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We report the results of a model calculation for studying the effects of pressure on a bunch of carbon
nanotubes as well as individual nanotubes. Carbon nanotubes are extremely rigid in the axial direction. At
pressures that we work with, the deformation in the axial direction comes out to be negligibly small in
comparison to that in the transverse direction. We use the six-exponential and Brenner potentials to account for
inter- and intratube interactions, respectively. Using second derivatives of potential, Young’s modulus for
single-walled armchair, zigzag and chiral tubes of different radii have been calculated. The values found by us
in this simple model turn out to be in good agreement with other theoretical and experimental values. The
strain dependence of Young’s modulus has also been studied. We have also calculated the Poisson ratio and
shear modulus of various single-walled nanotubes. We find that hydrostatic pressure is an ideal probe to study
the radial deformations of the nanotubes. The nanotubes are considered to be flexible, identified by a flattening
of cylinders under pressure through a parameter f . We calculate the total energy of the bunches having faceted
tubes. The free energy thus calculated enables us to calculate phase changes at various pressures. From our
calculations, we find the phase transformation to occur at about 5 GPa. Young’s modulus of nanoropes has also
been calculated at various pressures and at the phase transition we obtain a discontinuity in the curve. A much
simplified form of the Brenner potential has been suggested and results are compared with those obtained from
original form of Brenner potential.
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I. INTRODUCTION

Carbon nanotubes �CNTs� have hogged immense atten-
tion from the scientific community ever since their discovery.
Their high aspect ratio, large tensile strength, the ability to
exist in either metallic or semiconducting forms, and extreme
flexibility make them promising candidates as high strength
fibers and various novel nanometer scale electronic and me-
chanical devices. These nanotubes, which are rolled up
sheets of graphite, exist in single- as well as multiwalled
forms, called single-walled nanotubes �SWNTs� and multi-
walled nanotubes �MWNTs�, respectively. It has been found
that the tensile strength of CNTs might exceed that of other
known fibers because of the inherent strength of the carbon–
carbon bond. A good deal of experimental and theoretical
work has already been done to quantify the strength of nano-
tubes, by analyzing their elastic properties, which has been
one of the most hotly disputed areas of nanotube study in
recent years. The results of various studies over the years
have shown a large variation in the value reported for
Young’s modulus, ranging from 0.6 TPa–5.0 TPa. In the rest
of this section, we summarize the results of existing experi-
ments and calculations.

In 1996, researchers at Nippon Electric Company in
Princeton and the University of Illinois measured the average
modulus to be 1.8 TPa.1 Using a vibrating beam model, the
first experimental measurements of Young’s modulus of
MWNTs were given by Treacy et al.2 The results ranged
from 0.40 to 4.15 TPa with a mean value of 1.8 TPa and an
uncertainty of 1.4 TPa. A similar study �same method� on
SWNTs by Krishnan et al.3 found an average modulus of
about 1.3–0.4/ +0.6 TPa for 27 SWNTs. Wong et al.4 mea-
sured the bending force and found Young’s modulus of
1.28±0.59 TPa for MWNTs using atomic force microscopy

�AFM�. Forró et al.5 noted that their modulus measurements
of MWNTs in 1999 �using AFM� did not strongly depend on
the diameter. Instead, they argued that the Young’s modulus
of MWNTs correlates to the amount of disorder in the nano-
tube walls. However, their evidence showed that the value
for SWNTs does in fact depend on diameter and an indi-
vidual tube had a modulus of about 1 TPa.

In 1997, Gao et al.6 calculated Young’s modulus to five
decimal places. They considered three types of SWNTs and
showed the values were dependent on the chiral vector. In
1999, Hernández and Rubio7 showed, using tight-binding
calculations, that the Young’s modulus was dependent on the
size of the SWNT. Tejima et al.,8 using tight-binding mo-
lecular dynamics �MD� method and ab initio density func-
tional theory, confirmed that nanotubes are extremely rigid in
axial direction and the Young’s modulus of the CNT is
1.06 TPa. The previous evidence would lead us to assume
that the diameter and shape of the nanotube was the deter-
mining factor for its elastic modulus. However, Zhou et al.,9

from electronic band theory, calculated its value to be about
5.0 TPa and that too independent of size and helicity of the
tubes. Sears and Batra,10 from molecular mechanics simula-
tions of axial deformations of a SWNT, found that Young’s
modulus of an equivalent continuum tube made of a linear
elastic isotropic material varies from 2.3 to 2.6 TPa and that
the wrapping indices have a very little effect on the values.
The controversy into the value of the modulus is, to a large
extent, due to the authors’ interpretation of the thickness of
the walls of the nanotube.

A large variety of experiments and simulations have been
carried out to estimate the mechanical moduli of CNTs.
However, there are still no experimentally measured values
of the shear modulus and Poisson ratio of CNTs available.
Theoretical calculations are also very few. Yu et al.,11 using
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MD simulations, showed that the shear modulus of a CNT
increases as the radius of the CNT enlarges, its value changes
from 370 to 500 GPa and the shear modulus of a zigzag
CNT is higher than that of an armchair CNT. Papadakis et
al.12 reported on the characterization of nanometer-scale
resonators in which each device incorporates a MWNT as a
torsional spring. Popov et al.13 derived an analytical expres-
sion for the Youngs and shear moduli of CNTs based on
lattice dynamics model. An extensive study of various elastic
constants of CNTs, Youngs modulus, shear modulus, and
Poisson ratio have been done by Lu14 using an empirical pair
potential. The empirical Tersoff–Brenner15,16 potential has
been used to model the interatomic forces.

Not only the deformations in the axial direction, but the
behavior of the nanotube ropes under pressure along the ra-
dial direction, remain a topic of interest. Since the deforma-
tion of the cross section of the tube may affect various prop-
erties, it is of prime importance to study the behavior of
SWNT bundles under pressure. There exists various theoret-
ical and experimental evidence available in literature, indi-
cating the pressure driven transformations in SWNTs. Ches-
nokov et al.17 conducted the experiment up to a pressure of
about 27 kbar and observed a large and reversible volume
loss of the SWNT bundles. Several Raman spectroscopy
studies have also been reported; e.g., Venkateswaran et al.18

made investigations on the pressure dependence of the Ra-
man active radial and tangential breathing modes of SWNT
bundles and attributed the disappearance of radial mode in-
tensity beyond 1.5 GPa to the faceting of nanotubes under
pressure. Peters et al.19 studied Raman shifts and reported a
structural phase transition at a pressure of about 1.7 GPa.
Recent measurements by Tang et al.20 suggest that the tubes
of diameter of about 14 Å may be slightly polygonized even
at zero pressure, although this polygonization is more promi-
nent for higher pressures and obtained a structural distortion
at about 1.5 GPa, which is reversible up to a pressure of
4 GPa. Lopez et al.21 observed the faceting of tubes of about
17 Å diameter from high-resolution transmission electron
microscopy image. They also did MD simulations and found
that the equilibrium configuration of the lattice corresponds
to circular tubes; however, the lattice of faceted tubes is very
close in energy. Rols22 performed neutron diffraction studies
up to 50 kbar and found that shape deformation dominates
the compression process around 20 kbar pressure. However,
x-ray studies conducted by Sharma et al.23 showed the van-
ishing of the diffraction line thus indicating a phase transi-
tion �10 GPa, which is not related to uniform flattening
and/or uniform faceting of tubes but is due to loss of trian-
gular lattice and this lattice reappears on unloading of pres-
sure from �13 GPa. Karmakar et al.,24 using in situ x-ray
diffraction and Raman scattering techniques, studied the be-
havior of SWNTs bundles under nonhydrostatic pressures. It
was seen that the diffraction line corresponding to the two-
dimensional triangular lattice in the bundles is not reversible
for pressures beyond 5 GPa, in sharp contrast to earlier re-
sults under hydrostatic pressure conditions.

Therefore, a complete understanding of these pressure de-
pendent transitions is still required. In this paper, we report
calculations showing the reversible deformation of tubes
from the circular to hexagonal cross section with an increase

in pressure. We have made an effort to study the mechanical
characteristics of SWNTs under axial strain and torsion in
this paper. Young’s modulus, shear modulus, and Poisson
ratio of a series of nanotubes with different chiral and achiral
geometries have been calculated. We have also calculated the
Young’s modulus of the bundle having deformed �or faceted�
tubes. The algebraic expressions to obtain energy and elastic
constants are also obtained.

In this paper, we have a given good qualitative picture to
understand the pressure dependent tube deformations
through a simple model. Though as we have already dis-
cussed, many other authors have also calculated Young’s
modulus, shear modulus, and Poisson ratio. But since we
want to study the radial deformations of the nanotubes using
hydrostatic pressures, it is useful to study these axial defor-
mations, also. In addition to this, we have calculated the
strain dependence of Young’s modulus of SWNTs and pres-
sure dependence of Young’s modulus of nanoropes, also. The
Brenner potential, especially the second term—which looks
formidable to be handled algebraically—has been cast into a
much simplified convenient form with certain approxima-
tions. Using this form, various quantities can be calculated
analytically by just substituting the values in simple formu-
lae. The potentials used are CuC interactions of the
Brenner–Tersoff type for intramolecular and six-exponential
for intermolecular interactions.

II. MODEL AND CALCULATIONS

The interaction between two carbon atoms on the same
tube is modeled by an effective short-range potential of
Tersoff–Brenner form. The potential energy between the at-
oms i and j on the same tube separated by a distance rij is of
the form:

U�rij� = fc�rij��Ae−�1rij − bijBe−�2rij� , �1�

where fc is a cutoff function which is simply taken as:

fc�r� = �
1, r � �s − D� ,

1

2
−

1

2
sin�1

2
��r − s�/D� , �s − D� � r � �s + D� ,

0, r � �s + D� .
	

�1a�

This form of cutoff, which goes from 1 to 0 in a small range,
from r=1.8 Å to r=2.1 Å, and ensures that the potential ap-
plies only to those atoms which lie within a distance of 2.1 Å
from each other, is continuous, and has a derivative for all r.
s and D are both the potential parameters which are tabulated
below in Table I. s is chosen to include only the first-
neighbor shell. The function bij is an algebraic expression
involving several parameters. It implicitly includes the bond
order and depends on local atomic environment. All devia-
tions from a simple pair potential are ascribed to the depen-
dence of bij upon the local atomic environment. Specifically,
the bonding strength bij for the pair ij should be a monotoni-
cally decreasing function of the coordination of atoms i and
j. bij has the following form:
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bij =
1

�1 + �n�ij
n �1/2n , �1b�

where

�ij = 

k

fc�rij�g��ijk�exp��3
3�rij − rik�3� �1c�

with

g��� = 1 +
c2

d2 −
c2

�d2 + �h − cos ��2�
. �1d�

In Eq. �1c�, the summation over k runs over neighbors of i
leaving out j; and �ijk is the angle between bonds ij and ik.

Most of the parameters used in this potential are taken to
be the same as those given by Tersoff16 except for a few, A,
B, �1, and �2, which are modified by us in order to get a
better fit to the bond length and cohesive energy of graphite.
These parameters are tabulated in Table I. �3 is taken to be
equal to 0.

Upon rearranging the terms in Eq. �1�, the Brenner poten-
tial can be written in a much simpler form, with a few ap-
proximations; as shown in Appendix A.

A. Bending energy of a single-walled nanotube

Each tube is an elastic sheet bent into a cylindrical form.
Upon bending the graphene sheet to form a tube, the angles
between neighboring bonds change. So the bonding strength
bij also changes. Using the Tersoff–Brenner potential with
modified parameters, bending energy for SWNT of the “arm-
chair” variety with various radii R are calculated �shown in
Table II�. We consider a rolled up graphene sheet consisting
of a certain number of hexagonal rings along its circumfer-
ence. The coordinates of C atoms on such a cylinder are
known �they are generated using those of graphene�. The
total bond energy for this configuration, using the Brenner
potential �Eq. �1�� is calculated. Before folding the graphene
sheet, its energy is minimized. But when it is folded to form
a tube, it might happen that the tube is not in a minimized

configuration and, therefore, the coordinates are adjusted a
little until the total energy obtained reaches a minimum
value. This is repeated for various diameters of tube. We find
that these calculations are in close agreement with the Quan-
tum Molecular Dynamical calculations performed by Adams
et al.25 Bending energy, Ebending, is defined as the difference
in the bond energies of a tube compared to the total bond
energy of same area of a plane sheet of graphene.

Figure 1 is a plot of energy per unit area of tube surface
�due to bending� as a function of the inverse square radius of
the tube. It follows that when a piece of graphene sheet is
bent to form part of a cylinder of radius r, the energy spent is
proportional to 1/r. Thus, the graph between the bending
energy per unit area and 1/r2 is a straight line as shown.
Expressing the total bending energy associated with the tube
in terms of a constant co,

Ebending =
�coL

r
, �2�

where L is the length of the tube and we have calculated the
value of elastic bending constant, co, for armchair, zigzag,
and chiral tubes, tabulated in Table III.

III. EFFECT OF THE PRESSURE APPLIED AXIALLY
ON THE TUBE

By applying the pressure along the tube axis, various elas-
tic moduli have been calculated. The estimation of these
elastic moduli requires the knowledge of the “wall thick-
ness” of the tubes if we consider it to be a hollow cylinder.
Some authors take it to be equal to .66 Å �Ref. 26� and some

TABLE I. The short-range potential parameters.

A
�eV�

B
�eV�

�1

�Å−1�
�2

�Å−1�
s

�Å�
D

�Å�
�

�10−7� n
c

�104� d h

Brenner–Tersoff 1393.6 346.7 3.4879 2.2119 1.95 .15 1.5724 .72751 3.8049 4.3484 −.57058

Ours 1380 349.4 3.5679 2.2724 1.95 .15 1.5724 .72751 3.8049 4.3484 −.57058

TABLE II. Bending energy for tubes of different radii.

Radius �Å� Energy per atom �eV� E�QMD�a

3.39 .183 .182

4.07 .126 .126

5.43 .070 .071

6.78 .044 .045

aSee Ref. 12.
FIG. 1. Energy per unit area as a function of radius of curvature

for �n ,n� tubes �a=lattice constant of the graphene sheet=2.46 Å�.
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consider it to be 3.4 Å,13,14 equal to the adjacent layer sepa-
ration in graphite. We too have adopted the conventional
thickness of 3.4 Å.

A. Young’s modulus

We first obtain the position coordinates of carbon atoms
on the surface of a nanotube of given chirality �n ,m� �Ref.
27� and length �taken to be �50 Å in this case�. The coor-
dinates are first generated by taking into consideration the
geometry and chirality of a given nanotube and then the tube
is allowed to relax under the given potential until we get the
minimized stable configuration. We then consider the same
tube under longitudinal stress. This stress is simulated by
either taking a slightly elongated �tensile stress� or shortened
�compressive stress� tube. The coordinates of the rest of the
atoms of the tube are varied till minimum energy is obtained.
The potential energy �PE� curve thus obtained �a sample is
shown in Fig. 2�.

The force which produces a certain extension, say l− l0 �or
	l�, is obtained by the first derivative at l, since

F = −
�U

�l
. �3�

The standard expression for Young’s modulus is

Y =
F/a

	l/l0
, �4�

where l0 is the length of the tube and a is the cross-sectional
area.

Since, around the minimum,

U = k�	l�2, �5�

where k is a constant given by k= � 1
2�2U /�l2�0, we obtain

Y = � l

a

�2U

�l2 
0
. �6�

This quantity �right-hand side �rhs� of Eq. �6�� is plotted in
Fig. 3. In this figure, calculations are presented for various
armchair, zigzag, and chiral tubes. Some of these values are
presented in Table IV for comparison. These calculations for
Youngs modulus of SWNTs match quite accurately �within a
few percent� the previously done work.

From Fig. 3, we find that as the radius of the tubes in-
creases, Young’s modulus is approaching a constant value,
and for large diameters the value becomes equal to that of
graphene sheet.

By increasing the axial strain, i.e., by further compressing
or elongating the tubes, we again minimize the structures and
get a new value of Young’s modulus, Y at enhanced positive
�tensile� or negative �compressive� stress values. We have
done this calculation for a number of tubes, with different
diameters and chiralities �one such case, for �10,10� tube is
shown in Fig. 4�. Variation in the value of Y is due to anhar-
monicity, as can be seen as follows.

If instead of Eq. �5�, we take a few more terms in the
expansion of energy, then it becomes,

U − Uo = k�	l�2 + p�	l�3 + r�	l�4. �7�

Parallel to Eq. �6�, the expression for Young’s modulus of a
tube, already stretched by an amount 	l, is given by

Y = � l + 	l

a

�2U

�l2 �
	l

,

which from Eq. �7� yields

Y �
2l

a
�k + 3p	l + 6r�	l�2� . �8�

On fitting the curve in Fig. 2 to the form in Eq. �7�, we get

k = 0.01325 eV/Å2, p = − 0.00063 eV/Å3, and

r = 2 
 10−5 eV/Å4. �9�

From Eq. �8�, using the values of coefficients from Eq.
�9�, we get the curve shown in Figs. 4�a� and 4�b�, showing
variation of Young’s modulus with axial strain and as a func-

TABLE III. Elastic bending constant for different tubes.

Tube co �eV�

�n ,n� 1.54

�n ,0� 1.64

�2n ,n� 1.69

FIG. 2. PE curve for a �10,10� tube.

FIG. 3. Young’s modulus for different tubes.
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tion of stress. From Fig. 4, we find that it is easier to elongate
the tube than to compress it as compressive stresses, the
Young’s modulus increases, and at tensile stresses, its value
decrease as compared to the value at zero stress.

B. Shear modulus

Next, a twist is applied to the tube of a given chirality and
diameter, keeping one of its ends fixed. The total torsion that
has to be given to the tube has been distributed equally along
the whole length of the tube, and again the coordinates of the
tube in minimum energy configuration are obtained �see Fig.
5�. Based on the theory of elasticity, shear modulus is given
by �Appendix B�

G =
Tlo

�J�t�
, �10�

where T, lo, and J�t� stand for the torque acting at the end of
the SWNT, the length of the tube, the total torsion angle that
is applied to the tube, and the cross-sectional polar moment
of inertia of the SWNT, respectively. The polar inertia J�t� is
a function of wall thickness and for a SWNT with radius ro
and wall thickness t, is given by �Appendix B�

J�t� =
�

2
��ro +

t

2
4

− �ro −
t

2
4� . �11�

Using Eq. �11�, the shear modulus related to the tubes having
different diameters and chiralities have been obtained and
some of these are tabulated in Table IV. It is observed that

shear modulus increases upon enlarging the tube diameter
and its value for the zigzag tube is a little higher than that for
armchair tube. This is in accordance with Yu et al.11

C. Poisson ratio

Another mechanical property of interest is the Poisson
ratio, �, which is given by the variation of the radius of
SWNT resulting from applying the axial strain on the tube.

� = −
lateral strain

longitudinal strain
= −

	r/ro

	l/lo
= −

rs − ro/ro


, �12�

where =	l / l0=axial strain, rs is the radius of the strained
tube, and ro is the radius of the unstrained tube.

The longitudinal stress is applied on the tube by elongat-
ing or compressing it, and the coordinates of the atoms on
the tube are allowed to relax until a stable configuration with
minimum energy is obtained. The radius of this minimized
configuration gives us rs corresponding to that particular
axial strain. We have calculated � for the tubes under study.
Poisson ratio for various tubes are tabulated in Table IV. This
value is considerably smaller than the value �=.28 given by
Lu14 but closer to the value �=.19 obtained by Yakobson et
al.26 using Tersoff–Brenner potential. The corresponding
magnitude along the basal plane in graphite is �=.16.28,29

IV. SIMPLIFIED BRENNER POTENTIAL

Brenner potential �Eq. �1�� can be re-written, with certain
approximations, as �details to derive this expression are
given in Appendix A�

TABLE IV. Elastic moduli for some of the tubes.

Tube
Radius
�nm�

Y �TPa� � G �GPa�

Present Ref. 7 Present Ref. 28 Present Ref. 11

armchair �5,5� 0.346 1.11 1.22
��6,6��

0.145 .14 265.60

�10,10� 0.6878 1.23 1.24 0.148 .16 344.30 370

�15,15� 1.032 1.246 1.25 362.10

�20,20� 1.371 1.25 369.30

�30,30� 2.059 1.254

zigzag �9,0� 0.361 1.16 1.22
��10,0��

0.132 .19 �10,0� 303.41

�17,0� 0.673 1.227 1.26
��20,0��

0.151 355.75 375

�30,0� 1.183 1.247 371.07

�40,0� 1.573 1.251 374.20

�50,0� 1.969 1.253

chiral �8,4� 0.420 1.176 0.145 .18 176.41

�12,6� 0.630 1.20 0.147 302.41

�20,10� 1.050 1.246 350.99

�26,13� 1.365 1.249 361.49

�40,20� 2.1 1.258
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U�rij� = Ae−�1rij − Be−�2rij�1 − D�

k

�h − cos �ijk�2�n�
�13�

where, D, a constant, has the value 0.49486792.

As a test case, then we take a graphene sheet and numeri-
cal accuracy of this form is tested for two cases; in first case
taking only bond deformation, and in the second case con-
sidering only the bond bending.

Considering the bond angles to be fixed, we get PE as

U = Uo + x�	l

lo
2

,

and for rigid bonds, PE can be written as

U = Uo + y�2.

We find a close agreement, as shown in Table V, between the
values that were obtained numerically and those which were
obtained using this approximate form, thereby confirming its
numerical accuracy.

We then apply this modified form to find Young’s modu-
lus and Poisson ratio of a graphene sheet using the expres-
sion in Eq. �13�, quite conveniently, shown in Appendix A.
Young’s modulus and Poisson ratio comes out to be
1.272 TPa and 0.147, respectively. While from numerical
work described above, they are 1.29 TPa and 0.16, respec-
tively. These are tabulated in Table V.

Similarly, algebraic estimates may be made of moduli of
the various tubes, which would take the load off computa-
tional efforts.

V. EFFECT OF PRESSURE APPLIED LATERALLY
ON A SINGLE-WALLED NANOTUBE

Upon applying the lateral pressure on a SWNT by shrink-
ing and expanding the radius of the tube, the tube is again
minimized to get the stable structure, and thus we find the PE
as a function of lateral strain, shown in Fig. 6. We found that
upon applying the pressures that we are working with, i.e., of
GPa range, the axial deformation produced in the tubes is
negligibly small and this has repercussions while studying
the effect of pressure on bundles.

VI. EFFECT OF THE PRESSURE APPLIED
ON THE ROPES

In a bundle consisting of identical nanotubes, they are
arranged in a two-dimensional hexagonal close packed struc-

FIG. 4. �a� Young’s modulus for a �10, 10� tube as a function of
axial strain. �b� Young’s modulus for a �10, 10� tube as a function of
force applied on the tube.

FIG. 5. Shear modulus for various tubes. �dots are calculated
points, curves are a guide to the eye�. FIG. 6. PE as a function of lateral strain.
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ture �forming “nanoropes”�, interacting via weak van der
Waals �vdW�-type attractive forces, shown in Fig. 7�a�. Usu-
ally, the cylindrical tubes are assumed to be circular in cross
section. However several authors, on general considerations,
predicted them to be deformed either elliptically or having
facets due to the vdW forces between the neighboring tubes
in a bundle, shown in Figs. 7�b� and 7�c�.

These deformations are prominent for larger diameter
tubes or when an external strain is applied perpendicular to
the long axis of the tubes. Even an isolated tube assumes a
flattened or collapsed structure whose extent depends largely
on the diameter of the tube.16 Further, it is harder to distort a
MWNT than a SWNT.17

As the hydrostatic pressure is applied on a bunch, the
axial deformation is very small as presented in Sec. V and
therefore, we have considered only the bond bending and
deformation of tubes. As the applied hydrostatic pressure on
a bunch is increased, the tubes move closer together, moving
against vdW forces. When two neighboring tubes are suffi-
ciently close, they may flatten because of strong repulsive
forces at short distances. This flattening increases the area of
contact, whereby a larger number of atoms come closer, low-
ering the energy via vdW interaction. However, this also in-
creases the curvature at the corners. Figure 7�c� shows the
expected cross section of the tubes once such a flattening has
taken place, taking into account the fact that each tube is
surrounded by six neighbors, hence six-sided faceting. The
increase in curvature results in the mechanical energy of
bending being raised. These two processes compete in en-
ergy. In order to study this, we model the distorted �or fac-
eted� tube with the help of a distortion factor f . A fraction f
of the total area of a tube is in six flat portions and the rest is
comprised of six rounded corners. The cross section of such
tubes corresponding to different values of f are shown in Fig.
8�a�. The excess energy of bending of such a distorted tube

over one with circular cross section, using Eq. �2�, is given
by

Ubending = �coL�1

�
−

1

r
 , �14�

where r is the radius of the undistorted �circular cross sec-
tion� tube and � is the radius of curvature at the corner after
distortion �faceting�. � depends on the deformation param-
eter as �= �1− f�r. L is the length of the tube under consid-
eration. We show later that f plays the role of order param-
eter for a faceting phase transition. We first evaluate the
lattice energy of such a bunch. We consider parallel identical
tubes with a given f , arranged on a close-packed two-
dimensional lattice �Fig. 7�a��. Instead of using the atom-
atom interactions for this calculation, we have used the con-
tinuum shell approximation in which each tube is supposed
to be comprised of a large number, N, of evenly distributed
thin parallel rods or lines of C atoms parallel to the axis �Fig.
8�b� and 8�d��. The linear density of C atoms on each rod
depends on the number of rods being used, since the areal
density of the C atoms on a tube wall is a constant. To find
the total interaction energy of this lattice, we sum over inter-
actions between all rod-rod pairs in the system, except in-
tratube interactions, i.e.,

Utot =
1

2

i,j

�Vij , �15�

where prime excludes ij pair belonging to same tube. The
interaction Vij is obtained by integrating the six-exponential
potential over two parallel lines separated by a distance r

U�r� = −
A

r6 + Be−�r, �16�

where the interaction parameters A, B, and � are
358 kcal mol−1 Å6, 42000 kcal mol−1, and 3.58 Å−1, respec-
tively, as provided by Kitaigorodsky.30 Integrating this ex-
pression over two parallel lines, we get

Uij � U�rij� = �−
3�

8

A

rij
5 + 2BrijK1��rij���2L , �17�

where L is the length of each tube, infinitely long in the limit,
� is the linear density of the C atoms on each rod, K1 is a
modified Bessel function, and rij denotes the distance be-
tween the two parallel rods. From Fig. 8�c�, the distance, rij
is given by

TABLE V. Comparison of the numerical values and those obtained using the approximate form of
Brenner potential.

x �eV� y �eV� Young’s modulus �TPa� Poisson ratio

Numerical
calculations

59.63 14.733 1.29 0.16

Analytical
calculations

60.38 15.3 1.272 0.147

FIG. 7. Cross section through bundle of nanotubes: �a� Undis-
torted tube cross section, �b� elliptically deformed tubes, and �c�
faceted tubes.
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rij = ��d + r cos �2 − r cos �1�2 + �r sin �2 − r sin �1�2.

Each rod is, however, not continuous and is made up of
atoms. We take it to be continuous as the continuum model

has successfully reproduced the bulk and lattice properties of
C60 and C70 solids in the past.31,32 We can calculate the in-
teraction energy between two SWNTs by assuming a
smeared out continuous tube model having a uniform distri-
bution of carbon atoms on their surfaces and integrating
CuC interactions over this distribution. However, instead
of doing this integration, we have performed the numerical
summation over interactions of rods of a given tube with the
rods of its neighbors to get the total tube-tube interaction.

The lattice energy of such a configuration is found by
numerically summing over interactions of rods of a given
tube with those of all its neighbors. We performed the calcu-
lations taking varying number of rods per tube and find that
48 rods per tube and a lattice distance of one neighbor gives
sufficient numerical accuracy for studying energies and
phase transitions. Here, the calculations are given for
13.56 Å diameter tubes, corresponding to �10,10� CNTs.

To the lattice energy thus obtained, we add the bending
energy of the distorted tubes according to Eq. �10�. We thus
obtain U�f ,d�, the total energy of the lattice as a function of
lattice size, given by d, and the distortion parameter f . For a
given f , the equilibrium lattice constant do is obtained by
plotting U against d and identifying coordinates where the
minimum of energy occurs. Figure 9 shows such minima for
three values of f −do�0�, do�0.3�, and do�0.5�. These same
curves are used to find pressure, as follows. At zero pressure,
the system would be in equilibrium with d=do. However,
when compressed, it would acquire a state with d such that

U = Uo + P	V , �18�

such that

	V = �3�do
2 − d2� , �19�

where we have used V=�3d2, V being volume per tube per
unit length.

Thus, from the given curve �Fig. 9� for U versus d, we get
U versus P. This U �Eq. �18�� is the Helmholtz free energy at
T=0 by definition. At a given P, when one compares free
energy U�f� for all f , the stable system is given by minimum

FIG. 8. �a� Cross sections for tubes of various distortion, with
factor f = �i� 0.0, �ii� 0.3, �iii� 0.6, and �iv� 0.9. �b� Two identical
nanotubes showing lines of C-atoms parallel to the axis. �c� Two
rods on two tubes showing rij. �d� Cross section of a faceted tube.
Each dot represents a rod of C atoms. The larger the number of
dots, the closer the model to continuum limit.

FIG. 9. The interaction energy between two bucky tubes. The
three curves are for circular cross section, slightly distorted �fac-
eted�, and dominantly faceted tube cross sections.
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U�f�, i.e., system adopts that f for which U is minimum for
that pressure. This yields f versus P curve, Fig. 10. This
shows that for P� Pc, f =0, gives a stable configuration;
whereas for P� Pc, f rises as P increases. At t=0, Pc is the
initial point where the order parameter f begins to rise above
zero. Once we have f versus P for a particular P, we can
pick up R corresponding to appropriate f . Thus, we have d2

�or V� versus P. This is shown in Fig. 10. The P-V curve has
a kink at Pc.

However, we have repeated this calculation for various
tube diameters and found out the critical pressure corre-
sponding to each tube. From our model, we found that about
34 Å diameter tubes show faceting even at ambient condi-
tions, however Tersoff,33 using the valence force model for
atomic interactions within the tube and 6-12 potential for
vdW interactions, found this for 25 Å diameter tubes and
Lopez et al.,21 from MD simulations with short-range Ter-
soff’s potential and long-range many-body potential, con-
clude that polygonization can be observed, under proper con-
ditions, in tubes as small as 17 Å, and remarked it should be
observed more frequently in bundles of tubes of larger diam-
eters.

Phase transition also depends on the value of the elastic
bending constant. A lower value of this constant makes the

discontinuity in the compressibility curve come at a lower
pressure, e.g., co=15 kcal/mole corresponds to a transition
at a pressure=1.7 GPa. However, for Brenner potential used
by us, co=35.5 kcal/mole.

Similarly, the compressibility, K, is obtained from the
P-V curve as

K = −
1

V

�V

�P
. �20�

This quantity also shows a huge discontinuity at Pc �see Figs.
11–13�.

VII. YOUNG’S MODULUS OF SINGLE-WALLED
NANOTUBE ROPES-UNDEFORMED AND DEFORMED

When pressure is applied laterally to a rope, the tubes
become faceted at and above a critical pressure Pc. If we
denote by Yt, the Young’s modulus of a single SWNT in the
bunch, then that of the rope, Yr, is a simple function of Yt
and the lattice distance d between two nearest-neighbor
tubes. This is given by Eq. �24� which is derived as follows.

FIG. 10. Deformation parameters corresponding to stable con-
figurations at various pressures.

FIG. 11. Variation of volume with pressure.

FIG. 12. Critical pressure �Pc� for phase transition between cir-
cular and faceted tube cross sections in a bunch, shown for various
tube diameters.

FIG. 13. Variation of compressibility with pressure. The solid
points represent the points at which calculation was made.
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If F /A denotes the force �directed along the tubes’ axes� per
unit area of a SWNT rope, then the force per rope is given by

� =
F

A

�3

2
d2. �21�

The second factor on the rhs is the area per tube in the cross
section of the rope �Fig. 7�a��, where d denotes the nearest-
neighbor distance in this lattice. If the rope �as well as all its
constitutent SWNTs� suffers elongation 	l, its original
length being lo, then

Yr =
F/A

	l/lo
. �22�

We have defined Young’s modulus of a tube, Yt, as

Yt =
�/ao

	l/lo
, �23�

where ao=2�rt, as in Eq. �6�. Thus, Yr and Yt are related as

Yr =
2ao

�3d2
Yt. �24�

For single tubes which have undeformed circular cross sec-
tions, a SWNT has been studied in Sec. III for no lateral
pressure and in Sec. V incorporating lateral pressure. For a
bunch, when lateral pressure P� Pc, the intertube spacing d
decreases and according to Eq. �24�, Yr changes. For P
� Pc, in addition to d, shape of the SWNTs also change,
causing a change in Yt. Yt for a deformed tube is calculated,
making use of Yo, that of a graphene sheet and a knowledge
of Y�r�, Young’s modulus of tubes of varying circular cross
sections of radius r. This estimate is presented below.

Since a deformed tube is comprised of six sheets of
graphene �shown as a solid line in Fig. 14� and six pieces of
1 /6th fraction of tube �shown as dotted lines in Fig. 14�,
change in energy of the deformed tube after stretching by an
amount 	l is given by

	U = 	Ug + 	Ut, �25�

where 	Ug denotes the change in energy of the graphene
sheet and 	Ut is the change in energy of a tube of radius r�,
which is the radius of the effective tube after deformation.
We have r�=r�1− f�, where f is the deformation parameter or
distortion factor.

Using the standard expression for any wire,

	U =
1

2
Y

a

l
�	l�2. �26�

We express the energy of the whole deformed tube as

	U =
1

2
Yo

f�2�r�t
l

�	l�2 +
1

2
Y�r��

�1 − f��2�r�t
l

�	l�2,

�27�

where r is the radius of the undeformed tube and t is the
usual sheet/wall thickness taken to be 3.4 Å in this work.
From this expression, Young’s modulus of the deformed
SWNT is given as

Yt = Yof + Y�r�� . �1 − f� , �28�

where, Yo is the Young’s modulus of graphene sheet, which
by our calculations comes out to be equal to 1.29 TPa, and
Y�r�� is Young’s modulus of a tube of radius r�. The value of
f changes with pressure, and hence Yt. At pressures P� Pc,
f =0

Yt = Y�r�� = Y�r� .

The variation of Yt with pressure for a �10,10� tube is shown
in Fig. 15�b�.

FIG. 14. A faceted SWNT where the solid lines represent the
graphene sheet and dotted lines represent the parts of a tube.

FIG. 15. �a� Pressure dependence of Young’s modulus of a na-
norope of �10,10� tubes. �b� Pressure dependence of Young’s modu-
lus for a single �10,10� tube.
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The young’s modulus of a nanorope, consisting of �10,10�
tubes, as a function of pressure is shown in Fig. 15�a�.

VIII. DISCUSSION AND CONCLUSIONS

Young’s modulus, shear modulus, and Poisson ratios of a
variety of tubes having different chiralities and sizes have
been obtained using the Tersoff–Brenner potential for the
interaction between C atoms. Since these elastic moduli de-
pends on the wall thickness of the tubes as we are consider-
ing it to be a hollow cylinder, we take it to be equal to 3.4 Å,
equal to the adjacent layer separation in graphite. Yakobson
et al.26 and Zhou et al.,9 however, assume the pi-bond length
0.66 Å as a better choice for wall thickness. However, for
Young’s modulus of nanoropes, such considerations are not
required, as we can use area of the cross section of the whole
rope. In the case of SWNTs, how to choose this value re-
mains a question for experimentalists as well as theoreticians
as it is necessary to interpret the experimental observations
on the basis of some mechanical model, usually a hollow
cylinder with a certain wall thickness. The values thus ob-
tained for Young’s modulus and shear modulus come out to
be in close agreement with other authors works. The value of
Y is in very good agreement with the experimental value
obtained by Krishnan and co-workers3 for SWNTs
�1.25 TPa�. It is also in rather good agreement with the value
reported by Wong et al.4 of 1.28 TPa for MWNTs. But since
Young’s modulus depends mainly on intratube interactions,
values for MWNT and SWNT should be expected to be quite
similar. However, the values given by Lu et al.14 are some-
what smaller than others ��.97 TPa�. The Young’s modulus
given by these authors and that obtained by us are tabulated
in Table VI for comparison. All calculated values of Young’s
modulus when scaled by the factor equal to the area of cross
section of their respective calculations converge to similar
values. The shear modulus also comes out to be in close
agreement with those given by Yu from MD simulations. Our
results agree with the expectation that the value of moduli
are smaller for small diameter tubes and in the limit of large

radii, these values correspond to that of graphene sheet.
Next, we show that the strain dependence of Y, �Y /�, is
equal to −7.5 TPa at =0 and equals −3.6 TPa at =0.05.

According to Newton’s formula, the velocity of sound is
related to Young’s modulus and density of the material � as,
�=�Y /� and the value of Y for �10,10� tube corresponds to
velocity of longitudinal sound=1.995 cm/�s.

After studying the axial effects in a SWNT under pres-
sure, we have applied the pressure changes in a nanorope.
The discontinuity in the compressibility curve indicates a
structural phase transition at a pressure of about 5 GPa.
Since the order parameter f changes continuously across Pc,
though its first derivative is discontinuous, we identify it as a
second-order phase transition.

This result is not very compatible with the values ob-
tained experimentally, but the work presented here gives a
good qualitative understanding of the pressure induced phase
transitions. From our model, we found that about 34 Å di-
ameter tubes show faceting even at ambient conditions; how-
ever, Tersoff33 found this for 25 Å diameter tubes and Lopez
et al.21 observed this faceting for 17 Å tubes. This indicates
that the continuum model, used by us for making calcula-
tions, make the tubes a little harder, thereby explaining the
transition appearing at a higher pressure than observed ex-
perimentally. We next calculate the Young’s modulus of the
rope, making use of Y found earlier for the SWNTs. This
value ��0.495 TPa� is in close agreement with the value of
0.563 TPa given by Lu13 for nanoropes consisting of �10,10�
tubes. The curve, Fig. 13, showing the pressure dependence
of Yr, shows a discontinuity at the phase transition.

Finally, the Brenner potential modified and is reduced to a
much convenient form, using certain approximations, with
sacrifice in the numerical accuracy only upto 4%. Using this
form, it is possible to calculate the Young’s modulus and
Poisson ratio of graphene sheet analytically and is compared
well with the values obtained numerically using the original
form of Brenner potential. This form can thus make the com-
putations much easier and handy. With this form, bond bend-
ing and bond stretching can be easily understood quantita-
tively since we can compare both of them through their
coefficients which is not possible to do numerically.

In full quantum mechanical calculations, some variations
may be present, albeit it is likely that these deviations are
small, especially for larger radius tubes. These deviations
also affect the geometry of the tubes, which also deviate
from the ideal.34 However, these deviations are not signifi-
cant while studying the lattice dynamical properties and have
a role to play in electronic structure calculations.

In conclusion, we have investigated elastic properties of
nanotubes and nanoropes using an empirical pair potential. A
SWNT is much stiffer than steel for which the Young’s
modulus is about 200 GPa. We use the hydrostatic pressure
as a probe to study the radial deformations of the nanotubes.
We find that these crystalline nanoropes are highly aniso-
tropic as far as their elastic properties are concerned. These
are very soft radially and stiff in the axial direction and these
properties of nanoropes—light, flexible, and stiff make them
promising candidates for composite materials. The strain de-
pendence of Young’s modulus of SWNTs and pressure de-
pendence of Young’s modulus of nanoropes have been stud-

TABLE VI. Calculated and measured values of Young’s
modulus.

Reference
Young’s modulus �TPa� and

wall thickness

Treacy et al. �Ref. 2� 1.8

Krishnan et al. �Ref. 3� 1.3

Wong et al. �Ref. 4� 1.28

Hernandez et al. �Ref. 7� 1.24 �3.4�a

Minami et al. �Ref. 8� 1.06

Zhou et al. �Ref. 9� 5.1 �0.71�a

Sears and Batra �Ref. 10� 2.3–2.6 �1.34�a

Lu �Ref. 14� 0.97 �3.4�a

Yakobson et al. �Ref. 26� 5.5 �0.66�a

This work. 1.24 �3.4�a

aThe quantity in parantheses gives the value of wall thickness in Å
taken by respective calculations.
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ied for the first time. These show interesting features at some
critical pressure values which motivates further experimental
work on pressure dependent studies of Young’s modulus,
both for SWNTs and nanoropes.
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APPENDIX A

From Eq. �1�, within bond limits, fc�rij� can be taken
equal to one for rij pair and so the Brenner potential is given
as:

U�rij� = Ae−�1rij − bijBe−�2rij , �A1�

where bij has the following form:

bij =
1

�1 + �n�ij
n �1/2n , �A2�

where

�ij = 

k

g�� jk� , �A3�

with g���=1+c2 /d2−c2 /d2+ �h−cos ��2.
In Eq. �A3� the summation over k runs over neighbors of

i leaving out j, and �ijk is the angle between bonds ij and ik.
For a hexagonal sheet, not too badly deformed, � remains
close to 2� /3. Therefore, �h−cos ���−.07, and, d being
equal to 4.3484,

� �h − cos ��
d

�2

� 1.

Making use of c, d, and g quoted in Table I, we have

g��� � 1 +
c2

d2�h − cos �

d
�2

� O�104� �A4�

and

�

k

g��ijk� � O�10−3� . �A5�

Substituting this into Eq. �A2�, we get

bij = �1 + ���ij�n�−1/2n � 1 −
�n

2n�

k
� c�h − cos �ijk�

d2 �2�n

�A6�

Equation �A1� can now be written as

U�rij� = Ae−�1rij − Be−�2rij�1 − D�

k

�h − cos �ijk�2�n�
�A7�

where D=1/2n��c2 /d4�n=0.49486792.
Now, for a hexagonal network, k runs over two neighbors,

i.e., k=1,2. For both of these, in an undistorted network, �

=120°. From Eq. �A7�, U�rij�=Ae−�1rij −0.9827Be−�2rij. This
holds for all the bonds in the plane. The equilibrium bond
length is given by

bo =
1

�1 − �2
ln� �1A

0.9827 
 �2B
 = 1.422A ° .

If we use the original Eq. �A1�, one gets bo=1.4217A°,
which corroborates the approximations that we used to reach
this much simplified expression.

Now consider a graphene sheet having bond length equal
to bo and �=120° �see Fig. 16�. Upon applying the force in
the axial direction, the bond lengths become b1 and b2 where

b1 = bo + 	1, b2 = bo + 	2;

and the bond angles become

� = 120 ° + �, � = 120 ° − �/2.

The length of the hexagon is given by

l = 2b2 sin
�2

2
= 2b2 sin�120 ° + �

2
 � 2�bo + 	2���3

2
+

�

4
� .

�A8�

In the undistorted sheet, the length is

lo = �3bo. �A9�

Thus, we have the change in length per hexagon as

	l � �3	2 +
bo

2
� �up to first-order in small quantities� .

�A10�

The above two equations yield

	l

lo
=

	2

bo
+

�

2�3
, or, �A11�

	2 =
	l
�3

−
bo

2�3
� . �A12�

The width of the hexagon is given by

FIG. 16. A section of graphene sheet showing various bonds and
bond angles.
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W = 2b1 + 2b2 cos�60 ° +
�

2
 � 3bo + 2	1 + 	2 −

�3

2
bo� ,

�A13�

whereas in undistorted sheet,

Wo = 3bo. �A14�

So, we have

	W

Wo
=

2	1 + 	2

3bo
−

�

2�3
. �A15�

Each atom is attached to two b2 and one b1 type bonds.
Therefore, energy per atom in the stretched sheet,

U =
�2U�b2� + U�b1��

2
= U�b2� +

1

2
U�b1� . �A16�

Now,

U�b1� = Ae−�1b1 − �1 − D�2�h − cos ��2�n�Be−�2b1

= Ae−�1b1 − �1 − 2nD��h − cos 120 ° �

+ �cos 120 ° − cos ���2n�Be−�2b1

= Ae−�1b1 − �1 − 2nD�h − cos 120 ° �2n


�1 + 2n
cos 120 ° − cos �

h − cos 120°
��Be−�2b1

�provided �cos 120 ° − cos �� � �h − cos 120°�� ,

�A17�

and,

U�b2� = Ae−�1b2 − �1 − D��h − cos ��2

+ �h − cos ��2�n�Be−�2b2

=Ae−�1b2 − �1 − D��h − cos 120 ° �2


�1 +
cos 120 ° − cos �

h − cos 120°
2

+ �h − cos 120 ° �2


�1 +
cos 120 ° − cos �

h − cos 120°
2�n�

Be−�2b2. �A18�

Now, cos 120°−cos �=cos 120°−cos�120° +���−�2 /4
+�3/2� and cos 120°−cos ��−�2 /16−�3/4�.

Define the quantities G, H, Ḡ, B̄, and J as,

G � 2nD�h − cos 120 ° �2n, H �
2n

h − cos 120°
,

Ḡ �
GH

4�1 − G�
, B̄ � B�1 − G�, J �

Ḡ�15 + 3�n − 1��
16�h − cos 120 ° �

,

�A19�

and put b1=bo+	1, b2=bo+	2.
We then obtain,

U�b1� � Ae−�1bo�1 − �1	1 +
1

2
�1

2	1
2 − �1 + Ḡ��3�

−
�2

4
�B̄e−�2bo�1 − �2	1 +

1

2
�2

2	1
2 , �A20�

U�b2� � Ae−�1bo�1 − �1	2 +
1

2
�1

2	2
2 − �1 + Ḡ�−

�3

2
�

− J�2�B̄e−�2bo�1 − �2	2 +
1

2
�2

2	2
2 . �A21�

From Eqs. �A16�, �A20�, and �A21�, we get

U = Uo + 	1
2�A

4
�1

2e−�1bo −
B̄

4
�2

2e−�2bo� + 	2
2�A

2
�1

2e−�1bo

−
B̄

2
�2

2e−�2bo� + �2B̄e−�2bo�J +
Ḡ

8


+ �	1��3

2
�2ḠB̄e−�2bo − �	2��3

2
�2ḠB̄e−�2bo

�A22�

where Uo= 3
2 �Ae−�1bo − B̄e−�2bo� is the energy per atom of an

unstretched sheet.
On evaluating various coefficients, we get

U = Uo + 9.9826	1
2 + 19.96517	2

2 + 15.3�2 − 2.4232	1�

+ 2.4232	2� �A23�

Using Eq. �A23�, we first consider the case of rigid bond
angles, i.e., �=0. We further put 	1=	2 and get

U = Uo + 29.94777	2 = Uo + 29.94777bo
2� 	

bo
2

.

From Eq. �A11�, for this case,

	l

lo
=

	

bo
.

Therefore, U = Uo + 60.38�	l

lo
2

. �A24�

However, from numerical calculations, with exactly same
constraints, we obtain the curve shown in Fig. 17, which,
fitted to a parabolic form, gives

U = Uo + .00371�	l

lo
2

lo
2 = Uo + 59.63�	l

lo
2

. �A25�

Similarly, by putting 	1=	2=0 in Eq. �A23� �the case of
rigid bonds�, we get
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U = Uo + 15.3�2 �A26�

From numerical calculations, we obtain the curve shown in
Fig. 18. This curve can be fitted to

U = Uo + .011�	l

lo
2

lo
2.

Now, since 	l / lo=� /2�3 �for 	1=	2=0, from Eq. �A11��

U = Uo + 14.733�2. �A27�

The agreement between the numerically calculated and alge-
braically calculated coefficients verified our calculations.

Equation �A23� can further be written differently to rep-
resent the motion of a coupled harmonic oscillator and is
given by

U = Uo +
1

2
C1	1

2 +
1

2
C2	2

2 +
1

2
P�2 + K1	1� + K2	2� ,

�A28�

where C1=19.965167 eV/atom/Å2, C2
=39.9303342 eV/atom/Å2, P=30.6 eV/atom, K1

=−2.4232 eV/atom/Å, and K2=2.4232 eV/atom/Å.
Rewriting Eq. �A28�,

	U =
1

2
C1�	1 +

K1

C1
�2

+
1

2
C2�	2 +

K2

C2
�2

+
1

2
P̄�2,

�A29�

where P̄= P−K1
2 /C1−K2

2 /C2.
On putting the value of 	2 from Eq. �A12� in Eq. �A29�,

we get

	U =
1

2
C1�	1 +

K1

C1
�2

+
1

2
C2� 	l

�3
+ �K2

C2
−

bo

2�3
�2

+
1

2
P̄�2. �A30�

On minimizing it with respect to 	1 and �, we get

	1 = −
K1

C1
�, and �A31�

� = −
	l

P��3
�K2

C2
−

bo

2�3
 . �A32�

where P�= �K2 /C2−bo /2�3�2+ P̄ /C2.
From Eqs. �A30�–�A32�,

	U = Q	l2, �A33�

where

Q =
C2

6
�1 +

1

P�2�K2

C2
−

bo

2�3
2��K2

C2
−

bo

2�3
2

+
P̄

C2

− 2P��� = 5.7272 eV/atom/Å2. �A34�

Equation �A33� can also be written as

	U = 34.74 
 �	l

lo
2

. �A35�

Now from numerical calculations, after fitting the curve �as
shown in Fig. 19� showing the minimized energy corre-
sponding to different lengths, we have

	U = .0134 
 �	l

lo
2


 lo
2 = 34.05�	l

lo
2

. �A36�

This shows a quite good agreement of the values obtained
numerically and those that we got algebraically.

Now, from Eqs. �A11�, �A15�, �A31�, and �A32�, the Pois-
son ratio is given by

� =

	W

Wo

	l

lo

=
1

3
+

2

3P�
�K1

C1
+

bo

�3
��K2

C2
−

bo

2�3
 . �A37�

After putting the values of various constants, we get �
=0.147 and, from Eq. �A29� the Young’s modulus is obtained
as

FIG. 17. Variation of energy with length of the graphene sheet
obtained by changing the bond length �keeping 	1=	2�.

FIG. 18. Variation of energy with length of the graphene sheet
obtained by distorting the bond angle.
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Y =
l

a

�2U

�l2 = 1.272 TPa. �A38�

APPENDIX B

We will review the derivation and interpretation of the
theory of torsion. We start by looking at a small section of
length dx of a cylindrical tube under torsion, as shown in
Fig. 20. During twisting, one end of the tube will rotate
about the longitudinal axis with respect to the other end. The
magnitude of this rotation is measured in terms of the angle
in radians by which one end rotates relative to the other. This
is called the “angle of twist.” It can be seen that the line ab,
which was initially horizontal, rotates through an angle �,
and moves to the line ab�. Here, d� is the angle of twist.

The shear strain, � is the angle between ab and ab� and is
given by

� =
bb�
ab

.

Using geometry, the arc length �dx=�d�, � is the radial
distance to any point. Thus, we can write the strain as

� = �
d�

dx
. �B1�

For a tube of uniform cross section, thus the total twist, �
over a length L is simply

� = L
d�

dx
. �B2�

Combining Eqs. �B1� and �B2�, we get the final equation,
giving the relation of shear strain to twist ���, radial distance
���, and tube length �L�. Note that all the relations here, are
based solely on the geometry of the tube.

For a linear elastic material, using Hooke’s law, we can
write the shear stress as

� = G� , �B3�

where G is the shear modulus. The shear strain on a small
area of material situated at a distance

� from the center,was found to be: � =
��

L
. �B4�

Thus,using Hooke ’ s law, � =
G��

L
. �B5�

The torque, T, is calculated by integrating over the cross
section the product of shear stress, �, and the distance, �,
from the center of the cylinder.

Substituting the stress from previous expressions, we find
that torque is the integral of �CG� /L�2dA over the cross
section of the tube. Pulling out the terms that do not vary
over the cross section, we get

T = G
�

L
J , �B6�

where J is the polar moment of inertia and is defined as J
=�C�2dA. Rearranging the terms, we can write the shear
modulus as

G =
TL

�J
. �B7�

The moment of inertia about an axis perpendicular to the
plane of an area is called the polar moment of Inertia. If dA
is the area of a small element at a distance � from the center

FIG. 19. Potential energy as a function of length of a graphene
sheet.

FIG. 20. A small section of a cylindrical tube.

FIG. 21. A small cross section of the tube, showing a small area
element.
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of the cross section, as shown in Fig. 21. then the polar
moment of inertia, J, is defined as the integral over the cross
section of the product of distance squared and the small area
dA. For a hollow tube, this comes out to be given by

J =
�

2
�ro

4 − ri
4� , �B8�

where ro is the outer radius and ri is the inner radius.
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