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An analysis of high-field electron transport in a semiconductor diode is presented using a simple kinetic
model. A cosine band structure is assumed for the conduction band and the diode is taken to be short enough
for the rate of energy-relaxation collisions to be negligible. The drift velocity of the electrons is determined by
momentum-relaxation collisions independent of the applied electric field and the band structure, and transfer or
tunneling to other valleys or bands is ignored. The analysis is applied to GaN, and conditions for the appear-
ance of a negative differential resistance �NDR� associated with the negative-mass states in the band are
derived for the regime of diode lengths and fields in which Bloch oscillations do not occur. It is shown that
NDR in this regime occurs over a limited range of diode lengths and fields. Lengths and fields corresponding
to breakdown conditions are explicitly avoided.
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I. INTRODUCTION

Interest in high-field transport in semiconductors, in
which carriers are excited into regions of the band structure
where their effective mass is negative, goes back to
Krömer’s proposal for a negative-mass amplifier in the 1950s
�Refs. 1 and 2�. The amplifier he proposed was based on the
valence-band structure of Ge, but conventional hot-electron
techniques failed to excite a sufficiently large population of
holes into the negative-mass states, so the idea of a negative-
mass amplifier was dropped. With the advent of new growth
techniques that produced the semiconductor superlattice, the
idea of realizing a negative differential resistance �NDR� as-
sociated with negative-mass states was revived by Esaki and
Tsu.3 Since then, superlattice NDR has been observed4–6 and
this has attracted a great deal of attention.7–10 Much interest
has also been shown in the possibility of generating Bloch
oscillations �see Refs. 11–13, and references therein�. Bloch
oscillations in the bulk are achievable only via a combination
of weak scattering and high electric fields, a combination
that has generated interest in the phenomenon of the intrac-
ollisional field effect.14–16

Recently, attention has begun to focus on the possibility
of negative-mass NDR and Bloch oscillations in bulk mate-
rial. Since a high field is an essential ingredient, the only
feasible semiconductors to consider are those with a large
band gap and high breakdown field. One of the most prom-
ising materials is GaN and its alloys with Al. Their techno-
logical usefulness for light-emitting diodes �LEDs� and high-
power microwave field-effect transistors �FETs� will
guarantee steady efforts to improve the crystalline quality of
bulk layers and heterostructures. It has recently been pro-
posed that negative-mass NDR is achievable in ultrashort
GaN diodes, provided that injection of electrons at the cath-
ode is directly into a high-energy state of the conduction
band.17 The condition calls for essentially ballistic transport.
But even in the case of long diodes in which the transit time
is very long, and therefore in which collisions dominate, it
has been shown that negative-mass NDR in GaN and in AlN
is achievable in sufficiently high fields,18–22 using the same
criterion as Esaki and Tsu.3 These predictions call for fields
of order 1 MV/cm and higher, so even though NDR may

occur in long diodes, a limitation on length is set by the
breakdown voltage �some 4–5 V in GaN�.

The prediction from the analysis of ballistic transport17 is
that the NDR can provide a source of teraherz radiation. If
so, an AlGaN/GaN structure could provide a convenient,
battery operated source of teraherz radiation. It is therefore
of some practical, as well as theoretical, interest to analyze
further the effect of collisions and diode length on negative-
mass NDR.

The introduction of collisions immediately highlights the
necessity to consider two distinct regimes, which we label A
and B. In regime A the combination of field strength and
diode length is such that Bloch oscillations cannot occur. In
this case collisions can be regarded in the usual way as pro-
ducing transitions between states described by Bloch func-
tions. In regime B Bloch oscillations lead to the transforma-
tion of band states into Wannier–Stark states. In this case
electron flow occurs only as a consequence of collisions as a
hopping mechanism, and via Zener tunneling to higher
bands. The work described here focuses entirely on regime
A. As a consequence, the parameter’s diode length and transit
time emerge as factors as important as electric field. The
inclusion of diode length and transit time makes the present
analysis significantly different from the Esaki–Tsu approach.
As a result we find that in regime A, NDR occurs only over
a limited range of diode lengths and fields. The correspond-
ing voltages are well below those which would lead to break-
down.

In Sec. II, we prepare the ground by describing our band-
structure model and defining the regimes that are involved.
In Sec. III, our scattering model is presented and in Sec. IV
the results of our analysis are presented.

II. MODEL SYSTEM

We need to describe how the motion of an electron is
affected by �1� an electrical field, �2� band structure, and �3�
scattering. The quantum-mechanical result of adding an elec-
tric field of arbitrary strength to the crystal Hamiltonian re-
sults in the familiar acceleration law for the time dependence
of the electron wave vector
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k̇ = eF/� , �1�

where k is the electron wave vector and F is the field. This is
a rigorous quantum-theoretic result.13 In a constant, uniform
electric field and in the absence of collisions the electrons
travel through the Brillouin zone with constant rate. If the
field is directed along a principal crystallographic direction
in which the lattice constant is a, Bragg reflection causes the
electron to oscillate within the range −� /a�k�� /a with an
angular frequency

�B = eFa/� . �2�

How these Bloch oscillations relate to velocity depend
upon the band structure which, in general, has no simple
analytical form. However, in large band-gap semiconductors,
where the influence of the valence band in particular is weak,
the band along the field direction can be approximately de-
scribed in terms of a simple cosine function,

E = E0�1 − cos ka� . �3�

This is quite a good approximation for GaN �Ref. 18�. The
velocity in the direction of the field is

v = vm sin ka ,

vm = E0a/� = �/m0
*a , �4�

where m0
* is the band-edge effective mass. If the electron is

injected at the cathode into the state k0 at t=0,

v�t� = vm sin��Bt + �� ,

� = k0a . �5�

In general, the injected electron will have a perpendicular
component of k, but this can usually be neglected if the
injection is via thermionic emission over or tunneling
through a barrier.

Our interest is in the situation in which the field is large
and the electron has high energy, both as a consequence of
being injected over or through a barrier and being acceler-
ated by the field. Under these circumstances the relevant
scattering mechanism in reasonably pure, and unflawed ma-
terial can be taken to be associated with optical phonons.
Intervalley scattering via the deformation potential interac-
tion in many semiconductors, GaN included, can lead to
NDR via the electron-transfer mechanism. In GaN the lowest
valley is at least 1.4 eV above the conduction-band edge and,
moreover, the Bloch overlap function is small18 so that the
intervalley scattering rate is relatively small compared with
the intravalley rate associated with polar-optical-phonon
scattering. We feel justified, therefore, in neglecting interval-
ley scattering and its effect on transport. In the presence of
high fields Zener tunneling into higher lying bands becomes
possible, but we will assume that this process can be ne-
glected except at extremely high fields. In short, we ignore
the presence of bands and valleys other than the conduction
band in which the electron remains.

Polar-optical-phonon scattering is an inelastic process. In
wurtzite GaN it is also somewhat anisotropic, but for sim-
plicity we will ignore that. At room temperature in GaN,

scattering will be principally via the emission of a phonon
whose energy is about 90 meV. We can distinguish three
regimes on the basis of the three time constants associated
with intravalley scattering, namely, the scattering time �s, the
momentum-relaxation time �, and the energy-relaxation time
�E. For polar-optical-phonon scattering these time constants
are roughly �s=10 fs, �=30 fs, and �E=500 fs in the high-
energy regime.22 The energy dependences of the scattering
and energy-relaxation rates are very weak; that of the
momentum-relaxation time is somewhat more marked but
since it passes through a weak minimum towards high ener-
gies it will be sufficient to assume a constant average value.
We can then identify the three regimes as �1� Bloch oscilla-
tions, �B�s�1; �2� quasiballistic, �B��1; and �3� lucky
drift, �B�E�1.

Entry into the Bloch-oscillation regime triggers a radical
change in the physics of the transport. Scattering becomes no
longer a process describing a transition from one well-
defined k state to another but, instead, a transition between
Wannier–Stark quantized states. The velocity averaged over
an oscillation is zero, so conduction depends on the
scattering-induced hopping between Wannier–Stark states
down the potential gradient. As already mentioned, we will
not discuss this regime here. Nevertheless, an approach to
this regime at fields of order 1 MV/cm may have an effect
on the scattering process via the intracollisional field effect.14

However, this effect depends on how sensitive the scattering
rate is to the electron energy gained from the field during the
scattering process. In the case of polar-optical-phonon scat-
tering the rate is not very sensitive to energy at large ener-
gies, so the intracollisional field effect is expected to be weak
in this case. Future work in this area is required to assess the
effect on the magnitudes of time constants already quoted.

III. COLLISION-DOMINATED TRANSPORT

We consider the situation in which the field is too low for
well-defined Wannier–Stark states to be established. We ex-
ploit the large difference between the rates for energy and
momentum relaxation and take the collisions to be essen-
tially elastic. �Exploitation of the large difference in energy-
and momentum-relaxation rates has previously been the in-
spiration of the lucky-drift theory of impact ionization.23� We
take the momentum-relaxation time to be the time between
collisions that reduce the velocity in the direction of the field
to zero. We further assume that the duration of a collision is
infinitesimally small �a common assumption in transport
theory�, so no matter how short the diode is, there is the
possibility that an electron may make an infinite number of
collisions.

We consider the electron making zero, one, two, etc.,
momentum-relaxing collisions and obtain the velocity v j�t�,
where j is the number of collisions, weighted by the prob-
ability of having j collisions. Thus, the weighted velocity
after zero collisions is

v0�t� = vme−t/� sin��Bt + �� . �6a�

The probability of an electron avoiding collision for a time t1
but then having a collision in the subsequent interval dt is
exp�−t1 /��dt /�. The probability of having no further colli-
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sion is exp�−�t− t1� /��. Summing t1 from 0 to t gives

v1�t� = vm�
0

t

e−�t−t1�/� sin��B�t − t1��e−t1/�dt1/�

= vme−t/��
0

t

sin��B�t − t1��dt1/� . �6b�

A collision at t1 followed by a second at t2 leads to

v2�t� = vme−t/��
0

t

�t2/��sin��B�t − t2��dt2/� , �6c�

and so on. The average velocity is then given by

v�t� = �
j=0

	

v j�t� = vm� �B�

1 + ��B��2 + e−t/��sin��Bt + ��

−
1

1 + ��B��2 �sin �Bt + �B� cos �Bt�	
 . �7�

With �=0, this result agrees exactly with the Esaki–Tsu
prescription for NDR,

v�t� =
eF

�2�
0

t

e−t/�d2E

dk2 dt . �8�

Putting t=	, corresponding to an infinitely long diode, yields
the Esaki–Tsu result

v�	� = vm
�B�

1 + ��B��2 , �9�

which predicts the appearance of NDR when �B�
1. How-
ever, in our case, the diode is of finite length and t must be
restricted to the transit time T, which we assume is much
shorter than the energy-relaxation time. Thus, we must retain
Eq. �7� in its entirety. With t=T Eq. �7� can be expressed in
normalized notation as follows:

v�s� = vm� �

1 + �2 + e−s�sin��s + �� −
1

1 + �2 �sin �s

+ � cos �s�	
 , �10�

where s=T /� and �=�B�. For a diode of length L the transit
time for a given field is obtained self-consistently from

L = v�s�T . �11�

In ultrashort diodes in which the motion is essentially
collision free, the situation is different. In this case the ve-
locity is vm sin��Bt+�� and time dependent throughout.
There is no constant time-averaged velocity so the current is
the sum of drift and displacement components. This was the
situation analyzed in Ref. 17, where conditions for the ap-
pearance of NDR were obtained. Here, we focus on the situ-
ation in diodes that are too long for purely ballistic motion to
be dominant and assume the essential features of the Esaki–
Tsu model. Thus the differential mobility is

� =
dv�s�

dF
. �12�

With n equal to the electron density, the differential conduc-
tivity is en�. At low energies �=e� /m*, corresponding to a
conductivity of 0=e2n� /m*, where m* is the band-edge ef-
fective mass.

IV. RESULTS AND DISCUSSION

The velocity, in addition to having an explicit dependence
on field, has an implicit dependence through the transit time.
The dependence of transit time on field for various diode
lengths is shown in Fig. 1 for the case of cold injection: �
=0. Knowing this we can calculate the conductivity as a
function of field, and this is shown in Fig. 2, where the
appearance of a negative differential conductivity is evident.
At low fields the transit time reduces with increasing field,
responding to the increase in average velocity. Towards high

FIG. 1. Transit time dependence on
field for various diode lengths �in ang-
stroms� with cold injection �=0. The con-
tour �BT=� is the dashed line. The transit
time is normalized to the momentum-
relaxation time.
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fields the average velocity reduces and hence the transit time
increases. At very high fields in short diodes the influence of
the onset of Bloch oscillations can be seen. The conductivity
plots were deliberately limited to the Bloch-oscillation-free
regime ��BT���, illustrated by the region in Fig. 1 to the
left of the contour �BT=�, since our kinetic theory of the
effect of collisions is limited to that regime. The appearance
of Bloch-oscillation-free NDR is therefore limited to diode
lengths such that �BT�� and at fields where T increases,
viz. 200 Å�L�550 Å �Fig. 2�.

For hot injection, the fields have to be limited so that
�BT+��� which, in turn, lowers the upper limit to the
diode length set to avoid Bloch oscillations. Thus, for �
=� /8 ,� /4, we have found the limits to be 500 and 350 Å,
respectively.

Given the simplifying assumptions that have underpinned
this calculation, it is pertinent to consider the validity of its
results. The choice of a cosine band structure is indeed a
good fit to the band structure calculated by empirical pseudo-
potential methods. We have taken the conduction-band width
to be 2.7 eV, but this is by no means generally accepted. A
larger width would enhance the velocity but, otherwise, it
would not affect our conclusions regarding the attainment of
negative-mass NDR. More contentious is our neglect of
transfer to the upper valley along the U direction. We have
assumed that the valley is about 1.4 eV above the bottom of

the conduction band, which is near the inflection point. Any
large-scale transfer to the U valley would replace our
negative-mass NDR with an electron-transfer NDR. This
would have the effect, if the analogy with other III-V com-
pounds is relevant, of reducing the frequency range of radia-
tion that can be generated by the NDR, due to the slow return
of electrons to the conduction band. The intervalley rates
involved are by no means well known; they depend on the
overlap integral of the cell-periodic components of the re-
spective Bloch functions, which are known to be small. They
also depend on the deformation constant associated with the
intervalley phonons, which is not known with any accuracy,
but usually assumed to be 1�109 eV/cm. Taking this to be
the deformation potential, the single-valley effective density-
of-states mass equal to 0.5 and the overlap integral to be
0.05, we get a rate assuming six valleys of order 2�1012/ s
corresponding to a time constant of 500 fs. This is signifi-
cantly longer than the intravalley rate, so neglecting transfer
to the U valley is reasonably justified, though there remain
uncertainties of overall density-of states mass and deforma-
tion potential. There are two higher-lying valleys: one at K,
the other at L. Information about intervalley rates associated
with these valleys is even scarcer than that for the U valley.
If their contribution is of the same order, the total intervalley
time constant would reduce to 150 fs, which is still five
times longer than the intravalley momentum-relaxation time.
But even were it to become comparable, the K and L valleys
lie significantly far above the inflection point for negative-
mass NDR to occur.

A more fundamental problem affecting both intravalley
and intervalley scattering is the applicability of the Fermi
golden rule for calculating rates in the presence of a high
electric field. Another is the question of duration of collision,
which assumes particular importance when a short diode is
involved. Both of these problems in the particular context of
short distances and short times are not new, yet they still
need to be addressed in a way that is both transparent and
rigorous.
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