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This paper is concerned with the influence of spatial dispersion on transient acoustic waves in solids, and in
particular with how the first onset of spatial dispersion leads to the unfolding of wave arrival singularities into
wave trains known as pseudo-wave arrivals. Spatial dispersion is the dependence of wave speed on spatial
frequency, and arises when the wavelength approaches the natural length scale of the medium, which might for
example be the lattice spacing of a crystal or the repeat distance of a layered solid or fiber composite. In
centrosymmetric crystals, which are treated here, the initial onset of spatial dispersion is represented by a
correction to the limiting wave speed which is of second order in the spatial frequency, and the augmentation
of the wave equation with fourth order spatial derivatives. Using Fourier transform techniques, general formu-
las are derived here for the line and point force elastodynamic Green’s functions of centrosymmetric aniso-
tropic solids subject to weak spatial dispersion. Numerical examples are provided of isotropic solids exhibiting
wave arrival singularities, and the analytic forms are established of the pseudo-arrival unfoldings of the step
function, delta function and ramp function arrivals of point force Green’s functions, and the 1/�� and −��
arrivals of line force Green’s functions, where � is time after arrival.
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I. INTRODUCTION

The influence of dispersion on the propagation of tran-
sient elastic waves in solids is of fundamental interest in
solid state physics, materials science, seismology, and other
fields. Within the domain of linear elasticity, one distin-
guishes between temporal and spatial dispersion. Temporal
dispersion is the variation of wave speed, v, with frequency,
f , and is usually interpreted as a viscoelastic effect, having
its origin in time dependent relaxation processes.1,2 It can
also be due to resonant absorption.3 Spatial dispersion is the
variation of wave speed with spatial frequency �wave vec-
tor�, k, and arises when the wavelength, �, approaches the
natural length scale, �, of the medium, which might for ex-
ample be the lattice spacing in a crystal, or the repeat dis-
tance of a layered solid or fibre composite.4 It is also impli-
cated in sound propagation in granular materials, foams,
nanostructures and other complex media.5 Spatial dispersion
has found fertile ground for application recently in the area
of picosecond laser ultrasonics.6 Geometrical dispersion, i.e.,
the dispersion of guided waves in rods and plates, is also in
a sense spatial dispersion, with the length scale being the
diameter of the rod or thickness of the plate.7,8 Sachse and
Pao9 identify the scattering of waves by densely distributed
fine inhomogeneities in materials as a source of dispersion,
and this too can be regarded as a form of spatial dispersion.
Nonlinearity, an important source of dispersion, whereby the
wave speed depends on the amplitude of a wave, lies outside
the scope of this paper, which is concerned with small am-
plitude waves.

Both attenuation and dispersion have the effect of spread-
ing out an initially sharp acoustic pulse or wave front. At-
tenuation, on its own, leads to the simple rounding of the
pulse or front. Dispersion, on the other hand, gives rise to a
wave train, with ripples trailing �usually� or leading �in some

cases� the broadened main arrival.4,10 The ripples become
more narrowly spaced with distance from the main arrival,
reflecting the fact that as the pulse or front propagates, its
higher �spatial or temporal� frequency Fourier components
become progressively separated from the lower frequency
components, which are relatively unaffected by dispersion.
The effects of spatial dispersion on pulse propagation in 1D
�or equivalently plane wave pulse propagation in 3D� are
fairly well understood. Theory predicts that an initially sharp
delta function ��x� pulse will evolve into a waveform con-
forming to the Airy function Ai�x�, and this has recently been
confirmed in a striking way in picosecond laser ultrasound
experiments by Hao and Maris.6 The analogous broadening
of a step function pulse in layered composites has been dis-
cussed by Christensen4 and more generally for media with
discrete microstructure, by Askes and Metrikine.11 Kaplunov
et al.8 have made an extensive study of the unfolding of
wave arrivals in plates into pseudo-wave arrivals under the
influence of geometrical dispersion.

This paper is aimed at elucidating the effects of spatial
dispersion on sharp features, known as wave arrival singu-
larities, that are present in the elastodynamic Green’s func-
tions of three-dimensional solids, and describing how these
unfold into oscillatory pseudo-wave arrivals. Specific consid-
eration is given to the effects of weak spatial dispersion on
the displacement response of a centrosymmetric solid to a
point force with unit step function ��t� time dependence �the
3D Green’s function�, and to a line force with ��t� time de-
pendence �the 2D Green’s function�.

There are two basic approaches one can take in construct-
ing a continuum elasticity theory that incorporates spatial
dispersion. One is to start from a microscopic model for a
particular type of solid, and carry out a suitable expansion, in
powers of k say.12,13 The terms beyond lowest order then
represent dispersive corrections to classical continuum elas-
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ticity. The other approach, leading to what is termed “gener-
alized continuum elasticity,” is to use concepts of a fairly
general nature, without reference to any specific microscopic
model, to extend classical continuum elasticity into the
shorter wavelength dispersive regime. A wealth of informa-
tion on the subject is to be found in the proceedings of the
IUTAM Symposium “Mechanics of Generalized
Continua.”14 The latter approach has the advantage of reveal-
ing universal features in the elastic behaviour of solids on a
short scale, regardless of their particular microscopic nature.
As such it is applicable not only to conventional solids, but
also to media such as foams and granular materials, where
there may not be at hand a microscopic model, except in a
statistical sense.

Generalized continuum elasticity theories themselves
come in two basic forms �as well as hybrids of the two�.14–16

In Cosserat �micropolar� elasticity, the displacement field of
a solid is taken to be comprised of the Cartesian displace-
ment as well as internal rotation of each “particle” of the
medium. In the coupling between the displacement and rota-
tional degrees of freedom, a scale of length emerges, and
fourth order derivatives enter into the wave equation, render-
ing it dispersive.17 The second form, known as gradient or
non-local elasticity, assumes the stress-strain relationship to
be non-local in form.18 For wavelengths longer than the
range of the kernel of the integral relation between stress and
strain, it emerges that the stress at a point depends not only
on the displacement gradient at that point, but also on higher
spatial derivatives of the displacement field. As a result, spa-
tial derivatives of higher order than second appear in the
wave equation, rendering it dispersive. A Lagrangian ap-
proach leads to the same conclusion, but arguably from a
more systematic and rigorous foundation.19

In this paper the effects of spatial dispersion on transient
wave propagation are treated within the context of gradient
elasticity. The first stage of the analysis is formulated for
centrosymmetric, but otherwise generally anisotropic solids.
All the numerical illustrations of wave arrival singularities
and their unfolding into pseudo-arrivals are, however, limited
to isotropic media. Because of centrosymmetry and time re-
versal invariance, there are no odd order spatial or time de-
rivatives in the wave equation. By augmenting the classical
wave equation with fourth order spatial derivatives, one ob-
tains dispersive corrections to the phase velocity, v, which
are quadratic in k. Through suitable Fourier transforms and
integration, the characteristic pseudo-wave arrival functions
are derived for the different types of wave arrival singulari-
ties in 2D and 3D elastodynamic Green’s functions of isotro-
pic solids.

II. THE WAVE EQUATION IN GRADIENT ELASTICITY

There is an extensive literature on the modification of the
classical elastic wave equation to accommodate the effects of
spatial dispersion. A Lagrangian approach, based on Hamil-
ton’s action principle, is advantageous from several points of
view. It provides a convenient means for handling physical
and tensor permutation symmetries, for deriving balance
�continuity� equations, and for maintaining self-consistency.

The Lagrangian envisaged here is for an unconstrained cen-
trosymmetric solid of density � undergoing infinitesimal Car-
tesian displacements ui. It is time independent and displays
time reversal and translational invariance. The kinetic energy
term is quadratic in the particle velocities and the potential
energy term is quadratic in the first, second and third dis-
placement gradients. As shown by DiVincenzo,19 Hamilton’s
action principle applied to this Lagrangian yields, through
the the Euler-Lagrange equations, the wave equation

�
�2ui

�t2 = Cijkl
�2uk

�xj�xl
+ Eijklmn

�4uk

�xl�xm�xn�xj
, �1�

where the material tensors Cijkl and Eijklmn represent the nor-
mal and dispersive elastic constants. The convention of sum-
mation over repeated indices applies, with the indices run-
ning from 1 to 3.

The fourth order spatial derivatives in this equation at
long wavelengths lead to dispersive corrections to the phase
velocity, which are quadratic in k= �k�. The absence of third
order spatial derivatives is due to the assumed centrosymme-
try. Linear spatial dispersion, which occurs along acoustic
axes in crystals belonging to certain symmetry classes lack-
ing a center of inversion, has attracted considerable attention
in the past,20–22 but will not be discussed in this paper. Since
this paper deals only with weak dispersion, i.e., the first on-
set of dispersion with decreasing wavelength, higher order
derivatives than fourth need not be considered. Metrikine
and Askes23 have shown that the instability or infinite speed
of energy propagation implied by Eq. �1� for very large k,
can be eliminated by the inclusion of suitable higher order
mixed space-time derivatives, but at the cost of abandoning
the literal interpretation of ui as the particle displacement
field of the medium. This is an unnecessary complication for
the puposes of the present investigation, which is concerned
with weak spatial dispersion.

Plane wave solutions of the wave equation: Equation �1�
admits plane wave solutions of the form

ui = Ui exp i�k · x − �t� , �2�

with the polarization vector, U= �Ui�, wave vector, k= �ki�,
and angular frequency, �=2	f , being subject to

�Cijklklkj − Eijklmnklkmknkj − ��2�ik�Uk = 0. �3�

The corresponding secular equation

det�Cijklklkj − Eijklmnklkmknkj − ��2�ik� = 0, �4�

represents the dispersion relation for the medium. For given
k, there are three eigenfrequencies, �kj, and associated po-
larization vectors, Ukj = �Ui

kj�, corresponding to the quasilon-
gitudinal �L� and two quasitransverse �T� modes. The secular
equation can be cast in the form of an equation for the phase
velocity v=� /k by dividing each entry in the determinant by
k2, yielding

det��Cijkl − k2Eijklmnnmnn�nlnj − �v2�ik� = 0, �5�

where n=k /k is the wave normal.
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Since dispersion is being treated as a small correction to
the wave equation, one is entitled to carry out the following
truncated expansions in powers of k:

vkj = vnj�1 − 
njk
2� , �6�

and

�kj = vnjk�1 − 
njk
2� , �7�

where vnj is the branch and direction dependent phase veloc-
ity in the long wavelength limit. The dispersion coefficient,

nj, while depending on branch and direction, is equal in
order of magnitude to �� /2	�2, where � is the natural length
scale of the medium. For example, in the case of a mon-
atomic chain with lattice spacing a and nearest neighbour
force constant only, 
=a2 /24, implying length scale �
= �	 /�6�a=1.28a. All the results in this paper are valid only
insofar as dispersion can be regarded as a perturbation, i.e.,
where �
nj�k2�1, and hence they only apply to wavelengths
and distances larger than �, and to time intervals longer than
� /v. Attempting to push the results in this paper beyond
their domain of validity is to court trouble, with e.g. frequen-
cies becoming imaginary. Because of the limited frequency
domain considered, there are no rigid constraints in the form
of Kramers-Kronig-type relations on the materials tensors.

Whilst it is common to find dispersion relations � vs k for
solids curving downwards, corresponding to 
nj positive, this
is not universally the case. In crystal lattices, the second and
more remote neighbour force constants have a stronger in-
fluence on 
nj than on vnj, and if some of these constants are
negative, this can change the sign of 
nj without causing the
lattice to become unstable. In an anisotropic solid, 
nj may
be positive in some directions and negative in others. The
numerical illustrations for isotropic solids provided below,
are for both positive and negative 
nj.

III. POINT FORCE GREEN’S FUNCTIONS Gkp„x, t… FOR
AN INFINITE 3D DISPERSIVE SOLID

The 3D elastodynamic Green’s function Gkp�x , t� is de-
fined as the xkth component of the displacement response of
an infinite, dispersive anisotropic solid to a unit point force
in the xp direction acting at the origin x=0, and having unit
step function time dependence ��t�. As such, it has units of
displacement divided by force, and is governed by the equa-
tion

���ik
�2

�t2 − Cijkl
�2

�xj�xl
− Eijklmn

�4

�xl�xm�xn�xj
�Gkp�x,t�

= ��x���t��ip. �8�

The set of Green’s functions Gkp ;k , p=1,2 ,3 form a second
rank tensor.

The formal solution of �8� is readily obtained by integral
transform methods. A similar procedure is followed here to
that used by Every and Kim.24 On carrying out a quadruple
space-time Fourier transform on Eq. �8� one obtains

Lik�k,��Gkp�k,�� =
i

� + i�
�ip, �9�

where

Lik�k,�� = Cijklklkj − Eijklmnklkmknkj − ��2�ik. �10�

Invoking the spectral resolution theorem, which amounts
to diagonalizing the operator Lik�k ,��, allows one to write
the solution of �9� as

Gkp�k,�� =
− i

��� + i��	j=1

3
�kp

kj

�2 − ��kj�2 , �11�

where

�kp
kj = Uk

kjUp
kj . �12�

On carrying out the inverse Fourier transform one obtains the
integral representation

Gkp�x,t� =
− i

�2	�4�

 d3k exp ik · x

	
j=1

3 

−�

� d��kp
kj exp�− i�t�

�� + i���� − �kj��� + �kj�
�13�

for Gkp.
The integral with respect to � is evaluated by means of

the Cauchy residue theorem, moving the poles at ±�kj
slightly below the real axis. For t�0 the integration contour
is completed in the upper half complex plane and the result is
zero, since no poles are enclosed. For t�0 the contour is
completed in the lower half complex plane and the result is

Gkp�x,t� =
��t�

�2	�3�

 d3k exp ik · x	

j=1

3
�kp

kj

��kj�2 �1 − cos��kjt�� .

�14�

In performing the integration with respect to k, it is con-
venient to orient the k3 axis in the direction of x, and trans-
form to spherical polar coordinates �k ,� ,��, whereby k ·x
=kx cos �. The oscillatory part of the integrand, exp ik ·x�1
−cos��kjt��, is much more rapidly varying than the remain-
ing factor, �kp

kj / ��kj�2, and so dispersion is taken account of
in the former using Eq. �7� for �kj, but the latter factor is
approximated by its dispersionless limit, �kp

nj / �kvnj�2. The
integration with respect to k is facilitated by taking its limits
to be −� and �, rather than 0 and �, and to compensate, the
angular integral is taken over the forward hemisphere only,
for which the integration limits for � are 0 and 	 /2, yielding
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Gkp =
��t�
8	2�

	
j=1

3 � 1

x



0

2	

d�� �kp
nj

�vnj�2�
�=	/2

− 

0

2	

d�

0

	/2

sin �d�
�kp

nj

�vnj�2

1

�3vnj�
nj�t�1/3

Ai� sgn�
nj��x cos � − vnjt�
�3vnj�
nj�t�1/3 �� . �15�

where Ai�z� is the Airy function.
The dispersionless classical continuum response is ob-

tained by shrinking the length scale to zero. Using the iden-
tity �which is one of the representations for the delta func-
tion�

lim

nj→0

1

�3vnj�
nj�t�1/3 Ai� sgn�
nj��x cos � − vnjt�
�3vnj�
nj�t�1/3 �

= ��x cos � − vnjt� , �16�

one obtains

Gkp =
��t�
8	2�

	
j=1

3 � 1

x



0

2	

d�� �kp
nj

�vnj�2�
�=	/2

− 

0

2	

d�

0

	/2

sin �d�
�kp

nj

�vnj�3�� 1

vnj
x cos � − t�� .

�17�

Equation �17� is a common starting point for the numerical
evaluation of elastodynamic Green’s functions of dispersion-
less anisotropic solids.24 The first term represents the static
Green’s function, whilst the second term, which vanishes for
t�x /vnj, yields the time dependence of the response. On
pulling back from the limit 
nj =0, dispersion affects only the
second term through the replacement of the delta function by
its Airy function counterpart.

The time dependence of Gkp�x , t� in the dispersionless
limit is punctuated by singularities known as wave arrivals.
These arise in the integration over n in the vicinity of points
where �1/vnj�x cos � is stationary, which in the case of an
isotropic solid is where cos �=1. Well away from wave ar-
rivals, the weak dispersion considered here has minimal ef-
fect on the response, which can therefore be calculated using
�17�. In the vicinity of the wave arrivals, however, the effects
of dispersion are pronounced, and the evaluation of �15� is
required.

For a general anisotropic solid, the angular integrals in
�15� or �17� require numerical methods for their evaluation,
but for an isotropic solid these integrals can be done analyti-
cally. From this point on the discussion of the 3D Green’s
function is tailored to isotropic solids.

IV. GREENS’ FUNCTION Gkp„x , t… FOR AN ISOTROPIC
SOLID

In the case of an isotropic solid there are only two inde-
pendent components of the Green’s tensor to consider,
namely, G33 and G11=G22, all the other components being
zero. The SH mode, i.e., the transverse mode polarized in the
x1x2 plane, does not contribute to G33, only the L mode and
SV �sagitally polarized transverse� mode do. UnL is parallel
to n and so �33

nL=cos2 �, while �33
nT=sin2 � for the SV mode.

Away from the wave arrivals, where the effects of dispersion
are minimal, the integrations over � and � in Eq. �15� can be
done analytically, and yield

G33�x,t� =
��t�
4	�x

� 1

�2���t

x
− 1�

+
t2

x2���t

x
− 1� − ���t

x
− 1��� , �18�

where x=x3, �=vn
L, and �=vn

T. In the calculation of G11 all
three modes contribute, and the result is

G11�x,t� =
��t�
8	�x

� 1

�2���t

x
− 1� +

1

�2���t

x
− 1�

−
t2

x2���t

x
− 1� − ���t

x
− 1��� . �19�

Equations �18� and �19� are consistent with Eq. �4.23� of Aki
and Richards.1 G33 and G11, calculated for aluminium in the
absence of dispersion, and for x=1m are shown in Fig. 1.

The step functions in �18� and �19� emerge from the �
=0 cutoff in the integrations. They propagate the wave ar-
rival singularities in Gpp, i.e., the conspicuous kinks and dis-
continuities in Fig. 1. The L wave arrival propagates at the
longitudinal speed �, and with the polarization of this mode

FIG. 1. Point force Green’s functions G11 and G33 for isotropic
polycrystalline aluminium in the absence of dispersion.
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being in the x3 direction, the arrival takes the form of a
discontinuity �step function ����, �=time after arrival� in
G33 and a kink �ramp function R���� in G11. The T arrival,
propagating at the transverse velocity �, and because the
polarization is perpendicular to the x3 direction, takes the
form of a discontinuity in G11 and a kink in G33. The Green’s
function Gpp

� �x , t� pertaining to a point impulse, is the time
derivative of Gpp�x , t� above, and its wave arrivals take the
form of ���� and ���� singularities.

V. EFFECT OF DISPERSION ON WAVE ARRIVALS:
QUASIARRIVALS

The wave arrivals treated above are singular in form be-
cause dispersion has been neglected. Incorporation of disper-
sion leads to the unfolding of wave arrivals into characteris-
tic wave trains. The step function, delta function and ramp
function arrivals are treated below. For a well developed un-
folding to occur requires that x��, where �=2	��
� is the
natural length scale for the medium. The small parameter for
the analysis below is accordingly �=� /x.

A. Unfolding of the step function arrival

For this purpose, the L arrival in G33�x , t� is considered. In
the vicinity of the L arrival at t0=x /�, the SV contribution to
G33�x , t�, obtained from �17�, is equal to 1/4	��2x, and dis-
plays no singular behavior. The L mode contribution ob-
tained from �15� is

G33�x,�� =
1

4	��2� 1

x
− 


0

1

du
u2

�3�
�x�1/3

Ai� sgn�
��x�u − 1� − ���
�3�
�x�1/3 �� , �20�

where 
=
nL, u=cos �, and �= t− t0, ���� t0. Because
x / �3�
�x�1/3�1, the Airy function in the integrand falls off
rapidly as u recedes from 1, and negligible error is incurred
by replacing the lower limit of the integral by −� and the
factor u2 by 1. With the further substitutions

p =
�x�u − 1� − ���

�3�
�x�1/3

and

T =
��

�3�
�x�1/3 = �4	2

3
�1/3 �

�0
,

where �0= t0�2/3, one obtains

4	��2xG33�x,�� = ���T� = 

−T

�

dp Ai�sgn�
�p� . �21�

There are two characteristic times in the above analysis,
t0, which is the arrival time for the undispersed waveform,
and �0� t0, which represents the time scale for the unfolding.
Figure 2 depicts the unfolding function ���T� and its undis-
persed counterpart ��T�. For 
�0, the first maximum of
���T� occurs at T=2.34, which corresponds to time and

spatial separations from the undispersed wavefront, �t
=0.99�0� t0�2/3 and �x�x�2/3, respectively. The precursor,
i.e., the initial rise of the displacement preceding the arrival,
is analogous to the shadow zone of an edge diffraction pat-
tern, a forbidden zone in the ray approximation. Its presence
in the unfolded waveform implies signal propagation at a
velocity greater than the limiting velocity �. Not too much
significance should be attached to this apparent anomaly,
however, since in this zone ���T� falls off exponentially,
and the first measurable signal leads the arrival by no more
than about �x�x�2/3, and thus travels at a velocity v
���1+�2/3�. For small � this velocity will be difficult to
distinguish from �. Similar remarks can be made for the
shadow zone of the other quasi-arrivals discussed below.

B. Unfolding of the delta function arrival

The L arrival in G33
� �x , t� is in the form of a delta function,

and its unfolding is obtained by differentiating �21� with re-
spect to time, i.e.,

FIG. 2. Unfolding of the ��T� arrival for �a� positive and �b�
negative 
.
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4	��x�3�
�x�1/3G33
� �x,�� = ���T� = Ai�− sgn�
�T� .

�22�

Figure 3 depicts the unfolding ���T� and its undispersed
counterpart ��T�.

C. Unfolding of the ramp function arrival

For this purpose the T arrival in G33�x , t� is considered.
The L mode does not contribute to G33�x , t� in the vicinity of
the T arrival at t=x /�. Near this arrival the dominant term in
G33�x , t� is

G33�x,��

=
− 1

4	��2

−�

1

du
2�1 − u�
�3�
�x�1/3 Ai� sgn�
��x�u − 1� − ���

�3�
�x�1/3 � ,

�23�

where 
=
nT and �= t− �x /��. As before, the main contribu-
tion to the integral is from near the upper limit u=1, and so

the lower limit has been replaced by −�, and the factor 1
−u2 arising from the sin2 � factor, replaced by 2�1−u�. With
the further substitutions

p =
�x�u − 1� − ���

�3�
�x�1/3

and

T =
��

�3�
�x�1/3 ,

one obtains

2	��2x2

�3�
�x�1/3G33�x,�� = �R�T� = T − 

−T

�

dp�p + T�Ai�sgn�
�p� .

�24�

Figure 4 depicts the unfolding �R�T� and its undispersed
counterpart, R�T�. The T arrival of G33

� �x , t� is in the form of
a step function, which has already been discussed.

FIG. 3. Unfolding of the ��T� arrival for �a� positive �b� and
negative 
.

FIG. 4. Unfolding of the R�T� arrival for �a� positive and �b�
negative 
.
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VI. LINE FORCE GREEN’S FUNCTION Gkp„x, t… FOR AN
INFINITE DISPERSIVE SOLID

The line force elastodynamic Green’s function Gkp�x , t� is
defined as the xkth component of the displacement response
of an infinite, dispersive anisotropic solid to an impulsive
force acting in the xp direction and distributed with unit line
density along the x3 axis. The �x1 ,x2� plane will be supposed
a material’s symmetry plane, and only the tensor components
k , p=1,2 of Gkp will be considered. This is a plane strain
problem, with force and displacement confined to the �x1 ,x2�
plane, and independent of x3. The antiplane strain problem
involved in the calculation of G33 will not be treated here,
but follows along similar lines. Gkp�x , t� can be regarded as
the Green’s function tensor for a 2D solid. It has units of
displacement divided impulse per unit length, and is gov-
erned by the equation

���ik
�2

�t2 − Cijkl
�2

�xj�xl
− Eijklmn

�4

�xl�xm�xn�xj
�Gkp�x,t�

= ��x���t��ip, �25�

where the indices run over the values 1 and 2.
Carrying out a triple space-time Fourier transform on �25�

yields

LikGkp = �ip, �26�

with Lik�k ,�� being given by �10�, and k= �k1 ,k2�. The so-
lution of �26� is

Gkp�k,�� = −
1

�
	
j=1

2
�kp

kj

�2 − ��kj�2 . �27�

The branch summation extends over the quasi L and quasi T
modes polarized in the �x1 ,x2� plane. The pure T mode, po-
larized in the x3 direction features only in the calculation of
G33.

On carrying out the inverse Fourier transform one obtains
the integral representation

Gkp�x,t� =
− 1

�2	�3�

 d2k exp ik · x

	
j=1

2 

−�

�

d�
�kp

kj

�� − �kj��� + �kj�
exp�− i�t� ,

�28�

for Gkp. As before, the integral with respect to � is evaluated
by means of the Cauchy residue theorem, yielding

Gkp�x,t� =
��t�

�2	�2�

 d2k exp ik · x	

j=1

2
�kp

kj sin��kjt�
�kj

.

�29�

For x��, and limiting the integration to the domain k
�2	 /�, it follows that

�kp
kj

�kj
=

�kp
kj

kvnj�1 − 
njk
2�

�
�kp

nj

kvnj
, �30�

and thus

Gkp�x,t� =
��t�

�2	�2�
	
j=1

2 
 d2k
�kp

nj

kvnj
exp�ik · x�

sin�vnj�1 − 
njk
2�kt� . �31�

As with the 3D Green’s function, dispersion has been re-
tained in the oscillatory part of the integrand, but not in the
more slowly varying remaining factor. In the dispersionless
limit, 
nj→0, and �31� reduces to

Gkp�x,t� =
��t�

�2	�2�
	
j=1

2 
 d2k
�kp

nj

kvnj
exp�ik · x�sin�vnjkt� .

�32�

There is an extensive literature on the evaluation of �32�
for anisotropic solids, using techniques such as the
Cagniard-de Hoop method and the calculus of residues.25

Below, isotropic solids are treated, for which �32� can be
evaluated analytically, and �31� partially so.

VII. GREEN’S FUNCTION Gpp„x , t… FOR AN ISOTROPIC
SOLID

For an isotropic solid only the diagonal components of the
Green’s tensor Gkp given by �31� are nonzero. Consider G22,
the case of force, component of displacement response and
observation point x all lying in the x2 direction. On trans-
forming to polar coordinates �k1 ,k2�→ �k sin � ,k cos ��, and
using the fact that �22

nL=cos2 � and �22
nT=sin2 �, and carrying

out the integration with respect to �, with the limits being 0
and 2	, one obtains

G22�x,t� =
��t�
2	�� 1

�



0

�

dkJ0�kx� −
J1�kx�

kx
�sin�k��1 − 
Lk2�t� +

1

�



0

�

dk J1�kx�
kx

�sin�k��1 − 
Tk2�t�� , �33�
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where Jn�z� are Bessel functions of the first kind, and 
L

=
nL, and 
T=
nT. Note that the limits on the integration
with respect to k are 0 and �, not −� and � as in the case of
the 3D Green’s function. G11 is given by a similar expression
to �33�, but with the factors in the square brackets inter-
changed.

Well away from the wave arrivals at t=x /� and t=x /� the
effects of dispersion are negligible, and G22�x , t� can be
evaluated by setting 
L=
T=0. On performing the integra-
tion with respect to k, one obtains

G22�x,t� =
��t�
2	�x�

1

�
��t

x
�2

���t

x
− 1�

���t

x
�2

− 1

−
1

�
���t

x
�2

− 1���t

x
− 1�� . �34�

The calculation of G11�x , t� follows along similar lines, and
yields

G11�x,t� =
��t�
2	�x�−

1

�
���t

x
�2

− 1���t

x
− 1�

+

1

�
��t

x
�2

���t

x
− 1�

���t

x
�2

− 1 � . �35�

Equations �34� and �35� are consistent with Eq. �7.179� of
Achenbach.7 Figure 5 shows G22�x , t� and G11�x , t� in the

absence of dispersion, calculated for polycrystalline alu-
minium, taking x=1m.

For both Green’s functions the response is zero until the
longitudinal wave arrival at t=x /�. At that instant, G22�x , t�
displays an infinite discontinuity, while the gradient of
G11�x , t� displays an infinite discontinuity. Approaching the
arrival from positive values of �= t−x /�, G22 diverges as
1/��, while G11 varies as −��. At the transverse wave arrival
at t=x /�, the situation is reversed, and for positive values of
�= t−x /�, G22 varies as −��, while G11 diverges as 1/��.
For large values of t, both G22 and G11 fall off as 1 / t. This is
the well-known afterglow effect, and can be interpreted as
the response arriving from points at ever increasing distances
along the line source.26

VIII. DISPERSION OF WAVE ARRIVALS: QUASI-
ARRIVALS

As with the 3D Green’s functions, incorporation of dis-
persion results in the unfolding of the wave arrival singulari-
ties into characteristic oscillatory wave trains. The small pa-
rameter, as before, is �=� /x, although to simplify the
notation, we will make use of the auxiliary parameter �̂
=� /2	=��
� /x. There are two characteristic times, t0, the
undispersed L or T wave arrival time, and �0= t0�2/3 �or �̂0
= t0�̂2/3�, which represents the time scale for the unfolding.

A. Unfolding of the 1/�� singularity

For this purpose the L arrival at t0=x /� in G22�x , t� is
considered. The L mode contributes the singular behaviour
together with a term proportional to t, which is cancelled by
an equal and opposite term contributed by the T mode. In the
region of the L arrival, �33� thus reduces to

G22�x,t� =
��t�

2�2	��x�̂1/3
�−1/2, �36�

where

�−1/2�T� = �2�̂1/3�1 + �̂2/3T + 

0

�

dk�J0�k� −
J1�k�

k
�

sin�k�1 + �̂2/3T��1 − sgn�
��̂2k2��� , �37�

�̂=��
L� /x, and T= �t− t0� / �̂0. Both factors in the integrand
of �37� are oscillatory, and the consequence is rather slow
convergence of the integral. In numerical calculations, to as-
sure convergence within the range of k in which dispersion
can be regarded as small �i.e., �̂2k2�0.05�, the integrand has
been multiplied by a smooth windowing function

W�k� = 1
2 �1 + cos�	k/kmax�� , �38�

where kmax=�0.05/ �̂, and the upper limit of the integral
taken as kmax. Trials with other windowing functions have
yielded little difference in the results. A physical interpreta-
tion of the windowing function might be that is represents
damping that is an increasing function of spatial frequency,

FIG. 5. Line force Green’s functions G11 and G22 for isotropic
polycrystalline aluminium in the absence of dispersion.
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or the suppression of higher spatial frequencies through
some smearing out of the line force.

The unfolding function �−1/2�T�, numerically evaluated
for �̂=0.0001 is shown in Fig. 6 for 
 +ve and −ve, together
with its undispersed counterpart

R−1/2�T� = ��T�/�T . �39�

The result is insensitive to the value of �̂ for sufficiently
small �̂. The leading factor �2�̂1/3 in �37� is required to
normalize �−1/2�T� to the same mean value as R−1/2�T� for
T�0. Equations �37� and �39� only hold well for times close
to the arrival, i.e., for �̂2/3�T��1, and this condition is rea-
sonably well satisfied for the time ranges depicted in Fig. 6.
A proper mathematical analysis of the behavior of �−1/2�T�,
in the limit �̂→0, remains to be done, and the same applies
to the function �1/2�T� discussed below.

B. Unfolding of the −�� singularity

For this purpose the L mode contribution to G11�x , t� in
the region of the L arrival is considered. A similar calculation

to that above shows that the unfolded singular part of G11 has
the form

��t��2

	��x�̂1/3�1/2,

where

�1/2�T� =
1

�2�̂1/3�− �1 + �̂2/3T� + 

0

�

dk� J1�k�
k
�

sin�k�1 + �̂2/3T��1 − sgn�
��̂2k2��� . �40�

The unfolding function �1/2�T�, numerically evaluated for
�̂=0.0001 is shown in Fig. 7 for 
 +ve and −ve, together
with its undispersed counterpart R1/2�T�=−��T��T.

IX. DISCUSSION

Wave arrival singularities are a dominant feature in elas-
todynamic Green’s functions, and are all that survive in the

FIG. 6. Unfolding of the R−1/2�T� arrival for �a� positive and �b�
negative 
.

FIG. 7. Unfolding of the R1/2�T� arrival for �a� positive and �b�
negative 
.
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far field, in the sense that most of the wave energy is con-
centrated near arrivals, the more so with distance of travel.
Under the influence of spatial dispersion, which arises when
the wavelength approaches the natural length scale of the
medium, wave arrival singularities unfold into oscillatory
waveforms known as pseudo-wave arrivals. In this paper the
unfoldings have been determined for the step, delta and ramp
wave arrival singularities in the point force Green’s functions
of isotropic solids, and the 1/�� and −�� wave arrivals for
the line force Green’s functions.

For positive dispersion, corresponding to the phase veloc-
ity being a decreasing function of spatial frequency, the un-
folded wave form rapidly approaches the undispersed wave
form for early times, starts deviating from it near the arrival
time, reaches a maximum a short time after the arrival, and
then oscillates with decreasing amplitude around the undis-

persed waveform. For negative dispersion, corresponding the
phase velocity being an increasing function of spatial fre-
quency, the order is reversed, with the oscillations preceding
the arrival.

The results presented here are of a general nature, and are
applicable to a wide variety of transient wave phenomena in
media exhibiting spatial dispersion, including crystals,
fibrous and layered composites and granular and porous
solids.
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