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A shortfall of the scattering intensity from protons has been observed in liquids �water, benzene, etc.� and
solids �metal hydrogen systems, organic polymers, etc.� using neutron Compton scattering �NCS�. However,
the suitability of the conventional NCS data reduction scheme, used to obtain the scattering intensities, based
on the convolution approximation �CA� of the nuclear momentum distribution with the instrument resolution
function has been questioned. In the present work the commonly used data reduction scheme is compared to a
model-free approach �B. Dorner, J. Neutron Res. �to be published�� that is independent of the form of the
momentum distribution and the resolution function. Specifically, the ratios of the scattering cross section
density of H to C are presented for polyethylene. The model-free approach is shown to lead to the same results
as for experimental data published earlier and treated with the CA thus addressing a great part of the previous
comments.
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I. INTRODUCTION

During the past decade a striking phenomenon of anoma-
lous scattering intensity of epithermal neutrons from
hydrogen has been measured in various materials1–6 using
the neutron Compton scattering �NCS� technique. Until very
recently the effect has been measured on a unique
instrument—i.e., on the time-of-flight spectrometer
VESUVIO �formerly eVS� at the ISIS neutron spallation
source at the Rutherford Appleton Laboratory, UK. An inde-
pendent experimental confirmation of the effect has been
achieved �in a solid polymer� using a different experimental
method—i.e., electron-proton Compton scattering.7 These
experiments have attracted major interest by the international
scientific community.8–10

VESUVIO is an “inverse-geometry” time-of-flight spec-
trometer �see Sec. II�. The final neutron energy after scatter-
ing from a sample is analyzed using a filter with resonant
neutron absorption properties �e.g., gold or uranium�. The
usually applied data reduction scheme is based on the so-
called “convolution approximation” �see Sec. II�. In the
framework of the convolution approximation �CA� it is as-
sumed that the final energy resolution function is well de-
scribed by a Voigt function centered at the resonance absorp-
tion energy of the analyzer foil.11 A time-of-flight spectrum is
described by a convolution of the total resolution function of
the instrument, including the final energy resolution function,
and the neutron Compton profile of the scatterer11 �see
Sec. II�.

However, it has been claimed that the NCS data reduction
scheme based on the CA contains various artifacts that are
responsible for the striking experimental results.

Blostein et al.12–14 introduced an alternative to the CA
data reduction scheme �hereinafter called the “exact formal-
ism”� to describe a time-of-flight spectrum in an inverse-
geometry spectrometer. The energy resolution function, ac-
cording to Blostein et al.,12–14 should be described by a total
absorption cross-section curve at all final energies of neu-

trons after scattering from a sample. For example, for gold
foil, used commonly at the VESUVIO spectrometer as final
energy analyzer,11 such a total absorption curve15 would in-
clude the 1/�E contribution at small final energies, followed
by a sharp resonance at a final energy of 4.9 eV and addi-
tional smaller resonances at higher energies. In the exact
formalism the count rate at a given time of flight is calcu-
lated as an integral over the whole range of initial neutron
energies.12,13 Alternatively, after a variable change in the in-
tegral taking into account the kinematic relation between ini-
tial and final neutron energy at a fixed time-of-flight value,
the integral can be calculated over the whole range of final
neutron energies.14 Thus, in this approach the count rate can-
not be reduced to a single convolution of the resolution func-
tion with the neutron Compton profile.12–14

The importance of the assessment of the inaccuracies in-
troduced by the CA was discussed by Chatzidimitriou-
Dreismann et al.1 in a published measurement of cross-
section anomalies in H2O-D2O mixtures. Blostein et al.,12

commenting on this work claimed the existence of errors in
the determined areas of overlapping recoil peaks; this was
addressed with an experimental test by Chatzidimitriou-
Dreismann et al.16 The authors analyzed in particular the
case of the considerable overlapping of the strong proton
peak with the weak deuteron peak. The experimental test
consisted in comparing the deuteron peak areas determined
from NCS data of H/D mixed systems, taken in both the
forward- and backward-scattering directions. The experimen-
tal results from pure D2O and the equimolar H2O-D2O mix-
ture were presented. For both systems, it was shown that the
deuteron peak areas in the forward- and backward-scattering
directions were essentially equal. Thus, it was concluded that
the aforementioned comment appeared not to be of relevance
in this specific context.

Motivated by the comments of Blostein et al.,12,13 Mayers
and Abdul-Redah11 showed that it is more convenient to use
the CA to analyze NCS data collected on an inverse-
geometry �see Sec. II� instrument such as VESUVIO. The
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authors11 discussed in detail the validity of the expressions
for the count rate in the time-of-flight domain, the applica-
bility of the impulse approximation, the inclusion of the
resolution function as a single convolution in the time
of flight, the assumption of the Gaussian form of the
nuclear momentum distribution, and finally, multiple scatter-
ing and sample attenuation effects in the neutron Compton
studies under consideration. They also measured different
H2O-D2O mixtures11 with a uranium foil analyzer and com-
pared with previously published data1 taken with the gold
analyzer. The magnitude of the observed anomaly of the
scattering cross section from protons was much larger than
the systematic errors introduced by the CA for both Au and
U filters. Simulations of measurements on other systems also
indicated that in all cases the systematic errors of the CA are
small and do not significantly affect the results obtained.11

A further experimental check on the possible systematic
errors introduced by the CA was performed using the double-
difference technique.17 This technique leads to the removal
of the long wings of the energy resolution function whatever
their functional form. Mayers and Abdul-Redah showed that
anomalies of the scattering intensity from protons of the
equimolar H2O-D2O mixture and a solid polymer11 and dif-
ferent H2O-D2O mixtures18 obtained using the conventional
single-difference and the double-difference techniques were
essentially the same.

Moreover, the results reported above were recently con-
firmed using an independent technique—i.e., electron-proton
Compton scattering.7 In this method, a spectrometer is used
with continuous electron beam, where the energy resolution
function is a Gaussian and does not contain any long tails
and no “foil-in–foil-out” difference is applied.

Very recently, Senesi et al.19 performed and analyzed
NCS measurements from orthorombic-ordered HCl using
both the exact formalism12–14,20 and the CA. In the exact
formalism the total absorption cross-section curve for gold in
the entire energy range15 was incorporated into the data
analysis as the energy resolution function. The results of the
analysis using both data reduction schemes were compared.
Results of the exact formalism show a 34% reduction of the
H cross-section density, varying with the scattering angle in a
range centered at 53° �Ref. 19�. The magnitude of the
anomaly as determined by the exact formalism and the CA
was shown to agree at least within an accuracy level of 5%–
6%. The authors conclude that this result proves the essential
reliability of all previous work done on the anomalous NCS
proton cross sections.19

Other comments by Cowley21 were based on the claim
that in the NCS data reduction procedure using the CA, as
applied on VESUVIO, two factors needed for a direct com-
parison of the scattering intensities with the tabulated values
are not accounted for. The first is the variation of the incident
neutron flux with the incident neutron energy. The second
factor is the Jacobian of the transformation of the time-of-
flight data from a constant scattering angle scan, as recorded
at VESUVIO, into a constant momentum transfer scan.
These comments were discussed and clarified in an instru-
mental paper about the VESUVIO spectrometer by Mayers
and Abdul-Redah.11

The objective of this paper is to present a model-free ap-
proach proposed by Dorner22 and to compare it with the

commonly used data reduction scheme based on the CA.
Dorner’s scheme is independent of the momentum distribu-
tion of the target atoms and of the mass-dependent resolution
function of the instrument. It is also shown that Dorner’s
scheme includes all corrections proposed by Cowley21 men-
tioned above. The results obtained using the NCS data reduc-
tion scheme proposed by Dorner confirm the previously pub-
lished results obtained using the CA approach, i.e., we show
that the anomalies of the scattering intensities from protons
are independent of the form of the instrument resolution
function, the momentum distribution of the target nuclei, the
inclusion of Cowley’s Jacobian factor, and the normalization
with incident neutron flux.

The structure of the paper is the following. We briefly
describe the instrument. We continue with the detailed de-
scription of the conventional NCS data analysis procedure.
Then we present the data reduction scheme proposed by Dor-
ner and compare the results of both data treatments for data
collected on a polyethylene sample.

II. CONVOLUTION APPROXIMATION AT VESUVIO

The VESUVIO spectrometer is an inverted-geometry
time-of-flight instrument.11 Incident neutrons travel a dis-
tance L0 from the pulsed source to the sample. After scatter-
ing at an angle �, neutrons of final energy E1 travel a dis-
tance L1 to the detector position �Fig. 1�.

The sample is exposed to a polychromatic neutron beam.
The energy E1 of the neutron after the scattering process is
analyzed by taking two spectra, one with a thin foil of a
neutron absorbing material between the sample and the de-
tector and one without such a foil. The spectrum to be ana-
lyzed is obtained by taking the difference of these two spec-
tra. This standard technique is referred to as the single-
difference �SD� technique.

In all NCS experiments on VESUVIO the accessible
quantity is the double-differential cross section
d2� / �d�dE1�. Following van Hove’s scattering
formalism,23,24 the double-differential cross section is related
to the dynamic structure factor S�q ,��. In what follows
S�� ,q� is assumed to depend only on the magnitude of the

FIG. 1. A schematic representation of the VESUVIO spectrom-
eter at ISIS.
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momentum transfer q= �q� �for a more general approach, see
the Appendix�. This is the case for all studies concerning
neutron Compton scattering where the striking anomaly of
the scattering intensity from protons was found �see, e.g.,
Refs. 1–6�. For one type of scattering atoms one can write

d2�

d�dE1
= Nb2�E1

E0
S�q,�� . �1�

Here b is the bound scattering length, d� the solid angle
and dE1 the range of final energies into which the neutron is
scattered, N is the particle number density, E0 and E1 are the
initial and final neutron energies, respectively, and q and �
are the transferred momentum and energy, respectively.

The double-differential cross section d2� / �d�dE1� is cal-
culated per unit incident flux into a solid angle d� and an
energy interval dE1 �Ref. 24�. The incident neutron flux var-
ies with incident neutron energy E0 and has a distribution
I�E0�dE0 �Ref. 21�. The count rate C�E0� in an NCS experi-
ment is then proportional to ��E1 /E0�I�E0�S�q ,�� �Ref. 21�.

In the inverse-geometry spectrometer each detector has a
constant angular acceptance �� for any energy and the E1
energy resolution is fixed by the resonance width of the ab-
sorbing foil.11,21 Also the detector efficiency D�E1� is fixed.
Thus, the count rate C�E0� measured in a detector placed at
given scattering angle � is given by

C�� = const,E0� = Nb2�E1

E0
I�E0���D�E1�S�q,�� . �2�

The spectra are, however, recorded and plotted as a func-
tion of time of flight instead of E0, so C�t�=C�E0�dE0 /dt
�Ref. 21�. The Jacobian dE0 /dt is well known in the NCS
literature11:

dE0

dt
=

2

L0
� 2

m
E0

3/2. �3�

Using the Jacobian dE0 /dt one can easily derive the ex-
pression for the count rate C��=const, ti�:

C�� = const,ti�

= Nb2 2

L0
�2E1

m
��D�E1�E0�ti�I„E0�ti�…S„q�ti�,��ti�… .

�4�

The energy and momentum transfers from the neutron to
the scattering nuclei are so high that the scattering process
can be treated within the impulse approximation �IA�
limit.25–30 In the IA limit—i.e., infinite q—S�q ,�� reduces to
a single peak centered at the recoil energy �r=q2 /2M of the
corresponding nucleus of mass M—i.e.,

S�q,�� =
M

q
J�y� , �5�

where y is the momentum p of the nucleus projected onto
the scattering vector q �Refs. 25 and 26�—i.e., y=p · q̂
= �M /q���−�r�= �M /q���−q2 /2M� where q̂ is the unit vec-
tor in the direction of the momentum transfer. J�y� is the
so-called Compton profile representing the momentum dis-

tribution of the scattering nucleus along y �Ref. 26�. Thus,
Eq. �4� can be rewritten in the following form:

C�� = const,ti�

= Nb2 2

L0
�2E1

m
��D�E1�E0�ti�I„E0�ti�…

M

q�ti�
J„y�ti�… .

�6�

If atoms of different masses M are present in the sample,
it follows, for the count rate in the time-of-flight channel ti
�Ref. 11, Eq. �2.22��, that

C�� = const,ti� = �
M

CM�ti� = �E0I�E0�
q

	
ti

�
M

IMMJM„yM�ti�… ,

�7�

where

IM =
2

L0
D�E1��2E1

m
��NMbM

2 , �8�

where NM is the number of atoms of mass M and bM is the
bound scattering length for a given mass M. The set of
brackets in Eq. �7� means that the value of �E0I�E0�� /q is
calculated pointwise for each time of flight t. The expression
in the brackets is independent of the mass M of the scatterer
and depends only on the parameters of the spectrometer and
as such can be written in front of the sum over M. The West
variable yM =yM�ti� is mass dependent as for each mass M
there exists a different relation between time-of-flight value ti
and unique value of yM�ti� corresponding to it with yM =0 at
the center of recoil peak for a given mass M. The momentum
distributions JM�yM� are assumed to have a normalized
Gaussian form

JM�yM� =
1

�2��p�M�2
exp
 − yM

2

2�p�M�2� , �9�

with standard deviations �p�M�, which is also a common
assumption in the NCS studies.11,27–31

In real experimental situations the measured count rate
C��=const, ti� for every time of flight ti is an average over
the possible values of all geometrical parameters character-
izing the paths of the neutrons L0 and L1 and the scattering
angle � as well as the final neutron energy E1, weighed by
their probability of occurrence. To account for this, a resolu-
tion function is introduced. �In what follows also the resolu-
tion function in the q-� space is assumed to depend only on
q= �q�. For a more general account of the resolution function,
see the Appendix.� The following approximation is made.11

The distributions of the geometrical parameters are very well
modeled by the Gaussian resolution functions Rt, RL0

, RL1
,

and R� in the t, L0, L1, and � spaces, respectively. The energy
resolution function R�E1� in the E1 space is also very well
described by a Voigt function centered at 4.9 eV with a half
width at half maximum �HWHM� of the Lorentzian part
�L=148 meV and the standard deviation of the Gaussian
part �G=30 meV. The transformation is made to express the
original resolution functions Rt, RL0

, RL1
, R�, and RE1

in the y

ANOMALOUS NEUTRON COMPTON SCATTERING:… PHYSICAL REVIEW B 72, 174117 �2005�

174117-3



space for every mass M. The resolution functions in the y
space are described by the same Gaussian or Voigt form. The
widths of the resolution functions in y space are determined
by multiplying their widths in the t, L0, L1, �, and E1 spaces
with mass M-dependent Jacobians ��y /�xi�M with xi= t, L0,
L1, �, and E1. The overall resolution function is calculated as
a convolution of different resolution functions in the y space
for a given mass M—i.e., RM�yM�=Rt,M�yM� � RL0,M�yM�
� RL1,M�yM� � R�,M�yM� � RE1,M�yM�. The momentum distri-
bution of the nuclei JM�yM� �Eq. �9�� is convoluted with the
mass-dependent resolution function RM�yM�. The resulting
time-of-flight �TOF� spectrum C��=const, ti� can be written
as

C�� = const,ti� = �E0I�E0�
q

	
ti

�
M

IMMJM�yM� � RM�yM�

�10�

�Ref. 11, Eq. �2.24��.
In our experiments integrated peak intensities IM are de-

termined for every detector separately. IM is proportional to
the total bound scattering cross-section density NM�M, where
�M =4�bM

2 is the total bound scattering cross section.32

Hence, the measured value of �IH / IX�expt can be compared to
the value of �IH / IX�theor= �NH�H� / �NX�X� calculated taking
the tabulated32 �M and the NM known from chemical formula
and/or sample preparation. The ratio

P =
�IH/IX�expt

�IH/IX�theor
�11�

is smaller than unity in our experiments on hydrogen con-
taining materials,1–6 thus indicating the anomalous neutron
Compton scattering from protons.

III. MODEL-FREE DATA REDUCTION SCHEME

Recently, an alternative NCS data reduction scheme has
been proposed by Dorner.22 It can be summarized in the
following steps.

�1� The TOF spectrum C�� , ti� collected for a given fixed
scattering angle � is given by the convolution �in the q-�
space� of the dynamic structure factor S(q�i� ,��i�) and the
resolution function R(q�i� ,��i�) �for the derivation see Eqs.
�A1�–�A9� in the Appendix�:

C�� = const,ti� =� R„��ti� + ��,q�ti� + �q…

�S„��ti� + ��,q�ti� + �q…d�qd�� . �12�

C�� , ti� is normalized, dividing it pointwise �for each time
of flight ti� by the value of the phase-space volume for the
incoming neutrons V0�ti� �see Eqs. �14� and �A17� in the
Appendix�. As a result, the quantity Cnorm�� , ti� is obtained
�see Eq. �A18� in the Appendix�.

�2� The individual values of the TOF in Cnorm�� , ti� are
replaced by the corresponding values of the energy transfer
��ti�. The values of ��ti� are calculated from ti on the basis
of the known geometrical parameters defining the neutron

flight paths L0, L1, and � and the value of E1 from basic
kinematic equations �see Ref. 11, Eqs. �2.3�–�2.7��. It is
worth noting that this replacement is done without any Jaco-
bian. The spectrum Cnorm(�=const,��ti�) obtained in this
way represents a constant-� scan performed by the inverse-
geometry TOF spectrometer in the q-� space and contains
peaks representing scattering from different masses present
in the sample of interest.

�3� Cnorm(�=const,��ti�) is transformed into Cnorm(q
=const,��ti�). At this point it is crucial to have well-
separated peaks corresponding to the scattering from differ-
ent masses M. After identifying the peaks each of
Cnorm,M(�=const,��ti�) must be multiplied pointwise by the
corresponding mass-dependent Jacobian for the transforma-
tion from the constant-� scan into a fictitious constant-q
scan. For deep inelastic scattering from atoms of mass M the
Jacobian for an inverse time-of-flight instrument is �Ref. 21,
Eq. �9��

J = 1 −
m

M

1 −

k1

k0
cos���� , �13�

being particularly simple for the case m=M of hydrogen—
i.e., J=k1 /k0 cos���.

�4� The signals Cnorm,M(��ti� ,q=const) are integrated
over the respective � range to obtain the scattering intensi-
ties from different masses M.

In the Appendix the details are described of the derivation
of the resolution function and the count rate in the q-� space
�Eqs. �A1�–�A9�� as well as the phase volume V0 �Eqs.
�A10�–�A17��. Here, we concentrate on few remarks con-
cerning the steps �1�, �3�, and �4� of the above data reduction
scheme that are in order.

Step �1�. To normalize the instrument resolution function
the count rate C�ti� has to be divided pointwise by the cor-
responding values of V0�ti� �see Eq. �A19� in the Appendix�.
The original derivation of the V0 �Ref. 22� was for the inci-
dent neutron spectrum of the form 1/E0. In case of the
VESUVIO spectrometer at ISIS the spectrum has the form
1/ �E0�0.9. The volume V0 is given by �see the Appendix,
Eq. �A17��

V0 

E0

E0
0.9���t0, �14�

where �� is the constant angular acceptance of a detector
and �t0 is the constant time bin in the data acquisition elec-
tronics. It is worth mentioning that V0�E0I�E0�, so the nor-
malization of the count rate involves the division by E0I�E0�.

Interestingly, the whole normalization to the constant in-
cident neutron flux proposed by Dorner can be also found by
Cowley.21 Cowley also aims at obtaining S�q ,�� for a
constant-q scan from the observed TOF spectra. The ob-
tained S�q=const,�� can then be easily compared with the-
oretical predictions �e.g., in terms of the sum rules for
S�q ,���. He derives the two factors the TOF data points
should be multiplied by when comparing the experimental
scattering intensities with theoretical values. The first factor
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1/ I�E0�k0
2 is to account for the variation of the incident neu-

tron flux with the incident neutron energy E0. This factor is
proportional to 1/V0 by Dorner.22

Step �3�. For a typical measurement on Vesuvio consisting
of 32 TOF spectra recorded for 32 different scattering angles
� in the range 35°–68° for forward scattering one gets a
collection of “banana-shaped” curvilinear trajectories lying
close to one another in the q-� space.33 There are two rea-
sons why the constant-q scans cannot be extracted from a
group of data collected for all forward detectors on
VESUVIO and the above Jacobian must be used instead.
First, the different detectors are not calibrated to collect the
same absolute intensity of spectra. Thus the signals at the
same values of q from different spectra at different scattering
angles cannot be directly compared. Second, the range of �
values corresponding to the same q value for different detec-
tors is too small to reconstruct the spectrum corresponding to
a constant-q scan �see Fig. 2�.

Thus, after identifying the signals Cnorm,M(��i�) corre-
sponding to different masses M each of them must be mul-
tiplied pointwise by the corresponding mass-dependent Jaco-
bian �see Eq. �13��. At this point, the correction of the initial
TOF data in the Dorner procedure is identical to the second
correction proposed by Cowley.21

Step �4�. In the last step of the analysis the signals
Cnorm,M(��ti� ,q=const) have to be integrated over � to ob-
tain the scattering intensities from different masses M. In the
light of the experimental results �see below�, showing that
the convolution approximation and the approach by Dorner
lead to the same “anomalies” of the scattering intensities
from protons, it is especially interesting to also prove the
equivalence of both schemes theoretically. Starting from Eq.
�10� one can rewrite it in the following way:

C�� = const,ti� = E0�ti�I„E0�ti�…�
M

IM
M

q�ti�
JM�yM� � RM�yM� .

�15�

Knowing that

M

q�ti�
JM�yM� = SM„q�ti�,��ti�… �16�

and that the resolution function RM�yM� can be written as
RM(q�ti� ,��ti�), Eq. �15� can be written in the following way:

C�� = const,ti� = E0�ti�I„E0�ti�…�
M

IMSM„q�ti�,��ti�…

� RM„q�ti�,��ti�… , �17�

where � means a two-dimensional convolution over the
variables q and �. The normalization �the pointwise division
by E0�ti�I(E0�ti�)
V0�ti�� gives

Cnorm�� = const,ti� = �
M

IMSM„q�ti�,��ti�…

� RM,norm„q�ti�,��ti�… , �18�

where

RM,norm„q�ti�,��ti�… = RM„q�ti�,��ti�…/�E0�ti�I„E0�ti�…�


 RM„q�ti�,��ti�…/V0�ti� �19�

is the normalized instrument resolution function for a given
mass M as defined in the Appendix �Eq. �A19��. This func-
tion is in turn proportional to the resolution function given
by Dorner22 with the proportionality constant 1 /V1. This
constant factor will cancel out in the ratio P given by Eq.
�11� which is of main interest here. With the further assump-
tion that one is able to separate the signals from individual
masses one can write

Cnorm„��ti�,q = const… = �
M

Cnorm,M„��ti�,q = const…

= �
M

Cnorm,M„��ti�,� = const…JacM�ti� ,

�20�

where JacM is the Cowley’s Jacobian given by Eq. �13� cal-
culated pointwise for each mass M individually. Then one
can write for each individual mass M replacing simply each
value of the time of flight ti with the corresponding value of
��ti�:

Cnorm,M„��ti�,q = const… = IMSM„q = const,��ti�…

� RM,norm„q = const,��ti�… ,

�21�

where � means a single convolution over the � variable.
Then, integrating over � and using the properties of the con-
volution with the normalized resolution function and the sum
rule for each mass M,

FIG. 2. Constant-� scans at VESUVIO for forward scattering of
neutrons from the polyethylene sample chosen for the comparison
of the conventional NCS and the model-free data reduction schemes
�see Sec. IV�. For the picture clarity shown are the uppermost and
lowermost trajectories only for �=51.3° and �=67.7°, respectively.
Inset: the constant-� scans for all 16 chosen forward detectors in the
high-momentum transfer range. The scans are ordered from the
smallest ��=51.3°, the uppermost trajectory�, to the biggest scatter-
ing angle ��=67.7°, the lowermost trajectory�.
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� SM„q = const,��ti�… � RM,norm„q = const,��ti�…d�

=� SM„q = const,��ti�…d� = 1, �22�

we finally obtain

�
M
� Cnorm,M„��ti�,q = const…d� = �

M

IM = �
M

NMbM
2 . �23�

The above equation shows the equivalence of the inte-
grated constant-q scan in the q-� space and the scattering
intensity from the mass M obtained as a fitting parameter
from the convolution approximation. Thus, the NCS data re-
duction scheme as used at ISIS and that proposed by Dorner
are equivalent in that they lead to the same integrated scat-
tering intensities.

IV. RESULTS

A polyethylene sample was chosen for the comparison of
the conventional NCS and the model-free data reduction
schemes. Low-density polyethylene foil �0.15 mm thick� was
used directly for the neutron experiment.34 The sample was
hanging freely in the neutron beam. The standard neutron
fitting procedure using the CA approximation11 was per-
formed. First, both widths of the momentum distribution
�p�H� and �p�C� for H and D, respectively, and the scatter-
ing cross section densities IH and IC from hydrogen and car-
bon, respectively, were set as free fitting parameters for each
forward spectrum �see Fig. 11 in Ref. 34�. Then the average
values of �p�H� and �p�C� over all scattering angles were
found: �p�H�=4.6±0.1 Å−1 and �p�C�=16.4±0.1 Å−1,
respectively.34 Very similar widths were observed in an ear-
lier neutron Compton study of polyethylene.35 Using the
fixed values of �p�H�=4.6 Å−1 and �p�C�=16.4 Å−1, the
scattering cross-section densities IH and IC from hydrogen
and carbon, respectively, were fitted once again for different
forward-scattering angles using Eq. �10�. The comparison of
the obtained values of the scattering cross sections with the
tabulated ones revealed the anomaly of the n-p cross section
of about 50% for the scattering angles 53°–68° �Ref. 34�.

The total number of 32 forward detector spectra are avail-
able at VESUVIO. However, for detectors placed at scatter-
ing angles smaller than 
50° the recoil peaks due to neutron
scattering from protons overlap with the carbon recoil peaks.
For the sake of comparison of the results of the analysis
using the convolution approximation with the Dorner scheme
one must choose the TOF spectra for which the recoil peaks
do not overlap �for details see discussion in Sec. III�. We
have chosen TOF spectra for polyethylene measured by two
forward detector banks, eight detectors each. The range of
the scattering angles � for the chosen detectors varied be-
tween 51.3° and 67.7°. In this angular range the TOF spectra
consisted of two separated scattering peaks: one broad, in-
tense peak centered at around 200 	s due to scattering on
protons and a weaker carbon peak centered at around
370 	s. Thus, the chosen spectra fulfilled the criteria for the
Dorner analysis.22

An example of such spectrum for the detector at the scat-
tering angle �=66.7° is shown in Fig. 3. The spectrum was
transformed to the energy transfer variable � and normalized
by dividing it pointwise by E0�ti�I(E0�ti�) to illustrate the first
step of the analysis described above �Fig. 3, lower part�.

The spectra CM(�=const,��ti�) corresponding to the
scattering at �=66.7° from the individual masses M�1�=1
and M�2�=12 amu, the Jacobians JacM�ti� of the trans-
formation from a constant-� scan into a constant-q scan, the
factors 1 / �E0�ti�I(E0�ti�)�, and the resulting normalized �mul-
tiplied pointwise by JacM�ti� / �E0�ti�I(E0�ti�)�� spectra
Cnorm,M(q=const,��ti�) are shown in Figs. 4 and 5, respec-
tively.

The position tM�L0 ,L1 ,� ,E1�, in the time of flight, of a
recoil-peak center for a given mass M is governed by the
kinematics of the scattering process and is given by11

t =
L0

v0
+

L1

v1
�24�

and

FIG. 3. NCS spectrum of polyethylene at the scattering angle
�=66.7°. Top: the time-of-flight spectrum. Bottom: the spectrum
transformed into the energy transfer variable � and divided point-
wise by E0�ti�I(E0�ti�).
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v1

v0
=

cos��� + ��M/m�2 − sin2���
�M/m� + 1

. �25�

For different detectors their placement in the scattered
neutron beam �determining the parameters L0, L1, and �� is
different. The absorber foil determines the final neutron en-
ergy E1 and the final energy resolution RE1,M�yM�. The above
quantities are determined in a separate calibration measure-
ment before each sample run on VESUVIO.36 It is a straight-
forward conclusion from Eq. �25� that for heavier scatterer
mass M, in the limit M 
m, v1�v0, whereas for protons,
where M =m, v1 /v0=cos���. Thus, in the angular range
given above the proton peak will “move” slightly with scat-
tering angle � from detector to detector, whereas the position
of the carbon peak remains practically constant. �For the car-
bon peak the integration limits are fixed between 325 	s and
425 	s—i.e., in the � range between −1.05 eV and 1.87 eV.
The variation of the above energy range from detector to
detector, due to different values of L0, L1, and �, is less than
0.02 eV.� The integration of the S�q=const,�� function for
protons had to be performed over different energy transfer
limits � �see Table I� for different detectors.

The results of the complete analysis for the 16 detectors,
as compared to the analysis previously performed on the

polyethylene data34 for the same detectors, are summarized
in Fig. 6.

As can be seen from Fig. 6, both data treatment schemes
yield the same results for the anomaly of the scattering cross
section from protons within the statistical errors of both
methods. The only discrepancy arising between the results of
the CA and Dorner model-free reduction schemes arises for
the smaller scattering angle range—i.e., between 51° and
54°. This is most probably due to some overlap between the
H and C recoil peaks at these small angles. The lack of the
total peak separation makes then the Dorner analysis inaccu-
rate.

V. DISCUSSION

We have demonstrated theoretically the equivalence of the
CA and model-free approach proposed by Dorner in the NCS
data reduction as far as the scattering intensities are

FIG. 4. The polyethylene sample. Detector at �=66.7°. Proton
peak. �a� CM(�=const,��ti�), �b� Jacobian of the trans-
formation from a constant-� scan into a constant-q scan,
�c� 1/ �E0�ti�I(E0�ti�)�, and �d� Cnorm,M(q=const,��ti�)
=CM(� ,��ti�)JacM�ti� / �E0�ti�I(E0�ti�)�.

FIG. 5. The polyethylene sample. Detector at �=66.7°. Carbon
peak. �a� CM(�=const,��ti�), �b� Jacobian of the transformation
from a constant-� scan into a constant-q scan, �c�
1/ �E0�ti�I(E0�ti�)�, and �d� Cnorm,M(q=const,��ti�)=CM(�
=const,��ti�)JacM�ti� / �E0�ti�I(E0�ti�)�.
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concerned �Eqs. �15�–�23��. We have also shown that both
data treatments lead to the same results for the anomaly
of the scattering cross-section density �NM�M� from pro-
tons in the polyethylene sample. We believe that this result
provides direct and strong evidence against previous
comments12–14,20,21 concerning the NCS data reduction
scheme using the CA as applied on VESUVIO.

Independently of the question of choosing the most accu-
rate and transparent data reduction scheme, the issueemerges
about the physical origin and mechanisms explaining the
striking anomaly under consideration.

It was proposed1–6 that the anomaly of the scattering cross
section from protons is caused by short-lived entanglement,
in which the quantum dynamics of protons and surrounding

particles is connected. Such entanglement can exist at room
temperature on the subfemtosecond time scale.37 The en-
tangled states would then decay to normal factorizable mul-
tiparticle states, thus recovering the conventional scattering
intensities.3,38–40 However, the time scale of the neutron
Compton scattering event is short enough for the decoher-
ence processes destroying the entanglement not to be fully
effective.1,3,40,41

As the entanglement is believed to be governed by the
short-time-scale dynamics, the issue of the breakdown of the
Born-Oppenheimer approximation during the scattering pro-
cess appears in theoretical models either in combination with
short-time-scale entanglement40 or in connection with elec-
tronic excitations42,43 �see also related theoretical consider-
ations, Refs. 44 and 45�.

A different theoretical model stresses the importance of
quantum exchange correlations in the observed effect38,39,46

�see also related comments, Refs. 44 and 47�.
Our present result demonstrates that no matter what the

functional form of any resolution function including the en-
ergy resolution and the form of the momentum distribution,
the scattering intensities obtained from the data analysis will
be the same. This conclusion is of importance as it demon-
strates the genuineness of the scattering cross-section
anomaly from protons in the most transparent and straight-
forward manner. With this we hope that the mainstream dis-
cussion about the striking effect under consideration will fo-
cus from now on more on its most interesting aspect—
namely, on the physical explanations mentioned above
and/or additional ones.
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TABLE I. The integration limits �H of S�q=const,��.

Detector � �deg� L0 �m� L1 �m� TOFH �	s� �H �eV�

49 67.7 11.055 0.7051 85–305 2.85–137.5

50 65.7 11.055 0.7048 105–305 2.85–79.4

51 63.7 11.055 0.7048 105–305 2.85–79.4

52 61.7 11.055 0.7018 105–305 2.84–79.1

53 59.1 11.055 0.6971 105–305 2.83–78.7

54 57.5 11.055 0.6950 125–325 1.85–50.5

55 55.4 11.055 0.6930 125–325 1.85–50.4

56 53.2 11.055 0.6991 145–345 1.05–34.5

65 51.3 11.055 0.6932 155–355 0.7–28.9

66 53.6 11.055 0.6891 155–355 0.69–28.8

67 55.7 11.055 0.6898 125–325 1.85–50.3

68 58.0 11.055 0.6980 125–325 1.85–50.4

69 60.1 11.055 0.6851 105–305 2.81–78.2

70 62.4 11.055 0.6902 105–305 2.82–78.4

71 64.5 11.055 0.6913 105–305 2.82–78.5

72 66.7 11.055 0.7054 85–285 4.04–136.4

FIG. 6. Results of the data reduction on the polyethylene sample
for all chosen 16 forward detectors. The results of the data analysis
proposed �Ref. 22� are compared to the analysis previously per-
formed using the CA. Open squares: the CA approximation. Solid
squares: Dorner’s method. It is shown that both methods yield the
same results.
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APPENDIX

This appendix aims at presenting, in a straightforward
manner, the basic formulas for the time-of-flight data reduc-
tion scheme proposed by Dorner22 and the formalism to de-
scribe the resolution function in the q-� space introduced by
Komura and Cooper,48 further developed by Todate et al.49

and used by Dorner in his original derivation.22 The formal-
isms mentioned above are adopted to the special case of the
inverse-geometry TOF spectrometer VESUVIO at ISIS.

In what follows the energies of the incoming and scattered
neutrons, E0 and E1, respectively, as well as the energy trans-
fer variable � are expressed in eV. The momenta of incom-
ing and scattered neutrons, k0 and k1, respectively, as well as
the momentum transfer variable q, are expressed in Å−1.

The starting point of Dorner’s analysis is the double-
differential cross section d2� /d�dE1 �Eq. �1�, Ref. 22�. It
describes the probability for an infinitesimal �calculated per
phase-space volume� flux of incoming neutrons dj�k0��ti� to
be scattered into a solid angle d� after scattering into a
window dE1 of final energy.

The intensity dC��=const, ti� collected in a detector at a
scattering angle � is then �Eq. �2�, Ref. 22�

dC�� = const,ti� = dj„k0�ti�…
d2�

d�dE1
d�dE1p�k1� , �A1�

where p�k1� contains characteristics of the spectrometer after
the sample.

The flux of incoming neutrons dj�k0��ti� is defined as �Eq.
�3� Ref. 22�

dj„k0�ti�… = p„k0�ti�…k0�ti�dk0,xdk0,ydk0,z, �A2�

where p�k0��ti� is the spectrum �per phase-space volume� of
the incoming neutrons.

The double-differential cross section is related to the dy-
namic structure factor �see Eq. �1�� in the following way:

d2�

d�dE1
= Nb2�E1

E0
S�q,�� . �A3�

We further choose our coordinate system in such a way
that the z direction coincides with the direction of k1. We can
then write d�=dk1,xdk1,y /k1

2 and dE1
k1dk1. Then, using
Eqs. �A1�–�A3� the intensity dC at the detector �Eq. �A1��
reads

dC�� = const,ti� = p„k0�ti�…dk0Nb2S„q�ti�,��ti�…p�k1�dk1.

�A4�

The above equation describes an idealized situation. In
such an ideal measurement for a given time-of-flight channel
ti there exists only one combination of k0�ti� and k1�ti� lead-
ing to one value of q�ti� and ��ti� �one point in the q-�
space�. In reality, however, the instrument has a finite reso-
lution. It means that there exist many combinations of k0 and
k1 all contributing to the same value of q�ti� and ��ti�. For
each such combination there exists a q=k1−k0 and an �
= ��2 /2m��k0

2−k1
2�. The value of the resolution function at a

given point in the q-� space R�� ,q� is obtained by integrat-
ing the probability distribution of q and � over all possible
paths �k0 ,k1� to that point48:

R��,q� =� P��,q�dk0dk1. �A5�

We define �k0=k0−k0�ti� and �k1=k1−k1�ti�. Thus,
�q=q−q�ti�=�k1−�k0. Additionally, we define ��=�
−��ti�. The point �� ,q� is placed at a distance ��q ,���
from (��ti� ,q�ti�). Thus, we can write R�� ,q� as

R„��ti� + ��,q�ti� + �q…

=� P„��ti� + ��,q�ti� + �q…d�k0d�k1. �A6�

The six-dimensional set of variables ��k0 ,�k1� can be
expressed through a four-dimensional set �q, �� using the
fact that the variables ��k0 ,�k1� are not all linearly
independent.48 The components �k0,x, �k0,y, �k1,x, and �k1,y
can be expressed as linear combinations of the components
�qx, �qy, and ��. The difference of components �k1,z and
�k0,z is equal to �qz. Now, the resolution function reads48

R„��ti� + ��,q�ti� + �q…

=� P„��ti� + ��,q�ti� + �q…d�qd�� . �A7�

The above integration is performed over a four-
dimensional volume ��qx ,�qy ,�qz ,���. Using a Gauss-
ian approximation for the probability distribution
P(��ti�+�� ,q�ti�+�q) one can derive an analytical formula
for R(��ti�+�� ,q�ti�+�q) �Eq. �14�, Ref. 48�:

R„��ti� + ��,q�ti� + �q…

= R„��ti�,q�ti�…exp�−
1

2�
k=1

4

�
l=1

4

MklXkXl� , �A8�

with X1=�qx, X2=�qy, X3=�qz, and X4=��. For a constant
value of probability one yields so-called probability ellip-
soids in the four-dimensional space.48,49

The count rate C��=const, ti� in a time-of-flight channel ti

for a detector placed at a scattering angle � is given by a
convolution of the dynamic structure factor with the resolu-
tion function given by Eq. �A7�:

C�� = const,ti� =� R„��ti� + ��,q�ti� + �q…

�S„��ti� + ��,q�ti� + �q…d�qd��

�A9�

�see Eq. �16�, Ref. 48�.
To normalize the above count rate one has to divide Eq.

�A9� by the integral, over the ��-�q space, from the reso-
lution function. This integral is equal to the product of the
volume elements V0 and V1 for the incident and scattered
neutrons, respectively.50 The volume elements are defined
as51
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V0�ti� =� p„k0�ti�…dk0 �A10�

and

V1 =� p�k1�dk1. �A11�

As the volume element V1 is constant in the inverse
time-of-flight spectrometer, the same value of V1 would
appear in the normalized count rate Cnorm��=const, ti�
=C��=const, ti� / �V0V1� for each value of the time of flight ti

and, consequently, for each mass M the neutron is scattered
from. Thus, during the normalization of the resolution func-
tion it is sufficient to divide the count rate C��=const, ti�
only by V0�ti�.

In what follows, the quantities Cnorm��=const, ti� and
Rnorm(��ti� ,q�ti�) will be defined as C��=const, ti� /V0�ti� and
R(��ti� ,q�ti�) /V0�ti�, respectively. The original derivation of
the V0 was done by Dorner22 for the incident neutron spec-
trum of the form 1/E0. To find the expression for V0 in case
of the VESUVIO spectrometer we start with the expression
for the flux f of epithermal neutrons per solid angle d� and
initial neutron energy dE0. In the case of neutrons leaving the
moderator at ISIS spallation source,

f„E0�ti�… =
1

E0�ti�0.9d�0dE0. �A12�

Bearing in mind that dE0
k0dk0 we can further write

f„k0�ti�… =
1

k0�ti�0.8d�0dk0. �A13�

Thus, the distribution of incoming neutrons n(k0�ti�) per
solid angle d� and initial neutron energy dE0 reads

n„k0�ti�… =
1

k0�ti�1.8d�0dk0. �A14�

Setting k0�ti�2d�0=dk0,xdk0,y and dk0�dk0,z one can derive
the distribution n(k0�ti�) per volume V0�ti�:

n„k0�ti�… =
1

k0�ti�3.8dk0,xdk0,ydk0,z = p„k0�ti�…dk0,xdk0,ydk0,z,

�A15�

with p(k0�ti�)=1/ �k0�ti�3.8�. Finally, the volume V0 is given
by Eq. �A10�:

V0�ti� =� 1

k0�ti�3.8dk0,xdk0,ydk0,z. �A16�

Using the relation k0�ti�2dk0d�0=dk0,xdk0,ydk0,z and
k0�ti�
1/ ti, we get dk0,xdk0,ydk0,z
d�dt / ti

4, and the volume
element V0�ti� yields22

V0�ti� 
 �
0

��0,�t0 1

k0�ti�3.8

d�dt

ti
4 


k0�ti�4

k0�ti�3.8��0�t0



E0�ti�

E0�ti�0.9��0�t0, �A17�

where �� is the constant angular acceptance of a detector
and �t0 is the constant time bin in the data acquisition elec-
tronics.

Using the Eq. �A17� one can express the normalized count
rate at a constant scattering angle Cnorm��=const, ti� as

Cnorm�� = const,ti� 
 � R„��ti� + ��,q�ti� + �q…S„��ti� + ��,q�ti� + �q…d�qd���� E0�ti�
E0�ti�0.9	 . �A18�

and the normalized resolution function as

Rnorm„��ti� + ��,q�ti� + �q… 
� P„��ti� + ��,q�ti� + �q…d�qd���� E0�ti�
E0�ti�0.9	 . �A19�
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