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Possible phases and phase transitions of interlayer Josephson vortex lines are explored by the density
functional theory. With the aid of liquid correlation functions, the present theory exposes explicitly the inter-
ference between the tendency of crystallization driven by the intervortex repulsions and the underlying layer
structure. In strong magnetic fields B��3�0 /2�s2, the freezing transition can be continuous, provided the
layer pinning is beyond a threshold value. For magnetic fields around B=�3�0 /8�s2, a vortex smectic with
more vortices in alternate layers �i.e., period m=2� is stabilized by the layer pinning beyond another, larger
threshold value; the smectic freezes into lattice via a first-order transition and transforms into liquid via a
second-order transition upon temperature sweeping. No thermodynamically stable smectic with period m�3
can be found even for extremely large layer pinning. In a wide regime of magnetic field, although the layer
pinning enhances the lattice order to higher temperatures at commensurate magnetic fields and thus produces
a meandering phase boundary in the H-T phase diagram, the freezing transition of vortex lattice is one step and
first order. In even lower magnetic fields, the effect of layer pinning is small and the phase boundary becomes
monotonic, where the anisotropy scaling of the melting line is recovered. Taking material parameters into
account, it is found that the m=2 smectic is realized in YBa2Cu3O7−� around H�40T, but not in
Bi2Sr2CaCu2O8+y. Continuous melting transitions can be observed in Bi2Sr2CaCu2O8+y in magnetic field of
several teslas where the Josephson vortex lattice is in the dense limit.
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It is now well established that the Abrikosov vortex
lattice1 melts via a thermodynamic first-order transition.
However, much less consensus has been reached on the in-
terlayer Josephson vortex lattice in spite of considerable ef-
forts. Physics is very rich in the latter case since the layer
structure, with which the vortex alignment should be
commensurate,2 breaks partially the c axis translational sym-
metry and the rotational symmetry. As results, the stability of
the Josephson vortex lattice can be either enhanced or weak-
ened depending on the normalized magnetic field �s2B /�0,
where �=�c /�ab is the anisotropy parameter and s the layer
separation; various Josephson vortex lattices with different
orientations compete with each other.3–7 The proposal of a
vortex smectic phase stabilized by the periodic layer pinning
and continuous melting transition8,9 attracted much attention
and was followed by many investigations. Recently, sharp
drops of resistance were observed in transport experiments
conducted in underdoped YBCO samples resembling discon-
tinuous melting,10 and a first-order melting transition has
been found in computer simulations,11,12 in similar normal-
ized magnetic fields. The discrepancy among these observa-
tions probably indicates that the strength of the layer pinning
should be examined in more detail. In this aspect, we also
notice that experimental phase diagrams for different
samples look quite different even after the normalization of
magnetic field.13–15 A full picture that covers both the strong
layer pinning regime, where a vortex smectic may be stabi-
lized, and the anisotropy-scaling regime,13,15,16 is expected.

As a general theory for crystallization, the density func-
tional theory �DFT� was formulated by Ramakrishnan and

Yussouff.17,18 The basic idea is to describe the freezing tran-
sition by the direct pair correlation function �DPCF� of
liquid, which is related to the structure factor by S�k�
=1/ �1−�0C�k��. At the clean limit, both the first-order na-
ture of the vortex-liquid freezing and quantitative aspects
such as the Lindemann number have been successfully cap-
tured by DFT.19 Later on, DFT was used to investigate vortex
systems with point and columnar pinning centers.20,21

In view of its advantages, we adopt the DFT to explore
the vortex states in the presence of periodic layer pinning.
The main results of the present work are summarized as fol-
lows. In high magnetic fields where vortices reside in every
layer �m=1�, the freezing transition is found to be continu-
ous when the layer pinning is beyond a threshold value. As
the magnetic field decreases, a vortex smectic phase with
period m=2 is stabilized by layer pinning beyond another
�larger� threshold, accompanied by a sequential second- and
first-order transitions upon cooling. In low magnetic fields,
the effect of layer pinning is suppressed drastically because
of the high melting temperature and the large discrepancy
between the wavelength of layer pinning and the vortex lat-
tice constant, which naturally recovers the anisotropy scaling
of the melting line. It is revealed that the vortex smectic can
be observed in YBa2Cu3O7−� while not in Bi2Sr2CaCu2O8+y.
Although we concentrate on the vortex system here, the re-
sults are available for other systems such as DNA-lipid
complexes22 and two-dimensional boson systems, such as
helium4 on substrates and Bose-Einstein condensates �BEC�
in optical lattice potential.

Free-energy functional. The total free energy of interlayer
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Josephson vortices can be separated into two parts.23–25 The
first is of the same form of anisotropic Ginzburg-Landau
�GL� theory; the second is the layer pinning energy of indi-
vidual vortex lines, which breaks the pseudo rotational sym-
metry and anisotropy scaling property.16 In the density func-
tional approach,18,19 the free-energy functional of this system
is given by

�F���r�� =� d3r���r�ln
��r�
�0

+ �A − 1����r�	
−

1

2
� d3rd3r����r����r��C�r − r��

−� d3r���r��Vp cos�qz� , �1�

where ���r�=��r�−�0 with ��r� the areal vortex density and
�0 its average, and C�r−r�� the DPCF. The magnetic field is
along the ŷ direction, and ẑ is along the layer normal. Vp is
the layer pinning energy per vortex line per unit length, and
q=2� /s.

It is noted that a full expression for the layer pinning
includes contributions from higher harmonics cos�2n�z /s�
with n�2.23 For materials with large anisotropy parameter,
such as Bi2Sr2CaCu2O8+y where the correlation length in the
c axis is much smaller than the layer separation s, more
terms are present than moderately anisotropic materials such
as YBa2Cu3O7−�. However, as will become clear in the fol-
lowing discussions, the high harmonics can hardly change
the possible phases and phase transitions because of their
large wave numbers compared with the reciprocal lattice
vectors of Josephson vortex lattice.

The chemical potential A is determined by means of the
variational calculus. The free-energy density for a vortex-line
lattice, ��r�=�0+
K�K exp�iK ·x� with K= �Kx ,Kz� and Ky

=0 the reciprocal lattice vectors �RLVs�, and x= �x ,z�, is
obtained as

�F
NxzLy

=
1

2�0


K

�K
2 C�K,0� − ln �

u.c.
�0dxdz

	exp�

K

�KC�K,0�eiK·x + �Vp cos�qz�� , �2�

with Nxz the number of unit cells �u.c.� and Ly the dimension
of the sample along the field direction. The correlation func-
tion C�K ,0�=
d3rC�r�exp�−iK ·x� is finite because C�r�,
the liquid correlation function, is short range in the field
direction.

The Fourier components of the vortex density ��K� serve
as the order parameters for the freezing transition. The mini-
mum of free energy is searched numerically in the order-
parameter space for candidate lattices for given DPCF and
layer pinning energy, which are functions of magnetic field
and temperature. From the second term in Eq. �2�, crystalli-
zation can reduce the total free energy, and the global mini-
mum of free energy is achieved by the lattice phase provided
C�K ,0� is large enough. While the order-parameter space is

of infinite dimensions, order parameters associated with low
shells of RLVs of the candidate lattice give correct results in
practice.18,19

DPCF C�k ,0�. In the present theory, the vortex-liquid
DPCF is governed by anisotropic GL theory and free of layer
pinning. It can be obtained most conveniently by a computer
simulation on an isotropic vortex system and the anisotropy-
scaling treatment kx→�kx.

26 Typical rescaled wave-number
�k=���kx�2+kz

2� dependence of the DPCF and temperature
dependence at several k values obtained by a computer simu-
lation are displayed in Fig. 1. Due to thermal fluctuations, the
DPCF decays quickly with k. The values of DPCF at the
primitive, second, and third shell of reciprocal lattice vectors
of the triangular vortex lattice can be read from Fig. 1 at
ka , kb, and kc, respectively. As shown in the inset of Fig. 1,
values of DPCF at reciprocal lattice vectors increase linearly
with decreasing temperature. This general property permits
one to discuss the phase transition in terms of the correlation
function C�k ,0� instead of temperature. The absolute value
of DPCF C�k ,0� decreases with increasing magnetic field
since the correlation length in the field direction behaves as
���0 /B.27

From Eq. �2�, the layer pinning enhances the crystalliza-
tion when q coincides with some RLVs. Since the DPCF
C�K ,0� decreases quickly with K, this effect is profound
when the primitive RLVs Kz=2� /ms or those on low shells
match q, a situation achieved at high magnetic fields. For
weak magnetic fields �thus large m�, the pinning energy term
decouples from the lattice potential in the second term of Eq.
�2� since q
Kz and only modifies the measure of the integral
slightly. The freezing process is then essentially the same as
that of no layer pinning, and the anisotropy scaling
property16 is recovered.13,15

Layer pinning energy. When a single vortex line is placed
in a periodic layer pinning potential, a kink presumes a meta-
stable state in which a part of the vortex line crosses the
pinning barrier and resides in the neighbor energy valley
as discussed in Ref. 23. The crossing takes place within
the length scale Lwall�s���0 /4Up �Ref. 9� with �0
= ��0 /4��ab�2 and Up,23

FIG. 1. Typical liquid DPCF C�k ,0� for null layer pinning as a
function of rescaled wave number k. Inset: temperature dependence
of DPCF at three wave numbers ka , kb, and kc corresponding to the
first, second, and third shells of RLVs of the equilateral triangular
vortex-line lattice. a0=�2/ ��3�0�.
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Up = 5.23 	 102�0

�
� �c

s
�5/2

exp�− 15.8�c/s� . �3�

In the temperature regime where the melting transition oc-
curs, the metastable state is important, and the layer pinning
energy is Vp�s���0Up per kink length defined as the sepa-
ration between two crossings Lkink=Lwall exp�2�Vp�.9 This
gives the layer pinning strength in free energy �2�, where Ly
is measured in units of Lkink. Numerically, for YBa2Cu3O7−�

with Tc=92 K,
=100,�=8,�ab�0�=1000 Å and s=12 Å,
one has Lwall�10s , Lkink�60s, and �Vp�0.8 at T=88 K.
As temperature decreases, �Vp increases linearly to �Vp
�4.3 at T=80K , Lwall decreases slowly and Lkink increases
exponentially. For Bi2Sr2CaCu2O8+y with Tc=90 K,

=100,�=150, �ab�0�=2000 Å and s=15 Å, one has �Vp

�0.2 at T=84 K, which increases linearly to �Vp�0.3 at
T=78 K. In order to seek fully the possible vortex states for
various materials, we sweep �0C�K ,0� and �Vp as they were
independent in the following discussions.

Freezing transitions. For high-Tc cuprate superconductors
with profound layered structure, it is enough to treat com-
mensurate vortex-line lattice. There are only discrete values
of magnetic fields where the vortex-line separation deter-
mined by the anisotropic repulsion matches perfectly with
the underlying layer structure. Let us begin the DFT analysis
with the following set of magnetic fields B
=�3�0 / �2��ms�2�, where the naturally commensurate vortex
lattice is described by the unit vectors a1=2�ms /�3x̂ and
a2=�ms /�3x̂+msẑ with vortices residing m layers away. We
call this vortex lattice as Am lattice, as depicted in Fig. 2.
The associated unit vectors in reciprocal space are b1
=�3� / ��ms�x̂−� / �ms�ẑ and b2=2� / �ms�ẑ. The layer-
pinning wave vector is parallel to the RLVs generated by b2,
which makes enhancement of crystallization due to the layer
pinning maximal.

For m=1, one needs at least two order parameters from
symmetry, �K1 for K1=b2 �and another Bragg spot� and �K2
for K2=b1 �and three other Bragg spots�. As b2 coincides
with q , �K1 is finite even above the freezing temperature,
which describes the modulation of vortex density due to
layer pinning. Crystallization is signaled by the onset of �K2.
For small pinning energy, crystallization remains first order,
with the freezing point shifting slightly to smaller DPCF and
therefore a higher temperature than the case of zero layer
pinning. For �Vp�0.212, the freezing becomes continuous.
At the tricritical layer pinning �Vp=0.212, crystallization

takes place at �0C�ka ,0��0.748. Similar observations were
made by Chakrabarti et al. in two-dimensional �2D� colloids
under laser radiation,28 which is not surprising since the crys-
tallization in both systems is governed by the 2D triangular
lattice.

For m=2, at least four order parameters �K are necessary
where K1=b2 ,K2=b1 ,K3=2b2, and K4=2b1, with �K3 fi-
nite even in liquid phase. Freezing transition is first order for
low pinning energy. For large pinning energy, a phase char-
acterized by �K1�0 and �K2=�K4=0 appears from liquid via
a second-order phase transition as shown in Fig. 3 for �Vp
=1. The vortex-density modulation is associated with a wave
number half of q, with more vortices residing in every other
layer. Since the order parameters associated with reciprocal
vectors of finite x̂ components are vanishing, the system be-
haves as liquid in the x̂ direction. This is the smectic order
proposed in Ref. 9. As DPCF increases, the full lattice order
turns on via a first-order transition. The �0C�ka ,0�−�Vp

phase diagram for B=�3�0 / �8�s2� is presented in Fig. 4,
with a multicritical point at �0C�ka ,0��0.714 and �Vp

�0.712.
Since the liquid-smectic transition is continuous, one can

expand the free energy Eq. �2� per vortex per length Lkink in
terms of the order parameter �±K1 around the transition point,

FIG. 2. Josephson vortex lattices commensurate with layer
modulation. The x axis is rescaled with the anisotropy parameter �.
The Josephson vortex lattices are labeled in sequence as
A1,B1,A2,A3, and B2, …, where A and B are for the type of unit
cell, and the number denotes the c-axis period of vortices in lattice
phase in units of layer separation.

FIG. 3. Two-step freezing of liquid, a second-order transition
into an intermediate smectic, and a first-order one into the lattice
structure A2, upon temperature sweeping. The magnetic field and
layer pinning are fixed at B=�3�0 / �2��ms�2� with m=2 and
�Vp=1.

FIG. 4. �0C�ka ,0�−�Vp phase diagram for B=�3�0 / �2��ms�2�
with m=2.
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�f = − ln p0 + ��K

�0
�2

�0C�K,0��1 −
2p2

p0
�0C�K,0��

+ ��K

�0
�4

��0C�K,0��4�2� p2

p0
�2

−
2p4

3p0
� + ¯ , �4�

with

pn = �
0

2s dz

2s
cosn�Kz�exp��Vp cos�2Kz�� , �5�

where K=� /s. The transition point is given by the zero of
the second term. The DFT thus derives explicitly the coeffi-
cients of Landau free-energy expansion in terms of the
DPCF C�K ,0�, which contains many-body correlations
around the transition point, and the layer pinning �Vp. The
correlation lengths in the z and y directions diverge as tem-
perature approaches the smectic transition point.

On a more basic level, thermal fluctuations in the vortex
density are described in terms of displacements of vortices as

��r� − �0 = �K1 exp�− iK1 · u�exp�iK1 · r� + c.c., �6�

with u�u�r�=uz�y ,z�ẑ the displacement field in the z direc-
tion. The layer structure of cuprates confines the displace-
ment to uz�y ,z�=0 and ±s, which makes exp�−iK1·u�= ±1
and thus real-number order parameters ±�K as in Eqs. �2� and
�4�. Therefore, the critical phenomena of the present smectic
transition fall into the 2D Ising universality class,9 where
correlations of displacement fields become long range in the
y and z directions, while those in x direction remain short
range �see Fig. 3�. It is noticed that the Landau-Peierls insta-
bility observed in smectic transitions of liquid crystal29,30 is
removed by the layer structure of cuprates, namely uz�y ,z�
=0, ±s, and that the smectic order in the present system is a
genuine long-range order. This makes the DFT, and the Lan-
dau theory Eq. �4�, to be able to grasp the essence of the
phase transition except for critical exponents, as is well
known. The logarithmic divergence in the specific heat in the
2D Ising class may be helpful in experimental searches for
this smectic phase.

For m�3, one cannot find a stable smectic phase even for
extremely large layer pinning strength. Physically it is be-
cause the wave number of the layer pinning is too large to
stabilize a smectic characterized by fluctuations of small
wave numbers given by the �low� magnetic field. One might
argue that, as in Eq. �2�, the layer pinning should play a role
through the RLVs in higher shells which possess the same
wave number as the layer pinning. However, it is found that
for m=3 the correlation function C�2� /s ,0�, with which the
layer pinning plays a role if any, is suppressed significantly
by thermal fluctuations as C�2� /s ,0��C�2� /3s ,0� /15,
where 2� /3s is the wave number of the m=3 smectic order.
This tendency becomes more serious for larger m and thus
lower magnetic fields.

For magnetic fields B=�0 / �2�3��ms�2�, naturally com-
mensurate vortex lattices of unit vectors a1=2msẑ and a2
=�3�msx̂+msẑ, defined as Bm lattice in Fig. 2, are realized
with vortices residing m layers away, and unit vectors in

reciprocal space b1=−� / ��3�ms�x̂+� / �ms�ẑ and b2

=2� / ��3�ms�x̂. It is clear that for this lattice orientation
none of the six principle RLVs is parallel to the wave vector
of layer pinning. Although quantitative enhancement of crys-
tallization by the layer pinning is found, the freezing transi-
tion is first order where all the six primitive Bragg peaks
appear simultaneously.

There are naturally commensurate vortex lattices with
unit vectors neither parallel �as in A type� nor perpendicular
�as in B type� to the layer structure. An example is given by
unit vectors a1=−�s /�3x̂+3sẑ and a2=4� /�3sx̂+2sẑ
achieved at B=�3�0 / �14�s2� with vortex lines residing in
every layer.7 Since there is no RLV of this vortex lattice
compatible with the layer pinning, the freezing transition is
single and first order as discussed above.

For other magnetic fields, vortex lattices are realized by
adjusting the x-axis lattice constant from those discussed
above. Properties of the naturally commensurate magnetic
fields persist to certain extents of field deviation. Freezing
temperature, however, drops since the peak values of the
DPCF’s �see Fig. 1� are not available anymore for the dis-
torted vortex lattices. This causes a meandering melting line
in the phase diagram.9,13 When the RLVs of a distorted
vortex-line lattice fall in the wave-number window of nega-
tive C�k ,0�, layer pinning generates strong frustrations to the
vortex alignment, which can make the freezing temperature
even lower than that of zero layer pinning. The DFT de-
scribes first-order transitions between different vortex lattices
by comparing their free energies.3,5–7

Phase diagram. Possible topologies of B-T phase diagram
can be figured out based on the above analyses. Figure 5�a�
corresponds to systems of weak layer pinning, in which
freezing is always first order. The �almost� flat phase bound-
aries are between different vortex lattices such as A1, B1,
and A2, and so on.3–7 In Fig. 5�b�, the freezing transition into
vortex lattice A1 is continuous in high magnetic fields where
the freezing temperature is low and the layer pinning is be-
yond �Vp=0.212. For materials of even stronger layer pin-
ning �Vp�0.712 around B=�3�0 / �8�s2�, an m=2 smectic
phase appears and transforms into lattice A2 upon cooling as
shown in Fig. 5�c�. The Kosterlitz-Thouless �KT� phase in

FIG. 5. Possible B-T phase diagrams for materials of �a� weak,
�b� moderate, and �c� strong layer pinning. L, S, and KT abbreviate
liquid, smectic, and Kosterlitz-Thouless phases, respectively, and
A1, B1 and A2 for lattices with specified structures. The thick �thin�
curves denote first-order �continuous� phase boundaries. The inter-
mediate phase at the highest magnetic fields refers to the KT phase
found in computer simulations.12 The enhancement of the melting
temperature at commensurate magnetic fields is only schematic and
not to scale.
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the high magnetic-field limit found in computer
simulations12 is also included �for details see the discussion
below�. No further complex topology of phase diagram is
expected from DFT.

Taking into account the material parameters, we expect
that the B-T phase diagram of YBa2Cu3O7−� corresponds to
Fig. 5�c�. Explicitly, an m=2 smectic phase is possible
around B�40T taking �=8,8,15 a magnetic field available in
laboratory now. The material Bi2Sr2CaCu2O8+y is expected
to exhibit the phase diagram in Fig. 5�b�. Namely, while the
layer pinning is not sufficient to stabilize the smectic, con-
tinuous freezing transition�s� into the A1 lattice should be
accessible above B=�3�0 / �2�s2��5 T presuming �=150.

Discussions. We compare successfully the results of DFT
with those by computer simulations based on the frustrated
XY model.12 The first-order melting transition observed in
Monte Carlo simulations for B=�0 /32s2 and �=8 �Refs. 11
and 12� is in accordance with the DFT, since these param-
eters generate a vortex lattice of B1 type with x lattice con-
stant slightly stretched from the naturally commensurate B1
lattice.

The continuous melting transitions found by computer
simulations for B=�0 /32s2 and �=20 �Ref. 12�, whose
ground state is an A1-type vortex lattice, are also compatible
with DFT, which predicts the melting to be continuous �for
�Vp�0.212�. Attentions should be paid to DFT in order to
see the true critical phenomena at the strong field limit,
where the A1-type lattice is the ground state, since generally
the order parameter is not a real number in contrast with the
cases of first-order transitions and the smectic transition dis-
cussed above. Explicitly, one has

��r� − �0 = �K1
exp�iK1 · r� + �2 exp�iK2 · r�

+ �3 exp�iK3 · r� + c.c., �7�

with K1=2� /sẑ ,K2,3= ±2�f /sx̂−� /sẑ and �2,3
= ��� exp�−iK2,3 ·u�, for f �Bs2 /�0 down to slightly below
f1=�3/2�, i.e., magnetic induction down to slightly below
the commensurate value B=�3�0 /2�s2, such that the ground
state is an A1-type vortex lattice. In the strong magnetic-field
limit, the profound layer structure of the cuprates establishes
a strong but trivial order with �K1

�1 and the displacement
field u�u�r�=ux�r�x̂. Therefore, the true order parameter is
�2,3= ���exp��i2�fux / s�.

The mean-field, continuous phase transition in DFT asso-
ciated with the onset of ��� is suppressed by thermal fluc-
tuations to a crossover, while the true phase transition occurs
at lower temperatures, which should be described by �2,3
with the U�1� symmetry �i.e., ux is of modulus of the lattice
constant in the x direction s / f�. There are two possibilities
concerning the critical fluctuations: �i� correlations among

the displacement fields grow into long range simultaneously
in three directions; �ii� correlations among displacement
fields become �quasi� long range first in x and y directions
while those in the z direction remain short range at an upper
critical temperature, and then grow into long range in all
three directions at a lower one. In the first case, the melting
transition is single and in the universality class of the three-
dimensional �3D� XY model. In the second case, we experi-
ence sequentially KT and 3D XY transitions, with an inter-
mediate KT phase, as revealed in the computer simulations.12

The intermediate KT phase is included in the phase diagrams
Figs. 5�b� and 5�c�. �A very recent experiment conducted in
single crystal of Bi2Sr2CaCu2O8+y supports the phase dia-
gram in Fig. 5�b�.31� Computer simulations treat thermal
fluctuations better than DFT when the structure of vortex
lattice is easy to figure out, such as at the strong limit of
magnetic field. On the other hand, DFT has its advantage in
treating various competing vortex lattices in moderate and
weak magnetic fields.

As revealed in the present study, the smectic is stabilized
only for magnetic fields in the regime where the ground state
is the A2-type vortex lattice. For magnetic fields where, for
example, the B1 vortex lattice becomes the ground state,
although the layer pinning cannot generate a stable smectic,
it does enhance the lattice order to a higher temperature.
Therefore, in spite of that the melting transition of B1-type
Josephson vortex lattice is qualitatively the same as the Abri-
kosov vortex lattice, anisotropy scaling on the melting line16

does not apply around this magnetic field. The scaling prop-
erty is recovered only for magnetic fields below that of the
A3 vortex lattice, where the melting line is monotonic. The
reason is twofold: first, as seen in Eq. �3� the layer pinning is
weak since the c-axis correlation length becomes larger than
the layer separation when the melting temperature ap-
proaches the zero-field critical point; secondly, the effect of
the layer pinning is suppressed by thermal fluctuations sig-
nificantly, even if an artificially large layer pinning was as-
sumed, since a large discrepancy exists between the wave
number of layer pinning and the reciprocal lattice vector of
Josephson vortex lattice.

One may expect that the results derived above apply to
2D classical systems18 with periodic line pinning. It is no-
ticed however that thermal fluctuations are more important in
2D as addressed in Ref. 32.
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