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Entanglement distillation by adiabatic passage in coupled quantum dots
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The adiabatic passage of two correlated electrons in three coupled quantum dots is shown to provide a robust
and controlled way of distilling, transporting, and detecting spin entanglement, as well as measuring the rate of
spin disentanglement. By employing tunable interdot coupling the scheme creates from an unentangled two-
electron state, a superposition of spatially separated singlet and triplet states. A single measurement of a dot
population (charge) collapses the wave function to either of these states, realizing the entanglement to the
charge conversion. The scheme is robust, with the efficiency close to 100%, for a large range of realistic

spectral parameters.
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The creation and detection of spin entanglement is a ma-
jor task for quantum information processing.! A particular
implementation of the processing relies on electron spins in
coupled quantum dots, proposed as qubits for quantum
inverters? and for universal gating in quantum computation.’
It has been proposed that entangled two-electron spin states
in quantum dots can be produced by tuned quantum gates,’"
by correlated tunneling through single dots.° filtering through
time-dependent barriers,” or by projective measurements.®?
The entanglement is proposed to be detected by current noise
measurements.'” Impressive recent progress in coherent con-
trol of electronic states in quantum dots''~'* and spin
coherence'? gives strong impetus to these concepts. Concur-
rent with our proposal, several papers have appeared in the
literature that discuss entanglement generation in coupled
quantum dots.'®!7

A typical scheme of entanglement generation relies on the
Einstein-Podolsky-Rosen concept of separating two electrons
from a correlated (usually singlet) ground state (see Refs. 18
and 19 for an application in quantum dots). Here we present
a philosophy: instead of spatially separating individual elec-
trons, we propose to separate correlated electron states. In
our scheme the whole two-electron state goes to one side if it
is a singlet and to the other side if it is a triplet, forming a
spatially separated superposition of two entangled states. We
propose a unique assignment of the entanglement states to
charge, because by a single measurement of the charge, say,
on the left, we know with almost certainty that the detected
state will be a singlet. If no charge is detected, we know the
state is a triplet which sits on the right. The charge measure-
ment is nondemolition for the two states, enabling entangle-
ment distillation. The remarkable feature of the scheme is
that, unlike previous proposals, it is also capable of entangle-
ment detection, transport, as well as disentanglement mea-
surement, all in a robust way, without the need for fine tun-
ing or precise knowledge of spectral or pulse parameters. We
call the scheme, which can be realized by current experimen-
tal techniques, entanglement distillation by adiabatic passage
(EDAP).

We model the physics of two electrons in three coupled
dots (Fig. 1) by the time-dependent Hubbard Hamiltonian
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H=X enpy+ > U jaiinijnr + > t,«ja;&ajx, (1)
i i<j AN i\
with the Fermi creation (aj')\) and annihilation (a;,) operators
for dot i (1, 2, and 3), and spin A=1, |, and number opera-
tors ni)\:a;\an\. The confining energies &; do not depend on
spin. We take &,=e3=0, while setting an offset for the
middle dot g,=A. The offset can be controlled electrostati-
cally, or it can be fixed within a useful spectral range as
shown below. We take the on-site Coulomb repulsion U ;
=U to be the same for all dots, similarly for the off-site
interactions U, ...\ =V, and zero otherwise. Hopping inte-
grals representing interdot couplings are 7;;. For our system
only #;, and 7,3 are not zero and depend on time ¢, so that
H=H(r). The interdot couplings are modulated by electro-
static gates defining interdot barriers. The spectral scales are
meVs, with << U for realistic systems. In the examples be-
low we use generic values of U=1 meV, V=0 or 0.1 meV,
and maximum hoppings smaller than 0.1 meV. Precise val-
ues will not be relevant. The Hubbard Hamiltonian does not
include the higher order single-dot triplet states, whose en-
ergy can be a fraction of an meV above U. Inclusion of these
states (one can show that they do not change the stated effi-
ciency of our scheme for a reasonable range of parameters)
would make the discussion much less transparent. In the fol-
lowing we present numerical results of the dynamics based
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FIG. 1. (Color online) The entanglement distillation by adiabatic
passage. Three quantum dots are coupled via electrode-defined bar-
riers giving tunnel couplings #, and f,3. The ground state energy of
dot 2 is shifted by A. The charge on dots 1 or 3 is detected by
electrometers. On the right-hand side the four figures show the
scheme at work [the light bulb in (d) is an electrometer].
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FIG. 2. (Color online) (a) Temporal evolution of the two-
electron spectrum (solid lines) of the Hamiltonian H in the presence
of two overlapping Gaussian pulses (dashed) of 7;, and #,3. The
spectra are plotted for U=1 meV, V=0, and A=0.8 meV. The
pulses of #;,(r) and f,5(r) have widths 7= 500 ps. (b) States with
S.=0 relevant for the EDAP, from the box in (a). There is a level
repulsion (anticrossing) inside the circles, where the passage is
rapid. At the other two crossings there is no repulsion. The horizon-
tal line is the trapped state W;. (c) The counterintuitive passage
scheme for W, showing the probabilities p of finding states |T);»
and |T),3. (d) The passage scheme for |S);, showing the probabili-
ties p of observing |S);, and |D).

on Hamiltonian (1); and later explain the results qualitatively
using an analytical model of adiabatic and rapid passage us-
ing perturbation theory.

The time dependent spectrum of H, in the presence of
interdot coupling pulses, is shown in Fig. 2(a). We take
Gaussian pulses of the form #;(r) =1y exp(=1*/27%), where
is the maximum pulse strength and 7 is the dispersion. The
overlap between the pulses is taken to be 27, the width of
one pulse. There are three weakly coupled groups of states.
The lowest states with energy E~0 consist of electrons oc-
cupying mainly dots 1 and 3. The highest state, £~ U+2A,
is for a double occupancy of dot 2. The states relevant for the
EDAP have E~U,A, and comprise electron singlets and
triplets on neighboring dots. These states are magnified in
Fig. 2(b). To simplify the notation we introduce the follow-
ing labels for triplet 7" and singlet S states on dots i and j
(assuming i <), as well as for double occupancy states D:

|Ty);=aliali|0),  |T_);=daj\a},|0), (2)
ITo)y = (1N2)(aal, - alia))]0), (3)
1S);= (1N2)(afal, +alyal)|0), (4)

D), = a}}aMO). (5)

Here |0) is the vacuum. The triplet states |7 ) are labeled by
their spin S,. States |T;) and |S) are spin entangled.

We first summarize the EDAP steps and then discuss the
physics in detail. The scheme is shown in Fig. 1: (a) Start
with two uncoupled electrons occupying neighboring dots 1
and 2. (b) Raise slowly the energy of the middle dot 2 to A
being on the scale of U (this step is not necessary if A is built
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in). (c) Apply an overlapping pulse sequence of ¢, and 7,3
(order not relevant). After the pulses fade away, A can be
switched back to zero, if necessary. The resulting state is
with a high probability, a superposition of a singlet state,
spread over dots 1 and 2, and triplet states, on dots 2 and 3.
A detection of (the absence of) charge in dot 1, collapses the
wave function to the singlet (triplet). Mathematically, an ini-
tial two-electron state W(r=0) localized on dots 1 and 2 is a
superposition

W(0)=alS) i+ b|To) 12+ c|T)n +d|T_ )5 (6)
After the EDAP, the state will be
V(o) =a'[S)1a+b'|To)os + ¢ [T +d'|T_y)a3, (7)

where the primed coefficients are equal to unprimed up to a
phase factor. The singlet state returns to the initial dots while
the triplets are transported to dots 2 and 3. As a result, the
entanglement is coupled to charge on dots 1 and 3. The
scheme also works as a noninvasive entanglement detector.
If the initial state is a singlet, the final state is the same (up to
a phase). If it is a triplet, the state is shifted in space. Charge
measurement on dots 1 or 3, which is a nondemolition mea-
surement for singlet and triplet states in the absence of inter-
dot coupling, separates the two. In general, probabilities of
finding, say the singlet in a given initial state, |a|* can be
obtained by repeating the measurement on the identically
prepared state, detecting a degree of entanglement. The
scheme does not, however, discern the individual triplet
states |T,) and |T.,) without an additional single-dot control
(e.g., spin rotation). Finally, the scheme detects disentangle-
ment (entanglement loss) and charge decoherence by observ-
ing systematic deviations from the expected final states (e.g.,
detecting charge on both 1 and 3).

To demonstrate the scheme we study the evolution of each
of the states in the superposition of Eq. (6). Consider triplet
states first. It is useful to find the eigenstates of H whose
energies do not depend on 7, or #,3; in analogy with quantum
optics, we call these states trapped. There are four two-
electron trapped states of H:

Wy =sin ¢[Ty) 12 = cos ¢[Tp)2s, (8)
W, =sin ¢[T}) 1, = cos ¢[Ty)2, )
Wy =sin @[T_1)15~ cos @|T_;)o, (10)
W, =[|D), - D), + |D>3]/\°"§- (11)

The mixing angle ¢=¢(7) is defined by tan ¢=1,,/1,5. States
V¥, through W5 have energy V+A, while W,, which is
trapped only for A=0, has energy U. As in the stimulated
Raman adiabatic passage (STIRAP), which is a technique for
population transfer via trapped states,?” states W, through ¥
allow the passage of an initial triplet state |T),, to |T),3, or
vice versa. Take W, as an example. If the initial state is
|To)12, it Will be 100% in W, for t,3=0, when t,, is slowly
turned on (¢=1/2). The state is unaltered until a subsequent
overlapping pulse of 7,3 will smoothly move the state to
W, =|T),s, after t,, vanishes (¢=0). During the passage, no
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state other than the two triplets is populated. The numerical
calculation is shown in Fig. 2(c), confirming the qualitative
picture. In our context this pulse sequence (z,, before 7,3) can
be called counterintuitive, while the opposite order (f,3 be-
fore f,,) intuitive. Transfer through W, by counterintuitive
sequence is extremely robust, independent on spectral pa-
rameters, as long as adiabatic conditions, to be specified,
hold. While adiabatic passage via W, is a nine-level process
(there are nine S,=0 basis states), the scheme with ¥, and
W5, for transporting spin unentangled triplets |7}) and |T_,),
is an exact analog of the three level STIRAP. Triplet states
can also be transferred through intuitive sequencing (not via
W), if A is greater than the interdot couplings. Such a trans-
fer is less robust, but for our scheme it is equally satisfactory
as counterintuitive, since we need A=t,,f,3 to transfer sin-
glet states, as shown below. The fourth trapped state, W, is a
superposition of doubly occupied states. Because it cannot be
manipulated with interdot couplings, we call this state glo-
bally trapped. We will not use this state below.

Singlet states are not part of the trapped states. If the
initial state is the singlet |S),,, the above scheme in general
leads to an arbitrary superposition of eigenstates of H for
isolated dots. There is, however, a window of energy offsets
A where the final state will be |S);,, up to a phase. Consider
states |S),, |[D),, and |D), with average energies A+V, U,
and 2A+ U, respectively. If we make A on the same scale as
U, state |D>2, as well as all other eigenstates, will not be
easily accessible due to spectral separation [Fig. 2(a)]. We
have an effective two-level system with Hamiltonian (up to a
constant)

H =YA+V-U)o, +\2(1)0,, (12)
where o, are the Pauli matrices. The eigenstates are

W, = cos(9/2)|S), + sin(972)|D),, (13)

W_ = sin(9/2)|S),, — cos(972)|D),. (14)

The mixing angle ¥=3(z), restricted to [0, 7], is defined by
tan 9=2121,,/(A+V-"U). The nature of the time evolution
of the singlet depends critically on A. In resonance, A+V
=~ U, the singlet is initially a superposition of ¥, and W_.
After passage of pulse 7, the final state will be W(»)
=[$);, cos a+|D), sin@, where the pulse area «a
=[\2t,,(t)dt. By fine tuning the pulses to a=r, the final
state will be |S),.

The above resonant scheme for singles, though allowing
fine control, is not robust: it requires both the resonance con-
dition and precise knowledge of the pulse area. We instead
explore the large spectral window off the resonance. For
|A+V—-U|=t,,, state |S),, will be transported back to itself,
via W,. (This is analogous to adiabatically following a spin
along a magnetic field that rotates along the y axis back and
forth adiabatically.) Such a passage is very robust. The two-
level picture is confirmed by the numerical calculation with
the full Hamiltonian H in Fig. 2(d).

Figure 3 shows the EDAP results as a function of A, for
two initial states. For the selected 7 the initial singlet returns
to the same state at least 90% of times for A=0.6 meV
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FIG. 3. (a) The calculated probabilities and electron populations
after the EDAP as a function of A, with W(0)=|S), [(a) and (b)]
and ¥ (0) =a’f Taz L|O> [(c) and (d)]. The thin dotted lines in (c) are for
V=0.1 meV. The pulses are the same as in Fig. 2.

(unless at resonance visible by spikes). This is closely mir-
rored by the charge population of the dots 1 and 3. Dot 2 has
always charge one, except for resonance, in which dot 1 can
be doubly occupied. The influence of off-site Coulomb inter-
action is seen in Fig. 3(c). The only effect is shifting the
resonance from A=U to A=U-V.

What is the condition on the pulse? Passage of state |) is
adiabatic if [(I|{hdH(1)/dt|k)|< (hwy)?, where k are other
eigenstates of H(t), and wy are the Bohr frequencies.?! We
give rough estimates for the limits on pulse dispersion 7
(switching time), based on the qualitative criterion that the
smallest relevant Bohr period needs to be resolved during the
passage. The EDAP comprises four processes: (i) Adiabatic
passage of the triplet state. For |A|=<t,, which can be used
for triplet transport, this is robust if 7=7%/¢t,. In our scheme
A>1t, and the smallest relevant Bohr energy is t(z)/ A. Then
=7, where 7,=h?%/ (t(z)/ 7) gives the lower limit. (ii) Adia-
batic passage of the singlet. This is a two-level scheme with
states separated by ~1t,. Thus 7=%/t,, which is within the
range of (ii) and need not be considered extra. (iii) Rapid
passage of the singlet through the anticrossing at time ¢ given
by 7=t,,(t)=1,5(t) [Fig. 2(b)]. The level repulsion is small,
since |S);, couples to |S),; through spectrally distant states
such as |S);5 and |D),. Interference in the virtual coupling to
these states further reduces the anticrossing. One can show
that the level spacing is V,~ 2(F/A)(U-A)/(U+A), vanish-
ingly small at resonance in the order O(7*/A). Rapid passage
occurs for 7 <h/ V,, where 7"=7'Vg/ tp is the time over
which the interdot coupling changes by V,, relevant for re-
solving the gap. This gives 7= 7;; where 7,=7, X (A/1,)(U
+A)/(U—-A) is the upper limit. Finally, (iv) the EDAP has to
be performed within the coherence time of the system, which
is, at low temperatures, likely in the nanosecond time
scale.'*!* Considering full coherence, the time limitations on
the pulse are 7, < 7= 7y, which for our model parameters is
100 ps to 10 ns. Since the lower limit is given by energy
t(z)/ A which is on the order of the exchange coupling (J
=t(2)/U in the Hubbard model) for our case of A= U, the
times are similar to those used for spin-based quantum
computing.* The upper limit 7, increases with decreasing
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|U-A|. The scheme will perform quadratically faster for
larger couplings.

To identify numerically the regime of applicability of the
scheme, we define the EDAP efficiency w as

w= |<‘I’(°°)|S>12|2+ |<‘P(°°)|TO>23|2» (15)

for a state W(¢) with the initial condition W(0)=aj,a}|0).
This definition is insensitive to the relative phase change,
and to the relative population of the two states. The effi-
ciency is plotted in Fig. 4 as a function of A and 7 for the
counterintuitive sequence (intuitive shows the same picture
except at A close to 0). The range of applicability, from
100 ps to 10 ns agrees with our analytical estimates for our
parameters. The graph also shows the predicted increase of
applicable 7 with decreasing |U—A|. It is evident that our
scheme is very robust, covering a large range of spectral
values and pulse times. The horizontal “cut” at A=U
=1 meV indicates the resonance oscillations of the |S),
—|D), pair for which the efficiency depends on the area of
the pulse, «, and thus on 7. The lower limit on 7 can be
further reduced by about a decade (to 50 ps for 98% effi-
ciency for our parameters) by decreasing the delay between
the pulses (not shown here).

Efficiency w can be measured by performing the EDAP
twice: if the first (distillation) passage results in, say, a sin-
glet, the second (detection) passage should give absence of
charge on dot 3, if w=~1. Another interesting application of
the EDAP can be in quantifying the influence of a charge
probe on the charge itself. Say, use the EDAP to transport
triplets via W,. Since n, W=V, at all times [in fact, V¥,
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FIG. 4. (Color online) The calculated efficiency w as a function
of the pulse dispersion 7 and offset A, for the counterintuitive pulse
sequence. The black (darkest) window is for efficiency higher than
98%, while the second darkest window is for w>90%.

through W5 are the only eigenstates of H(¢) that are also
eigenstates of n,], a measurement of population on dot 2
should not disturb the state. The EDAP efficiency loss is a
measure of the invasiveness of the probe.
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