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An antiparallel orientational transition is reported for an intermetallic compound, i.e., Cd6Ca crystal, which
is a 1/1−1/1−1/1 crystalline approximant to the icosahedral quasicrystal Cd5.7Ca. A group theoretical analy-
sis based on the Landau theory predicts that the space group of the low-temperature phase is either C2/c or
C2/m, in good agreement with the observations. Accordingly, two types of orientational orderings of Cd4

tetrahedra, which are located in the center of icosahedral clusters, may occur below 100 K: In both cases, the
Cd4 tetrahedra are orientationally ordered in an antiparallel fashion along the �110� direction of the high
temperature body-centered-cubic phase. Such a transition in a metal is reminiscent of orientational transitions
in molecular solids.
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I. INTRODUCTION

Recently, an occurrence of a structural phase transition
has been reported1,2 at a very low temperature for the Cd6Ca
and Cd6Yb crystals,3 which are crystalline analogs, i.e., 1 /1
cubic approximants, to the binary icosahedral Cd5.7Ca and
Cd5.7Yb:4,5 The obtained transition entropies for these two
compounds6 have suggested that the transitions are an order-
disorder type over two configurations per icosahedral cluster,
which builds up a bcc lattice with additional “glue” atoms.7,8

For the origin of the phase transitions, substantial attention
has been paid to an orientationally disordered Cd4 tetrahe-
dron located in the center of the icosahedral clusters. Recent
x-ray refinements on a series of Cd6M �M =Ca, rare earth�
compounds by Gomez and Lidin9 have clearly confirmed the
existence of such disorder at room temperature and have also
revealed variations in the disorder, which was modeled by
combinations of two types of disorders, i.e., type 1 and type
2: The type-1 disorder is a 90° rotational disorder along a
twofold axis of the tetrahedron and the type-2 is described as
a triple split of the tetrahedral corner atoms. Both type-1 and
type-2 disorders coexist at room temperature for Cd6Ca and
Cd6Yb and because of this inherent disorder, the phase tran-
sitions are expected to be a consequence of orientational or-
dering of the Cd4 tetrahedra. This should be a novel type of
phase transition in an intermetallic compound, reminiscent of
orientational transitions in molecular solids. However, their
transition mechanism as well as the superstructure formed at
low temperatures has been an intriguing puzzle up to date,
partly because the structural change accompanying the tran-
sition is extremely small. In this paper, we will first present
results of low temperature x-ray and electron diffraction ex-
periments on a single grained Cd6Ca, then describe the phase
transition group theoretically based on the Landau theory,
and finally present a possible superstructure which is consis-
tent with the experiments.

II. EXPERIMENT

Pure elements of Cd �6N� and Ca �4N� near the composi-
tion Cd9Ca were melted at 973 K for 24 h in an alumina
crucible sealed inside a quartz tube under an argon atmo-
sphere. The ingots were then slowly cooled from the melt at
the rate of −1 K/h to grow single grains from the Cd melt.
The obtained single grains exhibit clearly defined facets, sur-
rounded by �100� and �110� surfaces. X-ray diffraction mea-
surements were performed using Cu K� radiation at tem-
peratures between 10 and 300 K in the 2�-� scanning mode
with the incident angle � to a �100� and �611� surfaces. TEM
observations were performed using JEM2010F equipped
with a liquid N2 cooling stage operating at an acceleration
voltage of 200 kV.

III. X-RAY DIFFRACTION

Figure 1 presents x-ray diffraction spectra around the 18 0
0 peak of a single-grained Cd6Ca at temperatures between 10
and 180 K. It is seen that with decreasing temperatures the
single peak is split into two peaks at 100 K, which clearly
shows that the low temperature phase is neither cubic nor
trigonal. Figure 2 presents x-ray diffraction spectra around
18 3 3 peak of a single-grained Cd6Ca at 300 and 10 K. For
the spectrum at 10 K, the split peaks are successfully decom-
posed into four components using Lorentzian functions,
which manifests that the �18 3 3� planes with 24 multiplici-

ties under the space group Im 3̄ are decomposed into four
nonequivalent planes, or more, below 100 K. Here we note
that in the cases of the orthorhombic, the monoclinic, and the
triclinic lattices, which are the subgroups of the high tem-

perature phase �Im 3̄�, the multiplicity of the �18 3 3� planes
for each Laue group is 8, 4, and 2, respectively. Therefore,
the 18 3 3 peak would in principle be split into 3, 6, and 12
peaks upon phase transition, respectively. For this reason
splitting into more than three peaks indicates that the low-
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temperature phase possesses a monoclinic or a triclinic lat-
tice. Here we note that such a conclusion obtained by using a
single grain may not be reached by standard powder x-ray
diffraction experiments since a number of nonequivalent re-
flections contribute to a single peak for the latter case. For
instance, five nonequivalent reflections contribute to a peak
at the same angle as the 18 0 0 reflection, and nine non-
equivalent reflections are superimposed on the 18 3 3 reflec-
tion. These nonequivalent reflections would split in a differ-
ent manner at the transition, making it difficult to obtain
direct information on the low-temperature phase.

IV. ELECTRON DIFFRACTION

Figures 3�a�–3�c� present electron diffraction patterns of
Cd6Ca taken along �001�, �110�, and �111� directions at about
80 K. We observe that superlattice reflections appear at po-
sitions h+1/2, k+1/2, l in the �110� and �111� incidences,
which means that the periodicity in the �110� direction is

FIG. 1. Cu K� x-ray diffraction profiles of the 18 0 0 peak with
the incident angle � to the �100� surface of a single-grained Cd6Ca
in the 2�-� scanning mode. The spectra were taken from
10 to 180 K with increasing temperature. For the profiles between
90 and 105 K, the temperature step is 1 K.

FIG. 2. X-ray diffraction spectra of the 18 3 3 peak of a single-
grained Cd6Ca at 300 and 10 K. Decomposition of the spectrum at
10 K is performed by a least square fit �solid lines� using Lorentz-
ian functions.

FIG. 3. Electron diffraction patterns of Cd6Ca taken along �a�
�001�, �b� �110�, and �c� �111� directions at 80 K. In �b� and �c�,
superlattice reflections are seen at midpoints of the fundamental
spots, as marked by solid triangles.
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doubled below the transition temperature. Figure 3�c� clearly
demonstrates that the threefold symmetry is broken by an
appearance of superlattice spots below 100 K, which is con-
sistent with the cubic-symmetry breaking observed by the
x-ray diffraction experiment. In addition, as seen in Fig. 3�b�,
spots with l=odd are absent in the low-temperature phase.
Taking into consideration that there is one Bravais lattice,
i.e., a primitive one, for the triclinic system and there are two
Bravais lattices, i.e., a primitive and a C-centered one, for the
monoclinic system, the observed extinction in Fig. 3�b� can
only be explained by a C-centered monoclinic lattice with
the b axis, the unique axis, parallel to the c axis of the high-

temperature phase �2nd setting�. In Fig. 3�b�, hh̄l of the bcc

lattice are indexed as 2h̄ l 0 of the C-centered lattice with a
double unit cell ��2a�a��2a�. Because of the reflection

condition hkl: h+k=even due to the C centering, 2h̄ l 0
reflections disappear when l=odd, which explains the pattern
in the �110� incidence. The absence of hk0 spots with h+k
=odd in the �001� incidence can also be explained in this
manner: hk0 of the high-temperature phase are indexed as

h̄+k0h+k of the C-centered lattice with a double unit cell
and these spots disappear when h+k=odd due to the C cen-
tering. Thus, from the diffraction experiments we are led to a
conclusion that the low-temperature phase is a C-centered
monoclinic phase with a double unit cell.

V. PHENOMENOLOGICAL ARGUMENTS BASED ON THE
LANDAU THEORY

Next, we discuss the symmetry of the low-temperature
phase by a group theoretical method based on the Landau
theory.10 The appearance of h+1/2, k+1/2, l super-
lattice reflections in Cd6Ca is attributed to a basis, or
its linear combination, of an irreducible representation �irrep�
of the high-symmetry group G0��Im 3̄� at N�� /a � /a 0�.
The star of k� at N contains the following six vectors; k�1

= �� /a � /a 0�, k�2= �� /a−� /a 0�, k�3= �0 � /a � /a�, k�4

= �0 � /a−� /a�, k�5= �� /a 0 � /a�, k�6= �−� /a 0 � /a�. The
group of k�i �leaving k�i invariant� is 2 /m and there are four
one-dimentional small representations for 2 /m as listed in
Table I; N1

+, N2
+, N1

−, N2
−. Each irrep N of the space group G0

is six dimensional with six basis functions �i �i=1, . . . ,6�.
Since continuous transitions are not allowed for the N1

+ and
N2

+ irreps because of the existence of a third-order invariant
�the Landau condition�, the present phase transition is attrib-
uted to either N1

− or N2
− irrep within the framework of the

Landau theory. The order parameter which belongs to the N1
−

irrep transforms under the generators of the group Im 3̄ as
follows:

i:�i → − �i �i = 1, . . . ,6�

C2��100��:�1 → �2, �2 → �1, �3 → �3, �4 → �4,

�5 → �6, �6 → �5,

C3��111��:�1 → �5, �2 → �6, �3 → �1, �4 → �2,

�5 → �3, �6 → �4,

t�� 1
2

1
2

1
2��:�1 → − �1, �2 → �2, �3 → − �3, �4 → �4,

�5 → − �5, �6 → �6, �1�

and the order parameter which belongs to the N2
− irrep trans-

forms as follows:

i:�i → − �i �i = 1, . . . ,6� ,

C2��100��:�1 → − �2, �2 → − �1, �3 → − �3,

�4 → − �4, �5 → �6, �6 → �5,

C3��111��:�1 → �5, �2 → �6, �3 → �1, �4 → �2,

�5 → �3, �6 → �4,

t�� 1
2

1
2

1
2��:�1 → − �1, �2 → �2, �3 → − �3, �4 → �4,

�5 → − �5, �6 → �6, �2�

where Cl��¯�� is an l-fold rotation along the direction �¯�,
i is the inversion, and t�� 1

2
1
2

1
2
�� is a translation of � 1

2 , 1
2 , 1

2
�a.

Both order parameters have four fourth-order invariants and
the Landau free energy is given by the following expression
to the fourth order for both irreps,

� = �0 + A�2 + B1�4 + B2�4�	1
4 + 	2

4 + 	3
4 + 	4

4 + 	5
4 + 	6

4�

+ B3�4�	1
2	2

2 + 	3
2	4

2 + 	5
2	6

2� + B4�4�	1	2	3	4

+ 	3	4	5	6 + 	5	6	1	2� , �3�

where �0 is the free energy of the high-symmetry phase, �
the magnitude of the order parameter, and 	i=1

6 	i
2=1. Then

the low-symmetry phase is described by 
=	i=1
6 	i�i.

Minimization of � with respect to the 	i �i=1, . . . ,6�
variables yields a variety of cases depending on the values of
B2, B3, and B4. However, as seen in Fig. 3�c�, the superlattice
reflections appear only at h+1/2, k+1/2, l, but not at h, k
+1/2, l+1/2 and h+1/2, k, l+1/2 positions simultaneously,
which means that we can set 	3= ¯ =	6=0. Therefore,
among all the cases that minimize Eq. �3�, the present tran-
sition is attributed to either of the following two cases:

TABLE I. Character table of the small representations for the N
point.

E C2 i �h

N1
+ 1 1 1 1

N2
+ 1 −1 1 −1

N1
− 1 1 −1 −1

N2
− 1 −1 −1 1
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�i� B2 � 0, B3 
 2B2, 10B2 − B3 � B4 � − 12B2 + 2B3:

	1
2 = 1, 	2 = ¯ = 	6 = 0 or 	2

2 = 1, 	1 = 	3 = ¯ = 	6 = 0;

�ii� B2 � 0, B3 � 2B2, 4B2 + 2B3 � B4 � − 4B2 − 2B3

or B2 
 0, B3 � − 2B2, 4B2 + 2B3 � B4 � − 4B2 − 2B3:

	1
2 = 	2

2 = 1
2 , 	3 = ¯ = 	6 = 0. �4�

A section of the resulting phase diagram at B4=0 is illus-
trated in Fig. 4. For the case �i�, the low-symmetry phase is
given by 
=�1 or �2, which results in a C-centered mono-
clinic lattice with space groups C2/c and C2/m from the N1

−

and the N2
− irreps, respectively. For the case �ii�, the low-

symmetry phase is given by 
= �1/�2���1±�2�, which leads
to a C-centered orthorhombic lattice with space groups
Cmma and Cmmm from the N1

− and the N2
− irreps, respec-

tively. Of these two cases, the occurrence of a C-centered
monoclinic lattice at low temperatures is explained by
case �i�.

The next interesting question is what type of ordering is
compatible with the symmetries obtained from the Landau
theory. Since any order parameter which belongs to k�i should
transform as a basis of an irrep of 2 /m, only two cases are
allowed to occur with respect to the orientation of the Cd4
tetrahedron: Either a twofold axis of the tetrahedron is par-
allel to the b axis of the monoclinic lattice or a mirror of the
tetrahedron is perpendicular to the b axis. Accordingly, two
types of superstructures are possible from case �i�, which are
schematically illustrated in Figs. 5�a� and 5�b�, respectively.
In the case of C2/c, a twofold rotational symmetry is pre-
served at the transition and thus a twofold axis of the Cd4
tetrahedra is parallel to the b axis of the monoclinic lattice as
shown in Fig. 5�a�, whereas in the case of C2/m a mirror
symmetry is preserved and mirrors of the Cd4 tetrahedra are
perpendicular to the b axis as shown in Fig. 5�b�. In both

cases, ordering of the Cd4 tetrahedra takes place over
two orientations along the �1 1 0� direction of the high-
temperature phase. Here, we note that the space groups
C2/m and C2/c differ by the reflection condition h0l: l
=2n. With this respect, electron diffraction patterns taken
along �010� direction at 80 K do not reveal any superlattice
spots, which supports an occurrence of the C2/c type order-
ing in Cd6Ca.11 Furthermore, concerning the number of pos-
sible orientations in the disordered state, two orientations of
the Cd4 tetrahedron randomly occur in the case of the
C2/c-type ordering, whereas six orientations occur for the
C2/m-type ordering, leading to different transition entropies
of kB ln 2 and kB ln 6 per icosahedral cluster, respectively. Of
these two orderings, the transition entropy of 
kB ln 2 ob-
tained from the specific heat measurement6 also supports an
occurrence of the C2/c-type order below 100 K for Cd6Ca,
that is, the Cd4 tetrahedra are ordered in an antiparallel fash-
ion along �110� direction below 100 K in such a way that
twofold axes of the Cd4 tetrahedra are parallel to the b axis
of the monoclinic lattice. Such a transition in a metal is remi-
niscent of orientational transitions in molecular solids.

This research was supported by Core Research in Envi-
ronmental Science and Technology �CREST�, Japan Science
and Technology Corporation.

FIG. 4. A section of the phase diagram of the low-symmetry
phases at B4=0, resulting from the N1

− �N2
−� irrep of the space group

Im 3̄. Space groups in parentheses represent those obtained from the
N2

− irrep. B2, B3, and B4 are the coefficients of the fourth-order
invariants in the Landau free energy expansion �Eq. �3��. Cases �iii�
and �iv� correspond to 	1

2 �or 	2
2�=	3

2 �or 	4
2�=	5

2 �or 	6
2�=1/3 and

	1
2= ¯ =	6

2=1/6, respectively.

FIG. 5. �Color online� Schematic illustrations of two types of
superstructures below 100 K with respect to the orientation of the
Cd4 tetrahedra, obtained from case �i�: �a� C2/c and �b� C2/m-type
ordering, respectively. Only the Cd4 tetrahedra are shown in the
figures and the faces of the tetrahedra are colored for clarity. In both
figures, the unit cell of the C-centered monoclinic phase �2nd set-
ting� is marked by black lines and light gray lines indicate the unit
cell of the high-temperature bcc phase. In �b� a mirror of the Cd4

tetrahedra is perpendicular to the b axis of the monoclinic lattice,
and arbitrary rotation of the tetrahedra along the b axis is allowed.
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