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We demonstrate how to derive from the intermodulation distortion �IMD� measured as a function of signal
power the respective relative increase function �Z /Z0 of the governing nonlinear response function Z. We
apply this approach to our IMD investigations on the microwave properties of high-temperature superconduct-
ors �HTS� and show how the experimental input and output quantities can be related to their theoretical model
counterparts. The quantitative comparison of �Z /Z0 with the relative increase of the hf surface resistance
�RS /RS0 and of the hf surface reactance �XS /XS0, both measured as functions of hf power, allows us to
conclude that the IMD generation in HTS must be predominantly due to the hf-power-induced increase �RS,
with a negligible respective contribution from �XS.
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I. INTRODUCTION

Microwave experiments have played a prominent role in
the investigation of the superconducting state of the high-
temperature superconductors �HTS�, giving first convincing
evidence of a non-s-wave superconducting order parameter.1

The HTS microwave conductivity thus does not follow the
classical Mattis-Bardeen s-wave BCS behavior.2 However,
the simple two-fluid model provides an amazingly good phe-
nomenological description of the microwave transport data
in terms of the normal and superconducting fractions fn�T�
and fs�T�=1− fn�T�, respectively, which are more or less uni-
versal functions of temperature T for all HTS, and a sample-
dependent quasiparticle relaxation time function ��T�.3,4 Hir-
schfeld et al. demonstrated that this behavior can be
microscopically understood in terms of a BCS dx2−y2 super-
conductor model with strong impurity-induced elastic quasi-
particle scattering in combination with inelastic scattering by
antiferromagnetic spin fluctuations,5 even if the details of
this meanwhile widely accepted microscopic description are
still under theoretical refinement �e.g., see Ref. 6, and refer-
ences cited therein�.

The fact that the Drude model works out so well for the
quasiparticles in the HTS superconducting state, with relax-
ation times as derived from microwave absorption,3 thermal
conductivity,7 and even optical pump-prove experiments8 ex-
hibiting a very similar magnitude and temperature depen-
dence, is truly amazing since the so-called normal state of
HTS is still far off from a satisfactory theoretical descrip-
tion:9,10 The transition into the superconducting state seems
to release quasiparticles which are readily describable in
terms of the d-wave BCS theory, and thus apparently in-
volves a much more complicated process than a simple con-
densation of already existing normal state fermions as in the
case of classical superconductors. In the microwave experi-
ments and their two-fluid evaluation, this transition scenario
becomes manifest in the rapid suppression of the quasiparti-
cle scattering below the superconduction transition tempera-
ture Tc.

11 In the highest-purity samples at low temperature,
the mean-free path � possibly exceeds already the London

penetration depth � so that the electrodynamic treatment of
HTS as superconductors in the local limit may have to be
modified by taking nonlocal effects into consideration.3,12

Due to the extremely small coherence length ��1 nm, HTS
are well described in terms of the clean limit ���. This is
again in striking contrast to their normal state properties
where a Drude model description comes up with subatomic
mean-free path lengths.13

The basic quantities to be measured in microwave experi-
ments are the surface resistance RS, quantifying the dissipa-
tion in the superconductor, and the surface reactance XS, de-
scribing the expulsion of magnetic fields from the
superconductor. In contrast to metals with RS=XS, for super-
conductors the dissipative response is much weaker than the
reactive one

RS � XS �1�

�Ref. 14�, e.g., in our HTS experiments we find XS
�100·RS.

Subjecting superconducting samples to strong microwave
�hf� fields, e.g., in resonators and filters,15,16 introduces a
sizable increase of the surface resistance �RS as well as that
of the surface reactance �XS. For HTS one observes that
these increases are of the same order of magnitude16–18

�RS � �XS. �2�

Furthermore, this nonlinear behavior as a function of applied
hf power introduces mixing of hf signals at neighboring fre-
quencies. This signal distortion effect is usually character-
ized in two-tone intermodulation distortion �IMD� experi-
ments observing the hf spectrum induced by irradiation of
two hf signals of equal amplitude at neighboring frequencies
as a function of applied hf power.19–22

The physical explanation and mathematical modeling of
the nonlinear behavior of this effect is still a subject of con-
troversy. It has been attributed to the hf-power-induced in-
crease either of the surface resistance RS,17 or the respective
increase of the surface reactance XS. Model calculations of
the relation between these quantities and the intensity of the
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lowest order peaks of the IMD spectrum �“IMD3”� �Refs.
19–22� have demonstrated that both suggestions provide a
plausible mechanism, but could not give a decisive argument
in favor of one of these hypotheses. Besides the principal
physical question, the answer to this problem has become
one of metrological relevance since IMD measurements have
already been used to determine the lowest nonlinear correc-
tion to the penetration depth �� of HTS via IMD measure-
ment assuming �XS=���� as the physical origin of IMD,23

even if by means of �2� this approach can be expected to lead
to an at least approximately correct relation anyway.

We suggest a route of how to solve the IMD origin prob-
lem by means of a phenomenological IMD response function
Z which relates the input and output quantities of respective
experiments. Our approach allows us to calculate from IMD
data the relative increase of this response function �Z /Z0
= �Z−Z0� /Z0 as a function of hf power. Assuming a reason-
able functional dependence of Z on RS and XS, the quantita-
tive comparison of this function with the relative increases of
both RS and XS measured in our HTS resonator
experiments24,25 is sufficient to conclude that the hf-power-
induced increase of RS is the dominating IMD generating
nonlinearity mechanism with only a negligible contribution
due to XS.

We want to point out that our approach can be applied to
any kind of IMD response in order to reconstruct the relative
increase �Z /Z0= �Z−Z0� /Z0 of the governing response func-
tion and to clarify in this way if a physical quantity, which is
suspected to give rise to the IMD, actually provides a suffi-
ciently strong nonlinear mechanism that can quantitatively
explain the observed IMD generation.

An important issue for the practical applicability of our
approach is the identification of the experimental input and
output quantities with the respective functions used in our
response function ansatz. We developed a strategy that
achieves this identification without reference to possibly mis-
leading physical modeling.

II. TWO-TONE INTERMODULATION

Following previous approaches19–22 we start out by relat-
ing the output hf field E with the input hf field H in terms of
a response function Z by

E�H� = Z�H�H , �3�

however, without any reference to an electric or magnetic
nature of these fields: In contrast to the previous approaches
we do not equate Z either with the real �RS� or the imaginary
�XS� part of the surface resistance ZS. The assumption
Pcirc�H��H2 provided in these previous approaches the con-
nection of H with the hf power circulating in the resonator
Pcirc as the actual experimental input variable. The nth order
IMD output power was then finally obtained from the respec-
tive Fourier component of the electric output field as

Pn�H� � �En�H��2. �4�

This computational scheme predicts for low hf power
Pn=0�H2� Pcirc for the fundamental mode, Pn=1�H6� Pcirc

3

for the third-order IMD, Pn=2�H10� Pcirc
5 for the fifth-order

IMD, and so forth as we will see in �8�. However, in most
cases the experimental data, e.g., Fig. 1, show clear devia-
tions from this prediction.17 Moreover, energy conservation
does not allow these relations to hold true for arbitrarily high
hf power since the total output power Pout=�Pn would have
to increase much stronger than Pcirc. Renormalization of the
power distribution among the IMD channels is therefore ex-
pected. Physically, this amounts to a feedback of the output
on the input field which substantially modifies the Pcirc�H�
dependency as we will show in the following.

Instead of selecting Z=RS or Z=XS we start in �3� with an
unspecified response function

Z�H� = �
m=0

	

ZmHm �5�

and derive information about the coefficients Zm and the
Pcirc�H� dependency from experiments based on various
types of hf input fields H�t�.

IMD measurements use a two-tone input ��=�0±
0�

H�t� = H0cos��0t�cos�
0t� �6�

with a carrier frequency �0 and a modulation frequency 
0
��0.26 Inserting �6� in �3� and �5� and filtering out the fre-
quency range ���0 we obtain �see Appendix A�

E�H0��t� = 4 cos��0t��
n=0

	

En�H0�cos„�2n + 1�
0t… , �7�

En�H0� = H0
2n+1�

l=0

	

zn+l	2�n + l� + 1

l

H0

2l, �8�

zm = Z2m	2m + 1

m

� 42m+1. �9�

The coefficients Z2n+1 do not give any contribution here.
From time reversal symmetry arguments we expect

Z2n+1 = 0. �10�

We will show in the next section that �10� can be tested
experimentally and has been verified for appropriate physical

FIG. 1. IMD power ratios I3 , I5 , I7 of a HTS disk resonator
measured at various temperatures T=13–80 K as a function of the
normalized circulating hf power pcirc= Pcirc / Pc�T�. Inset: Experi-
mentally derived hf power scaling function Pc�T�.
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conditions. According to �8� and �9� the coefficients Z2n can,
in principle, be determined from the complex amplitude
En�H0→0�. Our measurements give experimental access
only to the IMD power ratios

I2n+1�H0� = Pn�H0�/P0�H0� . �11�

With the definition of the critical field amplitude for the on-
set of the nonlinear response regime

H̄ = �3Z2/Z0�−1/2 = �16z1/z0�−1/2 �12�

we can express the input field amplitude and the response
function coefficients in a dimensionless notation as

h = �z1/z0�1/2H0 = H0/�4H̄� , �13�

cn = �zn/z0�/�z1/z0�n = 	2n + 1

n

Z2nH̄2n/Z0. �14�

From �4� and �8� we derive

I2n+1�h� = h4n�Tn�h�/T0�h��2, �15�

Tn�h� = �
l=0

	

cn+l	2�n + l� + 1

l

h2l. �16�

With c0=1= �c1� fixed by �14�, the IMD functions

i2n+1�h� = I2n+1�h�/�I3�h��n, �17�

= �Tn�h��2��T0�h��2�n−1�/�T1�h��2n� , �18�

= �cn�2 + O�h2� , �19�

should allow us to determine �cn�1 � = �i2n+1�h→0��1/2 in the
limit of low hf power. Even without phase information on
arg�cn�0�, �15� and c0=1= �c1� provide us with

I3�h� = h4 + O�h6� , �20�

h�Pcirc� � �I3�Pcirc��1/4; �21�

a first approximation of how to relate the normalized mag-
netic field h to the experimental input Pcirc by means of the
measured I3�Pcirc�. Further refinement of the approximation
�20� will then be used to improve h�Pcirc�.

For technical simplification as well as for physical insight,
we introduce at this point the temperature scaling

f�Pcirc;T� = f�pcirc = Pcirc/Pc�T�� �22�

that we notified in our experiments on microstrip and disk
resonators prepared from YBa2Cu3O7−x �YBCO� thin films
on sapphire substrates24,25 and on superconducting In micros-
trip resonators for our IMD data �Fig. 1�, as well as for
respective RS and XS data.25 The scaling function Pc�T� can
be readily interpreted as critical hf power density with a
similar temperature dependence as the critical current density
�inset of Fig. 1; Pc�T�� jc�T��. With respect to our IMD in-
vestigations, the scaling �22� broadens our data base and de-
fines the experimental range of the input variable pcirc.

With �22� applied to the normalized hf input field h �13�
we derive h�pcirc� by comparing the measured I3�pcirc� �Fig.
1� with the calculated I3�h� �Fig. 2�. The h�pcirc� dependency
that we determine with this procedure for our HTS disk reso-
nator �Fig. 1� clearly deviates down to our lowest accessible
hf power from the relation pcirc�h2⇔ Pcirc�H��H2,
which was used as a basic equation in previous IMD
derivations:19–22 The empirical relation I3�pcirc�� �pcirc�1.3

that we find for our HTS disk resonator data in the range
10−5� pcirc�10−2 �Fig. 1� translates with I3�h��h4 into
pcirc�h3. We point out that this result is not affected by the
uncertainty concerning the coefficients cn�0, since worst case
estimates of possible deviations from approximation �20�
based on our experimentally determined �cn�0� show that
I3�h��h4 is still an excellent approximation at least in the
IMD3 range I3�−40 dB �Fig. 2�. The same analysis of our
HTS microstrip resonator IMD data give with I3�pcirc�
� �pcirc�1.7⇒ pcirc�h2.3, a result which is much closer to the
theoretical expectation pcirc�h2. In contrast, we derived for a
superconducting indium microstrip resonator of similar ge-
ometry an even larger deviation I3�pcirc�� �pcirc�0.9⇒ pcirc

�h4.4. The functional relationship h�pcirc� thus depends both
on the resonator geometry and on the superconducting mate-
rial.

For a physical interpretation of these unexpected depen-
dencies we have to give up our previous abstinence from
identifying the physical nature of the input field amplitude
H0. Usually, H0 is identified with the maximum magnetic hf
field amplitude Hmax in the resonator structure17,27,28 which is
used as a scaling parameter for the electromagnetic field dis-
tribution:

Pcirc �� �H�r��2d3r = �Hmax�2� �H�r�/Hmax�2d3r .

�23�

If the normalized integral can be assumed to not depend on
Hmax due to the linearity of the Maxwell equations this leads
to the expected scaling Pcirc� �Hmax�2.

FIG. 2. I3�h� as constructed according to �15� and �16� using
various approximations of �26�: I3�h�=h4 �bn�1=0; dotted line�;
bn=2/3/4=0.25/0.23/0.21, bn�4=0 �dashed line�; and bn=2/3/4

=0.25/0.23/0.21, bn�4=0.2 �compact line�.
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Our finding Pcirc� �H0�2.3−4.4 indicates that our effective
input field parameter H0 as derived from the IMD activity
increases at a slower rate with increasing hf power than
Hmax. Since Hmax is not expected to be strongly influenced by
the involved nonlinear mechanisms we have to consider that
the IMD input field amplitude H0 actually represents a sam-
pling of the input field weighted according to the local IMD
generation activity

Pcirc �� wIMD�r;H0��H�r��2d3r . �24�

Our result Pcirc� �H0�2+
 means that the local IMD weight
factor wIMD�r ;H0� introduces an additional scaling ��H0�
.
Our idea for the reason behind this behavior is that IMD
generation does neither occur in the fully superconducting
nor in the fully normal conducting state: Due to the lack of
an electromagnetic nonlinearity the IMD signal must arise
predominantly from regions where superconductivity is
driven close to its local critical limit, just before switching
into a quasinormal conducting state. We approximate this
situation by a model weight function which projects the re-
gions that are exposed to a certain critical field amplitude
H0±�H. Defining the effective volume Vef f�H0� of these
IMD-active regions such that

� wIMD�r;H0��H�r��2d3r = �H0�2 � Vef f�H0� �25�

we obtain the targeted result with the physically plausible
assumption that the effective IMD-active volume increases
as Vef f�H0�� �H0�
.

We resolved for our HTS hf resonators IMDs up to the
ninth order �Fig. 1� above our experimental noise floor. Ap-
plying the rules elaborated above we derived normalized
IMD functions i2n+1�pcirc� �19� which show a steep increase
towards lower pcirc �Fig. 3� where we expected more or less
constant values. We relate this to an IMD background that
dominates small IMD signals, e.g., �−55 dB for the case of
our disk resonator. This background threshold can already be
distinguished in the original IMD curves from distinct kinks
at this intensity level �Fig. 1�. We attribute this effect to the
phase noise of our measurement setup. A similar background

is present in the In microstrip resonator IMD data �Fig. 4�,
but it is much less than in the HTS resonator data. This can
be related to the substantially higher IMD signal level of In
as compared to HTS. For HTS, an additional background
contribution may arise from material defects where super-
conductivity is locally weakened �“weak links”� �Ref. 29�
and magnetic flux penetrates much easier than into the fully
superconducting bulk with the concomitant effect of an en-
hanced IMD generation.

For the HTS microstrip resonator, we encounter for the
IMD data in the pcirc range above the discussed background
threshold indeed fairly constant i2n+1�pcirc� �inset of Fig. 3�
which justifies to identify these levels with �cn�2.30 For the
disk resonator, the i2n+1�pcirc� show only a shallow minimum
and an increase towards higher pcirc. We attribute this in-
crease to overheating to which the extended HTS film re-
gions of a disk resonator are much more susceptible than the
narrow HTS stripes of a microstrip resonator. Nevertheless,
the �cn�2 extracted as the i2n+1�pcirc� minima for the disk reso-
nator coincide with the �cn�2 extracted as the constant levels
for the microstrip resonator �dotted lines in Fig. 3� and can
be represented in identical parameters

bn = cn�	2n + 1

n

 = �Z2n/Z0�H̄2n, �26�

�b2/3/4� = 0.25/0.23/0.21 �27�

for both HTS resonators �b0=1 and �b1 � =1/3 by definitions
�14� and �26��. This numerical coincidence justifies our data
evaluation, in agreement with our expectation that Z�H� des-
ignates a materials property and does not depend on the reso-
nator geometry which is extremely different for the two in-
vestigated resonator types. A respective analysis of the In
microstrip resonator data �Fig. 4� yields with �b2/3/4/5/6 �
=0.22/0.20/0.18/0.15/0.13, significantly different param-
eters.

III. OTHER HF INPUT EXCITATIONS

In order to test the actual magnetic character of the hf
input field H we applied our phenomenological modeling �3�

FIG. 3. IMD functions i5 , i7 , i9 derived from the experimental
HTS disk resonator data of Fig. 1. The dotted lines indicate our
estimates used for the evaluation of �c2�, �c3�, and �c4�. Inset: Respec-
tive data of a HTS microstrip resonator.

FIG. 4. IMD functions i5/7/9/11/13 derived from experimental In
microstrip resonator data. The dotted lines indicate our estimates
used for the evaluation of �c2/3/4/5/6�.
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and �5� to two-tone excitation IMD experiments �6� with an
additional application of a small dc magnetic field

H�t� = H0cos��0t�cos�
0t� + Hdc. �28�

This implies in �9� the modification �see Appendix B�

Z2n � Z2n + �2n + 3��n + 1�Z2n+2Hdc
2 + O�Hdc

4 � , �29�

where we expect an IMD increase which is described within
our theoretical formalism in terms of

cn � cn„1 + †�2n + 3��n + 1��bn+1/bn� − 3b1‡�…

��1 + n†3b1 − 10�b2/b1��‡� + O��2� �30�

under the assumption

� = �Hdc/H̄�2 � 1, �31�

where H̄ is the critical nonlinearity field amplitude as defined
in �12�. Assuming the bn to be real and bn+1�bn as suggested
by our HTS and In data we can obtain with

�cn� � �cn��1 + 2�n − 1�2�� , �32�

in fact, a consistent description of the increasing level of the
various IMD orders observed in our respective experiments

with a HTS microstrip resonator �Fig. 5� using Hdc�0.35H̄

for an application of a dc field of 0.1 T, and Hdc�0.45H̄ for
an application of 0.3 T, respectively. However, this nonlinear
increase of the effective field parameter Hdc shows that there
must be a considerable screening of the applied magnetic
field which allows only a very rough estimate of the field

parameter H̄�1 T. In order to extract quantitative informa-
tion a much more detailed theory including the implications
of the involved vortex dynamics18,31 would therefore be re-
quired, which goes far beyond the level of our phenomeno-
logical description.

As a third type of hf input excitation we investigated the
effect of hf irradiation at frequency �0 and simultaneous ap-
plication of an ac magnetic field with a modulation fre-
quency 
0��0 in the range of several kHz

H�t� = H0cos��0t� + Haccos�
0t� . �33�

Within our model we derive for the response in the fre-
quency range ���0 �see Appendix C�

E�t� = 2 cos��0t� �
n=−	

	

Ēn�H0,Hac�eın
0t, �34�

where the even �odd� amplitudes are given by

Ē2n�+1��H0,Hac� = �
l=�n�

	

�Hac/2�2l�+1�	2l�+ 1�
l − n



��

k=l

	

Z2k�+1�	2k�+ 1� + 1

2�k − l� + 1



��H0/2�2�k−l�+1	2�k − l� + 1

�k − l�



= �2�n��+ 1� + 1�Z2�n��+1�

��Hac/2�2�n��+1��H0/2� + ¯ . �35�

Respective experiments immediately show that the effec-
tive field parameter Hac depends here in an even much more
complicated manner on the amplitude of the applied external
magnetic ac field Hacapplied

than for the magnetic dc field: For
small Hacapplied

, e.g., for our HTS microstrip resonator up to
� 4.5 mT, there is no output signal at frequencies ���0 at
all. Actually, the onset of the ���0 response is usually in-
terpretted as an indication that the screening currents exceed
the critical current density Jc and is thus used as a basic
principle of a common noncontact Jc determination for su-
perconducting films.32

Increasing Hacapplied
above 4.5 mT we finally observe for

our HTS microstrip resonator only the expected IMD-like
response peaks at �0±2n
0. However, we find for 4.5 mT
�Hacapplied

�7 mT additional peaks at �0±
0 �Fig. 6�. Since

in �35� even �odd� order response components Ē2n�+1� are
exclusively related to even �odd� order coefficients Z2n�+1� of
the response function, the observed appearance and disap-
pearance of additional peaks at �0±
0 on the continuous
increase of Hacapplied

is at variance with our models �3� and

FIG. 5. Increase of the IMD functions i5/7/9 derived for a HTS
microstrip resonator under the application of a dc magnetic field of
0, 0.1, and 0.3 T plotted as a function of the �unnormalized� circu-
lating hf power Pcirc. The dashed, dash-dotted, and dotted lines
indicate our estimates used for the evaluation of �c2/3/4� at 0, 0.1,
and 0.3 T, respectively.

FIG. 6. Frequency spectrum emitted by an hf irradiated HTS
microstrip resonator in an ac magnetic field with an amplitude
Hac=5.3 mT.
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�5�. Obviously, the hf behavior in this Hacapplied
range is gov-

erned by magnetic flux penetration effects which lead to a
dynamic behavior which is substantially different from the
situation for higher ac fields which can easily overcome the
flux penetration barrier and actually interfere with the bulk-
intrinsic IMD generation mechanism.

For Hacapplied
�7 mT we find in our experiments Ē2n+1

=0 and hence Z2n+1=0 as expected, as well as saturation

behavior of the even order response components Ē2n. We
take this as an indication that the applied ac field modulates
at kHz frequencies the electromagnetic environment of the
GHz hf waves in the superconductor. Applying our simple
description in terms of �3� and �5� we rewrite �35� with �26�
the amplitudes Ē2n in this higher Hacapplied

range as

Ē2n�H0,Hac� = �H0/2��
l=�n�

	

�Hac/�2H̄��2l	 2l

l − �n� 

��

k=l

	

bk	 2k + 1

2�k − l� + 1



��H0/�2H̄��2�k−l�	2�k − l� + 1

�k − l�



= �2�n� + 1�b�n��Hac/�2H̄��2�n��H0/2�

+ O��Hac/H̄�2�n�+2� , �36�

e2n = �Ē2�n�/�2�n� + 1�Ē0�

= �b�n���Hac/2H̄�2�n� + O��Hac/H̄�2�n�+2� . �37�

The relation e2n�0.001�1/2�n observed for Hacapplied
�5 mT �Fig. 7� in combination with the �bn� values as deter-
mined from the IMD data �27� lead to the conclusion that the
value Hac adjusted in this Hacapplied

range cannot be described

by the limit Hac� H̄, which would allow a practical evalua-
tion of �37�, and that Hac must already be on the order of the

critical field parameter H̄ which designates the onset of a
nonlinear response behavior. Since Hac cannot exceed

Hacapplied
we conclude 2H̄�Hac�10 mT.

This rough estimate is in good agreement with the follow-
ing consideration based on the analytical result for the circu-
lating power of disk resonator:33

Pcirc = 1.77�c/��0/2����c/�0��d/�r���0Hmax�2

� �0��0�Hmax�2/4���R2d� , �38�

where d represents the thickness, R the radius, and �r the
dielectric permitivity of the substrate. For the disk resonator
shown in Fig. 1 we obtain, e.g., from pcirc=10−5 and the inset
in Fig. 1 at low temperature Pcirc=23 W. With �38� for f0
=�0 /2�=2.3 GHz, d=0.43 mm, R=2.5 cm, and �r=10 we

arrive at Hmax=0.16 mT�H0=4H̄h as an upper limit for the
effective IMD input field amplitude H0. With h=0.04 as de-
rived from �21� or the comparison of Figs. 1 and 2 we there-

fore obtain H̄�1 mT.
Due to the unclear screening situation our hf irradiation

experiments under application of a magnetic field thus al-
lowed only a semiquantitative analysis.

IV. COMPARISON WITH RS AND XS

Up to now we could not clarify the actual nature of the
response function Z. We will show now that the comparison
of the surface resistance RS and surface reactance XS, the real
and imaginary part of the surface impedance ZS, respectively,
with Z as a function of applied hf power actually allows us to
decide about their influence on Z.

In a highly simplified theoretical picture of the experi-
mental situation the power transferred to and dissipated in
the resonator may be expressed as

P = �Re��Eant�*Hant�/2�Aant �39�

in terms of the electric �Eant� and magnetic �Eant� hf field at
the antenna location and an effective antenna area �Aant�. The
assumption that both hf fields are roughly proportional to
their effective field amplitudes H0 and E0�H0�=ZS�H0� H0 at
the superconductor surface leads to

P � Re�ZS�H0���H0�2 = RS�H0�2. �40�

Comparing this with the result of the signal-model approach
discussed above

P � �E�H��2 = �Z�2�H0�2 �41�

we come up with

Z � 
Re�ZS� = 
RS. �42�

Even if this heuristic result is only a crude approximation we
may use it as a starting point for the consideration on which
mathematical footing of the surface resistance RS and surface
reactance XS must be expected to contribute to the IMD re-
sponse function Z. Within our highly simplified approach XS
can only contribute to Z by means of a phase shift which
could at most result in Z�
Re�e−ı�/2ZS�=
XS. We use this
heuristic dependency for a trial ansatz Z=�
RS+�
XS which
can be linearized as

FIG. 7. Peak amplitude ratios e2n derived for a HTS microstrip
resonator in an ac magnetic field according to �37� plotted as func-
tions of the ac field amplitude Hac.
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Z�pcirc� = �
RS0�2 + �RS�pcirc/RS0��

+ �
XS0�2 + �XS�pcirc/XS0�� �43�

since in our experiments the observed variations of both RS
and XS within our experimental hf power range are suffi-
ciently small enough to justify such a linearization. The com-
plex � and � are subject to the restriction

Re��/�� � 0 �44�

in order to exclude unphysical compensation of dissipative
and reactive response. Actually, our final result will not be
restricted to the functional dependence Z�
Re�ZS� but will
equally apply to Z� �Re�ZS��
 for arbitrary 
 since the intro-
duced modification of �43� will be irrelevant for our final
result.

Switching with �9� and �13� back to the notation

4h = H/H̄ �45�

�Z�h�/Z0 = �Z�h� − Z0�/Z0 = eı�1 �
m=1

	

�bm�eı��m−�1��4h�2m

�46�

we calculate ��Z�h�pcirc�� /Z0� under the assumption

�m = �1, �47�

which sets an upper limit for ��Z�h�pcirc�� /Z0�. From Figs. 1
and 2 and Eq. �27� we can estimate that the actual value of
��Z�h�pcirc�10−3�� /Z0� can be at most 10% smaller than the
calculated value. From �43� we have

�Z�pcirc�/Z0 = ��RS�pcirc�/RS0�/�1 + ��

+ ��XS�pcirc�/XS0�/�1 + �−1� , �48�

� = �/� . �49�

Dividing both sides of �48� by ��Z�pcirc� /Z0� results with
�46� in

eı�1 = �1 + ��/�1 + �� + �/�1 + �−1�

⇒��1 − �e−ı�1� = ��1 + ��e−ı�1 − 1� . �50�

From

��Z�pcirc�/Z0� � �RS�pcirc�/RS0 � 100��XS�pcirc�/XS0� ,

�51�

in particular, for pcirc�10−3 �Fig. 8�, we arrive at experimen-
tal parameters 0�� ,��1. It is easy to see from the graphi-
cal representation of �50� in the complex plane �Fig. 9� that
�1�0 and �� � �1 provide the only solution which fulfills the
physical requirement �44� Re���=Re�� /���0. Hence we
can draw from �48�, �49�, and �44� the conclusions

�Z�pcirc�/Z0 � �RS�pcirc�/RS0, �52�

�1 � 0. �53�

The good agreement of �52� with the experimental data, even
for pcirc�10−2 where the contributions m=2,3 ,4 could, in

principle, add up in the complex plane �46� in a way reduc-
ing the calculated upper limit of ��Z�h�pcirc�� /Z0� by more
than 50% indicates that �47� represents a good approxima-
tion at least for �m=2,3,4. This permits us to refine I3�h� �20�
as

I3�h� = h4�T1�h�/T0�h��2, �54�

Tn�h� = �
l=0

	

bn+l	2�n + l� + 1

�n + l�

	2�n + l� + 1

l

h2l, �55�

and thus h�pcirc�=h�I3�pcirc�� based on bn=0/1/2/3/4

=1/0.33/0.25/0.23/0.21, bn�4=0 �Fig. 2�. The resulting
��Z�pcirc� /Z0� gives an excellent fit of �RS�pcirc� /RS0 without
adjustable parameters �compact curves in Fig. 8�. We point
out that here we do not expect any substantial modification
of ��Z�pcirc� /Z0� due to the undetermined coefficients bn�4

since the difference in ��Z�h� /Z0� as well as in I3�h� intro-
duced, e.g., by the extrapolation bn�4=0.2 turns out to
be totally negligible within our experimental data range
I3�−20 dB �Fig. 2� taking the experimental scatter of our
I3�pcirc ,T� curves recorded at high pcirc for different T �this
introduces the respective scatter of ��Z�pcirc� /Z0� in Fig. 8�
into account.

If all coefficients Z2n �and thus cn and bn� are �relatively�
real one may extrapolate �27� as

FIG. 8. HTS disk resonator surface impedance data
�RS�pcirc� /RS0 �open symbols� and �XS�pcirc� /XS0 �dark symbols�
compared to ��Z�h�pcirc�� /Z0� calculated without free parameter
from �27� and �47� �upper dotted curves�, as well as from a refined
h�pcirc� approximation �b1=1/3 ,bn=2/3/4=0.25/0.23/0.21,bn�4=0;
lower compact curves� using the experimental I3�pcirc ;T=13
−80 K� curves.

FIG. 9. Graphical representation of Eq. �50� in the complex
plane ��� � �1⇒��1−�e−ı�1����.
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bn � ba2�n−1� �56�

to obtain a model response function

Z�H� � Z0	1 + �
n=1

	

ba2�n−1��H/H̄�2n

= Z0 + Z2H2/�1 − �aH/H̄�2� , �57�

which features a divergent behavior for H→ H̄ /a� H̄. From

�52� our estimate H̄�10 mT derived for HTS from our IMD
experiments under application of an ac magnetic field is in
good agreement with reported values for the critical hf am-
plitude for the onset of substantial RS increase observed for
high-quality HTS films.17

If �47� holds true for all m according to �54� and �55� I3�h�
must be a monotonic increasing function. The reported ob-
servation of nonmonotonic behavior26 implies therefore a
phase change of the response function Z which could be
effected by the interference of different nonlinearity mecha-
nisms.

V. CONCLUSION

We developed a scheme for extracting information on the
nonlinear response function Z�H� from the output of experi-
ments using various types of time-dependent input excita-
tions. We extracted from two-tone intermodulation experi-
ments on high-temperature superconductor resonators of
very different geometry, apparently only materials-dependent
response function parameters. We tested our response func-
tion formalism also for hf experiments with an additional

application of ac or dc magnetic fields. However, the unclear
screening of the external field levels here did not allow for a
more than semiquantitative analysis.

From IMD, RS and XS measurements on a HTS hf disk
resonator, we established from a direct quantitative compari-
son of Z, as constructed only on the basis of the intermodu-
lation data, with the experimental surface resistance RS�pcirc�
and surface reactance XS�pcirc� the connection �Z�pcirc� /Z0

��RS�pcirc� /RS0 without any indication of a substantial con-
tribution from the surface reactance. The good agreement of
our theoretical �Z�pcirc� /Z0 with the measured surface resis-
tance increase �RS�pcirc� /RS0 over our full hf power range
shows that at least for HTS the intermodulation distortion
must be caused predominantly by the hf-power-induced in-
crease of the surface resistance �RS and can stem only to a
vanishing extent from the corresponding increase of surface
reactance �XS, even though the absolute values of these in-
creases are roughly the same. Nevertheless, this result is in
good agreement with the simple reasoning that the saturation
effects of the intermodulation distortion are much more plau-
sibly due to the substantial RS increase �RS�RS0 that we
observe within our experimentally accessible hf power range
rather than to the only a minute XS increase �XS�0.01XS0
that was achieved at our highest hf power level.
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APPENDIX A: DERIVATION OF IMD

Singling out the �= ±�0 terms from �6� in �3� and �5� we obtain

E�t� = �
m=0

	

Zm�H0�eı�0t + e−ı�0t�cos�
0t�/2�m+1

= �
l=0

	

�
m=0

	

Zm�H0cos�
0t�/2�m+1	m + 1

l

eı�m+1−2l��0t

¹ 2 cos��0t��
l=0

	

Z2l�H0 cos�
0t�/2�2l+1	2l + 1

l



= 2 cos��0t��
l=0

	

Z2l�H0/4�2l+1	2l + 1

l

�

n=0

2l+1 	2l + 1

n

eı�2n−�2l+1��
0t

= . . . �
n=−	

	 	 2l + 1

l − �n − l − 1�

eı�2�n−l−1�+1�
0t

= 2 cos��0t� �
n=−	

	

�
l=0

	 	2l + 1

l − n

eı�2n+1�
0tZ2l�H0/4�2l+1	2l + 1

l



= 4 cos��0t��
n=0

	

cos„�2n + 1�
0t…�
l=n

	

Z2l�H0/4�2l+1	2l + 1

l

	2l + 1

l − n

 , �A1�

where we made use of
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	n

k

 = 0 for k � 0 or k � n, 	n

k

 = 	 n

n − k

 ,

	2l + 1

l − n

eı�2n+1�
0t = 	 2l + 1

l − �− n − 1�

e−ı�2�−n−1�+1�
0t.

APPENDIX B: DERIVATION OF IMD IN A DC FIELD

E�t;Hdc� = �
m=0

	

Zm�H�t� + Hdc�m+1

= �
m=0

	

Zm��H�t��m+1 + Hdc�m + 1��H�t��m + �Hdc
2 /2��m + 1�m�H�t��m−1� + O�Hdc

3 �

= E�t;Hdc = 0� + �
m=0

	

fm�Hdc��H�t��m + O�Hdc
3 � , �B1�

fm�Hdc� = �m + 1�ZmHdc + �m + 2��m + 1�Zm+1Hdc
2 /2 + O�Hdc

3 � . �B2�

Singling out again the �= ±�0 terms we obtain

E�t;Hdc� − E�t;Hdc = 0�=�
l=0

	

�
m=0

	

fm�Hdc��H0cos�
0t�/2�m	m

l

eı�m−2l��0t

¹ �
l=0

	

�. . �m = 2l − 1� . . . + . . . �m = 2l + 1� . . . �

= �
l=1

	

f2l−1�Hdc��H0cos�
0t�/2�2l−1	2l − 1

l

e−ı�0t + �

l=0

	

f2l+1�Hdc��H0cos�
0t�/2�2l+1	2l + 1

l

eı�0t

= 2 cos�0t�
l=0

	

f2l+1�Hdc��H0cos�
0t�/2�2l+1	2l + 1

l



which indicates the replacement in �A1�

Z2l � Z2l + �2l + 2�Z2l+1Hdc + �2l + 3��2l + 2�Z2l+2Hdc
2 /2 + O�Hdc

3 � = Z2l + �2l + 3��2l + 2�Z2l+2Hdc
2 /2 + O�Hdc

4 � , �B3�

taking �10� into account. With �= �Hdc / H̄�2 and b0=1 and �b1 � = 1
3 this implies

bn = cn�	2n + 1

n

 = �Z2n/Z0��3Z2/Z0�−n �

Z2n + �2n + 3��n + 1�Z2n+2Hdc
2

Z0 + 3Z2Hdc
2 � Z0 + 3Z2Hdc

2

3�Z2 + 10Z4Hdc
2 �
�n

=
bn + �2n + 3��n + 1�bn+1�

b0 + 3b1�
� �b0 + 3b1��

3�b1 + 10b2��
�n

+ O��2�

= �bn + �2n + 3��n + 1�bn+1���1 − 3b1��� 1

3b1
�n� 1 + 3b1�

1 + 10�b2/b1��
�n

+ O��2�

= bn„1 + ��2n + 3��n + 1��bn+1/bn� − 3b1��…�1 + n�3b1 − 10�b2/b1���� + O��2� . �B4�

APPENDIX C: DERIVATION OF IMD IN AN AC FIELD

H�t� = H0cos��0t� , �C1�

B�t� = Haccos�
0t� , �C2�
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E�t� = �
m=0

	

Zm�H�t� + B�t��m+1 �C3�

=�
l=0

	

�
m=0

	

Zm	m + 1

l

�H�t��l�B�t��m+1−l

=�
k=0

	

�
l=0

	

�
m=0

	

Zm	m + 1

l

�B�t��m+1−l�H0/2�l	 l

k

eı�l−2k��0t

¹ �
k=0

	

�
m=0

	

Zm	m + 1

2k + 1

�B�t��m+1−�2k+1��H0/2�2k+1	2k + 1

k

eı�0t

+ �
k=1

	

�
m=0

	

Zm	m + 1

2k − 1

�B�t��m+1−�2k−1��H0/2�2k−1	2k − 1

k

e−ı�0t

= 2 cos��0t��
k=0

	

�
m=2k

	

Zm	m + 1

2k + 1

�B�t��m−2k�H0/2�2k+1	2k + 1

k



= 2 cos��0t��
k=0

	

�
m=0

	

Zm+2k	m + 2k + 1

2k + 1

�Hac�eı
0t + e−ı
0t�/2�m�H0/2�2k+1	2k + 1

k



=2 cos��0t��
m=0

	

�Hac/2�m�
l=0

	 	m

l

eı�m−2l�
0t�

k=0

	

Zm+2k	m + 2k + 1

2k + 1

�H0/2�2k+1	2k + 1

k



=2 cos��0t� �
m=−	

	

eım
0t�
l=0

	

�Hac/2�m+2l	m + 2l

l

�

k=0

	

Zm+2l+2k	m + 2l + 2k + 1

2k + 1

�H0/2�2k+1	2k + 1

k



= 2 cos��0t� �
m=−	

	

eım
0tĒm�H0,Hac� , �C4�

Ē2n�+1��H0,Hac� = �
l=max�n,0�

	

�Hac/2�2l�+1�	2l�+ 1�
l − n


�
k=0

	

Z2l�+1�+2k	2l�+ 1� + 2k + 1

2k + 1

�H0/2�2k+1	2k + 1

k



= �
l=�n�

	

�Hac/2�2l�+1�	2l�+ 1�
l − n


�
k=l

	

Z2k�+1�	2k�+ 1� + 1

2�k − l� + 1

�H0/2�2�k−l�+1	2�k − l� + 1

�k − l�



= �2�n��+ 1� + 1�Z2�n��+1��Hac/2�2�n��+1��H0/2� + ¯ ,

	 2l

l − m

 = 	 2l

l + m

 ⇒ Ē2n�H0,Hac� = Ē2�n��H0,Hac� . �C5�
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