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Using spin dynamics techniques, we determine the neutron scattering function Sxx�q� ,�� of the two-
dimensional classical XY model on a square lattice containing a percentage of nonmagnetic impurities on the
magnetic sites. Dilution substantially transforms the shape and the position of the central and spin wave peaks.
Besides the spin wave peak, an additional inelastic peak arises. We argue that the causes of this rich structure
are vortex-vacancy interactions.
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Magnetic vortices and other nonlinear magnetization dis-
tributions have attracted much attention in physics of low-
dimensional magnetism. The direct experimental visualiza-
tion of these structures in nanomagnetism has given new
impulses to investigate not only the physical relevance but
also the technological importance of nonlinear excitations in
magnetic materials.1–4 Now, even a delicate phenomenon
like a shift of the vortex center position from the center of a
nanodot can be observed experimentally. However, although
there is a large class of layered insulators that has been
shown to exhibit the experimental characteristics of two-
dimensional �2D� magnetism, it is not so easy to get a direct
observation of vortices in these materials. In such systems,
the vortex or soliton signature may be found in the dynami-
cal correlation functions via vortex motion or vortex-magnon
�or soliton-magnon� interactions. In fact, vortex motion may
cause a central peak in the spin-spin dynamical structure
factor5,6 while vortices or solitons interacting with magnons
may contribute to the electron-paramagnetic-resonance
�EPR� linewidth,7–9 which is the temporal integral of the
four-spin-correlation function. Surprisingly, some Monte
Carlo calculations indicate that a single vortex very seldom
moves freely over a larger distance. Normally the vortex
travels only one or two lattice spacings until it annihilates
with the antivortex of a pair which meanwhile appeared
spontaneously in the neighborhood.10,11 This result would be
in contrast to the phenomenological theories that predict the
vortex contribution to the central peak, but as pointed out by
Mertens and Bishop,12 probably only the effective vortex
motion is important for the dynamic correlation function.
This would mean that it does not matter if a vortex is anni-
hilated with the antivortex of a pair in the considered time
interval �0, t�, because the vortex of that pair has a motion
similar to that of the original vortex. Only effective lifetimes
are seriously affected.

On the other hand, to the authors’ knowledge, there are no
experiments in easy-plane magnets to explicitly determine
the vortex signature using the EPR techniques �EPR line-
width measurements have provided an important indirect
method to experimentally detect solitons in two-dimensional

isotropic magnetic materials7,8,13�. Therefore, since the inter-
pretation of the central peak in the spin-spin correlation func-
tion is not at all clear, vortices are still objects that need to be
observed �directly or indirectly� in 2D easy-plane magnetic
materials. Perhaps the inclusion of external factors in the
system may help vortices to manifest themselves more
clearly. For example, the introduction of an amount of non-
magnetic impurities into the magnetic sites of a classical
magnet may create conditions that affect the vortex dynam-
ics. Really recent works14–17 have shown that vortices are
attracted and pinned by nonmagnetic impurities. A bound-
state vortex impurity with the vortex center around the im-
purity is then formed,14 and as a first consequence, the mean
vortex mobility should decrease. Hence, if vortex motion is
the cause of the central peak, this peak should be consider-
ably modified in diluted systems. Following this idea, other
possibilities could also appear. For instance, it was shown
that vortices can develop an oscillatory motion17 around a
vacancy and this motion could also contribute to the spin
dynamics. For these and many other motivations, it should
be important to study the spin dynamics in doped, layered
magnetic materials. In fact, the site dilution problem is an
important subject in modern condensed matter physics. In
this paper, we develop some arguments based on numerical
and analytical calculations that vortex-vacancy interactions
may play a crucial role in the spin dynamics.

We consider the classical 2D XY model with a fraction of
nonmagnetic impurities to study the behavior of the system
dynamics using combined Monte Carlo �MC� and spin dy-
namics �SD� simulations. The spin model under consider-
ation may also have relevance to the study of superconduc-
tivity, in particular, to the interaction between vortices and
spatial inhomogeneities. It is described by the following
Hamiltonian:

H = − J�
�i,j�

�i� j�Si
xSj

x + Si
ySj

y� , �1�

where J is the ferromagnetic exchange coupling, �i , j� indi-
cates nearest-neighbor sites of an L�L square lattice and the
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quenched dilution factors ��i	 independently take the values
1 or 0 depending on whether the associated site is occupied
by a spin or vacant. The classical spins S� i have three com-
ponents Si

2= �Si
x�2+ �Si

y�2+ �Si
z�2=1. The behavior of the dy-

namics was analyzed considering several values for the im-
purity concentration �v and temperature T. The critical
temperature Tc of this model �we use TKT for the pure model�
is a function of the impurity concentration �v decreasing
monotonically with increasing �v.18,19 It vanishes at the site
percolation threshold �v
0.41 for a square lattice.18,19

Numerically we simulated the thermal equilibrium spin
dynamics of the Hamiltonian �1� at several different dilutions
�v on L�L square lattices �16�L�96, in units of lattice
spacing a� with periodic boundary conditions. The number of
spins in the system is N= �1−�v�L2. The numerical method is
a combined MC-SD technique, which include effects due to
all thermodynamically allowed excitations available to the
microscopic spin dynamics. The techniques used here have
been described in Ref. 20 and are based on the simulation
methods developed in Refs. 5 and 21 and the MC part has
been applied recently in the diluted easy-plane Heisenberg
model.19,22 Averages for the diluted model were made over
different realizations of the vacancy positions �averaging
over the disorder�. Now we summarize the main results. Fig-
ure 1 shows Sxx�q� ,�� at temperature T=0.350J, q�
= �� /4a ,0�, L=64a for various impurity concentrations, �v
=0.0,0.16,0.20. The critical temperatures related to these
impurity concentrations are, respectively, 0.700J, 0.453J,
and 0.384J.19 Note that an almost infinitesimally narrow
spike around �=0 takes place. This is completely different
from the pure case. In general, for T�Tc, the central peak
becomes narrower as �v increases. At the same time, the spin
wave peak �SWP� moves toward lower frequencies and be-
comes wider as �v increases. Besides the SWP, another in-
teresting inelastic peak at a finite frequency independent of q
arises. In order to better see this new structure, we use inter-
mediate values of q. For small values of momentum, the spin
wave peak is centralized at positions of low frequencies,
dominating the region where the new peak arises, and hence,

small �q�� is not appropriate to observe it. This inelastic peak
moves slightly toward lower � and becomes narrower and
higher as �v increases. We also notice that this peak moves
continuously toward lower � as the lattice size increases �see
Fig. 2�. In fact, it is observed that �v=C��v ,T� /L �in units of
J�, where the factor C��v ,T� depends on impurity concentra-
tion and temperature. As �v and T increase, the factor
C��v ,T� tends to decrease. The effect of �v on C��v ,T� is
much stronger than that of T. Indeed, Paula et al.16 have
shown that the presence of other vacancies decreases consid-
erably the vortex-on-vacancy pinning energy. In Fig. 3, we
plot C��v ,T� versus �v for T=0.200J. Essentially, for a given
temperature T, C��v ,T� decreases linearly with �v. It should
be interesting to study the behavior of C��v ,T� in the limit of
a very low impurity concentration ��v→0�. Extrapolating the
results of Fig. 3 to the limit �v→0, we get C��v ,0.200�
→12.09Ja. We also studied the behavior of C��v→0,T� for
other values of T �not shown here�. As the temperature is
decreased, C��v→0,T� increases and extrapolating the re-
sults to the limit T→0, we get C��v→0,T→0�
13.10Ja
leading to �v
�13.10/L�J. This result is very suggestive.
Indeed, Pereira et al.17 have shown that a single vortex can

FIG. 1. The correlation function Sxx�q� ,�� versus � for some
impurity concentrations �v=0 �dotted line�, �v=0.16 �dashed line�,
and �v=0.20 �solid line�. It was used for q� = �� /4a ,0�, L=64a, and
temperature T=0.350J.

FIG. 2. Sxx�q� ,�� versus frequency � for some values of L.

FIG. 3. �Color online� The factor C��v ,T� versus impurity con-
centration �v for L=96 and T=0.200J. The dotted line is a good fit
to the data. Note that C��v→0,T=0.200J�→12.09Ja.
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oscillate around a nonmagnetic impurity and such motion
could be characterized by some normal modes with well-
defined frequencies, which have the same behavior with the
system size as the peak obtained here. Their calculations
were done for a system at zero temperature containing only
one vortex and only one vacancy and, therefore, valid in the
limit �v→0. The main mode of the oscillatory vortex motion
was found to have a frequency given by �0
�13.57/L�J,
which is very close to �v in the limit �v→0,T→0. The
relation �v��v→0,T→0�
�0 strongly suggests that the
cause of the new peak observed here is vortex-vacancy in-
teractions.

As we have already seen, for a given temperature T, the
position of the spin wave peak moves toward lower � as �v
increases, and the peak widens slightly. It is somewhat simi-
lar to what happens for pure systems as the temperature in-
creases, indicating that the nonmagnetic disorder is, to some
extent, similar to thermal disorder. Theoretical calculations
using the spin wave approximation show that the static spin-
spin correlation function exponent of the diluted system �v
has the same form of the exponent � of the pure system,
differing only by a constant which renormalizes the
temperature.18 The approximate relation between �v and � is
then given by �v�� / �1−2�v�.18 Writing this expression as
�v=1/2�J�v, we have �v=��1−2�v� and then, the effect of
vacancies is to increase the effective temperature of the sys-
tem. The substitution of � by �v in the Villain23 or Nelson
and Fisher24 dynamical correlation functions implies that the
spin wave peak must widen as �v increases, which is in
qualitative agreement with our simulations.

While the behavior of the spin wave peak is relatively
qualitatively well understood for the diluted problem, the
additional small inelastic structure at a frequency �v, not
observed in pure systems, is a new and interesting peak that
needs explanation. Theoretical expectations based on the
vortex-vacancy interactions17 may justify this structure. A
simple phenomenological model based on oscillating vorti-
ces is developed now. Vortices are created in pairs of vortex-
antivortex and, in impurity systems, it must be energetically
favorable for a pair to nucleate near a vacancy, preferentially
with one of the two vortex centers located exactly at the
vacancy center.25 Then the system may contain some
impurity-pinned vortices �antivortices� and their respective
antivortices �vortices� in the neighborhood �and in general,
not pinned at impurities, at least for low impurity concentra-
tions�. Considering a specific pinned vortex, we will define
its partner as the antivortex the shortest distance away. The
energy of this configuration can be estimated as Ei�E2v
+Uvi, where E2v is the pair creation energy �for a discrete
lattice, Landau and Binder27 found E2v
6.39J� and Uvi

−3.178J is the vortex-on-vacancy pinning energy.15

The time-dependent spin correlation function is obtained
after the following assumptions. First, we assume that the
magnetization at any point r�i in the lattice is from vortices
located at vacant sites r�	 with Sx�r�i , t�=�	Sx�r�i−r�	 , t�. In re-
ality, the respective partners �not pinned� of each impurity-
pinned vortex �i.e., its nearest antivortex� also contribute
to the magnetization and they must also be considered.

Such a partner is localized by vectors r�	+R� 	, where R� 	 de-

termines the partner position in relation to r�	 �note that

R� 	=R	 gives the 	 pair size�. In this notation the planar
vortex-antivortex solution is written in polar coordi-
nates �
 ,��, as 
p=arctan��y−y	� / �x−x	��−arctan��y−y	

−R� 	 · ŷ� / �x−x	−R� 	 · x̂��, �p=� /2. In the simplest analysis,
when not centered on an impurity, a partner contributes only
to the static structure factor since it may not move consider-
ably on the lattice. It is not completely true because these
structures must affect the central peak in the sense proposed
by Mertens and Bishop12 �of course with less intensity than
the pure case�. The time dependence is assumed from the
vortex oscillations around the vacancy. It has been shown17

that such oscillations are not so simple and that the ampli-
tude of oscillation is of the order of one lattice spacing a.
However, as a further simplification we will assume a
harmonic approximation writing Sx�r�i , t�=�	Sx�r�i−r�	

−a�	 sin��vt��, where vectors a�	 �a�	=a� indicate the direc-
tion of the oscillatory motion �in relation to the x axis� and
�v is the vortex oscillation frequency. Using the above
considerations, the correlation function Sxx�r� , t�
= �Sx�r� , t�Sx�0� ,0�� is calculated as

Sxx�r�,t� 
 nv� ��R�d2r	dR�Sx�r�	,R,�

�Sx�r� − r�	 − a�	 sin��vt�,R,��,�, �2�

where nv is the impurity-pair density, ��R� is the pair size

distribution function26 and  ,� are the angles that vectors R� 	

and a�	 make with the x axis respectively. The symbol �. . .�,�

represents an average over these two angles. In the low-
impurity concentration and low-temperature regimes, we es-
timate the impurity-pair density nv substituting � by �v in
the Boltzmann factor, obtaining nv��v�
B��v�exp�−�Ei�,
where the coefficient B is given by B��v�
exp�2�v�Ei�. As
expected, the geometric �or nonmagnetic� disorder contrib-
utes to the pair formation.

The spatial and temporal Fourier transformations of Eq.
�2� yield

Sxx�q� ,�� 
 nvFxx�q�� � �exp�− iq� · a�	 sin��vt����

� exp�i�t�dt , �3�

where Fxx�q��=���R��fxx�q� ,R ,�2�dR, with

fxx�q� ,R,�2 =
1

2
�fx�q� ,R,�2 + fy�q� ,R,�2� . �4�

The static structure factors in Eq. �4�, fx�q� ,R ,�
=�cos�
p�q� ,R ,��exp�iq� ·r��d2r and fy�q� ,R ,�
=� sin�
p�q� ,R ,��exp�iq� ·r��d2r are calculated as in Ref. 9
�fx�O�R2��. After averaging over �, the integral in Eq. �3�
is written as
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� �J0„qa sin��vt�…cos��t� + H0
s
„qa sin��vt�…sin��t��dt ,

�5�

where J0 and H0
s are the Bessel and Struve functions, respec-

tively. Integration of Eq. �5� leads to two sharp peaks at
well-defined frequencies �=0 and �=�v. The central peak is
much more intense and then we approximate

Sxx�q� ,�� � nv��v�Fxx�q���b1���� + b2��� − �v�� , �6�

where b1 and b2 are constants that give the strength of the
peaks. These simple analytical results suggest that the
pinned-vortex contributions to the correlation function imply
two infinitely high and infinitesimally narrow peaks, which
in some respects resemble results of simulations. Of course,
like the divergent spin wave peaks obtained theoretically,23,24

this double delta-function correlation is only an approxima-
tion. This sharp spectrum may be modified by the occurrence
of other interactions, which cause a broadening of the line
shape. The simple analytical model introduced here repro-
duces the qualitative behavior of Sxx�q� ,�� observed in simu-
lations.

In summary, vortices interacting with vacancies in diluted
classical easy-plane 2D magnets result in an inelastic peak in
the dynamical correlation function. However, numerical re-
sults presented here concern finite L, which means that, in
particular, we have calculated the frequency of the vortex
oscillations around a nonmagnetic impurity ion for a doped
magnetic material of finite dimensions. The finite-size ex-
trapolation to thermodynamic limit is essential for future
comparisons with experimental findings in layered systems.
Besides, our phenomenological model cannot explain the
finite-size dependence of �v. Therefore, although all simula-
tions can only be realized in finite systems, we can give a
simple insight about this dependence. In an easy-plane mag-
net, the magnon spectrum is gapless. This implies that for
vortex oscillation with a finite frequency �v that the fre-
quency inevitably falls in a magnon continuum. As a result,
vortex motion excites magnon modes,17,28 and that will lead

to fundamentally different consequences for vortex motion in
an unbounded medium and in a finite sample. For the case of
interest, for a magnet of finite size, one expects that the ra-
diation of magnons, their reflection off the boundary, and
their effect back on the vortex will result in the establishment
of a dynamical state of the magnet which includes both the
moving vortex and the coherent magnetization oscillations
matched to the vortex motion,17,28,29 leading to the observed
dependence of �v on L. The finite-size dependence obtained
here is probably a general property of 2D magnetic materials
with a gapless dispersion law. By the other side, in an un-
bounded medium, magnons do not produce effects back on
the vortex and it is possible that such a dependence on the
system size disappears, remaining an inelastic peak at a char-
acteristic finite frequency �although the methods used here
cannot calculate its value�. We also notice that, due to the
large intensity of the factor C�T ,�v�, the frequency �v can be
relatively large, even for systems much bigger than the usual
experimental samples. In fact, using typical values for ferro-
magnetic samples, J�0.1 eV, a�1 Å, considering L as
large as 1 mm and applying the appropriated units, one esti-
mates the frequency associate to the new peak as �v
��10Ja /���1/L��109s−1 �for low �v and T�. Since there are
several contributions to the central peak, the mechanism pro-
posed here may be more effective to experimentally detect
vortices in layered magnetic materials. This theory may be
tested by many real magnetic �ferromagnetic or even antifer-
romagnetic� systems, one of which is the class of nearly 2D
compounds �R−NH3�2MyMn1−yX4, where R is an organic
radical separating the Mn X planes and the X ligand is either
Cl or Br. The spin of Mn ion �S=5/2� ensures that these
compounds are well approximated by the classical Hamil-
tonian, and nonmagnetic doping ions M can be Mg or Cd.
We hope that our work can motivate experiments to detect
the rich structure predicted here.
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