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We discuss and interpret the properties of the CeRhSb1−xSnx systems in the concentration interval 0�x
�0.2. For x�0.13 a quantum critical point has been observed by us recently and separates the Kondo-
insulator �KI� from the metallic non-Fermi-liquid �NFL� state. We present the temperature dependence of the
resistivity, the ac and dc magnetic susceptibilities, the specific heat, and the magnetization data through the
critical concentration regime x�0.12–0.13, as well as provide their discussion in terms of the transition from
the nonmagnetic �Kondo-lattice� insulator to a weakly magnetic and singular non-Fermi liquid. The difference
between the Kondo-lattice and the Mott-Hubbard semiconductors at temperature T�0 is emphasized. Also, the
difference between those two types of insulating states is discussed. On the basis of the experimental results we
propose a schematic phase diagram on the plane T-x and demonstrate the rationale for the existence of the
quantum critical point separating KI and NFL phases. Namely, we propose that the metallization of the
insulating Kondo lattice in terms of the collective spin-singlet Kondo-lattice state destruction and a concomi-
tant delocalization of the 4f electrons, within an effective f-band model of correlated electrons undergoing the
phase transition to the insulating state.
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I. INTRODUCTION

The purpose of this paper is to discuss in detail and inter-
pret a type of a quantum critical behavior for CeRhSb1−xSnx,
which has been proposed by us recently.1 Namely, we deter-
mine how a semiconducting system with the Kondo gap
transforms at x�0.12 into a non-Fermi-liquid �NFL� metal-
lic state. Both the Kondo gap and the corresponding critical
exponents in the NFL phase are obtained as a function of the
Sn content x. In this manner, we demonstrate the existence of
a quantum critical point, which appears at the Kondo
insulator-non-Fermi-liquid boundary, as well as characterize
the critical behavior on the metallic side.

The quantum critical phenomena are intensively studied
in various correlated electron systems.2,3 This means that sin-
gularities of the macroscopic physical properties are ob-
served with temperature T→0 for quantities such as the mag-
netic susceptibility �, the linear specific-heat coefficient, �
�C /T, and the electrical resistivity, ��T�. In other words,
these properties do not display the low-T dependence char-
acteristic of the Landau theory of Fermi liquids.4 One can
also say that the theory based on the paradigm which started
with the Sommerfeld and Landau low-T expansions of physi-
cal quantities fails when the system approaches the quantum
critical point �QCP�. In the simplest narrow-band system the
quantum criticality arises from a competition between the
two energy scales: one of them arises from the kinetic �band�
energy of the itinerant carriers, �k�0, the other is associated
with the repulsive Coulomb interaction �e−e�0, which fa-
vors localized-lattice states. In such a manner, the Mott-
Hubbard localization has been explained in the narrow-band
systems5 when ��̄k�� �̄e−e.

In the case of heavy-fermion systems, a very narrow band
of correlated states involving an itineracy of f electrons is
formed4,6 on the energy scale TK=10–100 K, which can be
relatively easily destroyed by either thermal motion at tem-
perature T	TK or by atomic disorder, or else by external
influence such as the applied pressure or magnetic field. A
particularly interesting situation arises when the energy cal-
culated in the mean-field approximation is comparable to the
energy of quantum fluctuations. Under this circumstance, a
true quantum critical behavior should be observed without
the external influence, when temperature T→0. In this re-
spect, it is our purpose to discuss both experimentally and
theoretically the Kondo-semiconductor lattice which be-
comes unstable against metallization.

The second rationale behind the present paper comes from
our attempt to examine the evolution of the Kondo-lattice
insulating state by varying the system carrier concentration.
This should allow us to see the destruction of the Kondo-
type state in the lattice case if the carrier concentration, when
lowered intentionally, crosses a critical concentration for the
periodic Kondo-singlet state formation. In this respect, an
elementary argument �Nozieres7� showed that in the lattice
system there may not be enough carriers to compensate com-
pletely the f-electron magnetic moment due to Ce or U. A
refined analysis demonstrates,8,9 that if f electrons are almost
localized but still itinerant, they partly autocompensate each
other by both obeying the Pauli principle, and creating anti-
ferromagnetic kinetic-exchange interaction with their neigh-
bors. The resultant picture coming from our results is that at
the critical concentration xc�0.12 the singlet Kondo-state
�characterized by ��T→0�→0 for x�xc	 is destroyed and
the magnetic state is approached, since for x
0.13,
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��T→0�→�. We believe that this type of behavior is unique
and is clearly observed here even under the presence of sub-
stitutional atomic disorder �i.e., replacement of Sb with Sn�.

The structure of the paper is as follows. In Sec. II we
provide experimental details of the synthesis and measuring
techniques. In Sec. III we present overall properties of mixed
systems CeRhSb1−xSnx, with x�0.2, and we connect the
temperature dependence of the resistivity to that of the mag-
netic susceptibility. This connection represents a type of scal-
ing ��=const unique for the Kondo semiconductors at inter-
mediate low temperatures. In Sec. IV we present the
magnetization data and display the temperature dependence
of the specific heat for the critical concentration x=0.13. In
Sec. V we discuss in detail the physical implications of the
results and determine the main features of the phase diagram
on the T-x plane. Finally, in Sec. VI we interpret theoreti-
cally the results by combining the f-electron itineracy, the
effective Kondo coupling, and the antiferromagnetic ex-
change, all of which represent comparable energy scales.

II. EXPERIMENTAL DETAILS

CeRhSb and CeRhSn master samples were first prepared
by arc melting the weighted amount of each component. The
dilute CeRhSb1−xSnx alloys were then prepared by diluting
the master alloys. To ensure homogeneity, each sample was
turned over and remelted several times and then annealed at
800 °C for 2 weeks. The samples were carefully examined
by x-ray diffraction analysis and found to be single phase
�with the orthorhombic �-TiNixSi1−x structure, space group
Pnma�. The stable samples are synthetized only in the
0�x�0.20 concentration range and the again for x
0.80;
the latter systems will not be discussed here.10

A standard four-terminal ac technique was used to mea-
sure the resistance of each sample, from which the resistivity
was calculated by multiplying it with the shape factor. The
absolute resistivity was obtained within ±3% due to the un-
certainty in the shape factor. However, the relative resistivity
can be measured to an accuracy of �1�10−4.

The magnetic susceptibility was measured in the
2–300 K regime by use of a commercial ac Lake-Shore sus-
ceptometer. The amplitude of the excitation field was 1 mT
at a fixed frequency of 10 kHz.

dc susceptibility and magnetization measurements were
made using a commercial superconducting quantum interfer-
ence device magnetometer �Quantum Design� for tempera-
tures in the range 1.8–300 K.

Specific-heat measurements have been performed in a
fully adiabatic calorimeter between 2.7 K and 30 K.

III. ELECTRICAL RESISTIVITY, MAGNETIC
SUSCEPTIBILITY, AND THEIR UNIVERSAL RELATION

IN THE INSULATING STATE: xÏ0.12

A. Resistivity

In Figs. 1�a� and 1�b� we display the temperature depen-
dence of the electrical resistivity for the samples with
x�0.12 �a� and 0.12�x�0.16 �b�. The curves in Fig. 1�a�
exhibit a well defined activated behavior where

��exp�
 /T� is the low-temperature regime that is charac-
teristic of a nondegenerate semiconductor, with the activa-
tion energy 
=
�x� listed in Table I. In this paper we are
interested only in the temperature regime below the resistiv-
ity maximum, i.e., when the quantum coherence effects con-
nected with a formation of heavy carriers set in. Above, the
high-temperature � maximum, which appears in the range of
Tmax�50–70 K depending on the concentration x, a well
defined logarithmic dependence with a negative slope is ob-
served. The resistivity maximum results from a competition
between quantum coherence �i.e., itineracy of 4f electrons
due to the hybridization with 5d-6s carrier states and setting
in upon cooling� and the thermal disorder acting as a deco-
herence factor breaking the hybridization-induced coherence
and, in effect, localizing the 4f electrons for T�Tmax. Above
Tmax the magnetic susceptibility approaches gradually with
further T increasing the Curie-Weiss, law for 4f1 localized
moments on Ce.

For x�0.12 �see Fig. 1�b�	 a well defined metallic behav-
ior ���0+AT2 is established for not too low temperatures
�10�T�30 K�. Therefore, we observe the transformation
from a semiconductor to a correlated metal appearing in the
interval of x between 0.12 and 0.13. The most interesting
question that appears at this point is whether this gradual gap
disappearance �
=0 for x�0.12� is associated with a phase
transformation of the electronic subsystem. This question
will be addressed next.

B. Magnetic susceptibility

To determine the nature of the semiconducting phase for
x�0.12 and T→0 we have shown in Figs. 2�a� and 2�b� the
temperature dependence of the magnetic susceptibility �.
The impurity contribution of the Curie type �yC /T�, with the
value of the Curie constant C=0.807 K emu/mol for Ce3+,
has been subtracted from the raw data, with y�0.008, de-
pending on the sample. Under these circumstances, the spin
susceptibility �→0 as temperature decreases starting from
about T�20 K. This dependence speaks in favor of a non-
magnetic �spin-singlet� nature of the ground state for the
samples with x�0.12. We interpret this behavior as a clear
sign of the Kondo insulating state, since the 4f1 magnetic

FIG. 1. Temperature dependence of the relative resistivity � for
CeRhSb1−xSnx systems for x�0.08 �a� and 0.12�x�0.15 �b�. The
regimes, where ��T��exp�
 /T�, �ln T, and �T� are marked in the
corresponding T intervals. The parametrization of the data is listed
in Table I.
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moments of Ce3+ ions have been reduced essentially as
T→0 �i.e., a collective spin-singlet Kondo-lattice state is
formed�. On the other hand, the divergent character of �
shown in Fig. 2�b� for x�0.12 �cf. also Table I� is attributed
to the quantum critical behavior �=aT−m in the whole me-
tallic �non-Fermi liquid� regime x�0.20, which will be dealt
with in the next section. Also, an additional weak hump in
��T� is detectable at T�10 K.

One should note that in the KI state �Fig. 2�a�	 � reaches
maximum first before diving into the �→0 limit with further
decreasing T. The presence of this maximum can be under-
stood when we reflect on the increasing � with the increasing
T. Then, the maximum in � is reached at a temperature,
where the collective singlet state is destroyed by the thermal

motion and the f spins respond to magnetic field. Note also
that the maximum is dependent on x �see Table II� and
evolves into the �→� singularity for x
0.13. This means
that then the magnetic critical state at T→0 is approached
when the spin-singlet state cannot be formed anymore and
seems to survive for all concentrations x�0.20, i.e., in the
concentration range, in which the samples can be synthe-
tized. The position of the � maximum determines then the
effective binding energy of 4f spins into a collective singlet
and is reduced by about 40% when the critical concentration
x=0.12 is reached. One should note that x�0Tm�2
, where
2
 is the binding energy per carrier. This means that the 4f
spins are bound roughly to N�Tm / �2
� carriers in the KI
state. If x=0.02, 2
=1.3 K, and N�12 and carriers for
x=0, then N�1. This interpretation will be taken on later.
However, one should note that while at T=Tmax the f elec-
trons acquire itineracy �as seen by the appearance of T2 term
in the resistivity�, those mixed electrons reach a collective
spin-singlet state for T�Tm�Tmax. So, we can say that we
have a mixed very-narrow-band behavior in the regime
Tm�T�Tmax and a true Kondo-lattice for T�Tm. Does that
means that the f electrons localize back again for T�Tmax?

TABLE I. ac susceptibility and the resistivity parametrizations of the CeRhSb1−xSnx samples in the regime x�0.16.

x

�=�0+C / �T−�� �=aT−m

�=�0 exp�
 /T�

 �K�

�=�0+AT2

A�102 �� cm K−2�
�−AT2�T−n

103n�0�103emu/mol� � �K� C �emu K/mol� 103a m

0 −123.8 0.54 6.7

0.01 −120 0.40 1.80

0.02 −149.5 0.47 0.64

0.04 −67.8 0.50 0.70

0.06 −81.7 0.53 0.30

0.08 −97.9 0.84 0.22

0.10 0.10

0.12 −104.9 0.92 0.10

0.13 2.6 −7.0 0.043 6.0 0.17 1.78 8.0

0.14 1.7 −9.1 0.021 4.3 0.17 1.69 2.8

0.15 1.20 2.7

0.16 3.5 −7.6 0.038 6.0 0.09 0.186 1.3

0.19 4.4 1.7 0.028 8.8 0.12 5.10 �−AT2=0

�T�25 K�
15�T�80 K T�10 K T�10 K 10�T�30 K T�10 K

TABLE II. Concentration x dependence of the temperature Tm,
at which ac � reaches the maximum in the Kondo semiconducting
state �see Fig. 2�a�	.

x Tm in K

0 18.6

0.02 16.6

0.04 15.9

0.06 14.8

0.08 15.3

0.12 13.7

FIG. 2. Temperature dependence of the ac susceptibility for
CeRhSb1−xSnx systems with x�0.12 �a� and 0.12�x�0.19 �b�. A
qualitative difference of ��T→0� behavior on the two panels
should be observed and attributed to the quantum critical point pres-
ence located between x=0.12 and x=0.13. The inset illustrates the
scaling ��T−m on the double logarithmic scale, observed in the
regime 
T=1.8–12 K.
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This reentrant localized behavior will be discussed below.

C. Universal scaling law: ��=const

An additional very interesting property has been observed
in the semiconducting state. Namely, a simple and universal
type of scaling between the inverse resistivity and the sus-
ceptibility can be observed for temperatures T�60 K for all
the samples with x�0.12; this relation is plotted in the panel
in Fig. 3. In the inset to this figure we show the raw � data
�open circles�, those with the Curie term �yC /T� subtracted
from them �full circles�, as well as the yC /T contribution
�solid line�; this is to show that even the raw data exhibit the
� decrease upon cooling. The dashed lines in the figures
express the Curie-Weiss parametrization of the � data for
temperatures above the maximum �for values of the corre-
sponding parameters, see Table I�.

The scaling law illustrated for individual samples can be
set on more formal ground by plotting � vs �−1 for different
samples, as detailed in Fig. 4. In the inset we have plotted the
product ��; it remains practically unchanged for the samples
with x�0.06, i.e., in the regime of relatively weak disorder.

With this type of scaling we prove that the resistivity is
related to the magnetic degrees of freedom. Such a relation
provides an additional and quite universal characteristic of
the Kondo semiconductors; it is certainly absent for the mag-
netic semiconductors, which are Mott-Hubbard systems. Ad-
ditionally, since the corresponding impurity contribution has
not been subtracted from the ��T� data, we can then ascribe
the deviation from the scaling to this difference in the pro-
cedure of treating � vs � data. The relation ���−1 and the
fact that �→0 with T→0 have immediate implications con-
cerning the nature of the Kondo insulator. Namely, the sus-
ceptibility should vanish at T=0 if we have the band insula-
tor �the full band� or if the singlet spin state of the Kondo

lattice is realized. These two possibilities are drawn sche-
matically in Figs. 5�a� and 5�b�. The physical distinction be-
tween the two possible states is discussed below. However,
in accordance with what has been said above, the band insu-
lator �i.e., the system with an even number of valence elec-
trons per formula1� should become metallic for x�0 if dis-
order is not the primary cause of the insulating state. The fact
that the system remains semiconducting up to x=0.12 sug-
gests that the collective Kondo effect is important. In the
following section we will concentrate on the quantum critical
behavior, as well as discuss in detail the metallic phase for
x
0.13.

FIG. 3. The scaling 1/� vs � in the Kondo insulating regime.
The dashed lines express the Curie-Weiss parametrization �for val-
ues of parameters see Table I� in the limited temperature range. The
impurity contribution �yC /T� has been subtracted from the raw �
data, but not in the resistivity.

FIG. 4. Linear scaling law between the resistivity � and the
susceptibility � for the nonvanishing Kondo gap. The values of �
and � for different x are shifted to the zero values at the minimal
positions. Inset: the value of �� as a function of x; it stays the same
as in the regime of the relative weak disorder, x�0.06.

FIG. 5. Schematic representation of the Kondo insulator as ei-
ther a correlated and hybridized narrow-band insulator �a� or as a
collective spin singlet state Stot=0 �b�. The actual situation is that
between the simple mean-field slave-boson result �Refs. 4, 8, and 9�
�a� and the more refined picture �b�, if f electrons are localized.
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IV. PROPERTIES IN THE METALLIC REGIME: xÐ0.13

A. Critical behavior

The critical behavior of � is extracted from the tempera-
ture dependences shown in Fig. 2�b�, where the dependence
�=aT−m has been fitted to the ac data, with the parameters
listed in Table I. The divergence of ��T→0� means that the
system reaches a magnetic moment bearing a phase-
transition point at T=0. This divergence at the weak ferro-
magnetism threshold is observed for all the samples listed
with x
0.13. The samples were checked and are single
phased. The ��T� curves exhibit an additional slightly abnor-
mal behavior around T�10 K. Previously,1 we have de-
tected a weak singular behavior in ��T� for the sample with
x=0.13. The � divergence for T→0 for all the samples sug-
gests that we may have a singular non-Fermi-liquid phase,
i.e., with a line of singularities at T=0 along x
0.13 axis.
However, a further checkout of this suggestion at much
lower temperatures is required.

To confirm the critical character of the behavior, we have
shown in Fig. 6 the temperature dependence of the specific
heat for the x=0.13 sample. The solid line expresses the
dependence Cp=�T+�T3, with �=63 mJ/K2 mol. The de-
viation of the specific heat for T→0 from the straight-line
behavior should be noted; it is displayed in detail in the inset.
The singular part can be parametrized by the dependence
Cp /T=bT−s, with s�0.3. This behavior marks the diver-
gence of the linear specific-heat coefficient � for T→0. This
divergence must be associated with the Fermi surface insta-
bility when entering the KI phase, i.e., the quasiparticle mass
m* divergence, since ��m*.

One should note that the singular behavior Cp /T�T−s

evolves upon lowering temperature from the Fermi-liquid
state of moderately heavy quasiparticles with ��0�
=63 mJ/K2 mol. At the same time �cf. Table I, column 8�
the deviation from the Baber-Landau-Pomeranchuk law

��T�=�0+AT2 is observed �ibid., column 9�. This means that
the NFL state emerges gradually from FL state for
T�10 K. Such an emergent singular behavior with T→0 is
very easy to rationalize. Namely, if we try to estimate the
entropy contribution due to the singular behavior at low T we
will have

S�T� = 

0

T Cp dT

T
� 


0

T

�bT−0.3 + ��dT =
3

2
bT0.7 + �T .

Taking for x�0.13 the value b=143.6 mJ/K1.7 mol, we ob-
serve that for T�2 K the singular part of C /T overcomes the
Fermi-liquid contribution �T. In other words, the number of
accessible states for fluctuations is enlarged and depends on
an anomalous manner on temperature.

B. Magnetic properties

In Fig. 7 the overall magnetization curves for the metallic
samples �x
0.13� and for the x=0.02 sample are shown. In
the inset we specify the curves for sample with x specified
and for T=2 K. To systematize those data we have redrawn
them as a function of H /T in Fig. 8. The curves are roughly
converging for �H /T�→0, but exhibit a diverse character
with the increasing field �above �2 kOe�, which means that
the magnetic moment cannot be attributed to the impurities.
A fitting of the Brillouin curve with a variable spin has been
unsuccessful. Likewise, the drawing of the Arrott plots is
inconclusive. In effect, these curves represent the behavior
for an itinerant magnetic phase, with a very small magnitude,
originating from the exchange interactions and, possibly, a
strong anisotropy, since the curves do not saturate in the
accessible field up to 5.5 T. Obviously, in the small-field
regime M =�H, so the scaling with H /T implies that
M = ��T�H /T and �T varies slowly with T. The character of
the deviation from the straight-line dependence means that a
molecular field �JexM� acts on the magnetic spins. This is
because the magnetization curve should be a function of the
argument Hef f /T= �H+JexM� /T, where Hef f is the effective

FIG. 6. Temperature dependence of the specific heat for the
sample with x=0.13. The solid line is the fit to the dependence
C /T=�+�T2. The inset shows the deviation from the fitted depen-
dence, as well as the fit C /T�T−0.3.

FIG. 7. Magnetization curves for the metallic samples �x

0.13� and a comparison with that for the Kondo insulator with
x=0.02. In the inset we present the M�H� data for x specified and
T=2 K.
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field and Jex is the exchange integral. One additional feature
of our results should be mentioned. Namely, the dc magnetic
susceptibility data for the samples with x
0.13 show as a
rule a higher value of the exponent m, as shown in Fig. 9,
when compared to their ac correspondants. The parameters
of the fitting to the law �=aT−m� in this case are listed in
Table III. The results are the same within the error for both
the field cooled �FC� and zero-field cooled �ZFC� measure-
ments, which means that there is no spin-glass behavior
present for T
2 K. The exact nature of the difference be-
tween the values m and m� of the exponents when deter-
mined, respectively, from the ac and dc methods, is not un-
derstood at this moment. However, a small hystersis
observed for T�4 K speaks in favor of the weakly spin-
polarized phase, as discussed below.

V. FURTHER RATIONALIZATION OF THE RESULTS

From the evolution of the x dependences of � and � the
following physical picture clearly emerges and can be sum-
marized under the following headings. First, the activated
behavior of the conductivity is related to the fact that the
nonzero carrier concentration nC for x�0.12 is created by
their thermal excitation across the Kondo gap. While the
energy 
�Tm is connected with the breaking of the binding
into a collective singlet of individual carriers, the value Tm
refers to the binding energy of 4f electrons into such a sin-
glet. As the multiple carriers are bound to a single 4f spin, it
is clear that Tm�2
 for x�0. Also, the dependence
��exp�
 /T�, characteristic of a nondegenerate semiconduc-
tor, is obeyed even for temperature T

, in agreement with
the well known experimental fact that the Kondo semicon-
ductors are the systems with a low carrier concentration.
Likewise, the magnetic susceptibility ��nC, as the magnetic
moments appear from the spin-singlet bound state with
��0 �the orbital diamagnetism is very small�. An elemen-
tary analysis shows that for those thermally activated quasi-
particles �=m* / �nCe2��, so that ��=const, if only the carrier
lifetime � and the effective mass m* do not change apprecia-
bly with either T or x �this is the case for x�0.06�. In this
manner, the observed scaling law ���−1 can be easily un-
derstood, at least in the low-temperature regime T�10 K.
Also, for T�Tm the free 4f moment due to Ce emerges and
hence the susceptibility is described, albeit in a limited tem-
perature interval T�80 K, in terms of Curie-Weiss law �cf.
the dashed line in Fig. 3�. However, representation of �−1 is
only a phenomenological parametrization since the Curie-
Weiss law is physically sound only in the asymptotic regime
T� ���, which is not the case here �for values of � see Table
I, column 3�. At still higher temperature valence fluctuations
induced thermally become important and lead to a broad
hump.11

Second, the system is insulating for 0�x�0.12. This
means that the collective bound Kondo-lattice insulating
state survives for T�Tm up to x=0.12. The role of atomic
disorder should not be regarded as crucial, since the localized
carriers �holes� introduced upon the substitution would form
paramagnetic centers, whose number should grow �x, which
is not observed. Conversely, all the available carriers form a
collective spin-singlet state. Furthermore, since the substitu-
tion of Sn for Sb diminishes the number of valence electrons
by one and the metallicity is not observed for x�0.13, the
KI state is that drawn in Fig. 5�b�, i.e., the electrons freeze

TABLE III. CeRhSb1−xSnx; a and m� parameters for the best fits
of an equation �=aT−m� to the dc susceptibility data obtained for
T�7 K in the metallic regime x
0.13 �see also Fig. 8�.

x
�=cT−m�

103c�emu mol� m�

0.13 29.96 0.84

0.14 7.56 0.35

0.15 11.83 0.45

0.16 6.39 0.55

FIG. 8. Scaling of M data with H /T. The data are roughly con-
vergent with H→0. The bending of the curves rules out the impu-
rity nature of the moment origin.

FIG. 9. The divergent behavior of the susceptibility determined
by dc ZFC measurements for the metallic samples. The solid lines
represent the fitting to the dependence cT−m� and the values of the
parameters are collected in Table III.
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into the lattice of Kondo singlets. Otherwise, it would be
very difficult to understand the mechanism of trapping the
individual holes created by the substitution and their
nonmagnetic state. However, one must realize that
CeRhSb1−xSnx has �18−x� valence electrons �including the f
electron� so the necessary condition for the appearance of the
band insulator is met at x=0. For x�0 the Kondo state en-
forces then the electron localization. Thus we have a com-
bined band-Kondo behavior for 0�x�0.13.

Third, the maximum in � at T=Tm reflects, as said above,
the fluctuations destroying the collective singlet in the sys-
tem and creates net magnetic moments due to f electrons
with the effective exchange interaction between them of the
magnitude Jex /kB�10 K. In effect, we have three coinciding
scales of energies 2
�0�, Tm, and Jex. Note again, that 2
�0�
is the binding energy of carriers into the singlet, whereas Tm
is the corresponding binding energy of the f electron. The
fact that Tm is reduced by 40% when x changes from x=0 to
x=0.12 means that the Kondo-singlet destruction with the
increasing x is due to insufficient carrier concentration, not
due to changing strength of the Kondo coupling, since we are
in the whole interval in the insulating state. Thus, the evolu-
tion with x complements the Doniach scenario12 which takes
place at a constant carrier concentration when the pressure is
applied.13 Additionally, this scenario should be modified to
account for the itineracy of 4f electrons when the collective
Kondo-singlet state is destroyed for either T�Tm or x
xC.
In other words, our results indicate clearly that for Tmax�T

Tm, the f electrons become itinerant until the temperature
T=Tmax point is reached, at which the quantum coherence of
the itinerant 4f electron states is terminated. Below
T�Tmax hybridization of 4f with conduction-band states is
strong enough to sustain their itineracy, whereas for T�Tm
the collective spin-singlet state is formed and causes a sec-
ond 4f-electron localization upon cooling. In this picture, the
system would remain a heavy-fermion metal down to T=0 if
a collective spin-singlet state could not be formed due to an
insufficient number of the valence electrons. The Kondo
semiconducting state can be thus regarded as a reentrant
localized f-electron behavior upon cooling the system. A re-
verse reentrant sequence of states appears in Mott-Hubbard
systems such as V2O3.14 The localization at T�0 in the
Mott-Hubbard systems is caused by the circumstance that the
entropy of the localized paramagnetic state �with thermally
fluctuating magnetic moments S=R ln 2� is larger than that in
the metallic state �S��T�. Here, the opposite is true and
hence the sequence of phases vs T is reversed.

Finally, and probably most importantly, ��T� seems to di-
verge for all metallic samples possible to synthetize, i.e., for
x�0.20. The samples are single-phase systems. This means
that the observed divergent behavior of ��T→0� for
x
0.13 defines a singular non-Fermi liquid exhibiting a line
of quantum critical points. Additionally, the C /T divergence
for T→0 defines the effective mass divergence and the onset
of magnetism, since the density of states at the Fermi level
���F� becomes divergent with T→0.

Parenthetically, it would be extremely interesting �and im-
portant� to extend our measurements to very low tempera-
tures to check, among others, if the critical exponents remain

the same as those determined here. This is planned as the
next step in our investigations.

On the basis of the experimental data and the above dis-
cussion a schematic phase diagram can be drawn, as shown
in Fig. 10. The solid line �guide to eye� on the left param-
etrizes the measured values of the Kondo-lattice gap 
�x�; its
flat part may be partly caused by the disorder. The inset
shows a residual magnetic hysteresis observed at low tem-
peratures. We attach this hysteresis to the presence of a very
small moment in the system. Here, a remark is in place. We
cannot separate the sample remanence from the supercon-
ducting magnet residual moment. However, we believe that
this property can be ascribed to the sample, since it disap-
pears at a temperature far below that for the superconductor-
normal metal transition for the solenoid material. Also, the
shaded area is the crossover region from either KI or Fermi
liquid �FL� states to the non-Fermi �non-Landau� metallic
phase NFL. The fact that the critical exponent for x=0.13 for
the specific heat is s=0.3�1/3 means that this critical point
is not of the same type as either the liquid-gas or PM→PI
�Ref. 14� transition, for which no symmetry change occurs at
the critical point. Conversely, the metallic phase is regarded
as a very weakly magnetic phase, but the exact nature of this
magnetism needs further study by NMR and other tech-
niques at lower temperatures.

VI. THEORETICAL INTERPRETATION: KONDO-
INSULATOR METALLIZATION

A. Difference with the Mott-Hubbard systems

Apart from the interest in the CeRhSb1−xSnx critical be-
havior near x�0.12, we should first compare briefly the
present system with the classic Mott-Hubbard systems such
as doped V2O3 systems, V2−xCrxO3,14 and NiS2−xSex.

15 The
difference between the Mott-Hubbard systems and the
hybridized-band systems is schematically drawn in Fig. 11.

FIG. 10. Schematic phase diagram for CeRhSb1−xSnx systems.
The solid circles mark the values of the Kondo gap 
�x�. The full
square marks the deviation point from the T2 dependence of resis-
tivity for x=0.13, whereas the open squares mark the disappearance
points �T ,x� of a very weak hysteresis on the magnetization curves.
In the inset we draw the temperature dependence of part of the
typical hysteretic behavior, here plotted for the x=0.15 sample.
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The first are 3d narrow-band systems, in which the Mott-
Hubbard localization takes place as a function of either dop-
ing or temperature and is associated with the narrow-band
instability and the concomitant transformation of an almost
localized Fermi liquid into the lattice of localized moments.
It is important that the band filling per atom is an even num-
ber �in the simplest case, a single narrow band is half-filled,
as shown in the top panel�. The situation for the doped sys-
tems is much more complicated due to the presence of the
atomic disorder. It is important to note that the insulating
phase is magnetic �very often antiferromagnetic�, as the lo-
calized electrons in the localized state are not spin paired.
The presence of the antiferromagnetism, also in the metallic
state, obscures the detection of the predicted quantum critical
point14 at the paramagnetic metal �PM�-paramagnetic insula-
tor �PI� threshold at T=0. Instead, the classical critical point
at T�0 predicted earlier,14 has been seen recently by
Limelette et al.14 and by Kagawa et al.14 for the two-
dimensional organic systems.

The Kondo insulator-NFL metal critical behavior is not
hampered appreciably by the presence of magnetism in the
latter phase, at least in the temperature range studied in this
paper. Also, the insulating state is nonmagnetic. Therefore,
the critical behavior at the KI-NFL boundary can be studied
systematically as a function of x. Obviously, the situation
drawn in the lower right-hand corner of Fig. 11 comprises
the KI state as a band insulator for x=0 �with an even num-
ber of electrons�, which appears naturally in the mean-field
treatment of the Anderson lattice.8,9 The robust character of
the KI state for nonstoichiometric samples �0�x�0.12�
speaks in favor of incorporating the feature drawn in Fig.
5�b� i.e., in the favor of a true periodic Kondo-lattice spin-
singlet state for 0.13�x�0. The KI-NFL transition will be
characterized semiquantitatively next.

B. A simple theoretical model of KI metallization

As said above, a theoretical picture requires an incorpo-
ration of both the band-insulator features shown in Fig. 5�a�
�even number—18 of valence electrons1 including one 4f
electron due to Ce, for CeRhSb�, and the Kondo-lattice spin-
singlet correlations8,9 shown in Fig. 5�b�. Therefore, we
take the view that 4f electrons due to Ce are even in the
sample with x�0.12 itinerant in the temperature regime
Tm�T�Tmax, but acquire also both the Kondo and the anti-
ferromagnetic f-f correlations. Therefore, we start from the
effective model represented by the following Hamiltonian:

H = − �

ij��

tf f i�
† f j� + �

i

JK�Sif · sic − 1
4nifnic�

+ �
ij

Jij�Si · S j − 1
4nifnjf� + K�

i

nifnic + �c. �1�

The first term describes the hopping of f electrons between
the nearest neighbors �NN� 
i , j� with the hopping integral tf,
where nf�= 
f i�

† f i�� is the average number of f electrons per
Ce atom and of spin �, and the f-level occupancy is
nf =nf↑+nf↓�1. The second term describes the local Kondo
interaction between the f-electron spins �Sif� and the conduc-
tion electrons �sic� �the full exchange term involves also the
part involving the number of f electrons nif =��f i�

† f i� and
that of carriers nic, both for the site i�. The third term de-
scribes the antiferromagnetic exchange interaction between f
electrons. The fourth and the fifth terms describe, respec-
tively, the direct interorbital Coulomb interaction and the
conduction-band energy. The derivation of the model is out-
lined in Appendix A.

This model was obtained from the extended Anderson lat-
tice model for nf �1 when the intraatomic f-f interaction
with magnitude U�5÷6 eV represents the largest energy
scale in the system. In our system Jexz�JK, where z is the
number of the NN, for which Jij �Jex. Therefore, the three
physical processes: band character of f electrons, as well as
both the local Kondo �f-c�, and �f-f� couplings are roughly
of the same magnitude. This is because Tmax�3÷4Tm. One
should also mention that in the metallic phase Ruderman-
Kittel-Kasuya-Yosida �RKKY�-type interaction appears in
addition to the �short-range� antiferromagnetic kinetic-
exchange interaction. From a theoretical point of view, such
a situation presents itself as a highly nonperturbational prob-
lem. Therefore, to make simple estimates, we follow the
spirit of the Gutzwiller variational approach,16 albeit simpli-
fied to a large extent by retaining only the principal qualita-
tive features of the method.

We introduce the correlation functions 
Sif ·sic− 1
4nifnic

�
and 
Sif ·S j f −

1
4nifnjf

� and regard them as the processes re-
stricting the f-electron hopping, since the first prefers forma-
tion of a local singlet �0���1�, whereas the other—the
appearance of the short-range antiferromagnetic correlations
�0�m�1�. In other words, in direct relation with the f-f
hopping suppression by the Hubbard correlation �q��1�, we
introduce two additional band-narrowing factors due to these
magnetic correlations. In effect, by taking into account the
occupancies of the corresponding states, i.e., by assuming

FIG. 11. Schematic representation of the Mott-Hubbard local-
ization �top line� and the Kondo-lattice insulator formation �bottom
part�. V denotes the magnitude of the local hybridization between
the 4f and the conduction �c� states. The bottom-right part has been
refined in 5�b� in terms of a collective Kondo-lattice singlet state,
when f electrons localize for T�Tm.
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that Sif �nfS̃if and sic�ncS̃ic, where tilted operators are the
corresponding atomic spins, we can write an expression for
the system energy �per site� in the following variational
form:

E

N
� − a0�1 − a1���1 − a2m�tfz�

�

q�nf��1 − nf�� − JKnfnc�

− Jexznf
2m + Knfnc + �c, �2�

where q���1−nf� / �1−nf�� is the so-called band-narrowing

factor, �=−
S̃if · S̃ic− 1
4
�, m=−
S̃if · S̃ j f −

1
4
�, and a0, a1, and a2

are the coefficients determined below from the behavior in a
limiting situation. Namely, in the Hartree-Fock limit the
whole band-narrowing-factor part a0�1−a1���1−a2m�
should reduce to unity. This means that it should be written
in the form �16/9��1−���1−m�. The unusual fact comes fol-
lows from the circumstance that in the Hartree-Fock limit
�=m= 1

4 and �1−m��1−��= 9
16. Additionally, the band energy

�per site� of the conduction electrons is assumed in the form
�c=−�W /2�nc�1−nc /2�, where W is the bandwidth of uncor-
related carriers of concentration nc=n−nf per site. In effect,
the ground-state energy functional takes the form

E

N
= − ztf�1 − ���1 − m�nf�1 − nf� − �JK� − K�nfnc − Jexznf

2m

− �W/2�nc�1 − nc/2� , �3�

where we have taken the factor q�
2 for the spin nonpolarized

state �nf�=nf /2�.
The physical ground-state energy EG is determined as the

optimal configuration, for which �E /��=�E /�m=�f /�nf =0.
In effect, the first two conditions lead to the optimal values
of � and m in the form

� = 1 −
J̃

t̃ f

, �4�

m = 1 −
J̃K

t̃f

, �5�

where the effective �tilted� parameters are

t̃ f � 16
9 ztfnf�1 − nf�, J̃K � JKnfnc,

J̃ � Jexznf
2. �6�

Substituting the values �4� and �5� to �2�, we obtain the
ground-state energy in a simple form

EG

t̃f

=
J̃J̃K

t̃f
2

−
J̃K

t̃f

−
J̃

t̃ f

+ E0, �7�

where E0 contains all the remaining terms. One should note
that the magnitude of the Kondo correlations � is reduced by

the relative strength j� J̃AF / t̃ f of the antiferromagnetic inter-
action, whereas the magnetic correlation m is determined by

relative strength of jK� J̃K / t̃ f. In brief, those two interactions
are competing with each other. Also, for j→0 there are

strong Kondo correlations, we expect that then �→1. Simi-
larly, m→1 if jK→0. In effect, the energy �7� takes a very
simple form �up to a constant�

EG

tf
= j jK − j − jK, �8�

and it is symmetric with respect to the interchange j↔ jK.
The transition KI→NFL corresponds to the switching with
the increasing x from the �→1�m→0� limit to the
m�0 ���1� limit, i.e., from the Kondo-lattice insulating
state to the NFL state with the short-range antiferromagnetic
correlations.

In Fig. 12 we draw the schematic behavior of the system
based on the function �8�. The points �j=0, jK=1� and
�jK=0, j=1� correspond to the KI and AFI states, respec-
tively. The critical line of switching from the Kondo insulat-
ing state to the antiferromagnetic state is represented by the
condition jK= j or equivalently, JK=Jexz.

Such a simple analysis as above bases on the assumption
that the f-level occupancy does not change with the stoichi-
ometry x. To show explicitly that nf indeed changes, we al-
low the third condition �E /�nf =0, which yields the follow-
ing expression for nf

nf =
1

2

�16/9�tfz�1 − ���1 − m� + �JK� − K�n + �W/2��n − 1�
�16/9�tfz�1 − ���1 − m� + JK� − K + 2Jexzm + W/4

,

�9�

where, as before, n is the total number of electrons per site.
This cumbersome expression leads to very simple and clear
conclusions in interesting us with limiting situations.

FIG. 12. Schematic representation of the transformation from
the KI state to the NFL state with short-range antiferromagnetic
correlations at the critical concentration, when the Kondo singlet
state is destroyed. AFI denotes the antiferromagnetic insulating
state. In the metallic phase the RKKY interaction may create the
transition to m=0 on this diagram.
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In the undoped Kondo insulating state we must have
�=1 and n=2 �even number of valence electrons�. In that
state the intersite exchange interaction does not matter as we
have Kondo singlets, so one can put Jex=0. In that limit, we
reach a very simple limiting value of �9�, namely nf =1. So,
as conjectured on the basis of the experimental results, the f
electrons in CeRhxSb1−x should be localized. In other words,
the situation represented in Fig. 5�b� represents the limiting
situation of that drawn in Fig. 5�a� when nf →1.

The next question is what happens if we start doping the
system? In that case the carrier concentration is diminished
by replacing Sn for Sb. Then we can assume that n=2−x
�one conduction electron less per Sn atom� and keeping
�=1, and neglecting still the intersite exchange we have that

nf � 1 −
W/4 + �JK − K�/2

W/4 + JK − K
x . �10�

Thus, the valency of Ce is increased rapidly from the Ce3+

to Ce�4−nf�+ with the Sn doping. This tendency towards itin-
erancy of f electrons must be enhanced by the Kondo single
disappearance, i.e., the condition �= 1

4 . Then we have

nf =
1

2

tfz + �JK/4 − K��2 − x� + �W/2��1 − x�
tfz + JK/4 − K + 2Jexzm + W/4

. �11�

A simple numerical estimate for m=1/4 shows now that
1 /2�nf �1, i.e., we have the mixed-valent situation at the
Kondo-insulator instability threshold. Obviously, such a rea-
soning carried out for T=0 will not be able to provide a
quantum-critical behavior, as it involves the generalization to
T�0. Nonetheless, it supports clearly the qualitative picture
drawn from the experimental results. Numerical details, in-
volving analysis as a function of the five parameters �tf, W,
JK, Jex, and n�, as well as their relation to the parameters of
Anderson-lattice-Hamiltonian parameters �� f, U, V, cf. Ap-
pendix�, should be provided separately.

One more important remark from the above analytical
reasoning should be added. Namely, these considerations
provide a supplement to the Doniach scenario, as they in-
volve explicitly the itinerant nature of the heavy quasiparti-
cles, caused by the f-c hybridization V and by the circum-
stance that nf �1.

VII. CONCLUDING REMARKS

In this paper we have provided a detailed discussion of
the properties in the region of Kondo insulator—non-Fermi
�non-Landau� liquid transition. The transition is discussed as
a function of variable valence-electron number introduced by
substitution of Sn for Sb. The results were compared with
those for Mott-Hubbard localization-delocalization transi-
tion. It is important to note that we distinguish between the
binding into the Kondo-lattice singlet of 4f electrons �as seen
in the magnetic-susceptibility maximum position Tm� as dis-
tinct from the valence electrons �as characterized by
the value of the gap 2
�x�	.

The Kondo insulators CeRhSb1−xSnx �stable for x�0.12�
are here nondegenerate semiconductors with the almost
constant activated carrier mobility. In this respect, they are

electrically similar to the Mott-Hubbard insulators
�V1−xCrx�2O3, even though the latter are antiferromagnetic
semiconductors.16,17 We think that the temperature indepen-
dence of the carrier mobility should be reflected upon fur-
ther.

We have also proposed that the 4f electrons become lo-
calized in the KI phase as T→0. The critical behavior for
x�0.12 is highly nonstandard, since the equilibrium proper-
ties such as the magnetic susceptibility �both ac and dc�
shows a divergent behavior in the whole range of concentra-
tions �x�0.20�, in which the metallic samples can be syn-
thetized. The extension of the experimental results to lower
temperatures seems to be important and will be carried out in
the near future. Also, the effect of the substitutional disorder,
particularly for x
0.06, should be studied carefully. Such a
study should clarify the role of disorder �if any� in the
Kondo-gap formation.

Finally, we have proposed an effective f-band model of
correlated f electrons, which localize in the pure Kondo-
insulating limit �the case of CeRhxSb1−x�. The model, in our
view, catches salient features of the system evolution with
varying carrier concentration and supplements the Doniach
picture of the Kondo-lattice→correlated �magnetic� metal
transition.
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APPENDIX: EFFECTIVE NARROW f-BAND MODEL OF
CORRELATED AND HYBRIDIZED ELECTRONS

In this Appendix we outline the derivation of the effective
narow f-band model of correlated and almost localized elec-
trons �nf →1�. For the sake of clarity, we neglect the orbital
degeneracy of the 4f1 configuration of Ce and start with the
extended Anderson lattice Hamiltonian with the intrasite hy-
bridization only, which has the form

H = �
k�

�kck�
† ck� + �

i

� fai�
† ai� +

V
�N

�
ik�

�ai�
† ck�eik·Ri + H.c.�

+ U�
i

nif↑nif↓ +
Ucf

N
�

ikk����

nif�ck��
† ck���e

i�k�−k�·Ri, �A1�

where nif�=ai�
† ai�. The first term is the band energy of con-

duction �c� electrons. The second term is the atomic energy
of f electrons �it is selected relative that for 5d−6s elec-
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trons�. The third term defines intra-atomic hybridization be-
tween the 5d−6s and 4f electrons, whereas the last two
terms describe the intra-atomic Coulomb interactions, the
f-f and the f-c, respectively.

When speaking about the Kondo-lattice limit, we are
thinking about the limit with appreciable Kondo coupling,
but in general, with itinerant f electrons �nf �1�. In this
limit, we can transform out18 only the part of the hybridiza-
tion term responsible for the formation of double f-level oc-
cupancies as they are realized only via virtual transitions,
since �V� /U�1. In effect, we obtain the following effective
Hamiltonian in the second order in V in the real-space rep-
resentation:

H̃ = �
mn�

tmncm�
† cn� + � f�

i�

nif� + U�
i

nif↑nif↓ + Ucf�
i

nifnic

+ V�
i�

�f i�
† �1 − nif�̄�ci�

† + H.c.	

+ �
i

2V2

U − UC + � f
�Sif · sic − 1

4nifnic� + ¯ , �A2�

where nif =��nif�, nic=��ci�
† ci�, and Sif and sic are, respec-

tively, the spin operators for f and c electrons in the fermion
representation. Note that due to the itineracy of f electrons,
we cannot transform out the whole hybridization term, as in
such a situation the number of f and c electrons would be
conserved separately19 and the hybridized f-c states would
not be formed. In other words, the full Schrieffer-Wolff
transformation19 viewed as a two-step procedure cannot be
carried out if we would like to discuss a heavy-fermion or
mixed-valent states, both of which require noninteger f-atom
valency �nf �1�.

In order to solve the Hamiltonian �A2�, one can use the
slave-boson approximation,4,8,9 which leads to the renormal-
ized quasiparticle states represented in the simplest case by
the Hamiltonian

H̃ = �
mn�

tmncm�
† cn� + �̃ f�

i�

nif� + V�
i�

q�
1/2�f i�

† ci� + ci�
† f i��

+ JKnfnc�
i

�S̃i · s̃i − 1
4� + UC�

i

nifnic + ¯ , �A3�

where JK=V / �U−UC+� f�, q� is the renormalization factor,
which can also be obtained in the Gutzwiller approximation
and in U→� limit reads q�= �1−nf� / �1−nf��. Also the ef-
fective fermionic operators for the f states are f i�

† and f i�

�also, now nif�� f i�
† f i��. �̃ f is the renormalized f-level posi-

tion.
In the U→� limit JK→0 and Hamiltonian �A3� can be

easily diagonalized leading the renormalized quasiparticle
energies Ek� of the form

Ek�� =
�k − �̃ f

2
+ ��� �k − �̃ f

2
�2

+ Ṽ�
2�1/2

, �A4�

where �= �1 for bonding and antibonding hybridized

bands, respectively, and Ṽ�=q�V.
The Kondo-lattice state is understood in this language as

the limit for which for the filled states �Ṽ� / �� f −����1. In
that limit, the effective narrow-band part ��=−1� reduces to

Ek� � �2�k + const, �A5�

with �=−V2 / �� f�q. In effect, the f electrons acquire a non-
zero bandwidth �V2q; and their propagation between the
neighboring pair of sites 
i , j� is composed of three steps
f →c transition at site i, propagation from the site i to j as a
conduction electron followed by c→ f transition at site j.
Such a propagation is possible only if nf �1, i.e., when the
valency is noninteger. As shown in Sec. VI, the system is not
in a pure Kondo insulating state.

Summing up the whole argument, allowing for U��,
including the Kondo-like term �JK�0 now�, as well as add-
ing the f-f exchange interaction term which appears in the
fourth order, we arrive at the effective narrow f band of
correlated electrons in the form

H̃ = �
ij�

q�tij f i�
† f j� + �̃ f�

i�

f i�
† f i� + UC�

i

nifnic

+ JKnfnc�
i

�S̃i · s̃i − 1
4� + �

i�j

Jijnf
2�S̃i · S̃ j − 1

4� + �c,

�A6�

where now tij = tmnV2�� f� with �m ,n�= 
i , j�, JK

=V2 / ��� f��� f +U−UC�	, Jij being the f-f interaction magni-
tude and �̃ f �kBTK—the effective f-level position. This is the
starting Hamiltonian for a further analysis. It is analyzed

further in Sec. VI. Let us only note that the operators S̃i and
s̃i are the atomic �Pauli� representation of the corresponding
spins, since nf and nc represent the occupancies of the f and
c states at given sites. Also, the conservation of the electron
number is enforced through the condition nf +nc=n, where n
is the average number of electrons per pair of f-c states �per
formula unit in the simplest case�.
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