or longitudinal
modes.

E. Infrared spectra

1. Intensities

The infrared intensities were calculated from the �-point
phonons using two methods. One method used the relation:16
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I � 	d� 	2, �14�

where d� is the electric dipole moment of the unit cell for a
given phonon mode defined as

d� = �
n

Zne��	n	 j
q�� + �

ns

Zns
e��	ns	 j

q�� , �15�

and Zn �Zns
� is the electric charge of the nth core �nsth shell�.

The second method was to calculate the reflectivity coef-
ficient from:17

R =
�1 − n�2 + k2

�1 + n�2 + k2 , �16�

where n=Re��1/2�, n=Im��1/2� and � is the dielectric func-
tion.

The following expression11,13 is used for the dielectric
function in the shell model including the presence of mass-
less shells, and in the harmonic approximation:

������ = ���
� +

4


v �
j

��
n

G�n�e��n

j ��
�

��
n

GT�n�e��n

j ��
�

� j
2 − �2 ,

�17�

where ���
� is the high frequency dielectric function, j labels

the �-point vibrational modes, and � j
2 is the squared fre-

quency of the normal mode j with the Coulomb correction of
the force constant matrix set to zero. G�n� is given by the
expression:

TABLE I. Shell models potential parameters for hydroxy-
apatite.

Electric charge �e�

Element Core Shell

P 5.000

Ca 2.000

H 1.000

O 0.860 −2.860

Buckingham potential

Elements A �eV� � �Å� C �eV Å6�
P-O s 845.3 0.3596

Ca1-O s 1334.0 0.3258

Ca1-O�H� s 513.9 0.3353

Ca2-O s 849.3 0.3489

Ca2-O�H� s 878.8 0.3533

H-O�H� s 408.7 0.2370

O s-O s 22894.4 0.1503 32.747

O s-O�H� s 57449.3 0.2094 30.972

O�H� s-O�H� s 92903.2 0.2531 43.612

Core-shell spring constant

Element k �eV/Å2�
O 60.82

O�H� 113.38

Three-body potential

Elements k �eV/deg2� �0 �deg�
O s-P-O s 6.005 109.5

TABLE II. Differences between experimental and optimized
unit cell parameters of hydroxyapatite.

Parameter Exp. Potentials

Lee et al.
�Ref. 19�

Leeuw
�Ref. 20�

This
work

V �Å3� 528.0 −6.0 −6.8 0.3

a �Å� 9.4081 0.1354 −0.046 −0.007

b �Å� 9.4081 0.1354 −0.046 −0.007

c �Å� 6.8887 −0.27 −0.02 0.015

� �°� 90.0 0.0 0.0 0.0

� �°� 90.0 0.0 0.0 0.0

� �°� 120.0 0.0 0.0 0.0

�2

Unit cell 0.1097 0.0047 0.0003

Atomic positions 0.0190 0.0039 0.0034

TABLE III. Thermo-parameters � ��10−4� of hydroxyapatite at room temperature.

Experiment �Ref. 22� Theory

Atom �11 �22 �33 �12 �13 �23 �11 �22 �33 �12 �13 �23

P 19 17 25 10 0 0 15 17 22 9 0 0

Ca1 31 31 20 15.5 0 0 26 26 22 13 0 0

Ca2 21 23 30 11 0 0 21 22 47 10 0 0

O1 38 29 52 26 0 0 30 51 44 30 0 0

O2 20 26 73 10 0 0 24 22 90 5 3 2

O3 88 42 50 44 −39 −24 65 53 38 44 −15 −20

O�H� 26 26 99 13 0 0 25 26 57 13 0 0

H 129 129 104 64.5 0 0 83 83 77 41 0 0
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G�n� =
f c�n�
mn

1/2 −
1

mn
1/2 �

nsns�

f s�ns�C−1�nsns��C�ns�n� . �18�

An ad hoc damping term −i�� was included in the de-
nominator of expression Eq. �17� to reproduce some effects
of anharmonicity on the dielectric function.

2. Assignment of infrared active modes

The infrared active phonon modes are those that trans-
form as the position vector and are, therefore, classified by
the corresponding irreducible point representations.14 It is
also customary to use the vibrational modes of isolated mol-
ecules to label the infrared active modes. In the case of phos-
phates the vibrational modes of the isolated PO4

3− molecular
ion are used in the classification of some of the infrared
active modes.18

III. RESULTS AND DISCUSSION

A. Potential parameters

Hydroxyapatite is composed of PO4 groups linked by cal-
cium ions, and OH ions along the c axis. Stoichiometric
hydroxyapatite has the space group symmetry of P63

3. But in
refinements of scattering data the P63/m group is used to-
gether with half occupancies of the OH groups.1

Two quite different shell models were developed by Lee
et al.19 and Leeuw20 to study respectively surface relaxation
and segregation in hydroxyapatite. Our tests of the first
potential19 gave an imaginary frequency revealing some in-
stabilities. The second potential19 was also unsatisfactory for
our purposes as it used noninteger ionic charges which lim-
ited its transferability from hydroxyapatite to other systems
of interest. Consequently, a new potential was devised using
some potential parameters reported by Meis et al.21 for fluo-
rapatite, and parameters obtained by fitting the observed
structure and frequencies of calcium hydroxide. This poten-

tial was then refined by a further fitting to the unit cell pa-
rameters and atomic positions of hydroxyapatite and the re-
sulting model parameters are listed in Table I. A measure of
the error in the fitting was obtained by relaxing the structure.
Upon relaxation using the new potential the cell parameters
and atom positions changed by 0.007–0.01 Å.

Table II shows the sum of the squared differences be-
tween the experimental and theoretical values for the unit
cell parameters and the atomic positions for the shell models

FIG. 1. Comparison of the
phonon frequency bands at the
�-point calculated using the shell
models potentials of Lee et al.
�Ref. 19� �1�, Leeuw �Ref. 20� �2�
and the new potential reported
here �3� for which the potential
parameters are given in Table I.
The bands below 460 cm−1 are
due to mixed vibrational modes of
PO4 groups and calcium atoms.
The bands between 460 and
1200 cm−1 are due to PO4 vibra-
tions while the narrow band at
3500 cm−1 is due to the OH
groups.

FIG. 2. �Color online� Thermal factors of HA represented by the
99.9% probability ellipsoids. �a� General view; �b� top view.
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of Lee et al.,19 Leeuw20 and the potential used in this work.
The first two potentials reproduced the crystallographic
structure with an accuracy between 0.04 and 0.3 Å. The cal-
culation of the phonon frequencies at the �-point, show that
all the potentials lead to stable structures except the first19

which produced an imaginary frequency as mentioned ear-
lier. But even when the potentials lead to the same structure,
there are some significant differences in the phonon fre-
quency bands. For example, as illustrated in Fig. 1, the bands
from the new potential contain some features present in the
first potential but absent in the second �the distinct PO4
bands near 500 cm−1�, and some features present in the sec-
ond only �the OH band at 3500 cm−1�.

The detailed study of the dynamics of hydroxyapatite that
was performed using the new potential �Table I� is reported
in the following sections.

B. Thermal factors

The phonon frequencies and eigenvectors off the �-point
and throughout the Brillouin zone were calculated and used
to determine the thermal factors within the harmonic ap-
proximation using the results of Sec. II C. The results are
given in Table III along with the average of the results ob-
tained from x-ray and neutron diffraction experiments on
single crystal samples.22 The agreement between the experi-
ment and theory is very good but it should be noted that the
experimental results were obtained from monocrystals of
Holly Springs hydroxyapatite samples which were expected
to contain impurities and vacancies.22 A representation of the
thermal factors by the 99.9% probability ellipsoids23 is
shown in Fig. 2. The calcium and phosphorus ions have an
isotropic spread while the ellipsoids for oxygen and hydro-
gen are strongly anisotropic. The O3 and its symmetry

FIG. 3. �Color online� Trace of
the thermal factors tensor B, Eq.
�10�, of each atom in the unit cell
of hydroxyapatite as a function of
temperature.

FIG. 4. Projected and total
phonon densities of states for the
�-point approached in the �100�
and �001� directions for hydroxya-
patite calculated using the shell
model �4�.
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equivalents �Table III� have a larger ellipsoid than the other
oxygens. These are the closest oxygens to the c axis of each
PO4 group and have more room than the rest in which to
vibrate. The ellipsoids of the PO4 oxygens are extended in
directions almost perpendicular to the P-O bonds suggesting
a rocking motion of the PO4 group about the phosphorous.
The deviation from perpendicular motion is due to the influ-
ence of neighboring ions. The light hydrogens have the larg-
est ellipsoids as expected.

One of the objectives of the calculation of the thermal
factors from the phonon results was to assist in the Rietveld
refinement of powder x-ray and neutron scattering data of
low symmetry multiphase powders by reducing the number
of parameters required in the fitting. Usually, thermal factors
are found from careful diffraction experiments on good
single crystal samples. However, in the refinement of powder
scattering data the thermal factors are often allowed to vary
in the fitting procedure. For systems with low symmetry or
which are multiphase there can be a large number of free
factors in the refinement which could render the refinement
slow or even impossible, and which limits the confidence in
the results of even a successful refinement. The input of cal-
culated thermal factors to the refinement could greatly re-
duce the number of fitted parameters for complicated sys-
tems and make a refinement possible. For example, the
Reitveld refinement of �-tricalcium phosphate with 312 at-
oms per unit cell, would be greatly facilitated by the avail-
ability of thermal factors. Work is in progress to test this idea

for hydroxyapatite and �-tricalcium phosphate.
The thermal factors of hydroxyapatite were also calcu-

lated as a function of temperature and the results for the trace
of the B tensor are presented in Fig. 3. The anisotropy of the
thermal factors increases slightly as the temperature is in-
creased. The thermal parameter tensor has P63 symmetry
with three nonequivalent calciums, five nonequivalent oxy-
gens and one nonequivalent hydrogen and phosphorus. The
structure has higher symmetry than P63 for all the atoms
except the OH groups and this is reflected in the room tem-
perature thermal factors as well as in the dependency of the
thermal factors on temperature, e.g., two of the three non-
equivalent calciums in P63 have very similar thermal prop-
erties.

C. �-point phonons

The phonon frequencies and eigenvectors were calculated
at the �-point from the dynamical matrix corrected for the
long-range Coulomb field correction as described in Sec.
II D. The modes include those that are Raman and infrared
active. Because of the correction, the dynamical matrix, and
therefore, the phonon states, depend on the direction of ap-
proach to the �-point, which in the case of infrared absorp-
tion, is the direction of propagation of the radiation.

Phonon states were calculated for the �-point approached
along the principle �100� and the �001� directions of hexago-
nal hydroxyapatite. The total and projected phonon densities

TABLE IV. Classifications of the shell model phonon frequencies �in cm−1� for HA along the �001�
direction. The modes are classified according to the irreducible representations of the C6 point group and also
in terms of longitudinal �LO� and transversal �TO� optical modes.

A-modes B-modes E1-modes E2-modes

111.9 LO 60.8 TO 73.4 TO 93.3 TO

127.0 LO 114.9 101.3 TO 106.2 TO

150.4 LO 126.0 TO 125.3 TO 133.1 TO

173.1 157.3 TO 151.8 TO 135.7 TO

189.1 LO 179.6 TO 168.3 TO 154.4 TO

221.0 LO 191.9 TO 176.3 TO 160.4 TO

227.0 LO 199.9 TO 197.4 TO 178.9 TO

247.5 LO 216.1 TO 211.4 TO 186.4 TO

269.2 LO 229.8 215.6 TO 204.2 TO

273.0 LO 236.5 TO 237.0 TO 224.5 TO

322.3 LO 305.6 301.9 TO 279.8

468.4 LO 352.0 452.0 TO 317.8

470.3 LO 451.7 471.1 TO 458.2

575.2 LO 476.2 588.7 TO 468.2

594.5 LO 588.9 TO 590.0 TO 570.9

618.4 LO 593.1 613.0 TO 597.5 TO

899.0 LO 615.5 TO 877.4 TO 615.4 TO

967.7 900.1 922.0 TO 890.0 TO

991.1 972.9 955.4 TO 907.9 TO

1011.2 LO 1024.0 LO 962.9 TO 920.2 TO

3442.8 LO 1051.7 1104.2 TO 965.6 TO

3426.8 1101.7 TO
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of states which are shown in Fig. 4 are very similar for the
two directions, although some differences can be detected.
Clearly, the calcium ions only contribute to the low fre-
quency modes �less than 400 cm−1�, while the internal mo-
tion of the PO4 and OH groups contribute mainly to states of
higher frequency. In particular, the phonon density of states
between 450 and 650 cm−1 is due almost entirely to the in-
ternal motion of the PO4 groups.

Phonon frequencies and the classification into transverse
and longitudinal modes are given in Tables IV and V. The
classification according to the irreducible representations of
the point symmetry group C2 of the �100� direction and C6 of
the �001� direction of the wave vector are also given.

For both directions of approach most of the modes are
either pure transverse optical �TO� nor pure longitudinal op-
tical �LO�. About half of the phonon states for the �001�
direction are doubly degenerate due to time-reversal symme-
try. These degeneracies are lifted for the �100� direction be-
cause of the reduced spatial symmetry, which splits the
E1 �E2� modes into two B2 �A� modes. The E1 modes are
split significantly, but E2 modes very little. While all the B
modes of the �001� direction are also present for �100�, a
large number of A modes for the �001� direction are absent
for �100�. Noteworthy was an apparently triple degenerate
state along the �100� direction at a frequency of 106 cm−1,
with two states coming from the E2 mode at 106.2 cm−1 and
a third from the splitting of the 101.3 cm−1 E1 mode.

TABLE V. Classifications of the shell model phonon frequencies �in cm−1� for HA along the �100�
direction. The modes are classified according to the irreducible representations of the C2 point group and also
in terms of longitudinal �LO� and transversal �TO� optical modes. Note: A triple transversal degenerate
frequency was found around 106 cm−1.

A-modes B-modes

93.362 TO 317.853 60.8147 TO 350.310 LO

93.383 TO 317.873 73.5139 TO 352.061 LO

111.799 TO 458.207 74.0330 451.763 TO

127.008 TO 458.218 TO 101.392 TO 452.093

132.270 TO 467.993 TO 114.910 TO 452.102

133.157 TO 468.245 TO 125.346 471.188

133.171 TO 468.250 TO 125.391 TO 471.197

135.779 TO 469.888 TO 126.089 TO 476.279 TO

135.803 TO 570.964 TO 151.890 TO 588.732

154.403 TO 570.969 TO 152.159 588.804

154.419 573.177 TO 157.339 TO 588.920

160.426 TO 594.497 TO 168.356 TO 590.004

160.432 TO 597.563 172.519 LO 590.008

173.068 TO 597.568 176.366 TO 593.113

178.959 615.414 179.668 TO 613.093

178.984 TO 615.421 TO 190.098 613.099

186.447 TO 618.490 TO 191.989 TO 615.581

186.473 890.057 TO 197.490 TO 877.427 TO

188.809 TO 890.080 199.609 899.224

204.232 TO 898.754 TO 199.960 900.152

204.251 TO 907.926 211.468 TO 922.107 TO

206.257 TO 907.995 213.951 945.297

224.586 TO 920.228 TO 215.689 TO 955.431 TO

224.603 TO 920.304 TO 216.197 956.264

226.516 TO 922.325 TO 229.846 TO 962.965

228.851 TO 965.673 TO 233.114 972.925 TO

250.462 TO 965.689 236.563 TO 1018.24 LO

269.333 TO 967.896 TO 237.019 TO 1024.02

279.882 991.132 282.574 LO 1051.73

279.892 1101.71 301.946 TO 1104.27

288.055 TO 1101.79 305.662 TO 1114.25

3439.34 TO 3426.86 TO
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D. Infrared

1. Monocrystal

The phonons calculated at the �-point were used to obtain
the infrared reflectivity of a monocrystal of hydroxyapatite
for the two main crystallographic directions using the dielec-
tric function approach within the dipole approximation �Sec.
II E�.

The results are presented in Figs. 5 and 6 for the wave
vector along �100� and polarization in the �001� direction,
and for the wave vector along �001� and polarization in
�100�, respectively. Also shown for comparison are the pro-
jected phonon densities of states for P and O for the �-point.
An experimental infrared reflectivity spectrum for the direc-
tion of propagation perpendicular to the �001� direction but
otherwise unknown is also given. This is the only measured
spectrum for a single crystal of hydroxyapatite that has been

found but the polarization is not known and it is unattributed,
and should, therefore, be treated with caution.24

The correspondence between the features in the projected
densities of states shown in the top panel and the experimen-
tal spectrum is much closer than for the calculated infrared
spectra. In the middle frequency range for which the theoret-
ical spectra are much suppressed the three peaks in the cal-
culated density of states near 600 cm−1 due to internal PO4
vibrations correspond well with the peak in the measured
spectrum at 580 cm−1 and the two shoulders at slightly
higher frequency, given some small frequency shift. The
peaks in the density of states at about 460 cm−1 could be
responsible for the two shoulders at 460 and 500 cm−1 in the
measured spectrum. In this frequency range features in the
density of states do not result in significant intensity in the
calculated infrared spectrum. These discrepancies in inten-
sity could be due to the sampling of the different directions

FIG. 5. �Color online� The top
panel of this figure shows the
�100� projected �-point phonon
density of states for P and O in
hydroxyapatite. The infrared spec-
tra calculated from the dielectric
function in the �100� direction
with and without damping are
shown in the bottom panel. An
experimental infrared reflectivity
spectrum with the direction of
propagation perpendicular to the
�001� direction is also shown
�Ref. 24�.

FIG. 6. �Color online� The top
panel of this figure shows the
�001� projected �-point phonon
density of states for P and O. The
infrared spectra calculated from
the dielectric function in the �001�
direction with and without damp-
ing are shown in the bottom panel.
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of propagation perpendicular to the c axis and/or the absence
of polarization of the beam in the experiment, but this is
unlikely because, as we shall see shortly, there is a similar
discrepancy for the infrared powder spectrum in this middle
frequency range. More likely are weaknesses in the step in
the theory in which the phonon modes are used to calculate
the infrared intensities. For example, multiphonon effects
may be poorly represented by the ad hoc constant damping
term adopted in the calculation of the dielectric function.

The calculated infrared spectrum for the wave vector
along �001� shown in Fig. 6 also has two prominent bands, a
higher frequency one in the 950–1150 cm−1 range and an-
other below 400 cm−1. These result from the phonons con-
tributing to the projected density of states in these frequency
ranges. But, very little infrared intensity results from the
phonons in the middle frequency range, and it is likely that
the intensity in this band is again underestimated. No experi-
mental single crystal data for the �001� direction could be
found for a comparison with the calculation performed for
that direction.

2. Powder

There are significant differences between powder and
single crystal infrared spectra as can be seen from a compari-
son of the experimental spectra plotted in Figs. 5 and 7.
Surprisingly the features in the middle frequency range of
the single crystal spectrum are resolved into three sharp lines
and a lesser one on the low frequency side, and the two
broad peaks in the higher frequency band become a domi-
nant single peak at 1020 cm−1 with two symmetrically
placed sharp side peaks and weak shoulders at both sides in
the powder spectrum. Since a powder consists of randomly
oriented crystallites, the sharpness of the lines in the powder
spectrum compared with the single crystal is contrary to ex-
pectations; the averaging over directions of propagation and
polarization should lead to broader features in the powder
spectrum. In order to model the infrared powder spectrum
the calculated phonons were used within the cell dipole ap-

proximation, Eq. �14�, to construct the intensity averaged
over 81 directions in the Brillouin zone. The calculated and
experimental powder spectra are shown in Fig. 7. There is a
higher frequency band of sharp peaks and another band be-
low 400 cm−1, but only a very weak feature around
600 cm−1. The observed middle frequency band is again
much suppressed in the calculated spectrum.

3. Band assignments

The assignment of the infrared bands for HA have usually
been made in terms of the modes of the isolated PO4 and OH
groups, an assignment which comes naturally when the fac-
tor group approach is used. PO4 has a nondegenerate mode
labeled �1, a double degenerate mode �2, and two triply de-
generate modes �3 and �4. In a crystal these degeneracies can
be lifted depending on the symmetry of the crystallographic
site of the PO4 group and the direction of propagation of the
mode.

In Table VI the factor group based assignment of the in-
frared bands of hydroxyapatite made by Fowler4 is shown,
along with the assignment of a total reflection Fourier-
transform infrared �FTIR� experimental pattern made using
Fowler’s information, and the assignment based on the
analysis of the calculated phonon spectrum. The overall
agreement between the experimental and theoretical results
is good, although some frequencies are missing from the
calculated spectra. But, as mentioned earlier, the infrared
spectra of powder and single crystal differ considerably, and
the calculation of the intensities from the phonon modes
greatly suppresses the middle frequency band.

The availability of phonon eigenvectors as well as fre-
quencies enables a closer connection to be made between
observed features in the infrared spectra, phonon modes of
the crystal and isolated PO4 and OH modes. For example,
Table VII lists several infrared active modes in the
850–970 cm−1 region. Inspection of the atomic displacement
patterns shows that four of these are pure PO4 internal modes
and the rest are mixed modes. Five of the mixed ones are

FIG. 7. �Color online� Infrared
spectra of a powder sample of
hydroxyapatite. The spectrum cal-
culated in the cell dipole approxi-
mation, Eq. �14�, and an experi-
mental FTIR spectrum of a NIST
standard are shown.

CALDERÍN, DUNFIELD, AND STOTT PHYSICAL REVIEW B 72, 224304 �2005�

224304-10



PO4 internal and OH librational combined, while three are a
combination of PO4 and calcium modes. There is one mode
that resembles a �3 PO4 mode, but with the oxygen oscillat-
ing in anti-phase with the phosphorus fixed. There is also a
mode that resembles �1 of PO4 but with the phosphorus also
moving.

IV. CONCLUDING REMARKS

A shell model for calcium phosphates has been developed
and used to perform a study of the dynamical properties of
hydroxyapatite. Phonons throughout the Brillouin zone were
calculated and used to determine the thermal factors that en-
ter x-ray and neutron scattering intensity. Good agreement
was found with thermal factors obtained from the analysis of

single crystal scattering data. This success could prove help-
ful in the Rietveld refinement of powder scattering data
where calculated thermal factors might be used to reduce the
number of fitting parameters in the analysis of complex, per-
haps multiphase systems, thereby improving the reliability of
the fitting.

An expression for the dynamical matrix at the �-point
including the long range Coulomb correction was obtained
and used to calculate the phonon states at q� =0 approached
along the �100� and �001� crystallographic directions. The
infrared spectra of a single crystal of HA along the �100� and
�001� were calculated from the phonon frequencies and
eigenvectors with the dielectric function approach. The cal-
culated infrared spectrum along �100� reproduced some of
the features of the experimental data, but calculated intensi-
ties in the frequency range 500–600 cm−1 due to internal
PO4 motion are greatly suppressed. There is no single crystal
experimental data for the �001� direction with which to com-
pare but the intensities in this middle frequency range are
much smaller than expected and it is anticipated that the
calculated intensities in this range are also poor. The phonon
modes and the simpler cell dipole approach,16 Eq. �14� were
used to model the spectrum of HA powder for which a mea-
sured spectrum is available, but the agreement between ex-
periment and theory in the middle frequency range was again
poor. The poor theoretical IR results in the 500–600 cm−1

range could stem from a failure of the fitted shell model to
describe some internal motion of the PO4’s, but the positions
of peaks in the phonon density of states correspond well with
the frequencies of features in the measured spectra and the
reason may lie elsewhere. Multiphonon effects are only par-
tially accounted for in the dielectric function approach to the
IR spectrum, while they are not included at all in the unit cell
electric dipole approach, and the problem may lie here. In-
corporation of multiphonon processes may be necessary for
an adequate treatment of the damping, frequency shifts and
oscillator strengths.

A further point to consider is the use of the harmonic
approximation for the motion of the H’s. The 99.9% ellip-
soids for H shown in Fig. 2 indicate extensive motion at

TABLE VI. Assignments of the infrared frequencies �cm−1� of
hydroxyapatite in terms of the isolated PO4 and OH modes.

Experimenta Experimentb Theory

OH stretching

3575 3575 3444

PO4 �3 modes

1090 1088 1102

1075 shc 1058 shc not. obs.

1049 1020 1017

1035 shc 1033 shc not. obs.

PO4 �1 mode

964 963 962

OH librational

627 630 613

PO4 �4 modes

602 598 588

571 561 573,575

PO4 �2 modes

475 475 471

463 463 468

OH stretching

349 n/a 350

Ca-PO4 modes

323 n/a 322

310 n/a 302

300 n/a 288

283 n/a 282

261 n/a 253

234 n/a 237

aExperimental data at −185 °C from Fowler �Ref. 4�.
bTotal reflection FTIR spectrum of hydroxyapatite at room tempera-
ture.
csh=shoulder.

TABLE VII. Theoretical assignment of phonon infrared active
modes contributing to the shoulders in the 850–970 cm−1 region.

�001�
A-modes E1-modes

899.0 �4 877.4 OHL�in phase�+P

967.7 �3 922.0 �1+OHL �in phase�
955.4 �3+OHL �weak�
962.9 �3+OHL in phase

�100� �A-modes�

890.057 �1 922.3 �3

890.080 �3 �one oxygen fixed� 965.7 �3+calciums

898.7 �1 �with displacement of P� 967.9 �3+calciums

907.9 �3+OHL in phase 991.1 �3+calciums

920.2 �3+OHL lib in anti-phase
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room temperature of about 1.2 Å in amplitude, and anhar-
monic effects could be important. At some temperature the
motion of the hydrogens in neighboring OH groups might be
strongly correlated with each H orbiting its oxygen. The ab-
sence of strong directional bonding between a PO4 and its
surrounding Ca ions, might, at higher temperature also lead
to rotational motion of a PO4 group about its central phos-
phorous. These would be interesting possibilities to explore.
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