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We develop a theoretical description for a weakly coupled semiconductor superlattice which allows for
laterally inhomogeneous charge distributions within one well. We use this model to study the dynamical
stability of mixed initial states in which different regions of the superlattice are associated with the different
branches in the multistable current-voltage characteristic. It is found that mixed states can indeed exist for a
long time; their stability, however, depends very sensitively on the applied external voltage.
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I. INTRODUCTION

Since the pioneering work by Esaki and Tsu1 in the 1970s,
vertical electron transport in semiconductor superlattices has
been studied extensively. It was demonstrated that the nega-
tive differential conductivity in such devices can lead to the
formation of field domains giving rise to a variety of inter-
esting phenomena. Examples are a static sawtooth-like
current-voltage characteristic,2–5 self-sustained periodic,6–10

or chaotic11–13 current oscillations. For reviews of the rel-
evant theory see Refs. 14–17.

In previous theoretical work it has generally been as-
sumed that inhomogeneities in the electron concentration oc-
cur in the vertical �z� direction between different quantum
wells only, while each individual well is supposed to be ho-
mogeneously charged. While this approximation may be jus-
tified if the lateral charge relaxation within one well is very
efficient, it is obvious that for superlattices with large lateral
extensions, the charge distribution within a quantum well can
in principle be nonuniform. For example, switching between
different branches of the multistable current-voltage charac-
teristic and domain boundary relocation18,19 may not occur
uniformly. Therefore, it is the purpose of the present work to
extend the existing theory to include such lateral inhomoge-
neities and point out some of the qualitatively different fea-
tures arising from this additional degrees of freedom.

After introducing the dynamical equations for the laterally
extended system in Sec. II, we will describe a practical
method for their solution in Sec. III. We will then apply this
method in Sec. IV to study the consequences of the lateral
degrees of freedom for a superlattice in the regime of sta-
tionary field domains, i.e., without self-sustained oscillations.
In particular, we will consider the evolution of an initial
state, which corresponds to a mixture of different branches in
the multistable current density vs voltage characteristic. We
will show that the stability of such a state depends sensi-
tively upon the applied voltage, which changes the degree of
stability of the individual branches of the multistable charac-
teristic. As a second example, we will study the relaxation of
a state prepared with an electron accumulation and depletion
front in the same quantum well.

II. DYNAMICAL EQUATIONS

We consider the dynamics of electrons in a n-doped semi-
conductor superlattice with N quantum wells. The external

voltage drop U is applied in the z direction, i.e., perpendicu-
larly to the quantum well layers. On a semiclassical level, the
electrons can be assumed to be localized within one quantum
well. If we further assume that the electrons are in local
equilibrium, the internal state of the superlattice can be de-
scribed in terms of the two-dimensional charge densities
nm�x ,y , t�, which in addition to the well index m
� �1, . . . ,N� also depend on the in-plane coordinates, x
� �0,Lx� and y� �0,Ly�, where Lx and Ly are the lateral ex-
tensions of the superlattice in x and y direction, respectively.

The usual continuity equation can then be written in the
form

eṅm�x,y,t� = jm−1→m
� − jm→m+1

� − ��jm
� �1�

with

�� = ex
�

�x
+ ey

�

�y
, �2�

and the vertical current density in z direction jm→m+1
� �x ,y�

�units: �A/m2��, and the lateral two-dimensional current den-
sity jm

��x ,y� �units: �A/m��. The electron charge is e�0.
In the conventional sequential tunneling model without

lateral degrees of freedom, the well-to-well current density
jm→m+1�Fm ,nm ,nm+1�, which depends on the electron densi-
ties nm and nm+1 of the involved wells and the electric field
Fm in the corresponding barrier, is conveniently calculated
using Wannier states without any reference to global proper-
ties of the superlattice.15 Therefore, it is reasonable to as-
sume that the local vertical current can be expressed as

jm→m+1
� �x,y� = jm→m+1�Fm

� �x,y�,nm�x,y�,nm+1�x,y�� , �3�

where Fm
� �x ,y� is the local electric field in z direction across

the barrier with index m. In other words, we assume that the
theory leading to jm→m+1 is still valid locally and take the
explicit form of jm→m+1 from a previous work on the sequen-
tial tunneling theory.15 The current densities at the emitter
and the collector contact are modeled by Ohmic boundary
conditions j0→1

� =�F0
� , jN→N+1

� =�FN
� nN /ND with contact con-

ductivity �, respectively.
In addition to the vertical current, we also have to con-

sider a lateral two-dimensional in-plane current density jm
�

�units: �A/m��. This lateral current can quite generally be
written as the sum of a drift term and a diffusion term
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jm
��x,y� = − e�nmFm

� − eD0��nm, �4�

characterized by the mobility � and the diffusion coefficient
D0, respectively. Here Fm

��x ,y� is the in-plane component of
the electric field in well m at �x ,y�, whose calculation will be
considered in more detail in Sec. III. � and D0 are connected
by a generalized form of the Einstein relation20,21

D0�nm� =
nm

− e�0�1 − exp�− nm/��0kBT���
� , �5�

with �0=m / ���2�. Note that the mobility � can in principle
also depend on n and that �5� can only be derived for the
equilibrium case. In the following, we make the assumptions
that � is fixed �for GaAs, we assume ��10 m2/Vs� and that
�5� is still valid in the nonequilibrium case. Then we may
rewrite �4� as

jm
��x,y� = − e�nm	Fm

� −
��nm

e�0�1 − e−nm/�0kBT�
 . �6�

III. THE POISSON EQUATION

In order to solve the dynamical equation �1� with the cur-
rent densities given by Eqs. �3� and �4�, we need to calculate
the local electric fields Fm

� and Fm
�. From elementary electro-

dynamics, it follows that they must obey the following semi-
discrete version of Gauss’s law

Fm
� − Fm−1

� + d��Fm
� =

e

�r�0
�nm − ND� , �7�

where d is the period of the superlattice, �r and �0 are the
relative and absolute permittivities, and ND is the two-
dimensional doping density. Additionally, we require the
boundary conditions

U = − �
m=0

N

Fm
� �x,y�d for x � �0,Lx�, y � �0,Ly� , �8�

Fm
��0,y� = Fm

��Lx,y� = Fm
��x,0� = Fm

��x,Ly� = 0. �9�

For the integration of �1�, it is necessary to solve �7� ef-
ficiently with respect to the electric fields Fm

� and Fm
� . This

amounts to the solution of the semidiscrete Poisson equation
for the potential �m�x ,y� of the form

	�m�x,y� = �	� + 	���m�x,y� = −
e

d�r�0
�nm − ND� �10�

with

	��m�x,y� = � �2

�x2 +
�2

�y2�m�x,y� , �11�

	��m�x,y� =
�m−1�x,y� − 2�m�x,y� + �m+1�x,y�

d2 . �12�

A straightforward way for obtaining the potential �m from
�10� would be to calculate the inverse capacitance matrix

given by the operator 	−1 explicitly. If M is the number of
discretization points in the �x ,y� plane, this matrix has, how-
ever, �NM�2 elements, and we have to perform O�N2M2�
operations at every integration time step.

In search of a more efficient algorithm, we compare the
contributions from 	��m and 	��m in �10�. In Ref. 21, the
mean free path of the degenerate electrons in the well was
estimated as lm�0.3 �m, and we may expect that typical
structures in the lateral direction vary on a length scale which
is even larger. Indeed it was found by numerical simulation
of a single-well double barrier resonant tunneling �DBRT�
model that lateral structures typically occur on the length
scale of about lt=10 �m.22–24 On the other hand, the varia-
tions of the potential in the vertical direction z is of the order
of the superlattice period d�10 nm. We may, therefore, con-
clude that

	��m � �lt�−2 
 	��m � d−2. �13�

This allows us to invert the Laplace operator by the use of
a perturbation expansion of the form,

	−1 = �	� + 	��−1 = �1 + 	�
−1	��−1	�

−1 �14�

��1 − 	�
−1	� + . . . �	�

−1 = 	�
−1 − 	�

−2	� + ¯ . �15�

In the last step, we used the fact that 	� and 	� commute.
Applying �14� to �10� then yields

�m�x,y� = �m
0 �x,y� + �m

1 �x,y� + ¯ , �16�

�m
0 �x,y� = −

e

d�r�0
	�

−1�nm − ND� , �17�

�m
1 �x,y� = +

e

d�r�0
	�

−2	�nm. �18�

The advantage of such a solution for �10� lies in the fact that
it can be calculated very efficiently. �m

0 �x ,y� is evaluated by
shooting with

�̃0
0�x,y� = �̃1

0�x,y� = 0, �19�

�̃m+1
0 �x,y� = 2�̃m

0 − �̃m−1
0 −

ed

�r�0
�nm − ND� �20�

and then taking into account the corrections from the bound-
ary conditions by

�m
0 �x,y� = �̃m

0 + �U − �̃N+1
0 �

m

N + 1
for m = 1 . . . N + 1.

�21�

The algorithm described by �20� and �21� needs only O�NM�
operations.

Also the matrix multiplication 	�nm appearing in the cal-
culation of �m

1 �x ,y� in �17� is of O�NM�, since 	� is a matrix
with only five entries per row. The operator 	�

−2 is simply
evaluated by applying the algorithm of �20� twice and using
a correction as in �21�, but with U=0.

Once we have calculated the potential �m�x ,y�, the elec-
tric fields are easily obtained in O�NM� by
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Fm
� �x,y� =

�m+1�x,y� − �m�x,y�
d

, �22�

Fm
��x,y� = − ���m�x,y� �23�

and can be used in �6� and �3� to calculate the current den-
sities needed for the electron density evolution equation �1�.

IV. STABILITY OF INHOMOGENEOUS LATERAL
PATTERNS

For the numerical implementation of the scheme de-
scribed in Sec. III, we use a superlattice as studied in Ref. 25,
i.e., a superlattice with N=100 periods of b=5 nm
Al0.3Ga0.7As barriers and w=8 nm GaAs quantum wells,
doping ND=7.7�1016 cm−3 and scattering induced broaden-
ing �=8 meV at T=20 K. It is typical of samples used in
experiments.26 In contrast to Ref. 25, we use a large contact
conductivity �=500 −1 m−1 in order to avoid the genera-
tion of moving fronts �domains� at the emitter. For simplic-
ity, we assume that the sample extension in the y direction is
small, such that pattern formation can only occur in the x
direction. We choose Lx=50 �m and M =25 discretization
points. We calculate �m�x ,y� only to the lowest order and
assume an effective diffusion constant of D0�0.01 m2/s.

In the homogeneous case without lateral pattern forma-
tion, the superlattice shows a stationary current-voltage char-
acteristic with branches associated with stationary high field
domains attached to the collector �Fig. 1�. The branches are
labeled by the number m of the well in which the peak of the
electron charge distribution, i.e., the domain boundary, is lo-
cated.

Due to the multistability apparent from Fig. 1, we might
expect stable lateral patterns, where the superlattice is di-
vided laterally along the x axis into regions with operating
points on different branches, introducing additional lateral

domain boundaries. We prepare initial conditions, with the
left and right halves of the superlattice corresponding to op-
erating points on branch numbers 90 and 88, respectively.
This is achieved by putting electron accumulation fronts at
the appropriate positions in wells 90 and 88. We then study
the response of this initial configuration to various voltages.

The resulting current traces and electron densities are
shown in Figs. 2 and 3, respectively. We see that for U
=0.97 V the sharp current peak from the switch-on of the
external voltage, pushes the accumulation front in the left
half from well 90 to 89 already at t=0.1 ns. The current
density is then given by the average of the current densities
of the operating points at wells 88 and 89. Subsequently, the
accumulation front at well 89 extends to the right and ex-
trudes the accumulation front at 88, until at t=3.5 ns we
arrive at a laterally homogeneous state with an operating
point at well 89. During this process, the current density rises
linearly to the value of the final operating point. For U
=0.98 V, we observe a similar behavior, but the time until
the final operating point on branch 89 is reached has approxi-
mately doubled. Note that branch 89 wins over branch 88,
although according to Fig. 1, both branches are stable at this

FIG. 1. Static current density vs voltage characteristic for super-
lattice without lateral patterns. The labels on the branches indicate
the well number with the maximum charge density �domain bound-
ary�. The solid line denotes the current density during an up-sweep
of the voltage from U=0.1 V to U=2.0 V, while the broken line
indicates the corresponding down-sweep from U=2.0 V to U
=0.1 V. The dash-dotted curve is obtained by down-sweeping the
voltage from an initial condition located on the up-sweep curve at
U=1.03 V to U=0.96 V. The dotted vertical lines mark the volt-
ages considered in Figs. 2 and 3.

FIG. 2. Current vs time for inhomogeneous initial condition at
various voltages. At t=0, accumulation fronts are placed in the left
half of well 90 and the right half of well 88.

FIG. 3. Electron density evolution for inhomogeneous initial
conditions as in Fig. 2, shown in the �x ,z� plane of the superlattice.
Dark �light� shading indicates electron accumulation �depletion�.
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voltage. This changes for U=1.0 V, however, where the op-
erating points on wells 89 and 88 coexist �Fig. 3� for longer
than the simulation time, and the final current is given by the
average of the currents from both branches. We, therefore,
see that the stability of the mixed state depends sensitively
on the applied external voltage. Qualitatively this can be un-
derstood as a change in the relative attraction �degree of
stability� of the different branches with voltage. For instance
at U=0.97 V, branch 88 is close to its instability point, as
can be seen in Fig. 1. Therefore, its attraction can be ex-
pected to be lower than that of branch 89, and the transition
to the final state on branch 89 is fast.

Let us finally consider the even higher voltage U=1.1 V,
where the initial condition of the left half of the well, i.e., the
accumulation front at well 90, does not correspond to a sta-
tionary state of the system �see Fig. 1�. We find that the
switch-on-peak shifts both accumulation fronts by two wells
from wells 90 and 88 to 89 and 87, respectively, within less
than 0.1ns. Then the electron accumulation from well 89
drops to well 88 starting from the middle of the sample, until
at t=7 ns we reach a stable configuration with the left �right�
half of the sample on branch 88 �87�. During this transition,
the current density drops linearly, as expected from the
weighted average of the three involved operating points.
Again this behavior can be qualitatively explained by a lack
of attractiveness of branch 89 compared to branch 88, since
at this voltage branch 89 is close to its upper instability point
�see Fig. 1�.

It is also interesting to consider an initial condition, with
an accumulation front in the left half, and a depletion front in
the right half of the same well. Such a configuration is shown
in Fig. 4. Note that, in this case, the initial field profiles in the
two halves of the superlattice are very different. While in the

left half, the high field domain is located at the collector as
before, the depletion front in the right half induces a high
field domain at the emitter. To meet the overall constant volt-
age condition �8�, this high field domain is compensated by a
domain of initially negative fields at the collector. We see
that a new accumulation front is generated at the emitter in
the right half of the sample and moves toward the collector.
Together with the already present fronts, we thus obtain a
dipole �depletion � accumulation front� in the right, and a
monopole �accumulation front� in the left part of the sample.
As the dipole moves toward the collector, the monopole ex-
tends toward the right, until it eventually occupies the whole
sample width. This behavior is also reflected by the corre-
sponding current trace �cf. Fig. 5�, which for t�1.0 ns can
be explained as the weighted average of the dipole current jd
and the current of the final operating point.

V. CONCLUSIONS

In conclusion, we have developed a theoretical framework
which describes the combined lateral and vertical electron
density dynamics in a weakly coupled superlattice and have
proposed an efficient scheme for solving the resulting dy-
namical equations. We have seen that even in a superlattice
without self-sustained oscillations, the inclusion of lateral
degrees of freedom leads to qualitatively different effects
such as stable mixed states where a high field and a low field
domain coexist within the same well. This reveals aspects of
front interaction processes, which are fundamentally differ-
ent from the one-dimensional vertical interaction scenarios
studied for instance in Ref. 13. These effects might be of
relevance for dynamic switching and relocation of domain
boundaries under voltage sweep in superlattices with large
lateral extensions.
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FIG. 4. Electron density evolution for inhomogeneous initial
conditions with accumulation �depletion� front in left �right� half of
well 80. Shaded as in Fig. 3. Bottom of each panel: emitter, top:
collector.

FIG. 5. �Color online� Current vs time for the scenario in
Fig. 4.
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