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Sum rules and Ward identities in the Kondo lattice
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We derive a generalized Luttinger-Ward expression for the free energy of a many-body system involving a
constrained Hilbert space. In the large-N limit, we are able to explicitly write the entropy as a functional of the
Green’s functions. Using this method we obtain a Luttinger sum rule for the Kondo lattice. One of the
fascinating aspects of the sum rule is that it contains two components: one describing the heavy electron Fermi
surface, the other, a sea of oppositely charged, spinless fermions. In the heavy electron state, this sea of spinless
fermions is completely filled and the electron Fermi surface expands by one electron per unit cell to compen-
sate the positively charged background, forming a “large” Fermi surface. Arbitrarily weak magnetism causes
the spinless Fermi sea to annihilate with part of the Fermi sea of the conduction electrons, leading to a small
Fermi surface. Our results thus enable us to show that the Fermi surface volume contracts from a large to a
small volume at a quantum critical point. However, the sum rules also permit the possible formation of a new
phase, sandwiched between the antiferromagnet and the heavy electron phase, where the charged spinless

fermions develop a true Fermi surface.
DOI: 10.1103/PhysRevB.72.094430

I. INTRODUCTION

Sum rules play a vital role in condensed matter physics.
The most famous sum rule—the Luttinger sum rule,' de-
fines rigorously the volume of the Fermi surface of a Fermi
liquid in terms of the density of electrons:
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where vfg is the Fermi surface volume, n, is the density of
electrons per unit cell, and D is the dimension. Historically,
sum rules have also played an important role in our under-
standing of strongly correlated systems. In the context of the
Kondo effect for example, the Friedel sum rule,*-°
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relating the sum of the scattering phase shifts in channels
labeled by N\ to the number of bound states An, helped to
establish a rigorous foundation for the Abrikosov-Suhl
resonance’ that develops in Anderson and Kondo impurity
models. Later, Martin'® applied the Luttinger sum rule to the
Anderson lattice model, to argue that heavy electron metals
must have a “large Fermi surface” that counts both the con-
duction electrons and also the localized f electrons,

UFs
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Today, there is a renewed interest in sum rules, in connec-
tion with models of strongly correlated electrons. For in-
stance, in the context of high-temperature superconductors,
which are Mott insulators when undoped, there has been a
longstanding debate over whether the “large” Fermi surface
predicted by Luttinger’s sum rule might be replaced at low
doping, by a “small” Fermi surface determined by the num-

n,+ 1. (3)
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ber of doped holes.!!"!> Related issues arise in the context of
heavy electron systems, where experimental advances have
made it possible to tune through the quantum critical point
that separates the heavy electron paramagnet from the local
moment antiferromagnet. There have been a number of the-
oretical speculations that the Fermi surface of the heavy elec-
tron material may jump from “large” to “small” at the quan-
tum critical point.'>-!> Recent experimental work, based on
de Haas—van Alphen measurements'® and Hall
measurements,'” provide experimental support for this hy-
pothesis, but the idea has lacked rigorous theoretical support.

The main difficulty in extending sum rules to strongly
correlated systems is that the theoretical machinery used and
developed by Luttinger and Ward to derive sum rules applies
to models with unprojected Hilbert spaces. About eight years
ago, Affleck and Oshikawa!8 demonstrated that such sum
rules have a more general existence. By using a modification
of the Leib—Mattis theorem, Affleck and Oshikawa showed
that the “large Fermi surface” that counts both local mo-
ments and conduction electrons develops in the one-
dimensional S=1/2 Kondo model, even though in this case
the ground state is not a Fermi liquid. More recently,
Oshikawa!® has extended this derivation to higher-
dimensional Kondo lattices. This work suggests that it ought
to be possible to extend the Luttinger—Ward approach to
Hamiltonian problems with strong constraints.

In this paper, we show how the original methods of Lut-
tinger and Ward can indeed be extended to strongly corre-
lated models. A key element of this work is the construction
of a functional relating the free energy of a strongly interact-
ing system to the Green’s functions of the projected Hilbert
space. Our approach is based on the use of slave particles,
such as a Schwinger boson description for the local moments
in a Kondo lattice. We begin with a generalization of the
Luttinger—Ward free energy functional, appropriate for sys-
tems of interacting bosons and fermions,?>?! which can be
compactly written as
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F=TSulIn(- ") +3G]+ Y[G], 4)

where Str{A]=Tr{Az]-Ti[Af] denotes the supertrace of a
matrix containing both bosonic (B) and fermionic (F) com-
ponents (where the underline notation is used to denote a
sum over internal frequencies and a trace over the internal
quantum numbers of the matrix). G=(G;'—=3)~" is the matrix
describing the fully dressed Green’s function of all elemen-
tary particles and fields entering the Lagrangian, including
the slave particles, where %, is the self-energy matrix and G,
the bare propagator of the fields. The quantity Y[G] is, dia-
gramatically, the sum of all closed-loop two-particle irreduc-
ible skeleton Feynman diagrams. Figure 1 illustrates the sum
of diagrams contributing to Y[G] for a Kondo lattice model.
Variations of Y[G] with respect to the Green’s function G
generate the self-energy

SY[G]=-TSu[257] (5)
or
oY
2(w)=— @)’ (6)

where the use of the supertrace as the measure for functional
derivatives avoids the need to introduce a relative minus sign
between Fermi and Bose parts of this expression. Diagram-
matically, the functional derivative of Y with respect to G
corresponds to “cutting” one of its internal lines. If we trun-
cate Y to some order in 1/N, this relationship determines a
conserving Kadanoff-Baym approximation.?®* For example, if
we take the generating function for a Kondo lattice illus-
trated in Fig. 1(c), and differentiate the leading order contri-
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FIG. 1. Illustrating the Luttinger—Ward functional for the Kondo
lattice. (a) Fully renormalized propagators for the conduction elec-
trons, y fermions, and Schwinger bosons, where o e[1,N] is the
spin index and v €[1,K] the channel index, (b) Interaction vertices
showing spin (o) and channel (v) indices and (c) leading skeleton
diagrams for the Luttinger—Ward functional with dependence on
1/N. The first diagram involves two loops carrying spin and chan-
nel quantum numbers, and one pair of vertices and is consequently
of order O(KN/N)=0O(N). The second diagram has four loops car-
rying internal quantum numbers and four pairs of vertices, so it is of
order O(N?K*/N*)=0(1). The final diagram has two quantum num-
ber loops and three pairs of vertices, and is hence of order
O(NK/N*)~O(1/N).

bution in the large N expansion with respect to G, we obtain
the following self-energies:

m

O(K/N)
"" ’
N o(1)

ZC(W) = +6(Sg—(w) = : : s
¢ w O(I/N)
(7)

where the cross indicates the line that is eliminated by the
functional differential. Each of these terms contains a factor
O(1/N) from the vertices, but the first two self-energies con-
tain summations over the internal channel or spin indices,

elevating 2, and X to terms of order O(1). In the leading-
order large N approximation, 3.~ O(1/N), so that a consis-
tent large-N approximation is produced by leaving the con-
duction electron lines undressed. This provides an alternative
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diagrammatic derivation of the Parcollet—-Georges approach
to the multichannel Kondo model.?*

Each conserved quantity Q that commutes with the
Hamiltonian leads to a gauge invariance of the underlying
quantum fields, such that the action and all physical proper-
ties are invariant under the transformation

(1) — e"“(’)q%. (8)

Here, g, is the gauge charge of the field: it is this quantity
that controls the charge of any physical excitations associ-
ated with the field. Provided this gauge invariance is unbro-
ken, we show that this leads to a Ward identity at zero tem-

perature,
J de { gdi(w)] 0. ©)

i 27T w

where the integral runs along the imaginary axis. Luttinger’s
original work derived the elementary version of this relation-
ship for electrons: here it is seen to hold for interacting spe-
cies of fields.

Each of these Ward identities leads to a corresponding,
generalized Luttinger sum rule given by

0= ImTr{g [~ G0~ 9]}, (10)

where G is the complete fermionic Green’s function, involv-
ing all fermions involved in the description of the con-
strained Hilbert space, including those introduced as slave
particles. In impurity systems, the trace over the logarithms
reduces to a sum of phase shifts, and the quantity Q is re-
placed by AQ, the change in Q induced by the impurity. In
the limit of infinite bandwidth, AQ=0, which leads to a mul-
tiparticle version of the Friedel sum rule,

O=Eq§ng(%), (11)

where n; is the spin degeneracy associated with the trace
over internal quantum numbers of the field ;. In lattice sys-
tems, the trace over the log becomes the Fermi surface vol-
ume associated with the field ¢, so that

0=3 {q Y UFS(O]
14

(12)

where vpg({) is the Fermi surface volume associated with
field ;. A closely related Fermi surface sum rule has re-
cently been derived by Powell et al. for mixtures of fermions
and bosons in atom traps.?

In this paper we apply these results to the Kondo lattice
model. The key to our approach is the adoption of Schwinger
bosons for the description of quantum spins. Schwinger
bosons offer a key advantage, because they can describe both
the antiferromagnetic and the heavy electron ground states of
the Kondo lattice.?® The Kondo effect induces a development
of a retarded interaction in the spin singlet channel between
the electrons and the spins. Formally, this interaction
manifests itself as the mediating field y; in the Hubbard-
Stratonovich decomposition of the interaction?:2728
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Here S is the spin at site j and C]oz creates an electron at site
J- At long times the y field develops charge dynamics that
describe the scaling of the Kondo interaction in both fre-
quency and momentum space. In particular, the y— propaga-
tor describes the momentum- and frequency-dependent

Kondo interaction,

1
JKS ozﬁcl;}’*> \N( ja ]a)Xj + —(b]a ja)Xj+

1

-G (k,0)= (i+2 (k, w)) =Jkw). (14
At each point in momentum space, where the Kondo inter-
action scales to strong coupling, G, develops a pole. In this
way, the physics of the Kondo effect is intimately linked' to
the possible emergence of a positively charged, spinless
Fermi field—a “holon.”?’

Under gauge transformations, the conduction and y fields
have opposite gauge charge,

qczl’ qu_l' (15)

When we apply the Luttinger—Ward procedure, we find that
the physical charge density is given by the total volume of
the electron Fermi surface, minus the volume of the holon
Fermi surface, as follows:

_n Urs U
”6"2(277)0 (77;)% (16)

Here, the volume of the electron Fermi surface is given by
the conventional Luttinger formula,

1
st=;E Im In[g + 2, (k,0— i6) — w+id)]
k

=2 0(u-Ey, (17)
k

where u is the chemical potential, Ey=¢g+2.(K,E}) is the
renormalized energy of the heavy electrons. Now v, is

Uy = lz Im ln(l+2x(k,0— lis)) =2 ®[_J*K(k)]’
T JK k

(18)

where JK(k)— -G (k,0-i9).

The meaning of the renormalized coupling constant J, x 1n
the paramagnetic phase needs a little discussion. This quan-
tity describes the residual interaction between the electron
fluid and any additional spins that are added to the Fermi
liquid ground state. If we add an additional Schwinger bo-
son, increasing S— S+% at a given site, the additional spin
unit remains unscreened, because each channel can only
screen one spin unit, and all channels are fully screening. If
wp=E(n,+1)—E(n,) is the energy to adding one additional
spin, then the residual interaction between the additional
Schwinger boson and the conduction electrons is Ji(w,).
Since the additional spin decouples, it follows that J(w) has
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FIG. 2. Schematic diagram illustrating the enlargement of the
Fermi surface in the Kondo lattice (a) coupling of local moments to
a small Fermi surface; (b) each spin-boson “ionizes” into an elec-
tron and a “holon,” producing a large electron Fermi surface and a
filled holon Fermi sea.

a zero at w=wp, JZ(wb)=0. At higher energies, the residual
interaction will become positive, ultimately connecting up to
the single-ion scaling behavior J;(w) ~ 1/In(Tg/ w). Since J;(
passes through zero at w=w,, it follows that at lower ener-
gies w<wy, and in particular, at zero frequency, the residual
coupling must be ferromagnetic, i.e J,(0)<0. This, in turn,
means that the Fermi sea of holons is entirely full, v ¥
=(2m)P, so that

Urs
@mP

n,=2 1. (19)

To preserve the overall charge density, the electron Fermi
surface volume is forced to enlarge by one unit per spin to
“screen” the finite background density of positively charged
holons (Fig. 2).

Let us now consider the antiferromagnet. In this case, the
Schwinger boson field condenses, and the y field becomes
hybridized with the conduction electrons. In this case, the
holon Fermi surface annihilates with the expanded part of the
heavy electron Fermi surface, to reveal a single integrated set
of Fermi surface sheets with a “small” volume that encloses
the total electron count. If the transition from paramagnet to
antiferromagnet occurs via a single quantum critical point,
then our results indicate that the transition in the Fermi sur-
face volume at the second-order quantum critical point is
abrupt.’°

Perhaps the most interesting aspect of this picture is that it
suggests that the background field of holons can develop
dynamics. One intriguing possibility is that the holons are
liberated when the Fermi surface volume contracts at the
quantum critical point. Another more exotic possibility, al-
lowed by the Ward identities, is the formation of a separate
phase where the holons develop a Fermi surface, so that v y
=x(2m)P is partially filled. This “spin-charge” decoupled
phase would be sandwiched between the localized magnetic
phase and the fully formed paramagnet. Pépin has recently
suggested that the holons might develop a Fermi surface at
the quantum critical point.!> This might provide a mecha-
nism for such a scenario. A good candidate for this phase is
the one-dimensional Haldane S=1 chain, coupled to two
conducting chains to form a one-dimensional, two-channel
Kondo lattice. Here, the conjectured intermediate phase
would separate a Haldane gap phase and a large Fermi sur-
face phase, leading to Friedel oscillations with wave vector
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q=2k}0)+(77/ 2)x, intermediate between that of the large (x
=1) and small (x=0) Fermi surface.

This paper is divided up into various parts. In the first we
develop the Luttinger—Ward free energy expansion for the
Kondo lattice. Next, we present a new formula for the en-
tropy of the interacting fluid, expressed exclusively in terms
of the Green’s functions of the particles. We then go on to
derive the Luttinger sum rule in a general form for a con-
strained system, which we then apply to the Kondo impurity
and lattice model. In the final part, we discuss the general
implications of our sum rule in the Kondo lattice.

II. LUTTINGER WARD EXPRESSION FOR THE KONDO
LATTICE

The Luttinger—Ward approach was originally based on
perturbation theory in the strength of the Coulomb interac-
tion. In order to develop these methods for strongly interact-
ing systems, we need to take account of the constraints in the
theory, requiring a Luttinger—Ward approach appropriate to
gauge theories. In this respect, our efforts to apply the Lut-
tinger Ward approach to the Kondo lattice closely parallel
recent efforts to extend the Luttinger-Ward approach to
quark-gluon plasmas.?!

Although the Luttinger-Ward functional may be derived
nonperturbatively,’! the usefulness of any derived sum rules
rests on the direct relationship between the Green’s functions
that enter in the functional and physical excitations. Strongly
interacting systems do not generally provide a natural small
parameter on which to base a perturbation expansion. Our
philosophy is that to develop this control, we need to define
a family of large-N models that, in the infinite-N limit, pro-
vide a mean-field description of the phases of interest. In the
expansion about this limit, 1/N then provides a small param-
eter. The large-N solutions constructed this way will of
course satisfy the sum rules we derive, but the sum rules are
expected to have a far greater generality.

In the context of our interest in the Kondo lattice, we
adopt a family of models given by

H

- J -

H= E €iCp,oChva T NK 2 c;-,,ac I

kv,a jvap (20)
Here, we have adopted the Schwinger boson representation,
where bTa creates a Schwinger boson at site j, with spin
component « € [1,N]. The combination b}abﬂjﬁ=5aﬁ(j) rep-
resents the local spin operator and the system is restricted to
the physical Hilbert space by requiring that

> blbi=28, (21)

at each site j. The index v e[1,K] is a channel index that is
absent in the physical SU(2) model, but that is included to
create a family of large-N models. The “filled shell” case
25=K defines a perfectly screened Kondo lattice, and our

discussion will focus on this case. Here c;ga creates a conduc-

tion electron of momentum state k and spin a e (1,N). c;a
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=(1/\N)Zcf e ~i5 creates an electron at site j, where AV is
the number of sites in the lattice. The above model is known
to have a controlled large-N expansion that contains both
magnetic and paramagnetic solutions when N is taken to in-
finity with k=K/N fixed.

To develop a Luttinger—Ward expansion, we shall factor-
ize the interaction in terms of a Grassman field x;,,

1 XX
HI_)E /__[(cjya ja)le/+( jVa)XJV]+2 ! ’
VN Jk

Jjva jv

(22)

and the Lagrangian becomes

L= 2ckvoz(é, +Ek)ckva+EbT ((9 +)\ b +2 —%/

kav Jjv K

+> r[(c,m )X+ (BlaCina Xl - Ezsx (23)

Jjra VN

Note that the Grassman fields x;, contain no time derivative,
and so instantaneously they behave as inert, neutral fields.
Here A; is the static value of the Lagrange multiplier used to
enforce the constraint on each lattice site. At finite tempera-
tures the constraint is only enforced on the average, but in
the ground state, the value of the conserved quantities n,;
will be quantized as a step function of the \;. In the range
N;€[A7,N]] (where A are the energy gaps between the
physical ground state and the states with 25+1 Schwinger
bosons at site j), the constraint will be precisely satisfied. We
shall assume that a translationally invariant choice ;=N\ is
always available.

For our sum rules, we need to know comparatively little
about the nature of the ground state excitations. However,
from the the large-N solution of this model, we do know that
there are two main classes of solution to the Kondo lattice:

(i) The heavy electron phase, where the Schwinger
bosons pair condense in either the Cooper channel
(<o’ngbj > #0 antiferromagnetic interactions) or particle-
hole channel ({ob! Jbﬂ,)io ferromagnetic interactions). In
field-theory language, this is a “Higg’s phase” in which the
local U(1) symmetry is broken and both the spin and holon
excitations can propagate from site to site.

(ii) The magnetic phase, in which the Schwinger bosons
individually condense ((b;) # 0) to develop long-range mag-
netic order. In this phase, the x; fields become hybridized
with the conduction fields, and G, and G, become diagonal
members of a single matrix propagator.

In general, we will therefore have to preserve the momen-
tum dependence of the propagators. The bare propagators of
the theory are diagonal in momentum, and given by

G (k,iv,) = (iv,m = N1,

QS,O)(I;,iwn) = (iw, — )7,
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GOk, iw,) =~ J. (24)

where we have written the bare boson propagator as a two-
dimensional Nambu propagator, to allow for the possible
introduction of boson pairing, which develops as antiferro-
magnetic correlations begin to grow. Formally, we will com-
bine these three propagators into a single propagator, given
by
iv,3= A1
iw, — €

Gg'= . 3, (25)

Uk

where 3 is a matrix self-energy. Following Luttinger and
Ward, we will regard G as a variational function, and 3 as a
derived quantity.

We now consider the effect of tuning up the strength of
the Kondo interaction from zero to Jg, by replacing Jg
— aJg where ae[0,1], keeping the chemical potential of
the conduction electrons and bosons fixed. Now the partition
function is given by

Z=Tile#"]= f Dle,b, xJe 0547, (26)

where D[c,b, x] is the measure of the path integral. If we
vary « inside this expression, we obtain

d—=f [cbx]Ef dr(

=pZ X 2JKE XX (27)

—fBr ar

X]VX]V)

so that if F=—TIn Z is the free energy, then

dF
da ( 2JK)

2 X =—-2=TdG,1.  (28)

( 21 ©)
where G, is the Green’s function for the Y fermion and
TiG,] EKE,-%,;QX(E ,iw,)e" denotes a trace over the fre-
quency and momentum of G, (here, 90" ensures the normal
ordering of the operators). We next consider the expression

F=TStu[In(- G +3G]+ Y[G]. (29)

We will show how this expression generalizes the Luttinger—
Ward free energy functional to a mixture of interacting
bosons and fermions. Here, we use the notation

> Tl Ag(iv,)]e™ "

1wy

- > Ti{Aiw,) e (30)

w,

SufA] = Ti{A] - Tr{A,] =

to denote the “supertrace” over the bosonic and fermionic
parts of the matrix A. The “underline” notation is used to
indicate a sum over both the frequency variable of A and a
trace over the internal quantum numbers of A (such as mo-
mentum). The supertrace includes a relative minus sign for
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the fermionic component of the matrix, and we have explic-
itly displayed the trace over the discrete Matsubara Bose
[iv,=(2n)wT] and Fermi [iw,=(2n+1)7T] frequencies. In
the above expression, the self-energy matrix E=Qal -G
The quantity Y[G] is the sum of all closed, two-particle irre-
ducible skeleton Feynman graphs for the Free energy.

As mentioned earlier, the Luttinger Ward functional Y[G]
has the property that its variation with respect to G generates
the self-energy matrix,

8Y[G] = - T St[36G]. (31)

The variation of the first term in F with respect to G is
given by

ST Sulln(- G} =7 Sul-G' &3] (32)

By using the relation 3[G]=G;'-G™!, the variation in the
second term in F is given by

ST sul([Gy' - 671191 =T Su[G,' 851, (33)

so that the total variation of F with respect to G,
3

— —
SOF =T Str (—g‘1+g51—2)5g =0 (34)
identically vanishes,

F
5G
Now the Hubbard-Stratonovich transformation that we have
carried out on the interaction H; assures that the only place
that the coupling constant aJg enters, is in [Qg]‘1=—1/aJK.

This means that on the rhs of Eq. (29) « enters explicitly
only through X, =—(aJg)™'=[G,]™". Then,

(35)

GF_SFOG T
- = - = r n .
da ég(?a da Cam ot One
=0 (36)

But by comparison with (28), we see that dF/da=dF/da
and, since F(a=0)=F(a=0) in the noninteracting case, the
two quantities must be equal for all «, i.e.,

F=TSt[In(- G +2G]+ Y[G]. (37)

There are various points to make about this derivation.
(i) The derivation is very general. Its correctness only

depends on the stationarity of F [G] with respect to variations

in G and the equivalence between dF/da and dF/da. This
means that the above expression will hold for broken sym-
metry or “Higg’s phase” solutions that involve off-diagonal
components to G.29 In the context of the Kondo lattice, this
means that G can be extended to include anomalous boson
pairing terms that are driven by short-range antiferromag-
netic correlations, or alternatively, off-diagonal terms driven
by long-range magnetism, which mix the conduction and x
fermions. This expression can also be used to describe super-
conducting states, where the conduction electron and y
propagators will contain off-diagonal terms.

PHYSICAL REVIEW B 72, 094430 (2005)

(ii) Even though the free energy is a functional of three
Green’s functions, there is no overcounting.

(iii) The above Free energy functional can be used as a
basis for developing conserving approximations that gener-
alize the Kadanoff-Baym approach to a constrained
system.?* In particular, in the large-N limit, the skeleton
graph expansion for Y truncates at the leading diagram (Fig.
1), providing the basis for a controlled treatment of both the
magnetic and the paramagnetic phases of the Kondo
lattice.?+2

III. ENTROPY FORMULA

In this section, we derive an approximate formula for the
entropy of a Luttinger—Ward system that becomes exact in
the large-N limit and in any approximation where the vertex
corrections can be neglected. The result, which we shall de-
rive below, is

S(T,0) = J d;‘”T_B,FRdﬁ(‘”) ){Im - G (- i8)]

dT
+Im > (w)Re Q(w)}} , (38)
where
[

is the matrix containing the Bose or Fermi-Dirac distribution
functions n(w)=[eP*-17", f(w)=[eP*+1]!. The trace is
carried out over the Bose and Fermi components of both
expressions. Here G(w) and 2(w) are the self-energies that
have been analytically continued onto the real axis. This ex-
pression is extremely useful, for it only involves the low-
energy part of the Green’s functions of the particles, and
does not involve the functional Y[G]. A version of this for-
mula was first quoted in the context of lattice gauge theory
by Blaizot et al.?!

Key to our approach is the notion that the Luttinger—Ward
functional F[G] can be rewritten in terms of the real fre-
quency Green’s functions. This has the advantage that one
does not have to deal with the temperature dependence of the
Matsubara frequencies. The approach that we adopt is, in
fact, reminiscent of the Keldysh approach for nonequilibrium
systems.3>33 To preserve the symmetry between bosons and
fermions, it proves useful to introduce a kind of “Keldysh”
notation, writing

1
| — +n(w)
h(w) =7+ i) = (40)
5 ~flo)
Use of this function preserves the “supertrace” symmetry of
our approach. Consider the first part of the free energy,

F,=TStul[ln(-G™") +3G]. (41)

We replace the summation in this term by an integral over
i(w) around the imaginary axis,
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T Su[A] — - f dflm Sulh(wA(w-i8)],  (42)

where StrfA]=Tr[Ag]-Ti[Af] is the supertrace over the spa-
tial and internal quantum numbers of A. By distorting the
contour around the real axis, we obtain

== f df Im Str[A(w){In(- G) + (G5 = G7")Ghurial.

(43)

If we vary the Green’s function, then we obtain
dw A~
OF, =— | — Im St{A(w)2(w) 5G] ;5 (44)
T

where we have employed the notation S:ggl—g—l. In a
similar fashion, when we vary G inside Y[G], we obtain

8Y = J dflm St (@) 3(0) 8G( )]s (45)

The condition that the two terms cancel sets ggl—g-lzz,
defining both the real and the imaginary parts of the self-
energies in terms of the Green’s functions.

We can exploit the stationarity 6F/6G=0 to simplify the
differentiation of the free energy with respect to the tempera-
ture. When we differentiate F, we can neglect the tempera-
ture dependence of the spectral functions,

dF JF
S(My=——= —-——| . (46)
dTr aT | g
The contribution to the entropy from F; is then
d dh
S, = 2 Im Str( ﬂ{ln[— G w-id)]
T aTr
+E(w—i8)g(w—i5)}>. (47)

The temperature derivative of the second term Y[G] in (37)
requires more careful consideration. The general diagram-
matic contribution to Y contains a certain number of fre-
quency summations. When we analytically continue these
frequency summations, distorting the contour integrals
around the branch cuts of the Green’s functions, we pick up
“on-shell” contributions from each branch cut of the form

hp(w)Gg(w) (48)
and
hi(w)GHw). (49)

These combinations are nothing more than the “Keldysh”
Green’s, function well known from nonequilibrium
physics.’>33 In equilibrium, the Keldysh Green’s function
satisfies the fluctuation dissipation theorem,

Gglw) =[Gr(w) = Gy(w)12h(w) = - 4iG"(w)h(w),

where G, and G, are the retarded and advanced propagators,
respectively. In other words, 1G"(w) = (i/4)Gg(w). The point
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is that we can formally imagine evaluating Y in a general
steady state, replacing G — —4ig”(w)h(w) at the end of the
calculation. It is, however, equally consistent to compute Y
in equilibrium, and substitute g”"(w)h(w)— gx. The func-
tional Y is closely related to the expectation Va/hle of the
interaction energy. If we associate an amplitude va with the
strength of each vertex, then the expectation value of the
interaction energy has the expansion

<HI> = 2 anYn(gK’ gR’ gA) s

where Gy, are the fully renormalized nonequilibrium
propagators. The functional Y is the weighted sum

J
M9x.Gr94)= 2 ~¥,(GxGr.Gn).

In this way, we can absorb all thermal functions into the
Green’s functions, so that all temperature dependence is en-
tirely contained within the Keldysh Green’s functions. To
differentiate Y with respect to temperature, we need to deter-
mine 8Y/8Gg. Unfortunately, Y is not a true generating func-
tional for the Keldysh self-energies, and we must be very
careful in taking the next step.

Once we know the variation of Y with respect to the
Keldysh Green’s function, we can immediately compute the
variation with respect to temperature. Now, from (45), we
see that we may write

Sy = f dfsw[zf(w)ﬁ(w)(sg"(w) ()3 ()55 ()],

(50)
If we now identify

hw)g" = igk,

)" = iz,{, (51)

as the Keldysh components of the propagator and self-
energy, respectively, it is very tempting to write

5Y=J %Str{(i)zl(wwglf(w) + (i)EK(w)ﬁg’(w)] :
(52)

This form would always be correct if Y were a true generat-
ing functional for Keldysh propagators. Unfortunately, in the
Keldysh approach, the distinction between the ‘“measure-
ment” and “response” vertices means that, in general, the
differential of Y with respect to Gx does not generate the real
part of the self-energy. Fortunately, this difficulty vanishes in
the leading large-N approximation, which is sufficient to
generate a wide class of noncrossing approximation
schemes. Diagrams involving vertex corrections do not sat-
isfy this relationship, and there are corrections to the above
diagram. Interestingly enough, however, our large-N expan-
sion does absorb all the “RPA” diagrams of the interaction
lines into explicit propagators, enabling the entropy formula
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to be derived for interacting collective modes and fermions.
With this proviso, we write

oY
55() - {0,

where E’=%[E(w—i5)+§(w+i6)].

It is worth making a short diversion at this point to ex-
plicitly demonstrate that this relationship works in the large-
N limit. Consider the leading-order form for Y in the large-N
expansion,

1
Y =KX NX < N) TZE G(K)G,(q-kGylg), (53)
\/!
where k= (iw,k), g=(iv,,§) is a shortened space-time nota-
tion. When we carry out the Matsubara sums in this expres-
sion, we obtain

Y wa dody G’G”G”(/’l h 1) G'G' G'h.h
=- —— : -—|+G )
. T XD\ TXTE Ty eEXTbETh

+ G’C'G;thchx}, (54)
where we have used the shorthand notation G, =G (k), h,
=hJ(w), G,=G,(q—k), etc., which can be rewritten as

“ dodv
Y= Z B 271_277% Re{GRCG[(XG](b + GKL'GR)(GKb

+ GGk Grp + GRXGRCGAb}' (55)

This last expression can also be derived using the Keldysh
formalism to calculate the leading-order expression for
(H,).3* The variation of this expression with respect to Gg
gives the leading-order expressions for the boson y and con-
duction self-energy; thus, for instance,

5Y ;
—=—ikEfd
4%

(g -k

+ GGy g = k)]
=—k2 f d—;‘T’C[G;.(k)G;(q ~k)h(g =)
k

+ G (bh(k)G (g - k)], (56)

where the replacement K— k=K/N occurs because Y con-
tains the contribution of all N spin channels of Gg;, and we
are only differentiating with respect to one of them. This
result can be independently confirmed using Matsubara tech-
niques.

Let us now return from this digression and continue to
calculate the temperature dependence of Y. When we differ-
entiate the general expression with respect to the tempera-
ture, we only need to keep track of how each of the thermal
functions changes. This leads to the contribution
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000 = L0 — w0+ g ot
= 2TGx() + 6G(a)], (57)
where
i dh w
L3 (w) = ( )g"( \oT. (58)

We can now combine these results to obtain

% B d—wSt i oY (dh(w)gn( ))
arl," ) = dT
Z5g1<(w)
T
so that
| (de dh(w)) .
5= -2 g__f W&{( 10 e 3(w)g (w)]

(60)

This is a key element in our proof of the entropy equation.
When we add S; and S, together, S, partially cancels the
second term in S, yielding the final answer

S=Sl+52=fd?w5trl(dh( )){Imln[ G ()]

+Im 3(z)Re g(z)}z:w_m} . (61)

We may replace /71— 7 and Str— Trp  to recover (38). There
are a few important points to be made about this result.

(i) Our ability to write the entropy in terms of the Green’s
functions only works because in the leading-order approxi-
mation for Y, there are no hidden collective modes that carry
the entropy.

(ii) This approach is general, and can, for example, be
applied to the interacting electron gas, and various interact-
ing plasmas, such as the quark gluon plasma.”! By treating
the interaction line as an independent particle (photon), the
leading-order approximation generates a generalized RPA-
Eliashberg scheme for the self-consistent interaction and
electron self-energies. Note that the entropy formula cannot
be used in an RPA scheme in which the interaction line is not
treated as an independent particle,?? and it does not work if
one includes vertex corrections.

(iii) It may be possible in future work to evaluate a more
general expression for 8Y/8G(w), permitting one to gener-
alize the entropy formula to higher-order approximations
for Y.

IV. CONSERVATION LAWS AND SUM RULES

Sum rules are intimately related to the existence of con-
served charges. For example, in the Kondo lattice, there are
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three independent types of conserved charges: the electric
charge (in each channel), the total spin, and the conserved
number of bosons at each site. Each conserved charge corre-
sponds to a gauge invariance of the Lagrangian. For ex-
ample, the electric charge (for channel v) is

0= 2 ¢fyuCivas (62)
k,a

and this quantity is associated with the global gauge trans-
formation,

i0,(7) ~i0,(7)

Ckya — € X]V (63)
The opposite sign in the exponents expresses the opposite
charge of the two fields. Similarly, the conserved number of
bosons at each site,

Civa va_> e

ij= E bj'abjaa (64)

generates the local gauge transformation,
biy— emb(f’T)bja, Xjv— eiab(j’T))(_]-V. (65)

In phases where these symmetries are unbroken, they give
rise to sum rules, which we now derive.

The general form of these gauge transformations is given
by

(//g — eie(T)q{l/fg. (66)

We can relate this gauge invariance to the conserved charge
by examining how the time-derivative terms in the action
behave under this transformation. In general, the time deriva-
tive part of the action has the form

B
So= f dr 'y o, (67)

0
where the elements 7y, of the diagonal matrix 7y are unity,
v,=1 for conventional fermions or bosons and zero, y,=0
for Hubbard—Stratonovich fields without any short-time dy-

namics, such as the Grassmanian field y;,, introduced in the
Kondo lattice. We can relate vy to the frequency dependence

of Gy,

dGy (w)
do

y= (68)

Under a time-dependent gauge transformation, the change
in the action is given by

B B
AS = (f dr e %y 9. l/f> =So= if dr 9,0(1)Q(7)

0 0
B
=—if dr 6(7)3,0(7), (69)
0

where we have commuted the diagonal matrices ¢ and 7y to
obtain
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0=y (Gyy. (70)

Invariance of the action under time-dependent gauge trans-
formations implies that ¢,0(7)=0, i.e., the charge is con-
served. In this way, we see that gy is the single-particle
operator associated with the charge Q. Notice that the full
charge operator only depends on those fields with a time
derivative. When the system is probed at short times, only
these fields carry the charge. However, at long times, it is the
gauge charge ¢ that determines the charge of physical low-
energy excitations.

Using (70), we can now write the expectation value of the
the charge Q in the following compact form:

<Q>=<¢Zé_7¢a>=—é&[éyg]. (71)

At zero temperature, provided there is a scale to the excita-
tions, then the summations over discrete Matsubara frequen-
cies can be replaced by a continuous integral. In particular,

= q N
T Sti[A] — f z—w.Str[A(w)]e‘”O , (72)
_joo 27TTL

where Str[A] without an underline indicates a supertrace
purely over the spatial variables of A. This enables us to
write

dw

(Q)=- f —st{§yG(w)], (73)

joo 27T

where, for clarity, we have temporarily suppressed the con-
vergence factor e, Using (68), y= (dgg‘)/ (dw), we then
obtain at 7=0,

. ioo dg-!
(0)=- f d—“’.su[qig} (74)
dw

oo 27T

Now let us consider the effect of the gauge transformation
on the Free energy. If we carry out a gauge transformation
h— eia(T)"éz//g, with 8(7)=Aw 7, then diagrammatically this
has the effect of shifting the frequencies associated with each
propagator, w;— w;+q,; Aw, where g, is the gauge charge of
the propagating particle. In the zero temperature limit, this
shift in frequency can be made infinitesimally small, Aw,
— 6wy

Diagrammatically, the conservation of charges corre-
sponds to the existence of closed loops (Fig. 3) in the skel-
eton diagrams of Y through which the conserved charge cir-
culates. The gauge transformation causes the frequency
variable in each of these closed loops to shift by an amount
g Aw. This change does not affect the value of Y, and
vanishing of the change in Y then gives rise to new Ward
identities.

When the frequency around the closed loops is shifted,
each propagator entering into Y changes, with &G/ (w)
=(dG/dw)q; dw, so that the change in Y at zero temperature
is
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FIG. 3. Illustrating the shift in frequencies around a closed loop
in Y[G] for the Kondo lattice, generated by the gauge transforma-
tion associated with charge conservation.

Sy— f | Z‘Z—ZStr[z(w)ag(w)]

:—fm d—wStr<2(w)—gq>5w 0, (75)

ioo 27T

so that

SY[G] fi“ do { g }
0=——= | Zsul3Z4].
b0 =) 2| T

Integrating by parts, we obtain the Ward Identity,

f d—“’,sw{@gq] =0. (76)
1 w

—joo

Combining Egs. (74) and (76), we obtain

~ 7 ()
<Q>=—1[ fﬁgSU{q——%Go-E)G}e

oo 27T

- _ i°° d_w_ 1 coOJr
= f dmide {Str{g In(-= G™) [te o)

where we have explicitly reinstated the convergence factor.
Folding the integration contour around the negative real axis
(as dictated by the convergence factor), we then obtain

@=- [ 2L sutgmi-g- - )

—-Str{GIn[- G (w+id)]})

0
= f d_wi Im Str{g In[- G (0 - id)]}

w

0

=— LI—T Im Str{g In[- G (w0 —id)]}| . (78)

—o0

The presence of the minus sign inside the logarithms here is
chosen so that the lower bound of the integral vanishes. We
are then able to write
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)= - ImSulg - (w-iol}| . (79)
m w=0

As it stands, the trace in this expression involves both
bosonic and fermionic components. The latter will give rise
to Fermi surface volume contributions in the lattice, and to
phase shift terms in the case of impurity models. What about
the bosons? General arguments lead us to believe that the
bosonic component in the trace vanishes. The important
point here is that the right-hand side of this sum counts the
number of one-particle states that drop to negative energy.
Whereas fermions can acquire a negative energy through the
formation of a resonance or Fermi surface, bosons cannot—
they only condense. If the bosons condense, then the sym-
metry they are associated with is broken, and we can no
longer apply the sum rule. If they do not condense, then we
expect the associated phase shifts to be zero. The final form
of the sum rule is then

A 1
(Qy=—ImTrlg In(- G lum0oiss (80)

where, for clarity, we have suppressed the frequency argu-
ment of the Green’s function.

V. KONDO IMPURITY MODEL

As a first illustration of the sum rules, let us apply them to
the Kondo impurity model. There are two sum rules to con-
sider here, corresponding to the conservation of Q. and n,
=25=K in the case of the perfectly screened solution. Let us
first consider

ny= >, bihb,. (81)

Even though the x fermions do not enter into this conserved
charge, they carry the gauge charge, and we have
(qc,qb,qx)=(0, 1,1). Applying the sum rule (79), we deduce

<nb>__ — Im Tr[ln( gb )]w—l§+ 1 Im Tr[ln( g l)]w 16
(82)

where, for the moment, we have retained the bosonic trace.
When we carry out the trace over the spin components of the
boson and the channel components of the y fermion, we
obtain

(nb>=—N@+K§X, (83)
T T
where
S, =Im[In(A +2,(0-id) +id)],
5X=Im{ln(L+2X(0—iﬁ)>], (84)
Jx

are the “phase shifts” associated with the boson and holon
fields. Note in passing that at zero temperature, 2,(0—id)
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and % (0—i0) are purely real. The argument of the logarithm
in &, is the renormalized chemical potential \*=\+2,(0) of
the boson field. In the “filled shell” configuration 2S=K, the
formation of a perfectly screened Kondo singlet generates a
gap for the addition of extra Schwinger bosons to the ground
state, which forces A" >0, and §,=0, as argued previously. It
follows that

6
(npy = K==, (85)
T
But n,=K is part of the constraint, so it follows that 6 =.

This result can be understood by relating J, to the sign of the
renormalized Kondo coupling constant, as follows:

élelm{ln<%+zx(0—i5)>] = 9(—J;<)- (86)
T ow K

In this way, we see that §,=m corresponds to a residual
“ferromagnetic” coupling. This is consistent with our
expectations, for when an additional Schwinger boson is
added to the Fermi liquid, it increases the impurity spin by
one-half unit to form an underscreened Kondo model, where
the residual spin coupling is indeed ferromagnetic. By con-
trast, in an antiferromagnet or spin liquid, the local moments
spins pair condense, mutually screening one another. In this
situation, an additional Schwinger boson at any one site will
now be free to undergo a Kondo effect with the conduction
electrons, so the residual spin coupling is antiferromagnetic.
These results are also confirmed in the large-N limit.

Let us now turn to the sum rule derived from the conser-
vation of electron charge. Here the conserved quantity is

Q.= 2 ¢t Cho (87)

kv,o

and the corresponding gauge charges are (g.,g,.9,)=(1,0,
—1), so the sum rule becomes

0,= }T (Im Tr{In(- G, )] - i Im TifIn(- g;l)])

w=0-i8
(88)

Now in an impurity model, it is convenient to subtract off the
total charge in the absence of the impurity, given by

1
oV = - Im Tr{In(= Go9)Jwmois» (89)

where G.o= QEO) is the noninteracting propagator of the con-
duction electrons. If we subtract this from (88), we can com-
bine the conduction electron traces and replace 1n(—g;‘)
-In(-G.)=In(G.xG.")=In(1-G,3,). The change in total
charge is then given by

Qe - QEZO) = i Im Tr[ln(l - chEC)]w:—iﬁ

_ 717 Im TIn(= G o (90)

According to the Anderson-Clogston compensation theorem,
the total change in electron charge due to a Kondo or Ander-
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son impurity vanishes in the infinite bandwidth limit, and at
finite bandwidth the change is of the order of the ratio of the
Kondo temperature to the bandwidth AQ.=O0(Tk/D), and
can be neglected.**? Setting AQ,=0,—0%=0, we obtain

5. &
AQ,=0=NK— - KX, 91)
T T

where we have identified
5(' =Im Tr/?[hl(l - chEc)]w:—i& (92)

where the trace is purely over momenta. If we expand the
logarithm using a power series, we see that the trace over
internal momenta in (92) is accomplished by replacing the
momentum-dependent Green’s function Q(CO)(I;, w) by the lo-
cal electron Green’s function go(w)=E,;gg(I€, w), so that

d.= ImIn[1 - gO(w)E(a’)“w:O—iﬁ' (93)

In the large bandwidth limit, gy(w—i8) — imp, where p is the
density of states per spin per channel, so that

S, =ImIn[1 - imp2(0)]. (94)

There is thus a direct link between the phase shift of the y
fermion and that of the conduction electrons. Combining this
with the earlier result 5X= 7, we obtain

o.= (95)

z |
z 13

Notice the following.

(i) In the large-N limit, the phase shift identity permits us
to relate the conduction electron phase shift ., which is
O(1/N) to the x phase shift ,, which is finite in the large N
limit. In this way, the sum rules enable us to study the phase
shift and Fermi surface volume changes of the Kondo impu-
rity and lattice, in the large-N limit.

(ii) The development of the conduction electron phase
shift does not occur because conduction electron states drop
beneath the Fermi sea: It is a consequence of the injection of
new quasiparticle states into the Fermi sea as a response to
the formation of spinless, charged holons.

VI. SUM RULE FOR THE KONDO LATTICE

When we come to consider the Kondo lattice, there are a
number of additional subtleties that must be entertained. One
of the most important aspects of the discussion here concerns
the possibility that the extremal solutions to F[G] break the
U(1) symmetry of the bosons, to produce “Higg’s” phase in
which the Schwinger bosons either pair condense, or hybrid-
ize between sites. In the large-N solutions to the model, these
phases appear to develop as a precursor to the formation of
the antiferromagnet, where the bosons themselves condense.
The main effect on the sum rules is twofold:

(i) We cannot assume that the y fermion is localized. This
implies that we must consider the momentum dependence of
the y fermion.

(ii) Once the Schwinger bosons pair condense, the Ward
identities associated with the conservation of n, no longer
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apply, because the Luttinger-Ward functional Y[G] is no
longer invariant under shifts of the boson frequency.

However, we can still take advantage of the Ward identity
associated with charge conservation. Provided that the
Schwinger boson is uncondensed, i.e., there is no magnetism,
then charge conservation guarantees that

” do
f —Trp[ qu] 0 (q.=1,g,=-1). (96)

i 2771

Now in the paramagnet, the holon and conduction electron
fields are unmixed, so we can replace

Trp — Tr. + Tr,.

This is a special property of the paramagnet. By contrast, in
the antiferromagnet, the Schwinger bosons are condensed, so
the holon and conduction electron fields admix, and both >
and G contain off-diagonal terms so that Try remains a
single, integral trace over the two admixed fields.

For the paramagnet, we can write

0=_f d_wStr[@qu] (qc= Lq)(:_ 1)

oo 27T

[ e Gan] [ sen] G
w2 | do 2w | dw

- d’ | dS (ko) -
f,wzm (277)D[N do G.(k,w)

a3 (ko) .
-G &, w)] .

97)
It is this identity that permits us to extend the Luttinger sum

rule to the case of the paramagnetic Kondo lattice. In the
paramagnetic Kondo lattice, the charge sum rule

0,= 717 {Im Tr{In(- G.)] - Im Te[In(= G;') I} umoois

(98)
now involves a trace over momentum:
Qe 1 7> . .
= =N> —Im In[e;+2.(k,0—id) +id]
K ]g ar
1 1 -
-> —Im ln(—+2X(k,O—i5)>. (99)
]z ar JK

The first term in this expression is the electron Fermi surface
volume,

lemln[ek+2(k0 i8)+id]= 20( Ep= (2 )D,

k
(100)

where the region where E;=¢€j+Re EC(IZ,E,;) is negative, de-
fines the interior of the Fermi surface. The second term can
be interpreted in a similar way—the momentum trace over
the logarithm of Gl
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>

k

1 -
Imln(J—K+2X(k,0—i5)) 29[ J(k)]= (2 )D,

(101)

1
T

can be seen as the volume of the region in momentum space
where the effective interaction JZ(I€)=—QX(I€ ,0)7! is nega-
tive, or ferromagnetic. Following our earlier discussion, the
ferromagnetic sign of the residual interaction is a conse-
quence of the fact that additional spins added to the state
completely decouple from the Fermi sea. In the simplest sce-
nario, J;(lg) <0 for all k, in which case v Vi (2m)P=1, and the
sum rule becomes

Q. Urs

ng———

K @mP

-1, (102)

where n, is the electron density per unit cell, per conduction
electron channel. It follows that the total Fermi surface vol-
ume expands by one unit per unit cell,

Urs
N =n,+1. 103
(2mp =" (103)
Now if there is some region of momentum space where
J;(k) is not ferromagnetic, it follows that the y fermions will
have a Fermi surface, and the excitation spectrum will now
involve charged, spinless fermions. In this phase,

Q. _ ﬂ__vx_
K o’ @emn?

Such a “spin-charge decoupled” phase could not develop
from a Fermi liquid without a phase transition. As long as the
heavy electron fluid does not undergo such a phase transi-
tion, the Fermi surface must remain large.

Let us now consider what happens in the antiferromagnet.
In the general higher-dimensional case, the boson field con-
denses, causing the conduction and y fields to hybridize to
produce a single species. In the antiferromagnet, it is more
logical to make a particle-hole transformation of the y field,
writing ;= Xi/é' In this case, q,=q, have the same charge,

and the sum rule becomes simply

(104)

n,=

1
Q.= — Im TrgIn(- G;")] ,
'

w=—i0

(105)

where Gy is the admixed propagator for the combined con-
duction and ¢ fields. The right-hand side cannot be separated
into y and conduction parts, and, as such, defines an admixed
set of Fermi surfaces, with an average Fermi surface volume
that counts the total charge per unit cell,
Warm?

=N—"—"7 QmP (106)
The Fermi surface volume for the antiferromagnet and the
paramagnet must then differ by 1/Nth of a unit cell. In the
special case of N=2, if the spatial unit cell doubles, this
formal change in Fermi surface volume is indistinguishable
from the new size of the Brillouin zone. However, even in
this case, we can imagine more general classes of antiferro-
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magnet, such as an incommensurate helimagnet, where the
unit cell size is unchanged, but the total Fermi surface vol-
ume must jump.

VII. SPIN-CHARGE SEPARATION AND QUANTUM
CRITICALITY

Although the sum rules do not provide us with any details
of the dynamics, they provide stringent constraints on the
way the spectrum of excitations can evolve in the Kondo
lattice as we approach the magnetic quantum critical point.

One of the fascinating aspects of our sum rule,

UFS U
=N - 107
"=NomP T 2mP (107)

is that it suggests that a Kondo lattice may develop low-
lying, spinless charged fermionic excitations near a quantum
critical point. This is clearly a controversial idea, the conse-
quences of which we now explore in this discussion. If we
take this idea seriously, then two important points seem to

emerge.
(i) In the heavy Fermi liquid, spinons have “ionized” into
electrons and a background filled sea of holons,
by—e +x* (108)

It is this ionization process that lies behind the expansion of
the Fermi surface and the sum rule.
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(i1) There is an intimate link between the Kondo interac-
tion and the formation of holons. The link between the
propagator of the holons and the renormalized Kondo inter-
action,

=J(G.w),  (109)

-GG =
J_K +2,(q,0)

implies that poles in the holon spectrum correspond to diver-
gences in the Kondo interaction. As magnetism drives the
Kondo interaction back to weak coupling, we expect J* (¢, )
to pass through infinity, so the holons should become gapless
at some point in this process.

We can, in fact, use the Luttinger—Ward approach to gain
insight into the low-energy thermodynamics of the Kondo
lattice.? Provided the replacement of frequency sums by con-
tinuous integrals is valid at low-temperatures, Luttinger ar-
gued that the low-energy thermodynamics is determined by
the leading logarithm in the free energy functional (4), evalu-
ated with the zero-temperature Green’s function. In our case,
this leads to the relation

> T SulIn(- Q(o))] (T—0),

where Gq) is the zero temperature Green’s function. Carrying
out the frequency integrals, this implies that the low-
temperature entropy is given by

F(T) =

spinon and holon entropy

D
S(T) = f(j I)(DJ—(d—;ImTrln g,, (k, w)+—fImTrln g, "(k, w))

Fermi liquid

(2m)P dar

where the zero-temperature propagators are to be used. The
last term in this expression provides the 7-linear entropy of
the Fermi liquid; the first two terms are the “spinon” and
“holon” contributions. For a Landau Fermi liquid to form,
these last terms must clearly be gapped at low temperatures.
This feature is observed in the large-N solutions.”® What it
also makes clear, however, is that the holons cannot become
gapless without a thermodynamic departure from Fermi lig-
uid behavior, which implies some kind of quantum phase
transition.

However, even though the holons are gapped in the Fermi
liquid, they can exist as low-lying spinless, charged excita-
tions. It is particularly interesting to speculate that the gap to
holon formation closes at a quantum critical point. This is a
possibility that can be studied in the large-N limit, but the
general arguments should hold at finite N, as long as the

D
dk fég(ﬂImTrln G, (E,w))

(110)

Luttinger—Ward approach is valid. One way to go beyond the
large-N limit is to carry out a fully self-consistent treatment
of the leading Luttinger—Ward free energy functional, updat-
ing the conduction electron self-energy and feeding the full
conduction electron Green’s functions into the calculation of
the self-energy for the y and Schwinger boson field. Such an
approximation goes selectively beyond the large-N limit, but
it will satisfy the Ward identities. Moreover, assuming that
the “filled shell” stability of the fully screened ground state is
not an artifact of the large-N limit, we also expect the gap in
the Schwinger boson and the y fermion particle spectrum to
be preserved at finite N.

Another way to check the picture emerging from this ap-
proach would be to examine low-dimensional systems. Vari-
ous authors have examined the possibility of a transition
from a small to large Fermi surface in the one-dimensional
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FIG. 4. (a) The two-channel, spin S=1 Kondo chain. (b) In the
simplest scenario, the transition from a Haldane chain with a small
Fermi surface, to the heavy electron phase with a large Fermi sur-
face will occur via a single phase transition. (¢) The sum rules allow
for an intermediate phase with a Fermi surface that lies between
these two extremes.

spin-1/2 Kondo lattice.3®3” The difficulty with this model is
that the gaplessness of the Heisenberg spin-1/2 chain tends
to make the Kondo coupling relevant, no matter how small
the Kondo temperature. A model that avoids these difficulties
is the S=1, two-channel Kondo lattice. This model involves

PHYSICAL REVIEW B 72, 094430 (2005)

a Haldane spin-1 chain coupled via Kondo interactions to
two, one-dimensional, noninteracting Hubbard models, as
shown in Fig. 4.

When the Kondo interaction is weak, the Haldane chain is
gapped, and the “Fermi surface” of the Kondo lattice is
small, giving rise to Friedel oscillations at wave vector Q
=2kf,0). When the Kondo interaction is strong, a Kondo lat-
tice with a large Fermi surface is expected to form where
Q=2k1(£)+ 7. The way these two phases are linked is particu-
larly interesting. If they are linked by a single quantum criti-
cal point, then we expect Q to simply jump at this point [Fig.
4(b)]. However, if the holons form a gapless phase, then over
an intermediate range of parameters, we would expect the
Friedel oscillations to exhibit an intermediate wave vector

[Fig. 4(c)],

Q =2kY + x. (111)
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