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The quantum transport equation is derived in terms of the Wigner distribution function for a Bloch electron
quasiparticle, that is, a Bloch electron in a single band, interacting with a random, inhomogeneous distribution
of impurities, and subject to general homogeneous and inhomogeneous electric fields. The time dependent
homogeneous electric field is described through the vector potential gauge. The derivation of the transport
equation makes use of a unitary transformation of the Liouville equation based on the interaction picture to a
form in which the scattering interaction appears quadratically, and utilizes accelerated Bloch states as basis
states; the resulting generalized drift and diffusion terms are obtained exactly for an arbitrary band structure. In
taking the limit of slowly varying inhomogeneous electric field and slowly varying scatterer density distribu-
tion, a quantum generalization of the Boltzmann-like Wigner transport equation is obtained which includes
impurity-related intracollisional field effects in the collision term and a drift term comprising the total force due
to both the homogeneous and inhomogeneous fields.
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I. INTRODUCTION

In the initial work of Bloch,1 transport phenomena in sol-
ids had been analyzed by employing the Boltzmann transport
equation �BTE� in which the electrons were treated as qua-
siparticles with their energy dispersion relation given by the
energy band functions of the unperturbed crystal. A quantum-
mechanical derivation of this transport equation had been
provided by Kohn and Luttinger2 �KL� for Bloch electrons
interacting with randomly distributed static impurities mov-
ing in the presence of a homogeneous electric field in the low
field limit; they showed that under these conditions, it fol-
lowed from the Liouville equation that the diagonal elements
of the density matrix, that is, the distribution function in the
Bloch representation, satisfied a linearized BTE. The work of
KL was later extended by Argyres3 to include electron-
phonon scattering.

The extension of these theories to a derivation of a quan-
tum transport equation �QTE� that is valid for homogeneous
fields of arbitrary strength and time dependence has been
given by Levinson4 and Barker5 who showed, using an ef-
fective Hamiltonian which described the electrons in the ef-
fective mass approximation, that the scattering term in the
QTE included the effect of the field, the so-called intracolli-
sional field effect �ICFE�. Calecki and Pottier,6 using a theo-
rem of Levinson,4 have shown that these results can be easily
extended to Bloch electrons moving in a single band and
interacting with phonons by employing an accelerated Bloch
state representation �ABR� with basis states that are instan-
taneous eigenfunctions of the Hamiltonian in which the elec-
tric field is described by a vector potential. This representa-
tion, which employs Houston-like7 functions as basis states,
has also been used to give a more rigorous analysis of Bloch
electron dynamics in the presence of homogeneous electric

fields,8 including tunneling effects, than is possible when the
field is described by a scalar potential. Later, using the ABR,
Krieger and Iafrate9 extended the results of Calecki and Pot-
tier to the multiband case for both impurities scattering and
phonon scattering; these results include the effects of inter-
band �Zener� tunneling, field-dependent scattering matrix el-
ements, and interband coherent impurity scattering in the
QTE in addition to the ICFE.

A second class of problems, in which the quantum-
mechanical extension of the BTE has been studied, concerns
the interaction of electrons with inhomogeneous fields. In
this case, due to the quantum-mechanical nature of the elec-
tron, it is not possible to define a function that gives the
simultaneous probability density to find an electron at r with
momentum �k as is assumed in the classical BTE. However,
Wigner10 has shown that it is possible to define a quantum-
mechanical generalization of the classical distribution func-
tion such that when integrated over r yields the momentum
probability density and when integrated over k yields the
probability density in configuration space. Many11 have
stressed the need for a QTE for the Wigner function in order
to understand transport in ultrasubmicron devices.

The earliest work in deriving a QTE for electrons moving
in a single band and interacting with inhomogeneous fields
and elastic scattering has been given by Price12 who consid-
ered an electric field with a single Fourier component in
wavelength and frequency. He finds, using an extension of
the KL method, that in the large wavelength limit the QTE
contains the usual diffusion term found in the BTE, but for
electric fields of finite wavelength, quantum correlations ap-
pear. Subsequently, Charbonneau et al.13 had provided a deri-
vation of a QTE for the Wigner function by employing
many-body linear response theory in a one band model for
elastic scattering. As in the work of Price, their analysis is
restricted to the low field limit.
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In recent years, much progress has been forged in devel-
oping the Wigner approach to quantum transport—extensive
discussion of dissipative processes and open boundary
conditions;14 first-principle derivations of generalized
Wigner function to include electron-phonon interactions;15,16

the use of advanced numerical schemes and analysis;17 and a
treatment of invariant formulations and gauge equivalence.18

A recent insightful discourse on the Wigner-Boltzmann
transport equation, along with a comprehensive and updated
list of references to a wide variety of theoretical and model-
ing papers, can be found in the work of Nedjalkov et al.19

In the present work, the QTE is derived for a Bloch elec-
tron quasiparticle in a single band interacting with a random,
inhomogeneous distribution of impurities, and is subject to
general superimposed homogeneous and inhomogeneous
fields. The equation for the Wigner distribution function is
derived from the Liouville equation; the electrons are de-
scribed by an effective Hamiltonian interacting with a ran-
dom, but inhomogeneous distribution of elastic scatterers in
the simultaneous presence of an inhomogeneous time-
dependent potential and a homogeneous electric field of ar-
bitrary magnitude and time dependence. This particular for-
mulation allows for the analysis of the role of such
inhomogenities in disrupting Bloch oscillations from first
principles;20 the inclusion of multiband Zener tunneling in
affecting Bloch oscillations can be found elsewhere.9 More
generally, this formulation is applicable to the modeling of
an interesting class of high-field transport problems in nano-
structures such as modulation-doped semiconductors �e.g.,
nipi’s�, inhomogeneously doped heterostructures �HEMTs�,
and scaled ultrasubmicron complementary metal-oxide semi-
conductor �CMOS� devices, where inhomogeneities and
quantum effects are prevalent. Of course, this approach is not
limited to conventional three-dimensional analysis, so it can
be readily adapted for emerging low-dimensional applica-
tions.

In Sec. II, it is shown that the Liouville equation can be
transformed exactly by means of a unitary transformation
based on the interaction picture to a form in which the scat-
tering interaction appears quadratically; utilization of this
form of the Liouville equation is discussed and is seen to be
central in obtaining an approximate closed expression for the
diagonal elements of the density matrix without necessarily
treating the off-diagonal elements as small due to weak scat-
tering. In Sec. III, the matrix elements of the transformed
Liouville equation are evaluated using as basis states the in-
stantaneous eigenstates of the single band effective Hamil-
tonian which includes the homogeneous electric field
through the use of the vector potential gauge. The equation
for the Wigner distribution function is derived from the
transformed Liouville equation; the generalized drift and dif-
fusion terms are obtained exactly for arbitrary band structure,
and the collision integral is obtained to second order in the
strength of the scattering potential, the only approximation
being the neglect of the inhomogeneous potential in the
evaluation of the scattering matrix elements. In Sec. IV, the
results are shown to reduce to previously obtained quantum
transport equations in the limit in which the inhomogeneous
potential is absent and the impurities are homogeneously dis-
tributed. Results are also shown to reduce to a quantum gen-

eralization of the Boltzmann-like equation in the limit in
which the inhomogeneous potential and impurity distribution
vary slowly over the de Broglie wavelength; here, the colli-
sion term neglects the inhomogeneous field dependence, but
includes an impurity related intracollisional field effect and a
drift term with the total force comprising the homogeneous
and inhomogeneous fields.

II. TRANSFORMATION OF THE LIOUVILLE EQUATION

The Liouville equation for the one electron density matrix
operator �̂�t� is

i�
� �̂

�t
= �Ĥ + Ĥ�, �̂� . �1�

Here the total Hamiltonian for a single electron consists of

Ĥ�t� representing the Hamiltonian for the unperturbed sys-
tem, such as the effective Hamiltonian for Bloch electron
including both the homogeneous and inhomogeneous fields,

and the interaction part Ĥ��t�, in our case, representing an
effect of impurities. If, in the spirit of the interaction picture,
we subject the Liouville equation in Eq. �1� to a unitary

transformation Û defined by

i�
�Û�t,t0�

�t
= Ĥ�t�Û�t,t0� , �2�

where Û�t , t�� 1̂ for arbitrary t, so that Eq. �2� can also be
rewritten in the integral form as

Û�t,t0� = 1̂ −
i

�
�

t0

t

dt�Ĥ�t��Û�t�,t0� , �3�

then, from Eqs. �1� and �2�, we see that

i�
�

�t
�Û+�̂Û� = Û+�Ĥ�, �̂�Û . �4�

It follows, after integrating Eq. �4� over time and using the

unitary property Û+Û= ÛÛ+� 1̂, as well as Û�t , t��Û�t� , t0�
= Û�t , t0�, that

�̂�t� = Û�t,t0��̂�t0�Û�t0,t� −
i

�
�

t0

t

dt�Û�t,t��

��Ĥ��t��, �̂�t���Û�t�,t� . �5�

Putting �̂ of Eq. �5� into the right-hand side of Eq. �1� results
in

i�
� �̂

�t
= �Ĥ, �̂� + �Ĥ��t�,Û�t,t0��̂�t0�Û�t0,t��

−
i

��Ĥ��t�,�
t0

t

dt�Û�t,t���Ĥ��t��, �̂�t���Û�t�,t�� .

�6�

Equation �6� is an exact consequence of Eqs. �1� and �2�. The
prescribed unitary transformation of Eq. �2� has separated the
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interaction contribution of the Liouville equation in Eq. �6�
into two components; the first component is linear in the
interaction term, and is characterized by the time evolution
of the initial condition; the second term is quadratic in the
interaction term, and contains explicit quantum correlations

of �̂ with Ĥ�, along with temporal memory effects.
No doubt, Eq. �6� appears to be significantly more com-

plicated than Eq. �1� from which it was derived, so its value
might be questionable. In order to appreciate the utility of the
transformed Liouville equation, we note that if we consider
the free electron case, in which there is no inhomogeneous
potential, taking the diagonal matrix elements of Eq. �6� with

the instantaneous eigenfunctions of Ĥ, assuming that �̂ is
diagonal in this representation at t= t0 before the field is
turned on, leads immediately to a QTE in the accelerated
Bloch state representation. This follows from the fact that if
�̂ is diagonal at t= t0 in this representation, the diagonal ma-
trix elements of the term in Eq. �6� that involves �̂�t0� are
zero. The resulting equation then has the same form as con-
sidered by Calecki and Pottier6 for the case of electron-
phonon scattering and can be written in terms of matrix ele-

ments of Ĥ and �̂ by inserting complete sets of states
between products of operators. In the case studied by Calecki
and Pottier, the resulting equation is a closed equation for the
diagonal elements of �̂ because, for electron-phonon scatter-
ing, the k selection rules lead to only diagonal elements of �̂
in the scattering term. Analogously, in the case of randomly
distributed elastic scatterers, taking the ensemble average of
the diagonal element of Eq. �6� leads to a closed equation for
the diagonal elements of the distribution function which is
identical to that previously obtained by Krieger and Iafrate,9

once we employ the fact that12

	HKK�
� HK�K�

� 
 = 0 for K � K�. �7�

Similar considerations, assuming a one band model as done
by Calecki and Pottier for electron-phonon scattering, also
yield the same type of closed equation in the diagonal ele-
ments of �̂ as obtained in Ref. 9 for the case of elastic scat-
terers randomly distributed on a lattice.

These illustrative examples demonstrate that Eq. �6� is a
useful transformation of the Liouville equation and leads di-
rectly to a QTE identical to that obtained using the KL
method, without the need to employ the KL method of treat-
ing the off-diagonal elements of the density matrix as small
due to weak scattering. This is of particular interest when we
consider the additional effect of an inhomogeneous potential
because a free �or Bloch� electron can have its state changed
by interaction with such a potential which can lead to large
off-diagonal matrix elements of �̂ which we would like to
treat as exactly as possible. However, the fact that we get the
same equation for the distribution function as obtained in
Ref. 9, in which the equation for the distribution function
was derived in the lowest nonvanishing order in �, the
strength of the electron-scatterer interaction, is at first some-
what surprising. But this comes about because it is known
that higher order corrections to the transport equation exist
even for low fields, whereas in the discussion above, the
application of Eq. �6� does not require the explicit assump-

tion that � is small nor that we carry out the calculation to
the lowest order in �. The resolution of this apparent paradox
lies in the recognition that for any particular distribution of
scatterers, the matrix elements of �̂ are implicit functions of
the positions occupied by the scatterers just as in ordinary
quantum mechanics, so that the scattered wave is correlated
with the position of the scatterer. Thus, when we treat the
ensemble average of the product of scattering terms and ma-
trix elements of �̂ as the product of the ensemble average of
the scattering terms multiplied by the ensemble average of
the matrix elements of �̂, we are neglecting this correlation,
which would lead to higher order corrections to our equa-
tions.

The most obvious example of this correlation effect arises
if we consider the diagonal elements of the Liouville equa-
tion given by the original Eq. �1� for free electrons interact-
ing with elastic scatterers in the absence of an inhomoge-
neous field. Then, employing plane waves, which are

instantaneous eigenfunctions of Ĥ, we obtain

i�
��KK

�t
= �

K�

�HKK�
� �K�K − �KK�HK�K

� � . �8�

Taking the ensemble average of Eq. �8�, neglecting the cor-

relation between �̂ and Ĥ�, and using the fact that for K
�K�, Ĥ� is a sum of rapidly oscillating terms so 	HKK�

� 
=0,
we obtain simply ��KK /�t=0. This is, of course, correct only
to O���; the terms of O��2�, which are the lowest nonvan-
ishing contribution to the scattering rate, have been elimi-

nated by neglecting the correlation between �̂ and Ĥ.
This discussion also makes it clear why taking the en-

semble average of the diagonal elements of Eq. �6� and ne-

glecting correlation between �̂ and Ĥ� leads to the correct
QTE to O��2�, whereas doing the same procedure with Eq.
�1� does not, because Eq. �6� has scattering terms which are

quadratic in Ĥ� �as mentioned above, the matrix elements of
the term involving �̂�t0� is zero if �KK��t0� is diagonal�.

In the next section we will employ Eq. �6� to obtain the
equation satisfied by the Wigner function. We will neglect

the correlation between matrix elements of Ĥ� and �̂, making
our results valid through O��2�.

III. EQUATION FOR WIGNER DISTRIBUTION
FUNCTION FOR ELECTRON QUASIPARTICLES
INTERACTING WITH ELASTIC SCATTERERS

The total Hamiltonian for this problem consists of Ĥ

+ Ĥ� where Ĥ� is the Hamiltonian for the impurities, and Ĥ is
the single particle Hamiltonian in the absence of scatterers
given by

Ĥ = E�− i � + pc/�� + V�r,t� , �9�

where E�K� is the effective energy band function describing
the electron quasiparticle, and
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pc�t� � �kc�t� = �
t0

t

dt�eE�t�� �10�

is the classical momentum acquired by the charged particle
due to the the uniform field E turned on at time t0. Also,
V�r , t� is an external inhomogeneous potential which is as-
sumed to be time dependent. For the effective single band
Hamiltonian

ĤE = E�− i � + kc� , �11�

we take as our basis, the instantaneous eigenfunctions of Eq.
�11�, given by

�K = �−1/2eiKr, �12�

with the corresponding instantaneous eigenvalues

E�K + kc� � E�k�; �13�

here

k�K,t� = K + kc�t� , �14�

with K satisfying periodic boundary conditions. Conse-
quently, it follows from Eqs. �10� and �11� that �k is the
time-dependent quasimomentum of an electron accelerated

by the homogeneous field E�t�, i.e., �k̇= ṗc, the well known
acceleration theorem.

We define the single particle time-dependent Wigner dis-
tribution function as

F�r,K,t� � �−1�
u

�K+u/2,K−u/2�t�eiur, �15�

where basis states of �̂ are �K, given by Eq. �12�.
It then follows from Eq. �15� that integrating F over the

volume � yields the fractional occupancy in state K, i.e.,

�
�

dr F�r,K� = �KK. �16�

In addition, it follows from

��r� = Tr��̂��r − r�� �17�

that the electron density may be calculated from F by

�
K

F�r,K� = ��r� . �18�

Furthermore, it follows from the Hermiticity of �̂ that F de-
fined by Eq. �15� is real. Thus, from the sum rules in Eqs.
�16� and �18� above, F is viewed as the quantum analog of
the Boltzmann distribution function. However, unlike the
Boltzmann distribution function, F may take on negative val-
ues, so it is not possible to directly associate it with a simul-
taneous probability distribution in both r and K space.

We can obtain the inverse of Eq. �15� by multiplying both
sides by e−iu�r and integrating over the volume �. Then,
setting u�=K−K�, we find

�KK� = �
�

dr F�r,
K + K�

2
�e−i�K−K��r. �19�

Thus, in utilizing Eq. �19�, any equation satisfied by the ma-
trix elements of �̂ can be transformed into an �integral� equa-
tion for F.

In general, the expectation value for any arbitrary opera-

tor B̂ can be evaluated as

	B
 = Tr��̂B̂ � �
K
�

�

dr F�r,K�BW�r,K� , �20�

where BW is a Wigner-Weyl form of the operator, given by

BW�r,K� � �−1�
u

BK+u/2,K−u/2�t�eiur.

For the particular case of the local coordinate-dependent op-
erator B�r�, the equation for 	B
 further reduces to

	B
 = �
K
�

�

dr F�r,K�B�r� .

Alternatively, if the operator B̂ is diagonal in the K basis, i.e.,
BKK�=BK�KK�, then

	B
 = �
K
�

�

dr F�r,K�BK;

such is the case for the velocity operator associated with the
quasiparticle electron system described by Eq. �9� where

vKK� = vK�KK�, with vK = �−1�KE�K + kc� . �21�

Note that in general F and BW are basis dependent, whereas
expectation values are basis independent.

Now we proceed to derive the Wigner transform of the
Liouville equation given by Eq. �6�. Taking the K+u /2, K
−u /2 matrix elements of Eq. �6�, multiplying both sides of
the resulting equation by eiur /�, summing over u and divid-
ing by i� yields

�F

�t
= TE + TV + C�1� + C�2�, �22�

where

TE = −
i

��
�
u
�E�k +

u

2
� − E�k −

u

2
���K+u/2,K−u/2eiur,

�23�

TV = −
i

��
�
u

�V, �̂�K+u/2,K−u/2eiur, �24�

and C�1� , C�2� are derived from the linear-in-Ĥ� and

quadratic-in-Ĥ� terms on the right-hand side of Eq. �6�, re-
spectively.

We note first that for parabolic dispersion, the TE term is
simply related to the usual diffusion term, since in this case,
with E�k�=�2k2 /2m, we have the exact relation
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E�k +
u

2
� − E�k −

u

2
� = �KE�K + kc�u , �25�

which results in

TE = − �−1�KE�K + kc��rF . �26�

Equation �26� is the usual diffusion term as found in the BTE
provided we neglect the implicit field dependence given by
kc.

More generally, for arbitrarily dispersion we have

TE = −
i

�
�

u
�E�k +

u

2
� − E�k −

u

2
��

� �
�

dr� F�r�,K�eiu�r−r��, �27�

where we have used Eq. �19� to write TE in terms of F in its
integral form. Alternatively, TE may be presented in a differ-
ential form by expanding the energy difference in Eq. �23�
about u=0 and then summing all the terms. This is facilitated
by noting that

E�k +
u

2
�eiur = e�K·�u/2��E�K + kc�eiur

= e−�i/2��K·�r�E�K + kc�eiur , �28�

so

TE = −
i

��
�e−�i/2��K·�r − e�i/2��K·�r�

� �E�K + kc��
u

�K�+u/2,K�−u/2eiur�
K�=K

. �29�

Then using Eq. �15�, we obtain

TE = − 2�−1sin��K · �r/2��E�K + kc�F�r,K��K�=K, �30�

which obviously reduces to Eq. �26� if only the first term in
the expansion is retained. Thus, we obtain again the usual
diffusion term in the limit of parabolic dispersion; there are
additional terms contained in Eq. �30� for a more general
energy dispersion which are not found in the BTE, in agree-
ment with the results of Charbonneau et al.13

Similarly, the TV term in Eq. �24� may be rewritten as

TV = −
i

��
�
u,K�

�VK+u/2,K�+u/2�K�+u/2,K−u/2

− �K+u/2,K�−u/2VK�−u/2,K−u/2�eiur. �31�

Then using Eq. �19�, and the fact that V�r , t� is a local op-
erator so

VK+u/2,K�+u/2 =
1

�
�

�

dr V�r�e−i�K−K��r � VK−K�, �32�

independent of u, we obtain, without approximation

TV = −
i

�
�

q
Vqeiqr�F�r,K −

q

2
� − F�r,K +

q

2
�� . �33�

If the potential is slowly varying in space, then Vq is signifi-
cant only for small q. Then expanding F in Eq. �33� about
q=0 and retaining only the lowest nonzero term we obtain

TV � �−1�rV · �KF = − �−1eEV · �KF , �34�

where eEV�r , t�=−�rV defines the electric field correspond-
ing to the inhomogeneous potential energy V. Thus, this term
accounts for the contribution of the inhomogeneous part of
the electric field to the usual drift term in Eq. �22�. Had we
taken our basis functions as eigenfunctions of a Hamiltonian
in which kc�0 for all t ,V would be the total potential arising
from both the applied and inhomogeneous potentials. In such
a case the EV in Eq. �34� would be the total position-
dependent electric field. We will show below that choosing a
vector potential gauge in which kc�0 also leads to the same
total drift term and simultaneously enables us to include high
field effects in the collision term.9 TV may be transformed
from its integral form as given by Eq. �33� to a differential
form by expanding F about q=0 and summing all the terms.
Using similar arguments as those that led from Eq. �27� to
Eq. �29� we readily obtain the so-called Moyal21 expansion

TV = 2�−1sin��K · �r/2��V�r�F�r�,K�r�=r, �35�

the first term in the expression of Eq. �35� being the approxi-
mation given by Eq. �34�. Charbonneau et al.13 do not obtain
a term like that given by Eq. �33� because they do not in-
clude the effect of an inhomogeneous field. However, a simi-
lar term was found by Wigner10 and discussed by Iafrate et
al.11 with respect to its effect in transport theory. Equation
�31� is the generalization of a result of Price12 who consid-
ered a perturbation consisting of a single Fourier component
in wavelength and frequency.

Thus far our derivations of the generalized drift term as
given by Eq. �27� or �30� and the generalized diffusion term
as given by Eq. �33� or �35� are exact so that in the absence
of any scattering term, the equation for the Wigner distribu-
tion function is exact for arbitrary strength and time depen-
dence of both the homogeneous field given by the vector
potential and the inhomogeneous field given by V.

We now consider the evaluation of the two collision terms

in Eq. �22�, one linear in the scattering potential Ĥ� involv-
ing the density operator at time t= t0 and the second qua-

dratic in Ĥ�. We consider the quadratic term first. We observe

that the Hamiltonian that appears in Û of Eq. �3� is given by
Eq. �9� and includes the inhomogeneous potential V; this

makes the matrix elements which depend explicitly upon Û,
namely, C�1� and C�2�, in Eq. �22� difficult to evaluate since
the basis states employed are the instantaneous eigenfunc-
tions of the Hamiltonian given by Eq. �11� which exclude V.

However, we proceed to show the relationship between Û

and V, and then to approximate Û matrix elements for the
purpose of calculating C�2� and C�1�.

In a fashion similar to the derivation of Eq. �6�, let us

express the time evolution operator Û corresponding to the
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Hamiltonian Ĥ= Ĥ0+V in terms of the time evolution opera-

tor Û0 corresponding to Ĥ0. Integrating i�� �Û0
+Û� /�t, and

using i�� Û0 /�t= Ĥ0Û0 and i�� Û /�t= ĤÛ, we solve for Û to

obtain an exact integral equation for Û as

Û�t,t0� = Û0�t,t0�� 1̂ −
i

�
�

t0

t

dt�Û0�t0,t��V�t��Û�t�,t0�� .

�36�

Then substituting Û0 for Û under the integral results in the
approximate first-order-in-V closed equation for the operator

Û. Evaluating matrix elements of this operator results in

UKK��t,t0� � e−�i/���t0
t dt�E�k���KK� −

i

�
�

t0

t

dt�VK−K��t��

�e�i/���t0
t�dt��E�k�−E�k��� . �37�

Note that everywhere else we are going to use an abbrevia-
tion for the action �normalized to ��

sk�t,t0� = − �−1�
t0

t

dt�E�k� . �38�

Equation �37� allows us to go beyond O��2�V
0� in approxi-

mating C�2� with increased analytical complexity �here �V is
the strength of the inhomogeneous potential V and � is the
strength of the scattering interaction, as mentioned earlier�.

However, it is clear from Eq. �37� that the off-diagonal
term due to the scattering from the inhomogeneous potential
includes collision broadening that becomes quite pronounced
for conditions of strong electric fields and for situations in-
volving large momentum transfer. If the inhomogeneous po-
tential V is treated as slowly varying, then momentum trans-
fer processes and the corresponding broadening effects are
small; thus the effect of V in C�2� is heavily masked by the
strong large-angle impurity scattering. Therefore, since we
are specifically interested in the limit of slowly varying in-

homogeneous potential, we retain only the first term in Eq.
�37� so that the term quadratic in Ĥ� is �formally� evaluated
only to O��2�V

0�. We will, of course, continue to treat the
strength and time dependence of the homogeneous field as
unrestricted.22

Then from Eq. �6� the term quadratic in Ĥ� appearing in
Eq. �22� may be written

C�2� = −
1

�2�
�
u
�Ĥ��t�,�

t0

t

dt�Û�t,t��

��Ĥ��t��, �̂�t���Û�t�,t��
K+u/2,K−u/2

eiur. �39�

Expanding the commutator, inserting complete sets of states,
and keeping only the first term in Eq. �37�, i.e.,

UKK��t,t0� � eisk�t,t0��KK�, �40�

C�2� can be written as a sum of two terms, in the form C�2�

=C1
�2�+C2

�2�. Here,

C1
�2� = −

1

�2�
�
u,K�

HK+u/2,K�+u/2
� �t�

��
t0

t

dt��Ĥ��t��, �̂�t���K�+u/2,K−u/2

�ei�sk�+u/2�t,t��−sk−u/2�t,t��eiur. �41�

Similarly, we find that the other term C2
�2� obtained from the

commutator in Eq. �39� satisfies C2
�2�=C1

�2�* so C�2� is actually
real and equal to 2 Re C1

�2�.
Now, like Eq. �32�, for the basis states involved, we find

that

HK+u/2,K�+u/2
� = �−1�

�

dr Ĥ�e−i�K−K��r � HK−K�
� . �42�

Then, in evaluating the matrix elements of the commutator in
Eq. �41�, by inserting complete sets of states, we have, using
Eq. �42�

C1
�2� = −

1

�2�
�

u,K�,K�

HK−K�
� �t��

t0

t

dt��HK�−K�
� �t���K�+u/2,K−u/2 − �K�+u/2,K�−u/2HK�−K

� �t��ei�sk�+u/2�t,t��−sk−u/2�t,t��eiur. �43�

Using Eq. �19� we may write Eq. �43� as

C1
�2� = −

1

�2�
�

u,K�,K�

HK−K�
� �t��

t0

t

dt��HK�−K�
� �t���

�

dr�F�r�,
K� + K

2
,t��e−i�K�−K�r�eiu�r−r��

− HK�−K
� �t���

�

dr�F�r�,
K� + K�

2
,t��e−i�K�−K��r�eiu�r−r���ei�sk�+u/2�t,t��−sk−u/2�t,t��. �44�
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Now, as already discussed in Sec. II, �̂ �and consequently
F� implicitly depends on the exact location of the scatterers.
If we take the ensemble average of Eq. �22� over the distri-
bution of scatterers, we can replace �̂ and F by their en-
semble averages �which we will continue to denote by �̂ and
F, respectively, without ambiguity� without approximation in
all terms other than the scattering terms because the opera-
tors acting on them are uncorrelated with the microscopic
distribution of the scatterers. In order to calculate the en-
semble average of the term involving the product of matrix

elements of Ĥ� and F, we will neglect the correlation so that
our results will be valid through O��2�.

Now if the impurities are located at sites ri, with i
=1,… ,N, then

Ĥ��t� = �
i=1

N

	�r − ri,t� , �45�

where we have allowed for the possibility of time-dependent
screening. Then

HK� �t�H−K+q� �t�� = 	K�t�	−K+q�t���
i,j

e−iK�ri−rj�e−iqrj , �46�

where

	K = �
�

dr 	�r�e−iKr. �47�

If we assume that the �ri are randomly �although not neces-
sarily homogeneously� distributed, then the major contribu-
tion to the sum in Eq. �46� comes from the terms i= j, in
which case we will replace the product of the matrix ele-

ments of Ĥ� by

	HK� �t�H−K+q� �t��
 = 	K�t�	−K+q�t����
j

e−iqrj� . �48�

If n�r� is the average density of scatterers at point r then

��
j

e−iqrj� = �
�

dr n�r�e−iqr � nq, �49�

so that

	HK� �t�H−K+q� �t��
 = nq	K�t�	−K+q�t�� . �50�

For a homogeneous distribution of scatterers nq= �N /���q,0,
so Eq. �50� agrees with Eq. �7� for q�0 and agrees with the
usual result2 for q=0.

Then substituting Eq. �50� into the ensemble averaged Eq.
�44� and using the fact that C�2�=2 Re C1

�2�, we obtain, for the

quadratic-in-Ĥ� collision term, to O��2�

C�2� =
2

�2�
Re �

u,K�,q

nq	K−K��t��
t0

t

dt�	K�−K+q�t��

�ei�sk�+u/2�t,t��−sk−u/2�t,t��

��
�

dr��F�r�,K� +
q

2
,t�� − F�r�,K −

q

2
,t���

�eiqr�eiu�r−r��. �51�

Finally, from Eq. �6� the term linear in Ĥ� appearing in Eq.
�22� is

C�1� = −
i

��
�
u

�Ĥ��t�,Û�t,t0��̂�t0�Û�t0,t��K+u/2,K−u/2eiur.

�52�

Then neglecting the inhomogeneous potential V in Ĥ as in
the evaluation of C�2�, and inserting a complete set of states,
we find

C�1� = −
i

��
�
u,K�

�HK−K�
� �t��K�+u/2,K−u/2�t0�

�ei�sk�+u/2�t,t0�−sk−u/2�t,t0��

− �K+u/2,K�−u/2�t0�HK�−K
� �t�ei�sk+u/2�t,t0�−sk�−u/2�t,t0�� .

�53�

We observe that C�1� is a memory term5 depending on the
distribution function �̂ at an initial time t0. Now if this initial

distribution function is uncorrelated with Ĥ� �as it would be
if we injected the electrons at t= t0� then the ensemble aver-
age over the scatterers of C�1� is exactly zero because the

ensemble average of Ĥ� is zero, where we have assumed that
the �independent of K� diagonal elements, HKK� =N	0
=const, have been absorbed into the energy dispersion E�K�.
Alternatively, if we assume that the interaction with the scat-

terers is turned on very slowly so that Ĥ�→0 for t0→−
 as
done by Levinson4 for phonon scattering, we have the distri-
bution for t0→−
 completely uncorrelated with the posi-
tions of the scatterers with the consequence that the en-
semble average of C�1� is again zero. We will therefore
consider only the case where

C�1� = 0; �54�

so substituting Eqs. �27�, �33�, �51�, and �54� into Eq. �22�
yields the QTE for the Wigner distribution function in the K
representation.

As in the case when only a homogeneous field is present
we can transform to a new set of variables which result in the
more conventional representation.6,9 We transform from
�K , t� to �k , t� variables by using Eq. �14�, and note that
F�r ,K , t� becomes W�r ,k , t�, that is

W�r,k,t� � F�r,K,t� �55�

is the Wigner function in the k representation.
It follows from Eqs. �14� and �55� that

�F

�t
=

�W

�t
+ �−1eE · �kW , �56�

where eE is the force on the electron due to the homoge-
neous field E. Also from Eq. �14� it follows that6

k�K,t�� = k�K,t� − �kc�t� − kc�t�� �57�

and from Eq. �47�
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	K−K� = 	k−k�. �58�

Then in terms of �k , t� variables the QTE given by Eq. �22�
takes the form

�W

�t
+ �−1eE�t� · �kW − TE − TV = C�2�, �59�

where from Eqs. �27� and �33� and Eqs. �30� and �35� the
integral and differential forms of TE and TV are given by

TE = − i�−1�
u
�E�k +

u

2
� − E�k −

u

2
���

�

dr�W�r�,k�eiu�r−r�� � − 2�−1sin��k · �r/2��E�k�W�r,k��k�=k, �60�

TV = − i�−1�
q

Vqeiqr�W�r,k −
q

2
� − W�r,k +

q

2
�� � 2�−1sin��k · �r/2��V�r�W�r�,k�r�=r, �61�

and from Eq. �51�

C�2� =
2

�2�
Re �

u,k�,q

nq	k−k��t��
t0

t

dt�	k�−k+q�t��ei�sk�+u/2�t,t��−sk−u/2�t,t���
�

dr��W�r�,k� +
q

2
,t�� − W�r�,k −

q

2
,t���eiqr�eiu�r−r��.

�62�

Thus, given that the Wigner function W�r ,k , t� in Eq. �59�
is in the k representation, it then follows that observables like
the velocity can be calculated as

	v
 = �
k
�

�

dr W�r,k�vk, �63�

where vk=�−1�kE�k�.

IV. DISCUSSION OF RESULTS

Equation �59�, the QTE for the Wigner distribution func-
tion, was derived by neglecting the effect of the inhomoge-
neous potential on the scattering, but treating the generaliza-
tion of the drift and diffusion terms exactly. In the limit in
which there is no inhomogeneous potential and the impurity
distribution is random and homogeneous, W will be indepen-
dent of r. In this case, TE=TV=0 and the integral over r� in
C�2� can be done which yields a term ��u,q. When the sum
over u is performed as well as the one over q using nq
= �N /���q,0 for a homogeneous distribution of scatterers, we
obtain the equation previously derived for the homogeneous
case9 including the intracollisional field effect in the scatter-
ing term.4,5

In the limit when V is slowly varying we can approximate
TE and TV by the first terms in the expansions given by Eqs.
�60� and �61� in which case Eq. �59� becomes readily

�W

�t
+ �−1eEtotal · �kW + vk · �rW = C�2�, �64�

where eEtotal�r , t�=eE�t�+eEV�r , t� is the total position and
time-dependent force acting on the electron.

The left-hand side �lhs� of Eq. �64� repeats exactly the lhs
of the BTE but has been derived directly from the Liouville
equation for Etotal of arbitrary strength and time dependence,
with the only approximation being that V is slowly varying
over space. If in addition we assume that the density of scat-
terers is slowly varying over a wavelength of a typical elec-
tron, then nq is large only for q small compared to the typical
k. Then neglecting the q dependence of the matrix elements
	k�−k+q and also in W, summing the remaining terms over q,
we find the integrand for C�2� is n�r��, so the local density of
scatterers is multiplied by matrix elements of 	 similar to
that given by the golden rule of time-dependent perturbation
theory. If we further assume that n�r��W�r� ,k , t� is slowly
varying with respect to r�, then we may evaluate it in the
integral over r� at r=r� since it is multiplied by a rapidly
varying function peaked at this point. Then the integral over
r� may be performed yielding a term ��u,0. Then summing
over u and neglecting the possibility of time-dependent
screening, we obtain

C�2� =
2

�2n�r��
k�

�	k−k��
2�

t0

t

dt��W�r,k�,t��

− W�r,k,t��cos�sk��t,t�� − sk�t,t�� , �65�

which is the generalization of the Boltzmann scattering term
that accounts for the intracollisional field effect. If the field
dependence is neglected in Eq. �65�, then C�2� may be shown
to be equivalent to the scattering term in the usual BTE by
making an expansion of Eq. �65� as previously done for the
case of the homogeneous field.2

The collision term in a general form given by Eq. �62� is
much more complicated than the corresponding result for the
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homogeneous case, requiring additional sums over u and q
as well as an integral over r�. However, for parabolic disper-
sion the sum over u may be done explicitly, because in this
case

E�k� +
u

2
� − E�k −

u

2
�

= E�k�� − E�k� + ��k�E�k�� + �kE�k�u/2 �66�

exactly, for arbitrary u, and therefore

1

�
�

t�

t

d���k�E�k�� + �kE�k�
u

2
= �

t�

t

d�
vk� + vk

2
u

� r̄�k,k�,t,t��u , �67�

where r̄ is the displacement of an electron during the interval
t� to t as it is being accelerated by the homogeneous field.
The u dependent term in Eq. �62� may then be summed using

�−1�
u

eiu�r−r�−r̄� = ��r − r� − r̄� . �68�

The result for C�2� is then

C�2� =
2

�2Re�
k�,q

nq	k−k��t��
t0

t

dt�	k�−k+q�t��

� �W�r − r̄,k� +
q

2
,t�� − W�r − r̄,k� −

q

2
,t���,

� ei�sk��t,t��−sk�t,t��eiq�r−r̄�, �69�

in the parabolic dispersion approximation. Equation �69� is
the generalization of a result of Price.12 Using the same ar-
guments as Price, we conclude that in the weak field limit, r̄
is of the order of a typical de Broglie wavelength so that its
appearance in Eq. �69� will be significant only if W changes
appreciably over such dimensions, i.e., V or n vary signifi-
cantly over a de Broglie wavelength.

V. SUMMARY

The quantum transport equation for a Bloch electron in a
single band has been derived while the electron is interacting
with a random, but inhomogeneous distribution of impuri-
ties, and is subject to general homogeneous and inhomoge-
neous electric fields. The quantum transport equation for the
Wigner distribution function is derived from the Liouville
equation; in this problem, the Bloch electrons in a single
band are described by an effective Hamiltonian interacting
with a random, but inhomogeneous distribution of elastic
scatterers in the simultaneous presence of an inhomogeneous
time-dependent potential and a homogeneous electric field of
arbitrary magnitude and time dependence. The derivation of
the transport equation makes use of a unitary transformation
of the Liouville equation based on the interaction picture to
one in which the scattering interaction appears quadradically.
The basis states employed in evaluating the matrix elements
of the transformed Liouville equation are the instantaneous
eigenstates of the single band effective Hamiltonian which
include the homogeneous electric field through the use of the
vector potential gauge. The equation for the Wigner distribu-
tion function is derived from the transformed Liouville equa-
tion; the generalized drift and diffusion terms are obtained
exactly for arbitrary band structure, and the collision integral
is obtained to the second order in the strength of the scatter-
ing potential, the only approximation being the neglect of the
inhomogeneous potential in the evaluation of the scattering
matrix elements; taking the limit of slowly varying inhomo-
geneous electric field and slowly varying scatterer density
distribution, a quantum generalization of the Boltzmann
equation is obtained which includes impurity-related intrac-
ollisional field effects in the collision term and a drift term
with a total force comprising the homogeneous and inhomo-
geneous fields.
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