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Tunneling of holes through a trilayer structure made of two diluted magnetic semiconductors, �Ga,Mn�As,
separated by a thin layer of nonmagnetic AlAs is investigated. The problem is treated within the 6�6
Luttinger-Kohn model for valence bands with the split-off band included. The influence of the spin-orbit
coupling is pronounced as the spin-splitting �ex is comparable with the split-off �SO splitting. It is assumed that
direct tunneling is the dominant mechanism due to the high quality of the tunnel junctions. Our theoretical
results predict the correct order of magnitude for the tunneling magnetoresistance ratio, but various other
effects, such as scattering on impurities and defects, should be included in order to realize a quantitative
agreement with experiment.
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I. INTRODUCTION

There has been continuing interest in the spin-dependent
tunneling in diluted magnetic semiconductors �DMS�, due to
its possible application in devices such as sensitive read
heads1 in data storage systems, spin transistors,2 magnetic
memories,3 etc. Giant magnetoresistance �GMR� has been
realized in a form of a spin valve and gained acceptance in
commercial hard disks during the past 5–10 years. Due to
technological reasons, the materials used are �semi�metallic
ferromagnets and conductors. The modulation of the
resistance during reading of a magnetic disk, i.e.,
�R�H�−R�0�� /R�0�, in these types of heads is typically1

20%. A promising alternative is to use magnetic tunneling
junction �MTJ� devices that consist, at their core, of two thin
ferromagnetic layers separated by a semiconductor, where
tunneling magnetoresistance can reach 40–50 %. With the
advent of DMS materials like �Ga,Mn�As, several groups
have achieved higher TMR, in trilayer structures made of
two �Ga,Mn�As separated by AlAs �barrier� up to 290%
�Ref. 4� and 75%.5,6 However, the low Curie temperature
�below room temperature� of many III-V DMS still poses a
serious obstacle to its wide commercial use. In this paper we
concentrate on the theoretical investigation of hole tunneling
through a �Ga,Mn�As/GaAs/AlAs/GaAs/ �Ga,Mn�As
structure, where a thin layer of GaAs is used in experimental
setups to avoid diffusion7 of Mn into AlAs, avoid unwanted
strain, and make interfaces smoother. On the other hand,
tunneling processes and spin polarization have already been
treated8 in double barrier structures made of
�Ga,Mn�As/GaAs within the single band model. However, a
more detailed 6�6 Luttinger-Kohn9 Hamiltonian with the
exchange included10–12 has been employed to estimate theo-
retically the value of GMR in similar structures. A similar
theoretical framework was already used previously to inves-
tigate charge and spin distribution in �Ga,Mn�As/GaAs
multilayers.13 Furthermore, the success of k ·p theory to de-

termine resonant peaks14 and tunneling lifetimes in double
barrier structures15 gives us confidence to apply it to ferro-
magnetic DMS trilayers as well, as several authors have al-
ready done in other structures.11,16

The paper is organized as follows. In Sec. II the 6�6
Luttinger-Kohn �LK� model with p-d exchange is presented,
with particular attention paid to its application to trilayer
structures. In Sec. III we give theoretical results for the tun-
neling magnetoresistance, and discuss its agreement with
available experimental data. In Sec. IV, results are compared
with a single band model approximation, where band mixing
is neglected. A summary of the results is given in Sec. V.

II. MODEL

The 6�6 Luttinger-Kohn model is an effective mass
model for holes, where only the basic idea of the cubic sym-
metry of semiconductor crystal is utilized, while major �Lut-
tinger� parameters are fitted according to empirical data.
Holes in III-V semiconductors have angular momentum l
=1, so that, in the absence of external fields, there are three
doubly degenerate bands: heavy hole �HH� band, light hole
�LH� band, and split-off �SO� band. While in nonmagnetic
GaAs/AlAs heterostructures it is still possible to neglect the
SO band ��F��SO� and use the 4�4 LK,17 the inclusion of
all three bands is necessary in DMS since the spin-splitting
of holes is comparable with �SO. The Hamiltonian with ex-
change reads

H = H6�6 + V�z�I6 + �exsx. �1�

The H6�6 is a 6�6 Luttinger-Kohn Hamiltonian,
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H6�6 =�
P1 L M 0 iL/�2 − i�2M

L† P2 0 M − i�2Q i�3/2L

M† 0 P2 − L − i�3/2L − i�2Q

0 M† − L† P1 − i�2M† − iL†/�2

− iL†/�2 i�2Q i�3/2L i�2M P + �SO 0

+ i�2M† − i�3/2L† i�2Q iL�2 0 P − �SO

� , �2�

where the matrix elements of the Hamiltonian are given by

P =
�2

2m0
�1k2, Q =

�2

2m0
�2�k2 − 2kz

2� , �3a�

P1 = P + Q P2 = P − Q , �3b�

L = − i
�3�2

m0
�3�kx − iky�kz, �3c�

M =
�3�2

2m0
��2�kx

2 − ky
2� − 2i�3kxky� , �3d�

while �ex is the exchange splitting at k=0 between the two
heavy hole states, and sx is the operator of hole spins in the
�j ,m	 basis. The quantization axis is commonly chosen to be
along the growth direction z. On the other hand, it is known
that the easy magnetization of ferromagnetic layers of
�Ga,Mn�As is in plane, when grown on GaAs substrate due
to the compressive strain. Note that the lattice constant of
�Ga,Mn�As increases with Mn content. In the present model
the p-d exchange between holes and d electrons on Mn, pa-
rametrized by the � integral, is taken in the mean-field ap-
proximation. The value of �ex can be estimated to be
xS�T��N0, where S�T� is roughly given by the Brillouin
function, and N0 is the number of cations per unit area. If the
magnetization M of the sample is experimentally known,
then a better estimate would be �ex=�M / �g�B�. The internal
magnetic field �Bint=�0M� is considered to have a negligible
effect on the orbital motion of the holes �k	 are unchanged�,
and also the ordinary Zeeman effect is omitted from
the Hamiltonian. Here �i are the well-known Luttinger
parameters fitted according to experimental data. The
basis eigenfunctions 
�j ,m	� �j=3/2� are ordered
as 
�3/2 ,3 /2	 , �3/2 ,1 /2	 , �3/2 ,−1/2	 , �3/2 ,−3/2	 ,
�1/2 ,1 /2	 �1/2 ,−1/2	� and represent the periodic part of the
Bloch functions at k=0�
8�. In each nth layer the wave func-
tion has the following form:

��r� = ei�kxx+kyy���z� , �4�

with

��z� = �
i=1,nb

�An,i
+ Vn,i

+ eikn,i
+ z + An,i

− Vn,i
− eikn,i

− z� . �5�

Here Vi represents the six-column eigenvectors18 of the
Hamiltonian at the same energy E, and parallel momentum

k
 and the wave vector kzi classifies the states of heavy and
light holes �nb is the number of bands�. The canonical wave
vectors k
 = �kx ,ky� are conserved, so that mathematically the
problem is reduced to a one-dimensional problem. The
eigenvectors Vi should be normalized to unity to ensure that
the coefficients ai

�L,R� are directly proportional to the prob-
ability current density of the particular channels, i.e., to
transmission �reflection� coefficients. If the Hamiltonian is
written as

H = Hn
�2�kz

2 + Hn
�1�kz + Hn

�0�, �6�

the wave vectors kzi can be found from the augmented eigen-
value problem

� 0 I

− �Hn
�2��−1Hn� − �Hn

�2��−1Hn
�1��k
�

�Va = kzVa, �7�

where Va= �Vi ,kziVi�T and Hn�=Hn
�0�−EnI. This leads to the

characteristic polynomial with 12 solutions, which corre-
spond to waves traveling in both directions. This procedure
has the advantage that one obtains both wave vectors kzi and
eigenvectors Vi at once. The coefficients An

+ correspond to
the eigenvalues traveling with positive group velocity, i.e.,
jz
0 and Im
kz�=0, or decaying in the positive direction
Im
kz�
0. The number of positive modes should be half the
total number of modes, since the relation

E�− k,↑� = E�+ k,↓� �8�

still holds even in the presence of a magnetic field and/or
localized moments. This is a consequence of the time invari-
ance of the Hamiltonian

��̂,Ĥ� = 0, �̂��r,t� = �†�r,− t� . �9�

A typical trilayer structure
�Ga,Mn�As/GaAs/AlAs/GaAs/ �Ga,Mn�As used in experi-
ments is shown in Fig. 1. It consists of two �Ga,Mn�As lay-
ers separated by a thin layer made of AlAs. Two additional
layers of GaAs are inserted to prevent diffusion of Mn into
AlAs. Since there are six channels possible for tunneling,
i.e., mixing of different kinds of holes may happen depend-
ing on the scattering potential �barrier�, the transmissions and
reflection coefficients should be normalized to the group
velocity17
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T�� = �AR�
+

AL�
+ �2vgr�

vgr�

. �10�

The quantities AR�
+ and AL�

+ are amplitudes of the quantum
mechanical waves right and left of the structure, while � ,�
denote various hole states. The conservation of the probabil-
ity current leads to six relations among transmission and re-
flection coefficients

�
�

�T�� + R��� = 1. �11�

Here the variable � assumes all six hole states �h1, h2, l1, l2,
s1, and s2�. These relations are also useful to check the con-
sistency of the numerical calculations. Formally present in
Eq. �11� split-off band states s1, s2 do not contribute to the
current since the band edge of the LH “upper subband” is
still higher than the SO down subband ��SO
�ex�. They
influence the current values, however, in an indirect way
since the imaginary parts of kso are small, and because the

matrix component �2Q �that contains k̂z� mixes LH and SO
holes. Thus, one should take into account more precisely the
dispersion relation �hh,lh�k� obtained from H6�6 when �hh ap-
proaches the SO band. A better insight into band alignment
of materials is given in Fig. 2, with GaAs spacers excluded.
The scheme of dispersions E�kz� are given for kx=0, ky =0,
for �Ga0.96 ,Mn0.04�As �first FM layer� and for pure AlAs and
�Ga0.966 ,Mn0.034�As �second FM layer�. The valence band of
AlAs is shifted by 0.75 eV to the total barrier height
AlAs/GaAs and GaAs/ �Ga,Mn�As. The smaller splitting
between the heavy holes as compared to the one of the light
holes is a result of spin-orbit interaction19,20 and the fact that
the magnetization M is in plane.

III. RESULTS

The numerical method is based on the transfer matrix
method for stratisfied media. The coefficients A on either
side are connected by

�A+

0
� = T�I�

r
� , �12�

where the column I� contains 1 for the �th channel, the other
being zero, i.e., I�=�i�, while the r subcolumn contains re-

flection coefficients. The matrix M is composed of the
boundary matching matrix Mi and the propagation matrix P,

T = MN
−1�MN−1PNMN−1

−1 � ¯ �M1PM1
−1�M0, �13�

whose explicit expressions can be found elsewhere.21 In the
case of a trilayer one has three layers GaAs/AlAs/GaAs,
while two �thick� layers of �Ga,Mn�As act as the emitter and
collector leads. It is found22 that GaAs acts as a barrier to
�Ga,Mn�As, whose height depends on the manganese con-
tent. Its experimental value is in the range �88,146� meV for
x�Mn� �1.2–2.5 % � according to Ref. 22 and consistent with
Ref. 7. Having found transmission coefficients T�� , � , �
=1, . . . ,6 from Eq. �13�, the current density is given by

JC =
e

8�3�
�

0

kt max

ktdkt�
0

2�

d���
��

T��� ,

in the limit of small Vbias��F. The tunneling current, Eq.
�14�, is calculated for both alignment of the two �Ga,Mn�As,
so that the tunneling magnetoresistance is found from

TMR =
JCp − JCa

JCa
, �14�

where JCp is the density of tunneling current when the two
FM films are parallel, while JCa denotes the current density
when the two are antiparallel. For our numerical calculations
we used the sample parameters of Ref. 5. These parameters
are as follows: the width of two GaAs layers is D0=1 nm,
the barrier thickness D of AlAs varied from
1.2 nm to 2.2 nm, and the Mn molar contents of the two
DMS layers are 4.0% and 3.3%. The exchange energies cor-
responding to these values are �ex

L =0.12 eV and �ex
R

=0.1 eV, respectively, assuming full alignment of manga-
nese localized moments. The different manganese concentra-
tion is made deliberately in order to build in the discrepancy
in coercivity of the two DMS layers, i.e., to allow an easy
change from parallel to antiparallel orientation. The applied
bias was eVbias=1 meV, much smaller than the Fermi level

FIG. 1. Schematic band diagram of a trilayer structure made of
two DMS layers �Ga,Mn�As separated by an AlAs layer acting as a
barrier. Two additional layers of GaAs are inserted in between in
order to prevent diffusion of Mn into the barrier.

FIG. 2. Scheme of band positions of the two �Ga,Mn�As layers
and the barrier of AlAs. The band diagram of GaAs and split-off
band of AlAs are not shown for clarity.
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�F�80 meV. The barrier height Vb=0.75 eV and the mea-
surement was performed at low temperature T=8 K, which
justifies using Eq. �14�. The barrier height Vb2 between
�Ga,Mn�As and GaAs is taken to be approximately 0.2 eV,
since x�Mn� is higher than 3%. The Luttinger parameters are
�1

�1�=6.85, �2
�1�=2.1, �3

�1�=2.9 �GaAs�, and �1
�2�=3.45, �2

�2�

=1.29, �3
�2�=0.68 �AlAs�. In order to gain better insight in the

process of tunneling, we show the current density for the
case of parallel orientation of the two DMS layers �Fig. 3�
and for antiparallel �Fig. 4� orientation. Out of the 36 pos-
sible transmissions, only 12 are nonzero since the split-off
band is below the Fermi energy, and within the barrier there
is no magnetic field. This means, for instance, that the trans-
missions between HH1 and HH2, and between LH1 and
LH2, are not possible because of the presence of zeros on the
small off-diagonal in the matrix elements of Eq. �2�. How-
ever, out of these 12 channels only about four to eight are
significant depending on the alignment of the ferromagnetic
layers. The current components, when the two FM are par-
allel, are shown in Fig. 3. Only one component, light hole to
light hole, is significantly larger than the other as a result of

their lighter mass. They exhibit rapid decay with the barrier
thickness. In the next figure, i.e., Fig. 4, we present the re-
sults for the antiparallel case, where one can notice signifi-
cantly smaller values for the tunnel currents. The closely
spaced curves, two by two, are a consequence of a different
Mn content of the two FM layers, i.e., they have different
exchange splitting. Thus the transmission probabilities LH1
into LH1 and LH2 into LH2 are not the same. On the other
hand, the different polarizations of heavy and light holes is
because the HH eigenfunctions have a definite value of spin,

�3

2
,
3

2
� =

1
�2

�X + iY	↑; �3

2
,−

3

2
� =

i
�2

�X − iY	↓ ,

�15�

while the LH eigenfunctions are composed of different spin
subspaces,

�3

2
,
1

2
� =

i
�6

��X + iY	↓− 2�Z	↑� , �16a�

�3

2
,−

1

2
� =

1
�6

��X − iY	↓ + 2�Z	↓� . �16b�

Figure 5 shows the theoretical estimate for TMR �solid
line�, along with the experimental data from Ref. 5 �closed
circles� for manganese concentration x=4% �first FM layer�
and x=3.3% �second FM layer�. A decent agreement is
achieved only for two experimental points, while for higher
D, the experimental data show a rapid decay. There could be
several reasons for this discrepancy: the possibility of indi-
rect tunneling,7 the presence of defects that spoil resonant
tunneling, the presence of Mn in the barrier, etc. Despite the
fact that the structure is made by the sophisticated molecular
beam epitaxy �MBE� growth technique, the presence of As
antisites, and interstitial Mn is inevitable in the fabrication of

FIG. 3. Components of the current density JCp as a function of
barrier thickness D when the DMS layers are aligned parallel. Light
hole to light hole transmission is dominant.

FIG. 4. Components of the current density JCa as a function of
barrier thickness D when the DMS layers are aligned antiparallel.
Heavy to heavy hole component makes up less than 20% of the
total current.

FIG. 5. Tunneling magnetoresistance ratio �TMR� as a function
of the thickness D of the AlAs tunnel barrier of AlAs �solid line� is
shown along with experimental data taken from Ref. 5 �closed
circles�. For comparison, theoretical TMR without the two GaAs
spacers �dash-dotted line�, and within the single band approxima-
tion �dash-dot-dot� are given, all for x�Mn�= �4.0,3.3�%. In addi-
tion, we present the result for a higher Mn content x= �6.0,5.5�% of
the two layers.
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�Ga,Mn�As. Another reason is the presence of two GaAs
layers on both sides, whose thickness is comparable with the
width of the trilayer structure and is not changed in the ex-
periment, while the barrier they impose is not so high. This is
clearly shown on the same figure, where the dash-dotted line
corresponds to the TMR in the absence of the two GaAs
layers. The slope of the curve is more pronounced than in the
previous case. On the other hand, the considered model does
not have any fitting parameter, so that the semiquantitative
agreement is satisfactory. Clearly, in order to enhance
TMR, one should enlarge the spin-splitting of the holes in
�Ga,Mn�As, e.g., by increasing the Mn content. Calculations
of TMR for x=6% �x=5.5% � are given in the same Fig. 5
�dashed line�. The predicted value of the magnetoresistance
for this x�Mn� reaches 130%, a promising value, but it was
obtained under the assumption that there are no self-
compensation effects, either for the hole density or the mag-
netization of the layers.

IV. SINGLE BAND APPROXIMATION

In order to gain better insight into the tunneling processes,
we depart from the 6�6 Luttinger-Kohn model and analyze
the problem within the single band approximation. This
serves only as an illustration and to explain qualitatively the
slow variation of the TMR ratio on the barrier thickness. The
wave function in the three regions, for an incoming spin-up
state is

�I�z � 0� = V↑e
ikz↑z + r↑↑V↑e

−ikz↑z + r↑↓V↓e
−ikz↓z, �17a�

�II�0 � z � d� = A↑V↑e
ikz2↑z + B↑V↑e

−ikz2↑z + A↓V↓e
ikz2↑z

+ B↓V↓e
−ikz2↓z, �17b�

�III�z � d� = t↑↑V↑e
ikz↑z + t↑↓V↓e

ikz↓z, �17c�

where

V↑ =
1
�2

�1

1
�, V↓ =

1
�2

� 1

− 1
� . �18�

To simplify the problem further, we neglect the influence of
the two GaAs layers. The result for the TMER ratio is shown
in Fig. 5 �dash-dot-dot line�. The exchange energy was taken
smaller ��ex1�1/2�ex� than in the full six-band treatment to
account for the influence of spin-orbit interaction �see Fig.
2�. Note that, within the single band approximation, the HH
subbands are significantly split.10 However, this is only an
approximation, since the spin-orbit coupling tends to de-
crease the heavy hole splitting. Nevertheless, the HH cur-
rents for both orientations are significantly smaller than that
of the light holes since the heavy holes tunnels less efficient
as they have heavier mass. In Fig. 6 we show the current
components within the single band approximation when the
ferromagnetic layers are parallel �without GaAs�. As in the
case of the 6�6 LK, the current for LH→LH is larger than

the HH→HH current. In this case the difference is smaller
because we neglected the role of the two GaAs layers acting
as a low barrier Vb2=0.2 eV, and the fact that the effective
mass of holes does not change with k
. One can take
into account their influence by adding the effective width
Def f −D=0.5 nm, and then values of the current will be com-
parable with those given in Fig. 3.

V. CONCLUSIONS

We have investigated spin-dependent tunneling through a
diluted magnetic semiconductor trilayer structure. The prob-
lem is investigated within the 6�6 Luttinger-Kohn model
for the valence bands, and it was assumed that the TMR is
due to direct tunneling because of the high quality of the
semiconductor layers. However, the presence of interstitial
manganese atoms and the low temperature MBE that intro-
duces As antisites spoil the coherence of the hole wave func-
tions, so that only a semiquantative agreement with experi-
ment is achieved. Our theoretical results should be
considered as an upper bound, and the main discrepancy be-
tween the model and the experimental data is that our pre-
dictions of the TMR as a function of the barrier thickness do
not show a rapid decay with the barrier thickness. Possible
reasons could be noncoherent tunneling as a result of the
presence of defect As antisites, interstitial Mn, etc. Previous
theoretical predictions that HH spin-splitting is reduced by
spin-orbit interaction is confirmed by our results. However,
their influence on the total TMR is smaller than that of the
light holes because their tunneling currents �for both orien-
tations� are smaller due to their heavier mass in the tunneling
direction.
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FIG. 6. Light and heavy hole components of the tunneling cur-
rent, within the single band approximation, when the FM layers are
parallel.
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