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We have calculated the in-plane conductance of a barrier with the Dresselhaus spin-orbit interaction, which
is sandwiched between two spin-polarized materials aligned arbitrarily. Besides a transmitted in-plane current
which arises on the drain side as pointed out in Phys. Rev. Lett. 93, 056601 �2004�, a reflected in-plane current
always appears simultaneously on the source side near the interface of the barrier. The spin polarization of the
source affects the transmitted current more than the reflected one, and conversely the spin polarization of the
drain affects the reflected current more. The relationship between transmitted current and the reflected one has
been studied.
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Electric transport properties of microstructures with
Dresselhaus spin-orbit coupling1 �SOC� and Rashba SOC
�Ref. 2� have drawn much attention since Datta and Das
proposed the spin-field effect transistor,3 because SOC may
provide a convenient way to manipulate the spin without
introducing a magnetic field,4 which is important for spin-
based hardware techniques and future quantum computa-
tions. The SOC couples the spin of electrons with their mo-
tion, causes an additional channel for the decoherence and
relaxation of electron spin,5 induces spin procession in vari-
ety of physical systems,6–8 and can be utilized to produce
spin-polarized current.4 In the two-dimensional electron
�hole� system, the SOC can bring about a Hall-like spin
current,9–11 which has already been observed experi-
mentally.12,13 Recently, Tarasenko et al. proposed a scheme
to produce a Hall-like electric current by means of the SOC
in a thin barrier sandwiched between a spin-polarized mate-
rial and a non-spin-polarized one.14 They argued that an in-
plane current parallel to the barrier interfaces on the drain
side arises because the transmission of electrons depends on
the orientation the of the in-plane component of their veloc-
ity. However, the authors have not noticed that the depen-
dence of the transmission on it must lead to the conclusion
that the reflection depends on it also. This dependence of the
reflection results in another interface current appearing on
the source side. Because either the transmitted interface �TI�
current or the reflected interface �RI� current, or the sum of
them, could be useful for the measurement of the SOC
strength and the detection of spin-polarized carriers, the RI
current is needed to be studied and compared with the TI
current, and the relation between the two interface currents is
needed to be clarified.

Motivated by the above, we consider a system in which
two spin-polarized materials sandwich a thin layer barrier
growing along the cubic crystallographic axis �001�, where
the Dresselhaus SOC works, similar to that in Ref. 14. When
a dc bias is applied across the barrier, the TI and RI currents
appear, respectively, on drain and source sides. A detailed

discussion on the origination of the TI current can be found
in Ref. 14 but it is not addressed here, whereas we demon-
strate it visually in Fig. 1�a�. As a glimpse suggests, it seems
that the RI current should be against the TI current, because
a larger transmission means a smaller reflection. But our cal-
culation reveals that it is not true. In fact, the directions of
the two interface currents form a common angle �see Fig.
1�b��. The relation between the two currents is investigated,
and some general results are obtained.

The barrier we consider here has a height V, a width a,
and the Dresselhaus constant �. If the barrier height is much
higher than the Fermi level EF, the Dresselhaus Hamiltonian
in the barrier region reads15

HD = ���xkx − �yky�
�2

�z2 , �1�

where � is the Pauli matrix and k= �kx ,ky ,kz� is the wave
vector. The x , y, and z coordinate axes are set to be para-

FIG. 1. �Color online� �a� A sketch for the origination of the
in-plane currents nearby the barrier. The solid arrows denote the
injection, transmission, and reflection of the electron. The relative
magnitudes of transmission �reflection� for the upper path and the
lower path are revealed by the length of these arrows. The blue and
red arrows represent the TI and RI currents. The question mark
means that the direction of the RI current should be considered
carefully given that the TI current runs downward. �b� A sketch to
show a possible configuration of the TI current �blue arrow� and RI
current �red arrow�, where the two interface currents do not run in
opposite directions. The black arrows represent the current normal
to the interface.
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llel to the crystallographic axes �100�, �010�, and �001�, re-
spectively. The eigenspinors in the barrier region are
�±= �1/�2��1, ±e−i��T, where � is the in-plane azimuth angle
of k �i.e., k= �k� cos � ,k� sin � ,kz� and k� = �kx

2+ky
2�1/2�.

The polarization axes of the left and right sides are set to be
n�= �sin �� cos �� , sin �� sin �� , cos ���, where �=L , R,
and �� and �� are, respectively, the colatitude and azimuth
angles of n�. The spin splitting on each side is assumed to be
2h0.

The transport properties are determined by the transmis-
sion or the reflection matrix of electron at the Fermi level.16

The transmission and reflection matrices for our system
can be obtained using the scattering matrix method,16,17

analogous to that in Ref. 17, while the details are not shown
here. Because the transversal currents, not the longitudinal
current, are the objects studied by us, it is convenient to
define the in-plane transmission matrix T= �k� /K�1/2t and
the in-plane reflection matrix R= �k� /K�1/2r, where t and r
are the transmission matrix and reflection matrix, and
K=Diag�kz↑ ,kz↓� is a diagonal matrix with kz↑�kz↓� being the
z component of wave vector of spin-up �spin-down� electron
�spin-up here is referred to as the spin orientation parallel to
the spin polarization axis n��. Given that the energy of the
injected electron is E, kz↑ and kz↓ are, respectively, deter-
mined by E= ��2 /2m��kz↑

2 +k�
2�−h0 and E= ��2 /2m��kz↓

2 +k�
2�

+h0, where m is the effective mass of electron. Finally, the
two interface conductances �denoted, respectively, by Gt and
Gr hereafter�, caused by the transmitted and reflected elec-
trons, can be calculated at zero temperature, which just have
the Landauer form.16,18 The x components of them are

�Gt�x =
lR

�2	�2

e2

�
�

EF

Tr�TT+�cos �k�dk�d� , �2�

�Gr�x =
lL

�2	�2

e2

�
�

EF

Tr�RR+�cos �k�dk�d� , �3�

where lL �lR� is the electron mean free length on the left
�right� side. The y components of them can be obtained by
replacing cos � with sin � in the above equations. Either the
TI or RI conductance only exists near the barrier interface
because of the momentum relaxation.

In this paper we are only interested in the weak tunneling
case. We first consider the case that the spin polarizations of
the source and drain are both in the x-y plane �i.e., �L=�R
=	 /2� and are aligned parallelly or antiparallelly, because
the simple case contains much information for our further
consideration of some complicated cases. After a certain cal-
culation, we obtain

G̃t = nLlRGP for parallel alignment,
�4�

G̃t = nLlRGAP for antiparallel alignment,

where Ã denotes the mirror image of vector A about the x

axis—namely, Ãx=Ax and Ãy =−Ay. In the following we will

be concerned with G̃t instead of Gt. GP and GAP are two
integrals, which determine the amplitudes of the TI conduc-

tance for the parallel and antiparallel configurations, respec-
tively:

GP =
1

2	

e2

h
�

EF

1

4
��	t↑+↑	2 − 	t↑−↑	2�

k�

kz↑

− �	t↓+↓	2 − 	t↓−↓	2�
k�

kz↓

k�dk� , �5�

GAP =
1

2	

e2

h
�

EF

1

4
��	t↓+↑	2 − 	t↓−↑	2�

k�

kz↑

− �	t↑+↓	2 − 	t↑−↓	2�
k�

kz↓

k�dk� , �6�

where t
±� ��= ↑ ,↓ and 
= ↑ ,↓� is the transmission coeffi-
cient of an electron injected from the left with the spin-�
state, propagating in the eigenchannel �± in the barrier, and
finally going out to the right side with the spin-
 state. Figure

2 shows the curves of the magnitude of G̃t as functions of h0
for the parallel and antiparallel configurations ��F and kF in
the figure are the Fermi wavelength and Fermi wave vector,
respectively�. It implies that the TI conductance for parallel
alignment increases monotonically with increasing h0 but
that for antiparallel alignment has a maximum at certain h0,
and the former is larger than the latter. A similar conclusion
can be drawn about the behaviors of GP and GAP when h0
varies, because they are proportional to the amplitudes of TI
conductances for parallel and antiparallel alignments.

If the polarization of the source and drain are aligned
arbitrarily, the TI conductance can also be easily obtained by
applying the weak tunneling approximation in Eq. �2�. After
some tedious calculations, we have

G̃t = lR�G+nL
� + G−nR

� � , �7�

where G±= �GP±GAP� /2 and n�
� is the projection of n� on

the x-y plane with n�
� =n� sin ��. Equation �7� implies that

the TI conductance for an arbitrary configuration is the mix-
ture of that for a parallel configuration and that for an anti-
parallel configuration, which can be seen more clearly if we

rewrite Eq. �7� as G̃t=
1
2 lR�GP�nL

� +nR
� �+GAP�nL

� −nR
� ��. The

RI conductance can be calculated straightforward by using
Eq. �3�. Before we carry out the calculation, we launch a
discussion about the relation between the two interface con-

FIG. 2. Curves of G̃t vs h0 for parallel and antiparallel align-
ments. The parameters are �L=�R=	 /2, V=10EF, a=�F /4,
�2m /�2�kF�=0.01, and l0=103�F.
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ductances to acquire some general properties of them. If
there is no bias across the barrier, apparently no current flows
across the barrier and no interface current flows nearby the
barrier as well. We can understand this in two different ways.
One viewpoint is that no electron can tunnel through the
barrier because there is no room on the opposite side to ac-
commodate it, so no current arises. The other is that the
electrons can tunnel from each side to the other side, but all
the physical observables accompanied with the opposite tun-
neling processes cancel each other. The two views are the
same from the physical viewpoint. So the RI current contrib-
uted by the electrons injected from the left with an energy E
must be canceled by the TI current caused by the electrons
injected from the right with the same energy. The above ar-
gument is not only precisely correct in the free-electron
frame, but also correct if the electron-electron interaction is
taken into account. Therefore we need not calculate the RI
conductance over again as we calculated the TI one. Instead,
we calculate TI conductance with the opposite injection us-
ing the already obtained Eq. �7�. Reversing the newly ob-
tained TI conductance, we obtain the RI conductance as

G̃r = − G̃t
rev = − lL�G+nR

� + G−nL
� � , �8�

where Gt
rev is the TI conductance with reversed voltage bias

across the barrier.
Equations �7� and �8� imply that the TI and RI conduc-

tances are determined by both the spin polarization of the
source and that of the drain. Because G+ is always larger
than G−, the TI conductance is affected more by polariza-
tion of the source and the RI conductance is affected more
by that of the drain. The two interface conductances
reach their respective maximum values for the parallel align-
ment and reach their respective minimum values for the an-
tiparallel configuration. The two interface conductances
may orient oppositely, run in the same direction, or have a
common angle, depending on the relative configurations
of nL and nR �the mean free lengths on the two sides
are assumed to be identical—namely, lL= lR= l0, hereafter�.
Especially, if �R=0, we have G̃t= l0G+nL

� ; thus, we reproduce
the result in Ref. 14. In this case the image of the RI con-

ductance is G̃r=−l0G−nL
� , but it was totally overlooked in

Ref. 14. Figure 3 shows the evolution of G̃t and G̃r when
�L=	 /4 and �R varies within 0�2	. One can see that the
evolution loops of the TI conductance and the RI conduc-
tance are two circles. It can be understood from Eqs. �7� and
�8� by means of the triangle rule for vector addition. Because
�� is the azimuth angle of n�, that �L is fixed means the
vectors l0G+nL

� in Eq. �7� and −l0G−nL
� in Eq. �8� �repre-

sented, respectively, by arrows 2 and 3 in Fig. 3� are fixed
and that �R varies from 0 to 2	 means the vectors l0G−nR

� in
Eq. �7� and −l0G+nR

� in Eq. �8� �represented, respectively, by
arrows 1 and 4 in Fig. 3� rotate anticlockwise. According to
the triangle rule, the evolution loops are two circles with
centers determined by arrows 2 and 3 and radii determined
by arrows 1 and 4. Though only the case of zero temperature
is considered in this paper, the calculations can be extended
to the nonzero-temperature case as soon as the dependence
of the mean free length on the temperature is known.

The Rashba SOC term, which reads19

��/2mec�2�ESD/a���xky − �ykx� ,

can also cause interface currents,14 where me, c, and ESD are,
respectively, the mass of the electron, velocity of light, and
difference of the Fermi levels in the left and right sides,
while the Dresselhaus term is the predominate one in the
barrier region if the barrier height is much higher than the
Fermi level and ESD
V. One can check this argument by
comparing the factor �� /2mec�2ESD /a in the Rashba term
with the factor ��2 /�z2 in the Dresselhaus term with all pa-
rameters specified as typical values.15 Thus, the interface cur-
rents induced by the Rashba term are much smaller and do
not enter our calculations.

If the source and drain are Mn-doped InAs �Ref. 20� with
spin polarization 50%–60%, �Ref. 21� Fermi energy
0.017 eV, and mean free length 10 �m and if the barrier is
GaAs ��=2.4�10−29 eV m3� with barrier width 8 nm, the
RI and TI conductances are of the order of 10−6 A/cm for
parallel alignment and 10−7 A/cm for antiparallel alignment
�assuming the spin polarization axes are in the x-y plane�.22

Finally, we demonstrate why the orientation of the RI cur-
rent is not opposite to that of the TI one from another per-
spective. The reflection of electrons injected along the upper
path is assuredly smaller than that injected along the lower
one if the transmission of the former case is larger than that
of the latter, just as depicted in Fig. 1�a�. But this is not
enough to determine the orientation of the RI current. For
example, given that the injected electron is spin up, the re-
flection probability has two components 	r↑↑	2 and 	r↓↑	2, the
probabilities of the electron reflected into the spin-up

FIG. 3. �Color online� Evolution loops of G̃t �blue curve� and

G̃r �red curve� when �L is fixed at 	 /4 and �R varies from 0 to 2	.
The parameters are �L=�R=	 /2, V=10EF, a=�F /4, �2m /�2�kF�
=0.01, h0=0.2EF, and l0=103�F. The blue and red arrows represent,

respectively, the vectors G̃t and G̃r. The triangles show how G̃t and

G̃r can be obtained from Eqs. �7� and �8� via the triangle rule for
vector addition. The arrows labeled by 1, 2, 3, and 4 denote the
vectors l0G−nR

� , l0G+nL
� , −l0G−nL

� , and −l0G+nR
� appearing in Eqs.

�7� and �8�, respectively. The fixation of �L means the fixation of
vectors 2 and 3, and the variation of �R means the rotation of
vectors 1 and 4.
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channel and spin-down channel, respectively. The reflection
probability is the sum of the two components—namely,
	r↑↑	2+ 	r↓↑	2. The RI current contributed by the injected
electron is not proportional to the reflection probability,
but is proportional to the in-plane reflection probability
	R↑↑	2+ 	R↓↑	2= �k� /kz↑�	r↑↑	2+ �k� /kz↓�	r↓↑	2. One can see that
�	r↑↑	2+ 	r↓↑	2�upper
 �	r↑↑	2+ 	r↓↑	2�lower cannot guarantee
�	R↑↑	2+ 	R↓↑	2�upper
 �	R↑↑	2+ 	R↓↑	2�lower. So the result is
somewhat contradictory to the conclusion drawn at the first
sight.

In summary, we have investigated the in-plane transport
properties of the system consisting of two spin-polarized ma-

terials sandwiching a barrier with the Dresselhaus SOC. The
RI conductance, which was not noticed in Ref. 14 and the TI
conductance are mainly affected by the spin polarization of
the drain and that of the source, respectively. Contrary to
one’s intuition, the orientations of two interface conduc-
tances are not opposite, but form a common angle. The rela-
tionship between the two conductances has also been dis-
cussed.
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