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Molecular dynamics simulations of silicon melting reported in the literature using Tersoff’s potential give
melting temperatures about 50% higher than the experimental value. To address this discrepancy, we have
proposed a modification to the values of the parameters of the Tersoff potential. This modification involves a
change in the magnitude of 3 of the 12 parameters in the Tersoff potential as an effective means for bringing
down the melting point close to the experimental value. The melting point is determined by performing Monte
Carlo simulations using the empirical void-nucleated melting procedure. In addition to an agreement of the
computed melting point with the experiment, the modified parameters also bring the density of the liquid and
the solid at the melting point into good agreement with the experiment without significantly altering the density
and energy values of the solid crystal at room temperature. The coordination number and specific heat of the
liquid are also found to be in better agreement with the experiment when the modified set of parameters is
used. A comparison of density over a wide range of temperatures shows that the density of the solid predicted
by the Tersoff potential with the modified parameters is larger than that given by the unmodified parameters.
This difference, however, is not appreciable at room temperature; it increases with temperature and is about 1%
at the melting point. The computed cohesive energy of the solid, the point defect energy corresponding to a
vacancy, and the surface energy values for �100� and �111� surfaces are also found to be nearly the same for the
modified as well as the unmodified parameters.
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I. INTRODUCTION

The exploration of empirical intermolecular interaction
potentials for a system of silicon atoms has been a subject of
considerable interest.1–22 One of the most popular potentials
for silicon is the Tersoff potential.1–4 It has been shown to
explain various properties of silicon crystals. However, Cook
and Clancy23 have found, and Yoo et al.24 have recently con-
firmed, that the Tersoff potential4 predicts the melting point
to be nearly 50% higher than experiment. This observation
suggests the necessity of introducing some modification in
the parameters of the Tersoff potential that will provide bet-
ter agreement of the predicted melting point with experi-
ment.

It is well known that molecular dynamics �MD� simula-
tions of melting of a perfect crystal with periodic boundary
conditions produce superheating due to the lack of free sur-
face and defects. A large number of computational studies
show that the mechanical melting temperature Ts at which a
crystal without any defects and free surface melts is about
20% higher than the true thermodynamic melting point Tm.
The ratio,

f = Tm/Ts �1�

is found to be �0.8 for a large number of systems. For
example, the computed values of f for Ar over a wide range
of pressure �0–53 GPa� is found to be 0.85±0.03,25–27 and in
the range 0.77–0.81 for Ne,28 Cu,29 CH3NO2,30 ammonium
nitrate,31 and ammonium dinitramide.32 Using kinetic analy-
sis of the homogeneous nucleation behavior for melting of
superheated crystals, Lu and Li33 found f in the range 0.82–

0.85 for Ag, Al, Au, Co, Cu, Fe, Mn, Ni, Pd, Pt, and Sb, and
lower values of f for metals with low melting points, i.e.,
0.78 for Sn and 0.77 for Pb. It is, therefore, of interest to
determine if the computed value of f for a covalent crystal,
such as Si also falls in the same range.

Another point of interest in connection with the melting
of silicon is the testing of an empirical method, namely, void-
nucleated melting, for the determination of the melting point.
The void-nucleated method for determining Tm is the result
of empirical observations in various studies.25–34 Detailed in-
vestigations of defect-nucleated melting of covalent and me-
tallic solids have been reported by Phillpot et al.34 and
Lutsko et al.29 The MD simulations of Lutsko et al. of a
lattice containing nearly 1000 atoms of copper show that an
ideal crystal melts at a temperature over 200 K above the
thermodynamic melting temperature. Solca et al.25,28 studied
the void-nucleated melting method to determine the melting
point of Ar and Ne. They noted that with the increase in the
void size, the melting-temperature-versus-void-size curve
first exhibits a decrease and then attains a plateau region that
corresponds to the true melting temperature, and for a void
size larger than that corresponding to the plateau region, the
melting temperature plummets.

For Ar, at various values of pressure ranging from
0 to 53 GPa, Agrawal et al.26 have confirmed this observa-
tion by comparing the melting point so determined with
those computed by Zha et al.35 using a thermodynamic
method on the same potential. By simulating three types of
voids in this study,26 it has also been noted that melting tem-
perature depends on the number of atoms removed and not
upon the number of voids or the shape of the voids. In a
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subsequent study on the melting of nitromethane, Agrawal et
al.30 obtained good agreement between the melting point
computed from the plateau region in the melting-
temperature-versus-void-size curve and that determined by
the method based on the equilibration of a mixture of liquid
and solid.36

Besides Ar, Ne, and CH3NO2, the void-nucleated melt-
ing method has also been tested for CH3COOH,37 cyclotri-
methylene trinitramine �RDX�,38 1,3,3-trinitroazetidine
�TNAZ�,38 ammonium nitrate,31 and ammonium dinitra-
mide.32 The method, however, is empirical in that there is no
theoretical basis to validate the assumption that the melting
temperature in the plateau region is the true melting point.
Therefore, it may be interesting to see if this void-nucleated
melting method is applicable for a covalent system, such as
Si where we have the results of other studies23,24 for com-
parison.

In this paper, we report the results of computations of the
melting point of silicon using the Tersoff potential4 and the
void-nucleated method. The results provide additional infor-
mation related to the validity of the void-nucleated method
and the value of f for Si. In addition, the study results in a
modification of the parameters of the Tersoff potential4 that
gives a melting point in agreement with experiment.

II. COMPUTATIONAL DETAILS

A. Force field

We have investigated the Tersoff potential,4 which is ex-
pressed in terms of 12 parameters as follows:

VTersoff = �1/2��
i�j

Vij , �2�

where

Vij = fc�rij��A exp�− �rij� − bijB exp�− �rij�� , �3�

bij = ��1 + �n�ij
n �−1/2n, �4�

�ij = �
k�i,j

fc�rik�g��ijk� , �5�

g��ijk� = 1 + c2/d2 − c2/�d2 + �h − cos �ijk�2� , �6�

and

fc�rij� = �1 for rij 	 R ,
1
2 + 1

2 cos�
�rij − R�/�S − R�� for R 	 rij 	 S ,

0 for rij � S .
�
�7�

The parameters of the potential, as given in Ref. 4 are listed
in Table I.

For the purpose of discussion, we shall denote the above-
mentioned potential as VIV or the Tersoff-4 potential to dis-
tinguish it from other similar potential functions with differ-
ent sets of parameters given by Tersoff.1–3 We denote those
given by Tersoff in Refs. 1–3 by VI, VII, and VIII or Tersoff-1,

Tersoff-2, and Tersoff-3 potential, respectively. The nota-
tions, Tersoff-2 and Tersoff-3 are consistent with those used
by Balamane et al.39

B. Monte Carlo simulations and melting

1. NPT simulations

Monte Carlo �MC� simulations at constant pressure �P�
and constant temperature �T� for a fixed number of atoms
�N� as described in Ref. 40 are performed to simulate melt-
ing. A 3�3�3 supercell of Si crystal having 216 atoms has
been considered. The cubic simulation box has an edge
length of L. Periodic boundary conditions have been used. At
every cycle during the MC walk, N+1 moves were at-
tempted. These correspond to a random move of each of N
atoms and a random change in the size of the simulation box.
The coordinates and box size have been varied according to
the following standard equations given in Ref. 40:

qi�new� = qi�old� + �21 − 1���q�max, �8a�

L�new� = L�old� + �22 − 1���L�max, �8b�

where 1 and 2 are random numbers chosen uniformly in the
interval 0 to 1, and ��q�max and ��L�max are the maximum
step sizes for the translation of the Cartesian coordinate �q�
of an atom and box length �L�, respectively. These maximum
displacements have been determined to obtain an acceptance
ratio of about 50% from the total number of attempted
moves and their values were ��q�max=0.15 Å and ��L�max

=0.13 Å.
A walk or a change made in the box size is accepted, if

either W	0 or

exp�− W/kBT� �  , �9�

otherwise the move is rejected. In the above relation, kB is
Boltzmann’s constant,  is a random number chosen uni-

TABLE I. The modified and unmodified parameters of the Ter-
soff potential.

Tersoff
parameters Tersoff-4a Tersoff-ARK

A �eV� 1.8308�103 1.8308�103

B �eV� 4.7118�102 4.7118�102

� �Å−1� 2.4799 2.4799

� �Å−1� 1.7322 1.7322

� 1.1�10−6 1.15�10−6

n 0.78734 0.988

c 1.0039�105 1.0039�105

d 16.217 16.217

h −0.598 25 −0.745 25

R �Å� 2.7 2.7

S �Å� 3.0 3.0

� 1.0 1.0

aReference 4.
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formly in the interval 0 to 1, and W is given by

W = P�vnew − vold� + �Vnew − Vold� + NkBT ln�vold/vnew� .

�10�

Here, the subscripts new and old have the usual meaning, v
denotes the volume of the box, V represents the total inter-
action energy of the system, and P and T signify the external
pressure and temperature at which the calculations were
made. When a move is rejected, the properties corresponding
to the previous configuration were included in the averages.
A new configuration was then generated from this previous
configuration.

2. Creation of voids and gradual heating

Starting from the ideal configuration at T=0 K, an equili-
brated configuration at T=500 K and P=1 atm is obtained
by running 10 000 cycles of Monte Carlo simulations. By
successive simulations, each for 10 000 cycles, the equili-
brated configurations at temperatures 1000, 1500,…, and
3000 K have been obtained. All the simulations have been
run at P=1 atm. From this set of configurations, the closest
configuration at a temperature lower than To is simulated for
10 000 cycles to obtain an equilibrated configuration at tem-
perature To. After equilibrating the system at temperature To,
Nvoid atoms have been removed out of the total No atoms.
The locations of these Nvoid atoms have been chosen ran-
domly with the constraint that the minimum distance be-
tween any two is greater than rmin, where rmin is chosen
nearly as large as possible. We choose this number Nvoid to
signify the void size.

After the creation of voids, this system of N=No−Nvoid
atoms is again equilibrated at temperature To and pressure P
by running MC simulations for no cycles. The heating of the
system from initial temperature To is achieved by uniformly
changing the temperature by �T=0.001 K, after each cycle
of N+1 moves. Thus, the temperature at the nth cycle of
moves is

T = To + �n − no��T . �11�

The gradual heating of the system in the MC simulations
has been achieved by redefining the desired temperature in
Eqs. �9� and �10� during constant number-pressure-
temperature �NPT� simulations. This method of gradual heat-
ing based on redefining the desired temperature in NPT
simulations has also been employed earlier for the melting
studies of Ar26 and nitromethane30 by MD simulations. The
success of this procedure has been tested in those studies26,30

by monitoring the temperature and pressure as a function of
integration time; there it has been found that pressure re-
mains constant and the temperature changes according to the
desired input temperature. Here in MC simulations we do not
have the kinetic energy to monitor the temperature, but we
have tested the increase in temperature by monitoring the
variation in the potential energy with the MC cycle number
during the heating process. Figure 1 depicts this variation in
the potential energy per atom with T given by Eq. �11� in a
simulation corresponding to To=1500 K and �T
=0.001 K/cycle. Each point in the figure has been obtained

by averaging the potential energy over 1000 cycles. The
straight line in the figure corresponds to the least-squares fit.
As expected, we note that the slope of the straight line is
equal to 3

2 kB that shows that the system is being heated
according to the temperature given by Eq. �11�.

3. Order parameter

The melting of the system has been identified by monitor-
ing the energy and the order parameter ���26,30 as a function
of temperature during the heating process. At the melting
temperature, these parameters change abruptly. Since the dia-
mond structure can be considered as a combination of two
fcc structures, we can write � as an average of the order
parameters of the two structures, i.e.,

� =
1

2�
i=1

2

�i, �12�

where

�i = �1/Nc�	�
j=1

Nc

exp�ik · rj�	 . �13�

In these equations Nc
N /2, rj is the position vector of the
jth atom of ith fcc structure and k is the reciprocal lattice
vector. For the fcc lattice,26,40

k = �2
/ao��− 1,1,− 1� , �14�

where ao is the length of the unit cell. It is trivial to see that
for an ordered crystal �→1 and �→0 for the liquid state.

C. MD simulations

We employed a larger system, a 5�5�5 supercell of Si
having 1000 atoms, to compute density, configurational en-
ergy, specific heat, coordination number, and radial distribu-
tion function. Such a system has been simulated using
isothermal-isobaric molecular dynamics �NPT-MD� method.
The Melchionna modification41 of the Nosé-Hoover equa-
tions of motion was used to achieve the constant temperature
and pressure. The thermostat, as well as barostat relaxation

FIG. 1. Variation of potential energy per atom as a function of
temperature T given by Eq. �11�. The straight line shows the least
squares fit.
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time, has been chosen as 50.0 t.u. �1 t.u.=1.018�10−14 s�,
and the Verlet leapfrog procedure40 �with time step 0.05 t.u.�
has been used to integrate the equations of motion. Com-
puted results are given in Figs. 7–9 and Tables III and V.

III. RESULTS

A. Melting

Figure 2 shows the variation of order parameter � and the
configurational energy per atom V as a function of the Monte
Carlo cycle number n for a system of 216 atoms at P
=1 atm initially at temperature To=2950 K with no voids.
The heating according to Eq. �11� has been started after no
=10 000 cycles. A rapid change in � and V depicted by these
curves at n=107�103 cycles corresponds to the melting at
T=3047 K.

Figure 3 gives the variation of the transition temperature
as a function of the void size, Nvoid, defined by the number of
atoms randomly removed from the crystal. Multiple points at
a value of Nvoid in the figure demonstrate the effect of vary-

ing either the initial phase or temperature of the system. This
figure shows that the transition temperature decreases as
Nvoid increases. A horizontal line in the figure has been drawn
to mark the average temperature in the plateau region corre-
sponding to 11�Nvoid�14. The average temperature in this
region is 2509±44 K. With the assumption that the transition
temperature in the plateau region is the melting temperature
that corresponds to the thermodynamic melting point, we
obtain 2509 K as the melting point given by this void-
nucleated method, which is in good agreement with the com-
puted values, 2567 K and 2584 K, given by Yoo et al.24 us-
ing the same potential and the method of coexisting solid-
liquid phases and 2547±22 K given by Cook and Clancy.23

A few typical curves showing the variation of order pa-
rameter ��� and configurational energy �V� for Nvoid=10, 14,
and 16, respectively, are shown in Figs. 4�a�–4�c�. For all
these curves, no=10 000 cycles and To values are 2590,
2430, and 2200 K, respectively, as indicated in the figure. A
comparison of the curves corresponding to Nvoid=14 and 16
shows that melting point decreases from 2456 K for void
size Nvoid=14 to less than 2200 K for void size Nvoid=16.

For the sake of further discussion, following the previous
studies,25,26,28,30 we introduce a term, “critical void size,” to
refer to the maximum value of the void size in the plateau
region. It may be noted that the critical void size depends on
the substance, the interaction potential function, pressure,
and the number of atoms �N� considered in the simulation
box. For example, the studies of Agrawal et al.26 on the
melting of Argon reveal that at a given pressure �P
=44.56 kbar� the critical void size increases from 50 to 120
as N increases from 864 to 2040.

In view of various simulation studies on Ar, Ne, CH3NO2,
RDX, TNAZ, ammonium nitrate, and ammonium dinitra-
mide, it is not surprising to note that the value of the melting
point of Si given by the void-nucleated method employed
here agrees with the previously reported23,24 melting point
values.

However, one needs to make a rigorous analysis of the
appropriateness and limitations of this method. Due to the
lack of understanding of the mechanism of melting, the re-
lationship between the existence of the above-mentioned pla-
teau region and the mechanism of melting is not yet known.
There have been various studies to explore the mechanism of
melting. The Lindemann criterion42 of melting and the Born

FIG. 2. Variation of order parameter ��� and potential energy per
atom �V� as functions of Monte Carlo simulation cycle number �n�
for the Tersoff-4 potential with initial temperature �To�=2950 K,
void size �Nvoid�=0, and no=10�103 cycles.

FIG. 3. Transition temperature as a function of the void size
�Nvoid� for the Tersoff-4 potential. The horizontal line shows the
average temperature �2509 K� in the plateau region.

FIG. 4. Same as Fig. 2, but for different values of void size
�Nvoid� and initial temperature �To�: �a� Nvoid=10, To=2590 K; �b�
Nvoid=14, To=2430 K; �c� Nvoid=16, To=2200 K.
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instability criterion43 of melting have been of importance in
explaining the mechanism of melting. The investigations of
Jin et al.27 show a strong correlation between the Lindemann
and the Born instability criteria. The Lindemann criterion
based on the mechanical approach of melting has gained
more attention as a result of the recent investigations of
Burakovsky et al.44 regarding the melting of elements based
on the dislocation mechanism.44–47 Considering melting as a
dislocation-mediated phase transition, Burakovsky et al.44

computed melting curves for 24 elements in good agreement
with the available data. They also note that their dislocation-
based melting approach leads to melting points that are very
close to those given by the Lindemann criterion. Gomez et
al.47 showed that defects which occur in the solid phase as
the transition temperature is approached are responsible for
melting. However, we are still in the learning phase in the
area of the mechanism of melting. One would like to rigor-
ously learn if the existence of the plateau region in the void-
size-versus-melting-temperature curve is universal and
whether the melting point in the plateau region corresponds
to the thermodynamic melting point.

B. Superheating and f factor

The extent of superheating of a crystal can be measured
by the ratio f given by Eq. �1�. Table II gives the value of the
melting point without any void, Ts=3075 K, determined by
averaging over four values of the computed melting points
with different initial conditions. The true or thermodynamic
melting temperature Tm=2509 K given by the average of the
melting temperatures in the plateau region, as discussed in
Sec. III A, leads to f =0.82.

It is interesting to note that this value of f =0.82 for a
covalent Si crystal is comparable to that determined by the
homogeneous nucleation model of Lu and Li33 for Al, Au,
Co, Cu, Fe, Mn, Ni, Pb, Pd, Pt, Sb, and Sn, and those com-
puted for Ar, Ne, Cu, CH3NO2, RDX, TNAZ, ammonium
nitrate, and ammonium dinitramide. For all these crystals f is
found to be in the range 0.77 to 0.85.

A near constant value of f for a large number of systems
suggests the possibility of f �0.80 for many other sub-
stances. Thus, the prediction of f in this range may be an
important criterion to judge the validity of a theoretical
model. Further, the rigorous determination of f by some the-

oretical model would also make the determination of Tm
easy.

As regards the effect of the size of the simulation box on
the factor f that signifies the degree of superheating, Agrawal
et al.26 have found that the value of f for a system of argon
crystals does not change when the periodic system contain-
ing 864 atoms is replaced by that having 2048 atoms. A
simulation of 6912 atoms of Ar by Jin et al.27 also gave
almost the same value of f . The agreement between the com-
puted values of f and those given by Lu and Li33 as dis-
cussed in the above paragraphs also suggest the possibility of
insignificant change in the value of f as the number of atoms
in the periodic system considered is increased by a large
extent. Also, based on the Lindemann criterion,42 namely, a
solid melts when the amplitude of atomic vibrations exceeds
a certain fraction of the lattice spacing, it appears that the
melting temperature or superheating of an ideal crystal with
the periodic boundary conditions would not change when the
system size is increased although the limits of this generali-
zation have not been established.

C. Modification in the potential

1. Addition of long-range interactions

In the Tersoff potential, fc�rij� occurring in Eq. �3� is as-
sumed to be zero for rij �3.0 Å for a silicon crystal. To
examine the effect of long-range interaction, we have added
a Lennard-Jones �12-6� interaction,

VLJ�rij� = 4����/rij�12 − ��/rij�6� , �15�

to the Tersoff potential VIV and then determined the melting
point. The values of parameters, �=3.826 Å and �
=0.017 44 eV have been taken from Refs. 48 and 49. To
avoid strong repulsions due to this term, we considered this
interaction only when rij �4.0 Å.

By running a Monte Carlo simulation with the addition of
such a long-range interaction, we found that melting occurs
at 3116 K when void size=0. If we compare this value of Ts
with Ts=3075±29 K, given by the Tersoff-4 potential alone,
we infer that the effect of the addition of van der Waals
interactions in the Tersoff potential on the melting is very
small. Therefore, we need to look for some more significant
modification to obtain a melting point in agreement with the
experiment.

2. Choice of new parameters

After running a few sets of simulations by varying the
magnitude of 3 of the 12 parameters in the Tersoff potential,
it has been observed that a combination of �, n, and h pa-
rameters occurring in Eqs. �4� and �6� would give values of
the melting point and density of liquid Si in agreement with
experiment without introducing appreciable change in the
density and configurational energy of a solid Si crystal at low
or room temperatures. We have not attempted any change in
parameters A, B, �, �, and � as the properties of the solid
even at low temperatures may be very sensitive to these pa-
rameters. Similarly, we did not investigate the effect of vary-
ing R, S, c, and d as these parameters may not be as effec-

TABLE II. A comparison of melting temperatures given by the
modified �VV� and unmodified �VIV� Tersoff potential parameters
with the experiment.

Ts �K� Tm �K� f =Tm /Ts

Tersoff-4a 3075±29 2509±44 0.82

Tersoff-ARKb 2097±21 1711c

Experiment 1687d

aReference 4.
bPresent modification.
cObtained by using Eq. �1� and f =2509/3075.
dReference 49.
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tive, in modifying the melting point as well as the density of
liquid without introducing appreciable changes in the density
and cohesive energy of the solid at low or room tempera-
tures, as �, n, and h. To achieve this, we first tested various
combinations of n and h in a coarse grid without changing
the value of �. The values of n and h ranging from �0.75 to
1.5 times their original values have been attempted to repro-
duce the melting point. A finer grid of �, n, and h is then
explored to reproduce the melting temperature, liquid den-
sity, and cohesive energy of the solid. The values of �, n, and
h so determined are 1.15�10−6, 0.988, and −0.745 25, re-
spectively �see Table I�. For further discussion, let us denote
the Tersoff potential with these modified parameters as VV or
Tersoff-ARK �Agrawal-Raff-Komanduri� potential. The re-
sults obtained with Tersoff-ARK are discussed in Secs.
III C2a–III C2e.

a. Melting point. Similar to the results shown in Fig. 2 for
the Tersoff-4 potential, we get Fig. 5 for the Tersoff-ARK
potential. In this simulation To=2000 K, no=10 000 and,
melting occurs at n=79 000 that correspond to melting at
2069 K for a crystal without any void. Figures 6�a�–6�i�
show the configurations of the system of 216 silicon atoms at
various stages of this simulation. Figures 6�a�–6�c� depict the
crystalline phase. Figure 6�d� corresponds to n=79 000 when
the crystal starts melting and the order parameter ��� just
begins to drop �see Fig. 5 for n versus � curve for this simu-
lation�. Figures 6�e� and 6�f� exhibit the configurations at n
=85 000 and 90 000, respectively; these belong to the region
of the rapid drop in the order parameter �see Fig. 5�. Figures
6�g�–6�i� represent configurations at n=95 000, 100 000, and
105 000, respectively; this region corresponds to the liquid
characterized by low values of the order parameter �see Fig.
5�.

By averaging the results on a set of four such simulations
with different initial conditions, we get the mechanical melt-
ing temperature as Ts=2097±21. Using Eq. �1� and assum-
ing the value of f =Tm /Ts=2509/3075, as described in Sec.
III B, we obtain the melting temperature, Tm=1711 K �see
Table II�, which is in good agreement with the experimental
value 1687 K.49

b. Density. Figure 7 compares the density of a solid and a
liquid for the Tersoff-ARK �solid curve� and the Tersoff-4
�dotted curve� potentials. We note that at low temperatures,
the densities of the solids given by VIV and VV are in excel-
lent agreement. However, the density values predicted by VV
are found to be larger than those given by VIV at higher
temperatures. The difference increases with temperature. At
the melting point, this difference is about 1%. For the liquid,
we see a large difference in the densities predicted by these
two potentials. At 1687 K, the density of liquid predicted by
VV is found to be 2.589±0.013 g cm−3, which is in excellent
agreement with the experimental density 2.583 g cm−3.50

VIV, however, gives a density of 2.225 g cm−3 for the super-
cooled liquid at this temperature. It may be noted that for the
Tersoff-ARK potential at 1687 K, the ratio, �V /Vs, of
change in volume �v to the volume of solid Vs at the phase
transition is equal to −11.8%, which is in excellent agree-
ment with the experimental value −11.9%.51

FIG. 5. Variation of order parameter ��� and potential energy per
atom �V� as functions of Monte Carlo simulation cycle number �n�
for Tersoff-ARK potential with initial temperature �To�=2000 K,
void size �Nvoid�=0, and no=10�103 cycles. FIG. 6. The configuration of silicon atoms at various stages of a

MC simulation at n= �a� 1000, �b� 40 000, �c� 75 000, �d� 79 000,
�e� 85 000, �f� 90 000, �g� 95 000, �h� 100 000, and �i� 105 000 for
Tersoff-ARK potential with initial temperature �To�=2000 K, void
size �Nvoid�=0, and no=10�103 cycles.

FIG. 7. The variations in densities of solid ��� and liquid ��� as
a function of temperature: solid curves for Tersoff-ARK potential
and dotted curves for the Terosoff-4 potential.
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c. Energy. We have compared configurational energy of Si
in the solid phase in two ways: �i� At T=0 for different
values of pressure or density, and �ii� at P=0 for different
values of temperatures. In Fig. 8�a�, we have shown the dif-
ference in the two potentials by a parameter � defined as

� = 105�VV − VIV�/VIV, �16�

where VV and VIV are computed for an ideal tetrahedral ge-
ometry at T=0 at different values of pressure, which can be
specified by the density of the crystal. We note that for �
	0.25, i.e., the two potentials differ by less than 0.000 25%
over a wide range of pressure, at T=0. In this connection, it
may also be interesting to see the behavior and absolute
value of VV per atom in this configuration; Fig. 8�b� gives
these data.

Figure 9 compares the configurational energy given by the
two potentials at various temperatures. It shows the variation
of configurational energy per atom as a function of tempera-
ture for Si in solid and liquid phases for the Tersoff-ARK
�solid curve� and the Tersoff-4 �dotted curve� potentials at
P=0. In the case of the solid, the results of VIV and VV differ

by less than 0.001 eV and, therefore, the dotted curve corre-
sponding to the potential VIV coincides with the solid curve.
The slope of the kinetic-energy-versus-temperature curve for
the classical model is trivially 1.5 kB. By summing the slope
of the potential and kinetic energies, we can obtain the spe-
cific heat Cp. It is interesting to note that in this classical
simulation, the average slope of the potential energy curve
for the solid is nearly equal to that given by the kinetic
energy curve. The average value of Cp in the temperature
range 100–2000 K for the Tersoff-ARK potential as well as
the Tersoff-4 potential is found to be 25.4 J mol−1 K−1, which
is in good agreement with the experimental values52 at high
temperatures: 25.359, 27.196, and 28.870 J mol−1 K−1 at T
=800, 1200, and 1600 K, respectively.

As shown in Fig. 9, in the case of the liquid, we note a
large difference between the configurational energy values
given by the two models. We also note significant variation
in the slopes with temperature. With respect to the average
specific heat in the range 1687 to 2000 K, we obtain CP
=31.0 J mol−1 K−1 for VV, that given by VIV in the tempera-
ture range 2500–3000 K is 38.5 J mol−1 K−1, against the ex-
perimental value of 29.2 J mol−1 K−1 at T=1687 K �see
Table III�.

From the information given in Fig. 9, we can determine
the heat of fusion as 19.3 kJ mol−1 for the Tersoff-ARK po-
tential, which is in poor agreement with the experimental
value,53 50.6 kJ mol−1 �see Table III�. This disagreement sug-
gests the need for further improvement in the potential.

Using MD simulations, the configurational energy �V� as
well as the density for a liquid and a solid at various tem-
peratures have also been computed using the Tersoff-ARK
potential on the periodic system having 216 atoms in the
simulation box. The computed values so obtained are found
to be in excellent agreement with the corresponding values
reported in Figs. 7 and 9 for the periodic system having 1000
atoms. Regarding the size dependence of the computed melt-
ing point, Miranda and Antonelli60 recently reported an
agreement between the values of the melting point of silicon
given by the periodic systems having 216 and 512 atoms in
the simulation box. From the results presented here, together
with the other results available in the literature, it appears
that the values of the melting point, density, and configura-
tional energy determined in the present studies are size inde-
pendent, at least in the range of atoms considered; although,
the limits of this generalization have yet to be established.
Whether or not the degree of overheating of the periodic
system with an extremely large number of atoms �say on the
order of a billion or more� would change due to the change
in the lattice vibrations remains to be seen. Admittedly, simu-
lations of such large systems require very fast, highly pow-
erful computers with adequate memory. The availability of
such systems �single systems or with parallel processing ca-
pability� in the not too distant future can answer this question
more definitely.

d. Point defect and surface energies. In Table IV, we have
reported the computed values of the point defect and surface
energy values given by the Tersoff-4 and Tersoff-ARK po-
tentials for vacancy, hexagonal interstitial, and tetrahedral
interstitial defects, and �100� and �111� surfaces. For deter-
mining the point defect energy values, we have considered a

FIG. 8. �a� The difference in energy � as defined by Eq. �16�;
�b� the value of the configurational energy per atom, as a function of
density for silicon in the ideal tetrahedral configuration at T=0 K.

FIG. 9. The configurational energy values of solid ��� and liq-
uid ��� as functions of temperature: solid curves for the Tersoff-
ARK potential and dotted curves for the Terosoff-4 potential.
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system of 216 atoms with the periodic boundary conditions
and have added or subtracted one atom to make it an inter-
stitial defect or vacancy. The system is allowed to relax be-
fore computing the energy. For a comparison, the point de-
fect energy values computed by Tersoff3 on the Tersoff-3
potential and the recent density functional theory �DFT� re-
sults given by Goedecker et al.54 and Leung et al.55 are also
listed in the table.

From the data listed in Table IV, we note that the values
of the vacancy energy given by Tersoff-3, Tersoff-4, and
Tersoff-ARK are equal and are comparable to that obtained
by Goedecker et al.54 under the local density approximation
�LDA�. We also note that the tetrahedral interstitial energy
value given by the Tersoff-4 potential is �14% higher and
that by the Tersoff-ARK potential is �36% lower than the
corresponding LDA value determined by Leung et al.55 As
regards the hexagonal interstitial energy, the value given by
the Tersoff-4 potential is �39% higher and that by the

Tersoff-ARK potential is �15% lower than the correspond-
ing LDA value given by Leung et al. It may also be noted
that the value of the hexagonal interstitial energy given by
the Tersoff-ARK potential is in excellent agreement with the
corresponding LDA value determined by Goedecker et al.54

To compare the surface energy values with the present
results for the Tersoff-4 and Tersoff-ARK potentials, we have
included the results of Balamane et al.39 for the Tersoff-3
potential for Si�100� and Si�111� surfaces in Table IV. We
note that the surface energy values given by the Tersoff-4
potential are equal to the corresponding values given by the
Tersoff-3 potential, and the values given by the Tersoff-ARK
potential are �2% lower. It may be noted that all six values
listed in the table for surface energy correspond to the ideal
unrelaxed configuration.

The agreement between the Tersoff-4 and Tersoff-ARK
potentials in predicting surface energy as well as vacancy
energy, as listed in Table IV, again shows that the Tersoff-4
and Tersoff-ARK potentials give nearly the same results
when the deformation in the bond angles and bond lengths is
small. The higher values of hexagonal interstitial energy as
well as tetrahedral interstitial energy given by the Tersoff-4
potential show that as compared to the Tersoff-ARK poten-
tial, the Tersoff-4 potential makes the deformation more dif-
ficult; qualitatively, this observation is consistent with the
fact that the melting point given by the Tersoff-4 potential is
higher than that given by the Tersoff-ARK potential.

e. Other points. Figure 10 compares the radial distribution
function �RDF� of liquid Si at 3000 K given by VV �solid
curve� and VIV �dotted curve�. Table V compares the loca-
tions of the first and next peaks, the height of the first peak,
and the full width at half maximum �FWHM� of the first
peak. For comparison, the values given in Ref. 3 for VIII and
those given by the experiment56,57 are also reported in the
table. We note that there is a good agreement among all four
sets of numbers.

The coordination number for the solid crystal, given by
VIV as well as VV, is found to be 4.0, which is in agreement
with the tetrahedral structure. For the liquid, however, we

TABLE III. Comparison of various potentials for Si �all simulation values are reported at the melting
point of the respective potential model�.

MEAMa SWb Tersoff-4c Tersoff-ARKc Expt.

Melting point �K� 1475 1691 2509 1711 1687d

Density of liquid
�g ml−1�

2.302 2.459 2.225 2.589 2.583e

Heat of fusion at
melting �kJ mol−1�

35.0 30.9 39.7 19.3 50.6b

CP of liquid
�J mol−1 K−1�

32.3 35.3 �38.5 �31.0 29.2b

Liquid coordination
number

6.0–8.2 5.5–6.2 �4.7 �5.4 �6.4b

aData taken from Ref. 23.
bData taken from Ref. 53.
cPresent work.
dData taken from Ref. 49.
eData taken from Ref. 50.

TABLE IV. Point defect and surface energy values.

Tersoff-3 Tersoff-4 Tersoff-ARK Other

Point defect energy �eV�
Vacancy 3.7a 3.7 3.7 3.17,b 3.56c

Interstitial
�tetrahedral�

3.8a 3.9 2.2 3.43d

Interstitial
�hexagonal�

4.7a 4.6 2.8 3.31b,d

2.87c

Surface energy �eV/Å2�
Si�100� 0.144e 0.144 0.142

Si�111� 0.080e 0.080 0.078

aReference 3.
bReference 54; DFT calculation using general gradient approxima-
tion �GGA�.
cReference 54; DFT calculation using LDA.
dReference 55.
eReference 39.
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note that the coordination number �5.4, given by VV, which
is higher than the value �4.7 given by VIV but is lower than
the experimental value �6.4 �see Table III�.

Keblinski et al.58 remark that with the exception of the
Stillinger and Weber �SW� potential5 and a similar potential
developed by Mistriotis et al.,21 among more than 30 empiri-
cal potentials for silicon, no potential other than the
environmental-dependent interatomic potential �EDIP� de-
veloped by Justo et al.16 predicts a reasonable melting point.
Recently, there has been a number of studies on the compu-
tation of the melting point of Si using the potential of Justo
et al. The melting point given by this potential is found to be
1572 K by Kaczmarski et al.,59 1582±25 K by Miranda and
Antonelli,60 and 1520±30 K by Keblinski et al.,58 all within
10% of the experimental value, 1687 K. For comparison, the
value of the melting point given by the Tersoff-ARK poten-
tial is 1711 K. With respect to the heat of fusion and density,
the EDIP potential gives59 a heat of fusion equal to
36.0 kJ mol−1 and, contrary to the experiment, it predicts59 a
decrease in density of Si as it undergoes the phase transition
from the solid phase to the liquid phase.

It would be interesting to compare various properties of
liquid silicon as predicted by the Tersoff-4,4 Tersoff-ARK,
modified-embedded-atom-method �MEAM�,8,23 and Still-
inger and Weber �SW� potentials5 �see Table III for details�.
First, we note that none of these models, including Tersoff-
ARK, provides very good agreement of all the properties

listed with the experimental values. Second, compared to the
Tersoff-4 potential, Tersoff-ARK yields better agreement
with experiment of the melting point, density of the liquid,
and specific heat of the liquid. Third, presently, Tersoff-
ARK’s shortcomings are the prediction of lower values of
heat of fusion and liquid coordination number. Both MEAM
and SW models give better agreement of the heat of fusion
and liquid coordination number with the experiment com-
pared to Tersoff-ARK, but at the expense of the density of
liquid �and the melting point in the case of MEAM�. Also,
MEAM and SW models predict specific heat of the liquid
nearly 10% and 20% higher than the experiment, respec-
tively. With respect to the solid, the computed results are
expected to be nearly the same for the Tersoff-4 and Tersoff-
ARK potentials when the temperature is not high and the
structure remains tetrahedral. Future studies will focus on
further modification of the parameters in the Tersoff-ARK
potential, such that these two properties as well as other
properties, such as elastic constants and phonon frequencies,
agree with the values reported in the literature. This may
involve modification of the numerical values of some of the
parameters in the Tersoff’s potential and/or functional modi-
fication of the parameters such that a majority of experimen-
tal values agree with predictions.

IV. SUMMARY AND CONCLUSIONS

The void-nucleated melting method has been employed to
compute the melting point of Si using the Tersoff-4 potential.
The good agreement of the computed melting point to that
determined by Yoo et al.24 by the method of equilibration of
coexisting solid and liquid phases using the same potential
supports the appropriateness of the void-nucleated method,
which is at present empirical.

The computed value of the ratio of the melting point and
mechanical melting point f , given by Eq. �1�, is found to be
0.82. This value of f is comparable to those computed for
van der Waals and molecular crystals of Ar, Ne, CH3NO2,
RDX, TNAZ, ammonium nitrate, and ammonium dinitra-
mide as well as those given by the theoretical model of Lu
and Li33 for a large number of metallic crystals of Al, Au,
Co, Cu, Fe, Mn, Ni, Pb, Pd, Pt, Sb, and Sn; for all these
crystals, f is found to be in the range 0.77 to 0.85.

The validity of the void-nucleated melting method and the
fact that f �0.8 for a large number of systems suggests the
need for a more rigorous investigation on whether the exis-
tence of the plateau region in the void size versus melting
temperature is universal, whether the melting point in the
plateau region corresponds to the thermodynamic melting
point, and whether the value of f �0.8 is also a universal
result.

In agreement with the previous computed results, the
present studies show that the Tersoff-4 potential overesti-
mates the melting point by more than 50% and gives the
density of the liquid �14% lower than the experiment. It is
also noted that an addition of a long-range Lennard-Jones
�12-6� interaction to the Terosoff-4 potential does not signifi-
cantly change the melting point.

The present studies also show that a simple modification
in 3 of the 12 parameters of the Tersoff-4 potential can bring

FIG. 10. The RDF for liquid Si at 3000 K: solid curve for the
Tersoff-ARK potential and dotted curve for the Tersoff-4 potential.

TABLE V. A comparison of RDF results given by different po-
tentials with the experiment.

VV
a VIV

b VIII
c Experiment

Location of the first peak �Å� 2.48 2.44 2.45 2.5,d 2.41–2.46e

Location of the next peak �Å� 3.88 3.95 3.90 3.8,d 3.28–3.45e

FWHM of first peak �Å� 0.48 0.48 0.52 0.6d

Height of the first peak 2.55 2.50 2.4 2.5d

aPresent modification.
bTersoff-4 potential as given in Ref. 4.
cReference 3.
dReference 56.
eReference 57.
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the melting point as well as the density of the liquid into
good agreement with experiment without altering the density
and energy values of the solid crystal at room temperature.

A comparison of density over a wide range of tempera-
tures shows that the density of the solid predicted by the
Tersoff-ARK potential �Tersoff potential with the modified
parameters� is larger than that given by the Tersoff-4 poten-
tial. This difference is not appreciable at room temperature,
but increases with temperature and is �1% at the melting
point. The computed cohesive energy of the solid, the point
defect energy corresponding to a vacancy, and the surface
energy values for �100� and �111� surfaces are also found to
be almost equal for the modified as well as unmodified pa-
rameters. The point defect energy values corresponding to
the hexagonal and tetrahedral interstitials, however, are
found to be �40% lower when the modified parameters are
used. The hexagonal interstitial energy given by the modified
parameters is found to be in excellent agreement with the
corresponding LDA value determined by Goedecker et al.54

The coordination number of the liquid and specific heat are
also found to be in better agreement with experiment when

the modified set of parameters is used. It may be of interest
to investigate further to see if the Tersoff-ARK potential is a
better choice for other properties, such as elastic constants
and phonon frequencies.
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