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The scaling and localization properties of polaritonic states in piezoelectric Fibonacci superlattices are
studied using the generalized 4�4 transfer matrix method. The dynamics of electromagnetic waves and
acoustic waves is treated on equal footing. Both polaritonic band structures and transmission spectra possess
the pattern of the Cantorset with respect to generations. The scaling parameter ��=4.236 is in agreement with
the previous studies on pure electronic and phononic Fibonacci superlattices. Furthermore, the fractal nature of
the transmission spectra serves as a proof for the �quasi�localization of polaritons which should be observable
in experiments.
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Quasicrystal is a unique type of structure which lacks
long-range translational symmetry but possesses a certain
orientational order. The structural ordering of quasicrystals
lies at the boundary between the translation invariant crystals
and random glassy materials. Thus, the spectral properties of
quasicrystals provide a way to understand how the extended
states in crystals are transformed into the localized states in
random glass when the translational symmetry is broken. For
this reason, much research work has been carried out in the
past 20 years, especially since the experimental discovery of
the quasicrystal phase in an Al-Mn alloy with icosahedral
symmetry.1 Among them, the one-dimensional model sys-
tems described by the Fibonacci sequences have received the
most attention since they contain the basic ingredients of
quasicrystals and are relatively easy to deal with. Up to now,
a variety of physical properties have been explored which
involve superlattices with electronic,2–7 vibrational,8–11

dielectric,12–17 as well as ferroelectric materials.18–20 These
studies suggest that the energy spectra of quasiperiodic
systems have fractal structures and form Cantorsets. All
states in the Fibonacci lattices are critically localized
�quasilocalized�.21,22 For the current research status on qua-
siperiodic structures, one should consult the review article
given by Albuquerque and Cottam where the characteristic
spectral properties on superlattices with Fibonacci sequence,
Thue-Morse sequence, and double-period sequence are ana-
lyzed and discussed in detail.23

In addition to the one-degree systems, both experimental
and theoretical studies have been extended to other nonlinear
as well as mode-coupled systems. In the nonlinear optical
problems, the efficiency of high harmonics generation is
greatly enhanced if quasiperiodic structures are adopted. The
quasiphase matching is easily engineered using quasiperiodic
structures since they offer more reciprocal lattice vectors
than their periodic counterpart. Also the ultrasound spectra
generated by the piezoelectric superlattices arranged in the
Fibonacci sequences are studied; in particular, the possibility
of creating the so-called polaritonic band gap in piezoelectric
superlattices is proposed.18,24 These studies take the long
wavelength limit and apply only when the sample thickness
is much shorter than the electromagnetic wavelength. The
transmission spectra and scaling behavior of coupled
phonon-photon states are not discussed. Since the quasiperi-

odic system is characterized by the scaling properties of its
eigenmodes, and quasiperiodic piezoelectric superlattices are
fundamentally different from those single-degree electronic,
phononic, or photonic systems as it involves coupled photons
and phonons, it is of great interest to analyze in detail the
similarities and differences in their scaling behavior.

In this paper we consider the piezoelectric superlattices
with Fibonacci sequences Sl as illustrated in Fig. 1. The su-
perlattices can be prepared with an electric-field poling
method.25 The positively and negatively polarized domains
with thickness L± are the two building blocks A and B. These
building blocks are then arranged according to the concat-
enation rule Sl=Sl−2Sl−1 for l�2, with S0=B ,S1=A. The
number of layers is given by NP=Fl, where Fl is a Fibonacci
number obtained from the recursive law Fl+1=Fl+Fl−1, with
F0=1 and F1=1. We choose the two uniformly polarized
domains above as our building blocks to facilitate a compari-
son either with the electronic systems in an incommensurate
potential with two distinct on-site energies.5,6 or with the
dielectric superlattices with two distinct dielectric
constants.12,13,15,17 The scaling properties of eigenspectra of
piezoelectric Fibonacci superlattices are obtained by compar-
ing the polaritonic band structures and transmission spectra
for consecutive generation l. Self-similarity structures are
found with respect to generation. For particular frequencies
and near its neighborhood, the spectra satisfy the scaling law
for the lth and the �l+3�th generations. As the generation
goes to infinite, the scaling parameter approaches ��=�3

=4.236 with �= ��5+1� /2 denoting the golden mean. Trans-
mission spectra show a self-similarity pattern with respect to
either the generation or rescaled frequency. As indicated by
the fractal feature in the transmission spectra, quasilocaliza-
tion does exist in this system. However, because of the huge
difference between the velocities of phonons and photons,
superlattices larger than 20th generation �10 946 domains�
are required in order to have a clear localization signature.

To maximize the coupling between photons and phonons
in piezoelectric superlattices, one needs to have a setting that
corresponds to the largest component of piezoelectric tensor.
Figure 1 is such a setting for LiNbO3; both the electric field
Ex�z , t� and lattice displacement ux�z , t� are in the x axis. The
full dynamics of the system is described by the following
coupled equation set:26
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The above equation set is written in a dimensionless form;
the scaled variables and functions are defined as z̄=2�z /L,

ūx�z̄ ,��=2�ux�z ,�� /L, and Ēx�z̄ ,��= �d15� �z��Ex�z ,��.
L=L++L− is the sum of thicknesses of two oppositely polar-
ized domains. 
�z̄�= ±1 identifies the left and right polarized
domains. cs=1/��s55� is the tranverse sound velocity of the
ferroelectric media. The two dimensionless material param-
eters are �=c2 / �̄cs

2 ,	=d15�
2 /�0�̄s55� . Later is the electrome-

chanic coefficient which describes the coupling strength be-
tween photons and phonons. �̄=�−� is the effective
dielectric constant and
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The reduced piezoelectric component is given by d15� �z�
=d15�z�+d16�z�s55� /s65� . The reduced elastic moduli are given
by 1/s55� =s66/ �s55s66−s56s65�, 1 /s66� =s55/ �s55s66−s56s65�,
1 /s56� =−s65/ �s55s66−s56s65�, and 1/s65� =−s56/ �s55s66−s56s65�.
For LiNbO3,27 �=1.6�108 , 	=0.5923. Note that the pho-
ton velocity is higher than the sound velocity by four orders
of magnitude and their wavelengths set two different charac-
teristic length scales in this system.

The above equations can be solved for homogeneous
ferroelectric media. There are four eigensolutions for each
domain. One pair represents renormalized electromagnetic
modes, the other pair represents the renormalized acoustic
modes, and the general solution can be expanded within
these bases. After using the proper boundary conditions at

domain interfaces, the electric field Ēx, vibrational amplitude

ūx, as well as their derivatives Ēx� and ūx� at interfaces can be
expressed in terms of transfer matrices for the left and right
polarized domains,26
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�̄=�L /2�cs and the detailed expressions of transfer matri-
ces are listed in Appendix A of Ref. 26. The transfer matrix
of a given superlattice can be obtained by successive multi-

plications of M�L̄± , �̄� with the prescribed sequence. Equa-
tion �2� forms the basis to study band structures and trans-
mission spectra of this system.

The band structure for a given Fibonacci superlattice �Sl�
is calculated, as customarily done, using the periodic bound-
ary condition. This procedure ensures that the band struc-
tures approach the transmission spectra when generation l is
large enough. The typical band structures are shown in Fig. 2
where the horizontal axis denotes the generation l while the

FIG. 1. The schematic diagram of a Fibonacci
piezoelectric superlattice. Domains’ polarization
are along the ±z axis. The electric field and vibra-
tional displacement are taken as the x axis.

FIG. 2. Polaritonic forbidden gaps as a function of Fibonacci

generation. The reduced domain sizes are L̄+= L̄−=�. �a� For gen-
eration l=28. �b� For generation l=28 but with the focus on a
lower frequency. �c� For generation l=511, a frequency expanded
view of �b� around �̄=1. Notice the symmetrical patterns around
the fixed points �̄=odd integers.
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vertical axis denotes the forbidden gap resulting from the
superlattice structure. In obtaining these figures, L̄+ and L̄−
are set as �. The forbidden gap indicates the range of forbid-
den modes for the coupled polaritons while uncoupled
acoustic modes remain propagationlike. Figure 2�a� shows
that there are infinite big clusters centered at the odd-integer
frequencies �̄=1,3,5,…,. These frequencies actually corre-
spond to the fixed points of the system under study and are
determined by the acoustic wavelength in piezoelectric me-
dia. To unveil the self-similarity nature of the quasiperiodic
system, the lowest big cluster centered around �̄=1 is en-
larged and replotted in Fig. 2�b� for an easy comparison with
the spectra plotted in Fig. 2�c� differing by three generations.
A clear physical picture that emerges from the spectra differ-
ing by three generations show a self-similar pattern. In fact,
such properties are observed for any pair of spectra of gen-
erations l and l+3 and hold for other big clusters as well.
Around the fixed points of frequencies, the difference be-
tween the lower edges of the forbidden gaps satisfies the
scaling law, i.e., if the energy spectra are rescaled by a con-
stant ��, the lower edges of forbidden gaps of lth and �l
+3�th generations will appear at almost the same locations.

Inspired by Ostlund et al.,4 we have applied the renormal-
ization operation on the matrix string. Simple analysis on the
transfer matrices near the fixed points suggest that the traces
of transfer matrices do recover after three cycles at fixed
points, but the phases as argument in the trace are propor-
tional to the total length of the superlattice. Thus, the scaling

parameter �� is given by ��= �L̄−Fl+3+ �L̄+− L̄−�Int��Fl+3

+1� /��� / �L̄−Fl+ �L̄+− L̄−�Int��Fl+1� /��� with �=0.5��5+1�
denoting the golden mean. It approaches ��→�3=4.236
when the Fibonacci generation goes to infinite. In addition,
the three-cycle not only determines the band structures near
the fixed points but also the band structure near each center
of subclusters in the Cantor set. Note that the two major gaps
around �̄=0.76 and �̄=1.23 in Fig. 2�b� seem to be insensi-
tive to the Fibonacci generation, and they are also in good
agreement with the transmission spectrum at large Fibonacci
generation shown in Fig. 6.

Although the scaling behavior is essentially determined
by the Fibonacci sequences, the fixed points in both energy
spectra and transmission spectra sensitively depend on the
relative domain thicknesses. In Fig. 3 we show the energy

spectra calculated with L̄+=1.5� and L̄−=0.5�. The fixed
points in this case are �̄=2,6,10,…, as can be checked by the
trace mapping. The trace also recovers after three genera-
tions and spectra have the self-similar pattern. For the fixed
point at �̄=2, more subclusters and major gaps are observed
due to the symmetry reduction of building blocks. In addi-
tion to the two major gaps around �̄=1.79 and �̄=2.21
which correspond to the ones in Fig. 2, two other minor gaps
are observed around �̄=1.10 and �̄=2.89; all these gaps can
be checked via the transmission spectra shown in Fig. 5.

While the electromagnetic wave and acoustic waves are
coupled inside the piezoelectric superlattices, only the elec-

FIG. 3. Polaritonic forbidden gaps as a function of Fibonacci

generation, the reduced domain sizes are L̄+=1.5� and L̄−=0.5�.
Notice the symmetrical pattern around the fixed point �̄=2.

FIG. 4. The transmission spectra of finite Fibonacci superlattices

with L̄+= L̄−=�. �a� Fibonacci sequence S7 �21 layers�; �b� S10 �89
layers�; �c� a frequency expanded view of �b�.

FIG. 5. The transmission spectra of finite Fibonacci superlattices

with L̄+=1.5� and L̄−=0.5�. �a� Fibonacci sequence S7; �b� S10; �c�
a frequency expanded view of �b�.
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tromagnetic waves are coupled out for the configuration
shown in Fig. 1 since the transverse elastic moduli of air is
nearly zero. The representative transmission spectra for a set
of Fibonacci sequences are shown in Fig. 4 with equal do-
main thickness L̄+= L̄−=�, Figs. 4�a� and 4�b� are the trans-
mission spectra for Fibonacci sequences S7 �21 layers� and
S10 �89 layers�, respectively. Figure 4�c� is a frequency en-
larged view of Fig. 4�b� for easy comparison between the
different generations. With respect to the fixed point of fre-
quency at �̄=1, a self-similarity pattern of the spectra is
evident between S7 and S10 sequences. The positions of the
peaks correspond to each other well. Heights of the peaks are
somewhat different due to the limited energy resolution
adopted in the frequency mesh points. The transmission
spectrum and the band structure are also in good agreement
if one takes the different boundary condition into consider-
ation. In fact, such scaling behavior in transmission spectra
hold for every generation. We calculated up to S23� 46 368
layers�, which indicates the quasilocalization of the eigen-
modes.

For the asymmetrical domain structure studied in Fig. 3

with L̄+=1.5� and L̄−=0.5�. The transmission spectra have
similar scaling behavior around the fixed point of frequency
at �̄=2, the self-similarity pattern of the transmission spectra
between S7 and S10 are clearly shown in Fig. 5.

Unlike the forbidden band gaps shown in the band struc-
tures in Figs. 2 and 3, the band gaps as revealed in the trans-
mission spectra are visible, but not clearcut. This is so be-
cause the sizes of the Fibonacci superlattices shown in Figs.
4 and 5 are much less than the wavelength of the electromag-
netic wave and the wave nature of the electromagnetic fields
has not emerged. In Fig. 6, a very large Fibonacci sequence
S23 �46 368 layers� are considered with equal domain thick-
ness. Clear band gaps have developed in the transmission
spectrum which corresponds perfectly to the gaps observed
in the band structure around �̄=0.76–0.83 and �̄
=1.23–1.30, respectively. As we have mentioned before, the
piezoelectric system is characterized by both the acoustic
velocity and light velocity which differs by four orders of
magnitude. The topological long-range order in space is on
the order of the phonon wavelength and that is why the self-
similarity features take place already at relatively low Fi-
bonacci sequences while the electromagnetic wavelength is
four orders of magnitude larger than the acoustic wavelength
which amounts to several tens of thousands of layers.

To explore how the topological order affects the spectral
properties, we have compared the transmission spectra of

superlattices for both periodic and Fibonacci sequences and
they are illustrated in Fig. 7. Figures 7�a�–7�c� refer to the
periodic superlattices with three different numbers of layers
while Figs. 7�d�–7�f� refer to the Fibonacci superlattices with
approximately the same number of layers. In the frequency
range investigated and as the number of layers increases,
only one polaritonic band gap develops for a periodic case at
around �̄=1 while there are two major polaritonic band gaps
for the Fibonacci sequence at �̄=0.76 and �̄=1.23, respec-
tively. As we said already, these gaps become well defined
only when the sample size is comparable with the electro-
magnetic wavelength.

Using the global transfer matrix of a given Fibonacci se-
quence, the localization properties of eigenmodes can be
analyzed by calculating directly the Lyapunov exponent
���̄�;28–30 the typical pattern of ���̄� is plotted in Fig. 8 for
Fibonacci sequence S10. One sees that there is a one-to-one
correspondence between the transmission spectrum and the
Lyapunov exponent. A high transmission means delocalized
modes and vice versa. As the Fibonacci generation goes to
infinite, all the eigenmodes become quasilocalized.

FIG. 6. The transmission spectrum of a Fibonacci superlattice

S23 with L̄+= L̄−=� �46 368 layers�.

FIG. 7. The transmission spectra of periodic and Fibonacci su-

perlattices with L̄+= L̄−=�. �a�–�c� Periodic superlattices with 16
�a�, 256 �b�, and 4096 �c� layers; �d�–�f� Fibonacci superlattices
with 13 �d�, 233 �e�, and 4181 �f� layers.

FIG. 8. The transmission spectrum �T, thinner curve� and the
Lyapunov exponent ��, thicker curve� of the Fibonacci superlattice

S10 with L̄+= L̄−=�.
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In conclusion, we have studied in this paper the scaling
and localization properties of polaritonic states in piezoelec-
tric Fibonacci superlattices. The energy spectra of this
photon-phonon coupled system possess the pattern of the
Cantor set with respect to generations. The scaling parameter
��=4.236 obtained is in agreement with previous studies on
pure electronic and phononic Fibonacci superlattices. Fur-
thermore, the fractal nature of transmission spectra serves as

proof for the �quasi�localization of polaritons which should
be observable in experiments.
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