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We have developed Monte Carlo based algorithms to produce realistic models of complex carbon nanostruc-
tures with nontrivial curvature, including fullerene junctions between nanotubes. The models are constructed
by first analytically defining curved surfaces and then optimizing the configuration of carbon atoms on these
surfaces using a realistic interatomic potential. We illustrate our method by generating several previously
proposed and also new types of structures, which all show realistic physical properties. Our method is not
limited to these structures and can be used to generate large models of nanostructured materials with complex
surface geometries and porous structure on the nano-scale.
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INTRODUCTION

In many low density carbons that exhibit graphite-like
features, the presence of curved aromatic sheets is supported
by experimental observation. For example, in fullerenes such
as Bucky balls and nano-tubes, or more exotic structures like
“graphite conical crystals,”1 the curvature is both consistent
and striking.2–8 These structures usually contain complex
features covering wide length scales from a few tenths to
hundreds of nanometers. Accurate atomic models which are
capable of realistically describing structural features at vari-
ous length scales simultaneously are difficult to construct.

Theoretical investigations of carbonaceous structures such
as carbon fullerenes and negatively curved graphite9–13 have
shown that it is possible to describe the curvature of carbon
surfaces in a physically realistic manner. Different forms of
graphitic carbon have been classified by curvature alone.14–17

In particular, many forms of curved carbonaceous materials,
with toroidal18,19 and even zeolite-like structure,20–22 have
been shown to be energetically stable and physically
possible.23–26 Electronic,27–29 magnetic,30

thermodynamical,25 mechanical and vibrational properties of
some of these models have also been calculated31 as well as
elastic energies associated with the warping of aromatic
sheets.32 The experimental fabrication of related carbon ma-
terials is being investigated through a variety of
approaches.33–39 Indeed, some researchers have actually pro-
duced negatively curved “spongy carbon,” which consists of
three dimensional and inter-connected meso-porous laby-
rinths of sp2-bonded carbon.40,41 By adapting some of the
current methods used to model such materials, we have de-
veloped algorithms to model nano-pores defined by curved
carbon surfaces with sufficient flexibility to describe struc-
tural disorder. Our approach is related to the work of
Townsend et al.9 and differs from existing methods for gen-
erating such models, which are based on advanced topologi-
cal and symmetry considerations.42–46 Other distinct ap-
proaches to model carbon nano-pores include molecular
dynamics47 and chemical piecewise construction.48

To theoretically describe the structure of curved materials
at the atomic scale, the concept of embedding atoms onto
curved surfaces has been found to be very useful.49–51 Using
this concept, three dimensionally periodic, curved atomic

surface structures may be generated using hyperbolic tiling
and symmetry considerations alone. Holyst et al.52,53 recently
developed a general algorithm for theoretically describing
diffusion of single atoms on curved surfaces, which uses
Monte Carlo steps that displace atoms in the local tangent
plane of the defining surface and then project the atoms back
onto the surface. Following this approach, our paper de-
scribes how the confinement of carbon atoms to analytic sur-
faces can be used as a basis for modeling complex carbon
surfaces, with physically realistic bonding.

In this paper we demonstrate our methodology for a range
of carbon nano-surfaces. We first detail the construction of
carbon models based upon spheres and negatively curved
surfaces. Then two other models of fused nano-tubes are
presented to demonstrate the flexibility of our approach for
modeling structures of specific design, which were inspired
by experimental observations reported in the literature.6

THEORY

Displacement of points on surfaces

Here we present our original implementation for generat-
ing surface structures using concepts first introduced by Ho-
lyst et al.53 to model single particle diffusion on membranes.
Specifically, we describe Monte Carlo moves on a surface
through uniform displacements in the local tangent plane
combined with projections back down to the surface,

s f=si + t + g �1�

where si and sf are vectors denoting the initial and final
points on the surface before and after the Monte Carlo move
and t ,g are the tangent and projection vectors, respectively.
In this work, we define all surface vectors in terms of Carte-
sian coordinates,

s = xî + yĵ + z�x,y�k̂ �2�

where î , ĵ, and k̂ are unit vectors and z�x ,y� is an explicit
function of the x and y coordinates. For ease of notation, we
further define a surface function
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��s� − c = z�x,y� = 0 �3�

where c is a scalar constant.
The tangent vector t in Eq. �1� is defined by

t = �x

�si

�x

� �si

�x
� + �y

� �si

�y
� �si

�x
�2

−
�si

�x

�si

�x
•
�si

�y
�

� �si

�y
� �si

�x
�2

−
�si

�x

�si

�x
•
�si

�y
� �4�

where �x and �y are the Monte Carlo displacements in the x
and y directions, respectively.

The explicit form of the tangent vector t here ensures that
the step size in the tangent plane �t�=��x

2+�y
2 is randomly

selected from a uniform distribution of desired maximum
length and the direction of displacement is random. The vec-
tor g, which projects a displaced point from the tangent plane
back to the surface at sf, is given by

g = �c − ��si + t�	
���si + t�

����si + t��2
�5�

The form of the projection vector g was derived from a first-
order Taylor expansion of ��s�, which is valid for small
Monte Carlo step sizes relative to the local surface
curvature.53 Further details are given in the Appendix.

Surface definitions

The p-surface

Three dimensionally periodic surfaces offer a computa-
tionally convenient means of modeling interconnected pore
structure. A simple surface defined by

��s� = 

i=1

3

cos�2�xi/T� = c �6�

is a parameterization of a Fourier approximation54,55 to
Schwarz’s “p-surface”56 and was chosen as a first test for our
carbon surface modeling. For simplicity we refer to this sur-
face hereafter as a “p-surface.” Equation �2� then becomes

s = xî + yĵ +
T

2�
cos−1�c − cos�2�x

T
� − cos�2�y

T
��k̂

�7�

We generate simple-cubic periodic boundary conditions by
varying xi in Eq. �6� between 0 and T. The areas of surfaces
defined by Eq. �6� can be estimated by summing contribu-
tions from area elements defined by tangent vectors tx and ty
on the surface

A�c,T� = 8�
0

T/2 �
0

T/2

�tx � ty�dxdy � 

m=1

N
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�2

+ 1

�8�

where �x=�y=T /N and the form of z�x ,y� is given in Eq.
�7�. Using large values of N, Eq. �8� was used to calculate
approximate areas for all p-surfaces defined by Eq. �6�.

The sphere

To model spheres of radii R and surface area A=4�R2,
centred within a cubic cell of length T, we use

��s� = �x − T/2�2 + �y − T/2�2 + �z − T/2�2 = R2 = c �9�

The coordinates �x−T /2� and �y−T /2� are restricted be-
tween −R /2 and R /2, with R�T.

The p-sphere

With an appropriate choice of the parameter c in Eq. �6�,
the p-surface can be used to accurately approximate the
sphere without any further modification. Consider the case
where c has a value close to three, such that xi coordinates
satisfying Eq. �6� must cause each cosine to attain its maxi-
mum value of one. For such values of c, Taylor expansions

FIG. 1. The geometric scheme used to generate the inverted
torus as described in the text.

FIG. 2. The inverted torus shown in Fig. 1 analytically joined to
four nano tubes in a planar configuration.
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of the cosines about xi=0 can be accurately truncated to first
order such that ��s��3−
i=1

3 �2�xi /T�2 /2! =c. Rearranging
gives:

x2 + y2 + z2 = R2 � 2�T/2��2�3 − c� �10�

Employing the same cubic periodic boundary conditions as
for the p-surface, Eq. �10� describes a sphere split into eight
segments at the edges of the periodic boundaries. Each of
these segments can be re-combined by simply translating all
p-sphere cell boundaries by T /2 and reapplying the periodic
boundary conditions. It should be noted that Eq. �10� still
represents the p-surface, which has an Euler characteristic of
negative four, whereas the sphere possesses no topological
handles and, therefore, has an Euler characteristic of two.

The inverted torus

To generate a junction model for fusing nano-tubes, we
construct a quarterized torus, invert it about its center and
cap it top and bottom with planar surfaces �see Fig. 1�.
Specifying the inner and outer torus radii by the parameters a
and c, respectively, the mathematical form of the inverted
torus in Fig. 1 is

��s� = �c −��xpq −
T

2
�2

+ �ypq −
T

2
�2�2

+ �zpq −
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2
�2

− a2

= 0, for �spq���a2 − c2�

= �zpq −
T

2
� − a

�zpq − T
2 �

�zpq −
T

2
� = 0, for �spq�	�a2 − c2�

�11�

where spq=s− �pxî+qyĵ�+T /2k̂, and p, q=0 or 1. The
�x ,y ,z� coordinates were again restricted between 0 and T, to
create an infinite two dimensional lattice of connected in-
verted tori via imposed periodic boundary conditions. The
surface area Afused of this structure is

Afused = 2�2ac − 4�a2 + 2T2 − 2�c2 �12�

Planar fused nano-tubes

Four nano-tubes can now be attached to the inverted torus
which is analytically described at the boundaries �x−T /2 ,y
−T /2�= �±T /2 , ±T /2� by cylinders. This generates a model
comprised of four fused nano-tubes in a planar configuration
as illustrated in Fig. 2, where the nanotubes were designed to
be half the length of the inverted torus junction defined by T
in Eq. �11�.

Three-dimensional fused nano-tubes

Another suitable nano-tube junction is the p-surface sliced
along its cubic boundaries since, for a particular value of c,
these surface cross sections can be accurately described by
circles. Consider the x−y plane cross section, where z=0.
Equation �6� then becomes:

��x,y,z = 0� − 1 = cos�2�x/T� + cos�2�y/T� = c − 1 � − 2

�13�

Equation �13� requires that each cosine have value close to
negative one. The cosines can then be approximated by Tay-
lor expansions about x and y=T /2 to give:

�x − T/2�2 + �y − T/2�2 � � T

2�
�2�c + 1��2

�14�

Equation �14� shows that the p-surface of Eq. �6� can be
described by a circle centerd in the x−y plane with radius

FIG. 3. Three-dimensionally fused nano-tubes can be modeled
using the p-surface of Eq. �6� with appropriate choices for c and T
as an interior junction to which six nano-tubes can be smoothly
attached.

FIG. 4. The p-surface of Eq. �6� broken into 96 identical surface
elements. To improve the inter-atomic bonding near the junctions of
the elements, the number of imposed symmetry operations was
halved, creating surface elements marked by the grey lines only.
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controlled by T and c. Similar arguments follow for all cross
sections for which one of the coordinates xi in Eq. �6� is
equal to zero. Through appropriate choices of c and T, the
p-surface can, therefore, be designed to provide a cubic junc-
tion to which six nano-tubes can be smoothly attached, as
depicted in Fig. 3.

For the three-dimensional fused nanotube structure mod-
eled in this work, the length of the nanotubes attached to the
central p-surface of Eq. �6� were set equal to the length T of
the junction, as shown in Fig. 3.

Imposing surface symmetry

Subdividing large systems into smaller identical pieces
can vastly improve computational efficiency, regardless to
whether symmetries in structural models are desired. To
demonstrate the application of symmetry in the context of
this work, we have imposed a variety of symmetries upon the
p-surface, sphere and fused torus. Details of the mathematics
and algorithm used to impose these symmetries are provided
in the Appendix.

Figure 4 shows how the p-surface of Eq. �6� �using c=0�
can be broken into 96 surface elements defined by the
boundaries of the black and grey lines. It is clear that the
imposition of this symmetry can lead to unusual bonding
effects near the junctions of the boundaries. To diminish un-
physical bonding effects in these regions for smaller systems,
the imposed symmetry operations were relaxed to give only
48 irreducible elements, which are marked by the grey lines
in Fig. 4. It should be noted that the black lines do not
represent surface symmetries of Eq. �6� when c�0.

Based on the symmetry of C60, we also imposed the sym-
metry of the icosahedron on the sphere, as depicted in Fig. 5,

which shows the sphere broken into 120 identical elements.
Again, fewer symmetry operations were enforced for smaller
models, thereby creating just 60 irreducible elements defined
by the grey lines in Fig. 5.

Finally, the fused torus was broken into 16 identical ele-
ments as shown in Fig. 6.

The Monte Carlo surface algorithm

Using Eqs. �1�, �4�, and �5� to advance an atom along the
surface by a small step size, the energy associated with the
atom move is calculated using an interaction potential as a
function of the Euclidean inter-atomic separation of atoms.
As with any Monte Carlo simulation, the quality of the re-
sulting structure depends largely on that of the inter-atomic
potential.57 In this work we employed the Environment De-
pendent Interaction Potential �EDIP�, which was originally
developed by Justo et al.58 for Silicon. Marks59 later adapted
EDIP to provide a good physical description of carbon
bonding.60 Moves that improve the energy of the system are
accepted outright and all other moves are accepted with the
conditional probability P=e−�E/kT, where kT is the Boltz-
mann weighting factor and �E is the difference in the energy
of the system caused by the proposed Monte Carlo move.

Symmetries were imposed by applying symmetry opera-
tions to the coordinates of unique atoms on the surface to
generate the coordinates of all other atoms. Rather than rep-
licate all of the nonunique positions at each Monte Carlo
step, lists were constructed within the algorithm code to re-

FIG. 5. The symmetries of the icosahedron applied to the sphere
to create 120 irreducible elements. To reduce unphysical bonding
near the junctions of the elements for smaller systems, the number
of enforced symmetry operations was decreased to 60, thereby re-
defining the irreducible surface elements to be marked by the grey
lines only.

FIG. 7. Ring statistics for all of the optimized p-surface models
listed in Table I.

FIG. 6. Symmetry imposed on the fused torus used to divide the
surface into 16 identical elements.
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late each unique atom to its various symmetrically equivalent
partners. In this manner, computational efficiency was in-
creased and new symmetries were implemented by simply
modifying the replication and symmetric list procedures, in-
stead of modifying all functions dependent upon the local
atomic structure. Further details are given in the Appendix.

CALCULATION DETAILS

Table I summarizes the nine representative structures
modeled. The first seven calculations were performed in or-
der to demonstrate the capabilities of the method to describe
physically realistic fullerenes. The last two were designed to
show how our method can be used to model more complex
structures which bare some resemblance to experimental
observations.6,61

Nanotube structures of type �5, 5�62 with radii 3.438 Å
and 150 atoms each were used in both of the fused nanotube
models. For all other surfaces, the number of atoms was
determined by making the surface density 
 of each model
the same as that of the basal plane of graphite 


�0.3829 atoms/Å2. Cubic periodic boundary conditions
were used for all systems.

To prepare each structure, atoms were placed randomly
within the periodic boundaries and those which satisfied Eq.
�6� to within a small tolerance were accepted as initial sur-
face atoms. For the p-surface and sphere models, the initial
structures were then annealed in separate stages starting at
T=5000 K and halving this temperature between each stage
until T=300 K. For the fused tube models, the same proce-
dure was applied to the interior junction surfaces, with sym-
metry constraints also imposed. After minimization of the
energy, these junctions were joined to the nano-tubes and the
symmetry constraints removed in order to model the fused
structures. Annealing was again applied to remove the un-
physical bonding that resulted from the initial joining. Trial
calculations on the larger models indicated that step sizes
producing a 20% acceptance probability reduced the total
energy most rapidly.

RESULTS

Table II shows the cohesive energies and coordination

TABLE I. Details of the various calculations conducted to demonstrate the application of the carbon
surface modeling algorithm.

Model name Number of atoms Symmetry Specific details

p-surface 1 2252 None c in Eq. �6� set to 0, T=50 Å

p-surface 2 12096 96 c in Eq. �6� set to 0, T=116 Å

p-surface 3 288 48 c in Eq. �6� set to 0, T=17.9 Å

sphere 1 12000 120 Radius set to 50 Å

sphere 2 840 60 Radius set to 13.2 Å

sphere 3 240 60 Radius set to 7.06 Å

p-sphere 816 48 c in Eq. �6� set to 2.99, T=578.61 Å

Planar fused tubes 1320 16 Symmetry applied to central inverted torus then
later removed. Nanotube type �5,5�. Torus

parameters: a=3.438 Å, c=20 Å, Ltube=T /2
=20 Å

Three dimensional fused tubes 3984 48 Symmetry applied to the central p-surface then
later removed. Nanotube type �5,5�. c Eq. �6� set

to −0.9, T=48.3 Å Ltube=20 Å

TABLE II. Cohesive energies and three fold coordination fractions for all of the carbon nano-surfaces
modeled.

Model name Final cohesive energy �eV/atom� �Graphite: 7.36� Fraction of threefold coordinated atoms

p-surface 1 7.15 96%

p-surface 2 7.10 99%

p-surface 3 7.00 100%

sphere 1 6.71 95%

sphere 2 6.96 100%

sphere 3 7.20 100%

p-sphere 6.99 100%

Planar fused tubes 6.74 95%

Three dimensional fused tubes 6.93 99%
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fractions for the final atomic configurations of each of the
carbon nano-surfaces listed in Table I, calculated using a
coordination radius of 1.85 Å. The EDIP energy per atom
calculated for the graphite structure is also provided in Table
II as a reference. In every model, the only remaining coordi-
nation types were twofold and all models show a high degree
of desired threefold �aromatic� bonding on the nano-surfaces.

The energy of sphere 1 indicates that the 120 icosahedron
symmetry elements were too severe, causing unphysical
bonding effects. Spheres 2 and 3, with only 60 imposed sym-
metry elements, have a more physical structure. Like sphere
1, the planar fused tubes model exhibits relatively poor en-
ergy and coordination. The p-sphere results show that it is
possible to construct large energetically favorable Bucky
balls with octahedral symmetry and optimal threefold con-
nectivity.

The poorer physical quality of the planar fused tube
model may have resulted from the initial imposed symme-
tries that were incommensurate with both aromatic bonding
and the symmetry of the nano-tubes. Relative to the planar
model, the three-dimensional fused tubes display better over-
all properties.

Ring statistics for p-surfaces 1, 2 and 3, calculated using
Franzblau’s shortest path criterion63 and a maximum bond
length of 1.85 Å, are shown in Fig. 7, which displays a range
of ring types centerd about six, with the smaller models con-
taining broader distributions. A very small number of twelve
member rings for p-surface 2 have been omitted for clarity.

Interestingly, p-surface 1 also contains a small percentage
of strained three-member rings, which contrasts with the
good cohesive energy reported in Table II.

Figure 8 displays the ring distributions for the sphere and
p-sphere models with the largest model showing the broadest
distribution. The relative spread of the ring distribution and
outlying numbers of ten-member rings for sphere 1 are a
direct result of the larger number of symmetry elements im-
posed, which conflict with carbon bonding. The p-sphere is
shown to contain a significant number of eight member
rings, as expected from the imposed octahedral symmetry.

The planar fused nano-tube results in Fig. 9 show a
slightly broader distribution and a small number of strained
four-member rings, which correlate with the poorer cohesive
energy reported in Table II.

Figures 10–12 display the connectivity of an atomic con-
figuration for each of the p-surface models. While Table II

reports a good cohesive energy for p-surface 1, Fig. 10 indi-
cates that there are a number of rings and bonds distorted
from ideal configurations, though the structure is largely aro-
matic. Figure 11 very clearly shows how the imposed sym-
metries affect the bonding in the vicinity of some regions.
For example, surrounding the largest �twelve member� rings,
other large rings and four member rings are visible. In order
to better display the interconnected bonding of p-surface 3,
Fig. 12 shows a small section of this model repeated in two
directions, which looks much like the 216 atom model of
Townsend et al.9

Figure 13 again indicates that imposing too many or in-
appropriate symmetry elements can cause conflicts with aro-
matic bonding. Although the 840 atom sphere 2 model con-
tains a significant number of large rings, Fig. 14 shows that
the bonds in these rings are largely sp2-like in nature, which
explains the good cohesive energy reported in Table I. Figure
15 shows that the 240 atom sphere is comprised of aromatic
type bonds, much like the structure of C60 and resembles the
240 fullerene model discussed by Kroto.43 Figure 16 indi-
cates that the octahedral symmetries imposed on the 816

FIG. 8. Ring size distributions for the sphere models listed in
Table I.

FIG. 9. Ring size distributions for the fused nano-tube models
listed in Table I.

FIG. 10. One atomic configuration representing p-surface 1 with
no imposed symmetry.
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atom p-sphere can produce bonding configurations similar to
spheres with conventional icosahedral symmetry.

Figures 17 and 18 show configurations of the fused nano-
tube atomic networks where the smooth bonding of the nano-
tubes to the central junctions is evident. The planar fused
nano-tubes in Fig. 17 display some stretched bonding, corre-
sponding to the higher twofold coordination fractions and
low cohesive energy in Table II. Figure 18 indicates that
much of the symmetry applied to the central p-surface junc-
tion has been preserved after energetic annealing, because a
good cohesive energy was obtained before fusing the nano-
tubes. Both the models in Figs. 17 and 18 contained small
numbers of twofold coordinated atoms.

CONCLUSION

This paper has shown that a variety of physically realistic
carbon nano-surfaces can be constructed by modeling the
interaction of carbon atoms on analytically defined surfaces.
It was also shown how symmetry can be used to create large

atomic model structures with a high degree of aromatic
bonding. Two different and physically realistic models of
fused nano-tubes were constructed to further demonstrate the
surface modelling algorithm applied to surfaces of specific
design, which were inspired from experimental investiga-
tions reported in the literature.6,61

The novelty and utility of our approach is related to the
manner in which large models can be constructed with suf-
ficient flexibility to describe a whole range of low energy
structures; even those containing structural disorder. The al-
gorithms reported here may be extended to describe very
large nano-porous carbonaceous models that also adhere to
experimental observations in a variety of ways. Relaxation of

FIG. 11. A view of the 12 096 atom model p-surface 2, clearly
showing the imposed symmetry.

FIG. 12. A projection of the p-surface 3 structure, repeated
along two directions.

FIG. 13. The giant sphere 1 containing 12 000 atoms contains
some regions with undesirable bonding effects due to over-imposed
symmetry.

FIG. 14. Inside portion for an atomic configuration of the sphere
2 model.
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structures without surface constraints and models with differ-
ent surface densities or omitted symmetry elements may also
be investigated to produce improved structures.
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APPENDIX

The tangent and projection vectors

Consider a point on the surface described by the vector s:

s = xî + yĵ + zk̂ = xî + yĵ + f�x,y�k̂ , �A1�

where f�x ,y�−z=��s�−c=0. Two vectors in the tangent
plane of the surface at an initial point s are, for example:

�s

�x
= î +

�z

�x
k̂ = î +

�f�x,y�
�x

k̂ and
�s

�y
= ĵ +

�f�x,y�
�y

k̂

These tangent vectors can be generalized to an arbitrary tan-
gent vector t:

t = �x

�s

�x

� �s

�x
� + �y

�s

�y

� �s

�y
� = �xu + �yv �A2�

Where �x and �y specify the relative contributions of the
unit tangent vectors u and v respectively. For Monte Carlo
simulation, increments in the tangent plane must be selected
from a distribution of desired step size, with unbiased direc-
tion. For the �x and �y in Eq. �A2� selected from a uniform
distribution, these two requirements specify that:

�t�2 = �x
2 + �y

2 and u•v = 0

Both of these conditions can be satisfied by Gram-Schmidt

orthogonalization64 of u and v: v→
v−u�u•v�

�v−u�u•v�� , which gives
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•
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�x •

�s

�y
� �A3�

Having displaced an atom in the tangent plane, the atom
must be projected back onto the surface. For small displace-
ments in the tangent plane, the required projection vector g
can be determined by Taylor expanding �’�s�=��s�−c about
the initial atom position si:

FIG. 17. Atomic bonding configuration for the planar fused
nano-tube model listed in Table I.

FIG. 15. Atomic configuration for sphere 3 model, comprised of
just four unique atoms.

FIG. 16. Inside portion for an atomic configuration of the
p-sphere model.
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���si + �t + g	� = ���si� + �t + g�• � ���si� + ¯ �A4�

Likewise:

����si+ t	+ g� = ���si + t� + g• � ���si + t� + ¯ �A5�

For small displacements, Eqs. �A4� and �A5� truncated to
first order give:

���si + t� + g• � ���si + t� = ���si� + �g + t�• � ���si�

rearranging gives:

g =
����si� − ���si + t� + t• � ���si�	 � ����si + t� − ���si�	

������si + t� − ���si�	�2

�A6�

Using the definition of the surface equation ���si�=��si�
−c=0 and the fact that the tangent vector t is orthogonal to
the normal of the surface t•����si�=0, the projection vector
g then simplifies to

g = �c − ��si + t�	
���si + t�

����si + t��2
�A7�

Surface symmetry

All imposed symmetries in the surface calculations were
implemented by performing symmetry operations on the co-
ordinates of each unique surface atom. In our algorithm, each
symmetry operation on a unique atom generates a nonunique
partner atom at a symmetrically corresponding point on the
surface. Therefore, each proposed Monte Carlo move of a
unique atom is accompanied by the symmetrical movement
of all its corresponding nonunique partner atoms at all
equivalent points on the surface. Likewise, rejection of a
proposed Monte Carlo move results in rejection of the move
for all symmetric partners. Unlike periodic boundary condi-
tions, which employ the minimal imaging convention,57

unique atoms are permitted in our algorithm to interact with
symmetric partners lying within reach of the inter-atomic
potential.

Different symmetries can be imposed on a given surface
and each surface requires a different treatment of symmetry.

It is expected that, for more complex surfaces, a more rigor-
ous treatment of symmetry would be required by appealing
to group theory. The following sections detail the implemen-
tation of the symmetries that were chosen to be imposed on
the surfaces modeled in this work.

Symmetry imposed on the p-surface and p-sphere

From inspection of Eq. �6�, it is clear that each cosine
contains unique values in only one quarter of its cycle deter-
mined by the values of the coordinates x ,y, and z. Operations
on these coordinates that leave each cosine unchanged also
leave Eq. �3� unchanged. Such operations, therefore, map a
given point to another symmetrically equivalent point on the
surface. Likewise, combinations of operations on the cosines
in Eq. �6� that leave Eq. �3� unchanged are also symmetry
operations. After identifying a number of desired symmetries
to be imposed upon a surface, it is important to ensure that
different combinations of symmetry operations do not result
in identical mappings �overlapping� for the atomic coordi-
nates, thereby producing “degenerate” mappings. For the
p-surface, degeneracy was avoided by enumerating all
unique combinations of chosen symmetry operations. Denot-

ing Ŝ as a symmetry operator that acts on a given surface
vector s, the symmetries imposed to create the patterned sur-
face patches observed in Fig. 4, without degeneracy, are
given by Eq. �A8�:

Ŝs = 

t=0

�



�=1

2



=1

2



�=1

2



i=1

3



j�i

3



k�j�i

3

�2� − 3 − Tt/2�x̂i + �2 − 3

− Tt/2�x̂j + �2� − 3 − Tt/2�x̂k�•s

where for c � 0,� = 0 otherwise � = 1 and x̂1 = î, x̂2 = ĵ,

x̂3 = k̂,�s = xî + yĵ + zk̂� �A8�

where the parameter � controls whether or not the black lines
in Fig. 4 are present for surfaces with c=0.

Each operation in Eq. �A8�, defined by the summation
integers and the dot product �•�, generates one nonunique
atomic coordinate from an atom with coordinates s�x ,y ,z�.
Equation �A8�, therefore, produces a total of 96 symmetri-
cally equivalent atomic coordinates, which reduces to 48 for
��1.

Symmetry imposed on the sphere

A number of symmetries on the sphere can be imposed by
inscribing “plutonic solids” such as the pyramid, cube or
even the icosahedron within the sphere. Inspection of Fig. 5
indicates that these imposed symmetries can be described by
combinations of rotation axes about the vertices of the icosa-
hedron and reflections through planes that contain any two
neighboring icosahedron vertices. Inscribed on a sphere of
radius R centered at �0,0,0�, these 12 vertices vi are defined
by the golden ratio �:65

FIG. 18. Atomic bonding configuration for the three-
dimensional fused nano-tube model listed in Table I.
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vi�x,y,z� = � R
�1 + �2

�0, ± �, ± 1�,
R

�1 + �2

�±1,0, ± ��,
R

�1 + �2
�±�, ± 1,0�� �A9�

where �= 1
2 �1+�5� and the subscript i labels each vertex

vector.

Figure 19 depicts two such neighboring vertices that can
be used to map a surface vector a to its symmetrically re-
flected position b.

Geometric analysis can be used to express Fig. 19 math-
ematically:

F̂�v1,v2��ax

ay

az
� = b = a − 2a�v1 � v2�

�v1 � v2�
�v1 � v2�2

�A10�

where F̂�vi ,vj� will be called a “reflection operator” and
ax ,ay ,az are the components of a. Arbitrary rotation of a
surface vector s about an icosahedron vertex v can be de-
scribed using Cartesian rotation matrices to first align the z
axis of the employed coordinate system with the direction of
v, followed by rotation of s about this axis and then reverse
alignment of the coordinate system. After combining all of

these operations, the resulting rotation operator R̂�vi ,�j� has
the form:

R̂�vi,�j��x

y

z
� = � �i

2cj + i
2 i�i�icj + �i�isj − i�i�i − i�i�icj + �i�isj + i�i�i

i�i�icj − �i�isj − i�i�i ��i
2 + i

2�i
2�cj + �i

2�i
2 �1 − i

2��i�icj + ��i
2 + �i

2�isj − �i�i
2�i

− i�i�icj − �i�isj + i�i�i �1 − i
2��i�icj − ��i

2 + �i
2�isj − �i�i

2�i ��i
2 + i

2�i
2�cj + �i

2�i
2 ��x�

y�

z�
�

�A11�

where �i=viz /�viy
2 +viz

2 , �i=viy /�viy
2 +viz

2 , �i=�viy
2 +viz

2 / �vi�,
i=vix / �vi�, �vi�=�vix

2 +viy
2 +viz

2 and the trigonometric func-
tions cj =cos�2�j /5�, sj=sin�2�j /5� describe fivefold rota-
tions about vi such that �j=2� /5. Note that the atomic coor-
dinates x� ,y�, and z� in Eq. �A11� refer to coordinates
measured relative to the origin �0,0,0� during application of

R̂�vi ,�j�.
Combining the rotation and reflection operations without

introducing degeneracy amongst nonunique atoms is not
trivial. To avoid the overlapping of these atoms a graph of
icosahedron vertices was employed, as shown in Fig. 20.

Figure 20 displays all of the icosahedron vertices labeled
1–12, with vertex 12 obscured from view. It is convenient
�though not necessary� to visualize all unique atoms located
inside region 1; defined by the boundaries around vertex 1.
All symmetrically equivalent atomic positions are generated
by first filling out this region and then mapping both the
original and generated coordinates to all other symmetrically
identical regions. Referring to Fig. 20, this involves first re-
flecting �represented by the grey arrow� using v1 and v3 and
then rotating the resulting and original coordinates about ver-
tex 1. After �effectively� filling region 1, all atomic coordi-
nates are then mapped to region 2 via rotation about vertex
three. Coordinates in region 2 are then mapped to regions
3–6 by rotation about vertex 1. Coordinates in region 6 are
then mapped to region 7 by rotation about vertex 2. Simi-

larly, regions 8–11 are filled by rotating coordinates in region
7 about vertex 1. Finally, the sphere is fully coated by sym-
metrically equivalent atoms after region 11 is rotated about
vertex 7 to fill region 12. Thus the trail of operations is

FIG. 20. Vertex graph showing the procedure used to combine
the reflection and rotation operations on the sphere without
degeneracy.

FIG. 19. Given two vectors v1 and v2 on the sphere, vector a is
reflected through the plane containing v1 and v2 to become b.
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indicated by the directional arrows in Fig. 20 and labeled in
order of occurrence by the vertex numbers.

All of the combined operations in the previous paragraph
can be represented in the same form as Eq. �A8� by Eq.
�A12�:

Ŝs = R̂��1,v7�

k=1

5

R̂��k,v1�R̂��1,v2�

j=1

5

R̂��j,v1�R̂��1,v3�

�

i=1

5

R̂��i,v1��F̂�v1,v3� + Î	�x�

y�

z�
� �A12�

where Î is the identity operator and the total number of op-
erations in Eq. �A12� reduces from 120 down to 60 if the
reflection operator F̂�vi ,vj� is omitted, which removes the
black curves from Fig. 5. It is to be also understood that Eq.
�A12� requires centering of the coordinate system describing
s�x ,y ,z� during the application of Ŝ so that the coordinates
x� ,y�, and z� range between −T /2 and T /2 instead of be-
tween 0 and T�R.

Symmetry imposed on the inverted torus

Even without the curves shown in Fig. 6, it is much easier
to visualize possible symmetries for the inverted torus. After

shifting the origin of the coordinate system to the geometric
center of the inverted torus, the symmetries shown in Fig. 6
can be described by fourfold rotation about the z axis plus
reflections through the x-z and y-z planes and finally reflec-
tion about the x-y plane. Including the coordinate system
origin shift, these combined operations �without degeneracy�
can again be represented in a single expression:

Ŝs = 

j=0

1



t=0

1



i=1

4 � 0

0

Tt
� + �1 0 0

0 1 0

0 0 1 − 2t
���T/2

T/2

T/2
�

+
jT

2 �1 − cos�i��
cos�i�� − 1

0
� + �j cos�i�� − 1 0 0

0 1 − j cos�i�� 0

0 0 1
�

�� cos�2�/i� sin�2�/i� 0

− sin�2�/i� cos�2�/i� 0

0 0 1
��x − T/2

y − T/2

z − T/2
�� �A13�

where each operation on the coordinates of s labeled by the
summation variables generates a symmetrically equivalent
replica of the atom at s�x ,y ,z�.
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