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Statistical theory of charge state distributions of channeled heavy ions
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On the basis of the kinetic equations, a theory of transmission of multiply charged heavy ions through
crystals is developed. It takes into account both diffusion in transverse momentum and charge exchange. The
theory gives an adequate description of observed angular distributions of heavy ions transmitted through a
crystal, allows calculation of the partial angular distributions of the various charge states, and gives a physical
explanation of the so called cooling maxima and the heating minima in the angular distributions. The occur-
rence of cooling or heating effects and the detailed structure of the angular distribution depend on both the
impact parameter dependence of the probabilities for electron capture and loss and on the relative contributions
from different charge states. Since the angular distributions can be very different for different charge states, the

structure of the total distribution can be quite complex.
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I. INTRODUCTION

When heavy ions pass through crystals, the ion-atom col-
lisions cause fluctuations of the heavy ion charge due to the
loss or capture of electrons. The interest in such changes of
the charge state is based on the fact that the obtained data can
provide important information about the character of the
atomic collisions. For the first time, this phenomenon was
studied in Ref. 1, and it has been under active investigation
until now. Since that time, there have been many studies
dedicated to the measurement of the charge state distribution
and the determination of the average equilibrium charge state
of the heavy ions. A detailed review of this subject can be
found in Refs. 2-4.

In the present work, we are interested in another, less
explored, problem, namely the study of new phenomena that
appear when heavy ions pass through a crystal along a major
crystallographic direction. Recently,” it has been shown
that the penetration of heavy ions through crystals is accom-
panied by a breaking of the isotropy of the angular distribu-
tions of an originally isotropic ion beam.

The systematic experimental research for various crystals
has shown the existence of so-called “cooling or “heating” of
ion transmitted through the crystal along a major crystallo-
graphic direction.'” These effects depend not only on the
type of a target, but also on the energy of ions.

The effects violate a basic principle in the physics of
channeling phenomena,'!, the so-called principle of detailed
balance (or reciprocity). This means that the kinetics of the
penetration of the heavy ions in crystals is essentially not in
equilibrium. The attention to this problem has been drawn by
Ref. 5. A hypothesis of a significant influence of charge ex-
change on the dynamics and the kinetics of ions transmitted
through oriented crystals was stated there.

A theoretical investigation of the evolution of charge
states for channeled heavy ions is motivated by the need to
calculate the probabilities of the charge changing processes
to describe the interaction of ions with nuclear chains and
planes.!? Essential progress can be achieved with the help of
computer simulations.'>!* A description of the phenomenon
has been undertaken in Ref. 10 by means of the n-body clas-
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sical transport Monte Carlo method, which lead to encourag-
ing results. However, Monte Carlo calculations are very time
consuming and not as accurate as the description via the
kinetic channeling theory.'3

Compared to usual channeling calculations,'® the statisti-
cal description of the charge exchange effects is complicated
by the introduction of an additional dimension, a new dis-
crete variable Q indicating the charge state. In this case the
kinetics of ions in an oriented crystal is described by a set of
kinetic equations whose number is equal to the ion atomic
number Z;. This approach enables one to study the evolution
of the charge states with depth for channeled and quasichan-
neled (or “under-barrier” and “above-barrier”) ions when
they propagate through the crystal. This is essentially differ-
ent from the movement through amorphous materials. The
evolution with depth of the charge state distribution leads to
a redistribution of the flux of ions in the crystal and, finally,
changes the character of their interaction with the crystal.
This allows one, not only to explain the variety of observed
effects, but also to obtain fundamental data on the interaction
of multicharged heavy ions with crystals.

There are three basic assumptions in the kinetic channel-
ing theory of heavy ions with charge exchange effects.

First, the model is based on the continuum theory of
channeling.!15-17 Also, in the kinetic equations we have ne-
glected the change of the longitudinal component of an ion
momentum directed along a crystallographic direction. Such
an approach is applicable for not too thick targets and is
successfully used in studies of structural features of crystals
by a channeling technique.'®!”

Second, it is supposed that the initial condition of an ions
beam is a noncoherent ensemble homogeneously filling the
accessible area in a transverse plane normal to the crystallo-
graphic direction. In this case all impact parameters are equi-
probable, which allows averaging the probability of ion in-
teraction with a crystal over the accessible area. The
accessible area is defined as area in the transverse plane,
occupied by the particles with fixed transverse energy.

Third, the duration of electron loss and capture processes
and the duration of multiple scattering or the excitation of
electron-phonon subsystem of crystal are very different. The
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FIG. 1. Diffusion coefficients of Al*€ ions in the (100) channel
of a Si crystal.

first processes are fast and their characteristic time is much
less than the second one.!? This allows one to factorize the
probability of the combined process containing the electron
loss or capture and to write it down as a product of prob-
abilities of separate processes.

II. BASIC EQUATION

The assumptions specified above correspond to a statisti-
cal equilibrium in the transverse phase space, which leads to
the uniform distribution over the coordinates and azimuthal
angles inside the accessible area for ions. Usually the basic
kinetic equation for channeling is expressed in terms of the
transverse energies, as it has been done in Refs. 15-17 Here
we use the representation of the kinetic equation in terms of
transverse momentums.

The state of a particle in the channel with the fixed trans-
verse energy is defined by a phase trajectory in four-
dimensional space of transverse momentum and coordinates
{p,r}. Phase trajectories in an axial case are not closed be-
cause the potential in the axial channel is not harmonious.
Therefore the phase trajectory fills in densely some volume
in space {p,r}, which is defined by the value of transverse
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TABLE 1. The adjusting values of @, Qy, r., and r, for an AI*@
ion at the different projectile energy.

Energy, MeV Qo a Fes A r, A
13.5 8 0.8 0.38 0.17
48 (Ref. 13) 10 0.5 0.20 0.30

energy (the sum of potential and Kinetic energy). The projec-
tion of this volume to the spatial axes {r} defines so-called
accessible area.

For the positively charges particles (in contrast with the
negative ones) the continuous potential is nearly zero in the
wide range of transverse coordinates. The axially channeled
positively charged particles spend the greatest time in this
part of the channel where continuous potential is approxi-
mately constant in the wide range. So we can consider the
distribution function dependent only on transverse momen-
tum and depth of penetration of particles in a crystal. Such
an approach was used by Lindhard in Ref. 11 as one of
approximation in which the potential in a transverse plane
have been estimated by a rectangular well. In this case the
kinetic equation for distribution function looked like diffu-
sion Fick equation in transverse momentum space (see also
Ref. 21).

So the two-dimensional p vector is really the square root
of the transverse energy and that its direction does not have a
physical meaning. Otherwise the p vector is the momentum
at large distances from the atomic rows, but the direction of
the vector is not defined because it changes rapidly due to
collisions with the rows. So the transverse accessible area of
the ion can be expressed approximately as a function of the
modulus of the transverse momentum.

Such the approximation simplifies the treatment and is not
a bad for positively charged particles in axial channeling.
This approach takes into account the flux redistribution too
[e.g., see Eq. (2) and Fig. 3 in Ref. 18] and has been suc-
cessfully used in the channeling calculations in Refs. 18-20.
Such a representation seems to be excessive, as it demands
an additional degree of freedom in an axial case. However, it
allows obtaining the transmission angular distributions di-
rectly and by and large enables us to study the processes with
the violated azimuthal symmetry.

The evolution of the distribution f,(p,z) with depth z in
transverse momentum can be described by the
Smolukhovsky equations:

I o(p,
’ g . =2 fdz‘I[WQ’Q(P+q,€1)er(p+q,z)
Q/

~woo (P, A fo(p.2)]. (1)

Let us define the transition probability per unit of depth
with change of the charge state Q— Q' and transverse mo-
mentum p—p’=p—q in the position r=(x,y) of the trans-
verse plane as wpo(r, p.q)d*q. Under the assumptions
specified above, the transition probability woq:(p,q)d’q av-
eraged over the accessible area is equal to
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Wwoo (@) = Woor(r,p,q)d’r. ) = Uy(r) - U™, (3)
So(p) Js ) M,
where UQ(r) is the continuum potential in the transverse
plane for a charge Q, U™" is the minimum value of the
potential, and M, is the mass of incident ions.
The value of the accessible area S,(p) in the transverse plane Usually the function wyo/(p.q) quickly decreases with an
and the integration regions in (2) is determined by the equa- increase of transverse momentum transferred to the crystal.

tion

So, the small values of q play the basic role in the integral
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FIG. 3. Length of the free path of Al*€ ions in the {100) channel
of a Si crystal.

(1). This allows one to expand the integrand in a Taylor
series. Neglecting terms above the second order, the kinetic
equations can be written in the form

o(p,
%ZZ) =2 {WQ'Q(P)fQ/(P’Z) = Woo (P)fo(p.2)
Ql
Jd o wg 0
+ %(AQ,QfQ,(p?Z) +DQ€Q(}’pleQ,(p7Z)>:|’
(4)

where the charge exchange probability W, o/(p), the “gener-

alized” diffusion coefficients DZ,Q, and the dynamic friction

Ag are given by (@, 8=1,2)

Woro(p) = J woro(P.9)d’q, (3)

« 1
DQL?Q: 5 f qaqﬁwQ'Q(p’q)dzq’
(6)
@ 2 J aB
Apio= 4o o(P.q)d g + —Dyip-
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FIG. 4. Calculated axial angular 3D distribution of AI*€ ions
after transmission of an 8.7 um Si (100) crystal (1). Surface (2)
illustrates the calculated angular 3D distribution, in accordance with
Eq. (12), in which P§'(p)=0.

It is convenient to write down the probability wy,(p.q)
as the sum of two terms. We can then distinguish between
the processes occurring without change and with a change of
the charge state, respectively,

Wwoo (P.q) = 3oy (p.q) + (1= 9o ) Won(P.q). (1)

where 8y =1 if 0=Q'; and Spy=0if Q#Q’.

A theoretical analysis of the kinetic equations (4) is very
difficult. In particular, because one needs to calculate in ad-
vance the kinetics coefficients on the basis of the micro-
scopic theory. Then Eq. (4) simplifies significantly if we as-
sume that the charge exchange is dominated by processes
with unit charge change, that is, Q' — Q=+1.

The processes of electron capture and loss are fast pro-
cesses that occur over depths of several hundred A. This is
much less than characteristic length of multiple scattering of
ions in a crystal, which is several thousand A. In this case,
the probability W(szz,(p,q) in Eq. (7) can be written in the
factorized form of separate processes. So, for the single-
electron exchange processes,

wolon (0.9) = Po(@)wh), (p.q),

Wo o (p.@) = Po(pwy) (p.),  (8)

A 1
Pi® =5

PSl(r)dr, 9)
So®) Jsym  ©

where P‘Q(r) and PIQ(I') are the probabilities of electron cap-
ture and loss of ion in charge state Q, respectively; of course,
Py(r) and Pi)(r) depend on the impact parameter. The charge
exchange probability Wy, o/(p) in this approach can be writ-
ten as

094109-4



STATISTICAL THEORY OF CHARGE STATE...

Wo.011(P) = Lon(p )PQ(P) Wo.o-1(p) = Loa )P‘Q(p)
(10)
Wo_1.0(p) = 3 ( )PQ 1P, Wosop) = 3 ( )PQ+1(P)
(11)
where

1/Ly(p) = f wy (p.q)d%q.

It is worth noting that it is possible to define Ly(p) as a
length of free path of ion with a transverse momentum p and
charge state Q.

We shall suppose in what follows that the probability
woo(r,p,q)d?q depends on the modulus of the transferred
momentum g=|p—p’|. It corresponds to the assumption of
isotropy of the scattering process (i.e., azimuthal symmetry):

WQQ'(I',P,‘]) = WQQ'(I',

Thus, the kinetic equations describing diffusion and
charge exchange processes of channeled ions in space of
transverse momentums in a single-electron approximation
can be written as follows:

B2 _ ivia (o
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FIG. 5. Calculated partial axial angular distributions after trans-
mission of an 8.7 um Si (100) crystal given by different ion charge
states.

fo(p.2) + Do(p)grad f(p,2)]

+ div{Pp_, (p)[Ap(p)fo-1(p.2) + Dy(p)grad fo_,(p.2) ]}
+div{Py,, (P)[Ao(P)fo+1(P.2) + Dy(p)grad fo,(p.2)]}
+ [WQ+1,Q(p)fQ+1(paZ) + Wo_1,0(P)fo-1(P2) = Wo 0-1(P)fo(P.2) = WQ,Q+1(p)fQ(p?Z)]- (12)

The kinetic coefficients are determined by

1
Do(p) = J a*w) (p.q)d%q. (13)

d

Aglp) = %Dg(p). (14)

The first term in the right part of the Eq. (12) represents
the usual Fokker-Plank equation for the distribution function
of charge state Q in space of transverse momentums. The
second and the third terms describe the processes of the
“generalized” diffusion at which there is a change of a trans-
verse momentum due to multiple scattering and change of a

charge state of an ion. Last term in the right part of Eq. (12)
represents the usual balance equation on charge states.

To formulate a nonstationary boundary-value problem,
one needs to impose some initial and boundary conditions.
We shall define the initial function fy(p,z=0) as a quasiuni-
form distribution on transverse momentum and equilibrium
distribution on charge states (Ref. 3). Such initial conditions
correspond to the conditions of the experiments.’~'% A bound-
ary condition must take into account the reverse process
from the above-barrier beam component to the under-barrier
one. It is possible to define it as (see, for example, Ref. 19)
fo(p”,2)=0, where pbzl(p‘émaX (K>1) is the boundary mo-
mentum and pQ - is a value of the Lindhard critical
momentum'! for ion charge state Q,,,,=Z;.
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The distribution function allows one to obtain a fraction p22M, < (pCQ)Z/zM1 (under-barrier), (16)
of the above-barrier and the under-barrier ions in charge state
Q at the depth z: pR2M, = (p‘é)Q/ZM . (above-barrier). (17)
) It is convenient to consider the normalized distribution of
F(Q.2)= | fo(p.2)dp, (15) charge states N(Q,z) and an average charge Q(z) for under-
s barrier and above-barrier ions:
where the integration area S on transverse momentum is lim- F(0,7)
ited from above by the critical momentum pj, for under- NQ) =5 0@=20NQz). (8)
barrier ions and from below for above-barrier ones: EQ F(Q.z 0
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FIG. 7. Dependence of the mean charge Q(z) on the penetration depth for under-barrier and above-barrier AI*? ions in a Si (100)

crystal.

The angular distribution of ions transmitted through the
crystal will be defined by the sum of partial charge states
distribution:

f(p,2) =2 fo(p.2).-
)

III. KINETIC COEFFICIENTS
A. Diffusion coefficients

According to Egs. (2) and (13), the diffusion coefficients
in Eq. (12) can be defined as average over an accessible area
of that dependent on transverse coordinate diffusion coeffi-
cients:

__ L 2
D= | pav (19)
Dor)= 5 j ot . (20)

The diffusion processes are caused by scattering with
electrons and lattice vibrations, i.e.,

Dy(r) = D(r) + Diyr).

The diffusion coefficients Dz)(r) and D’é(r) are calculated
according to Ref. 20. The calculated values (13) of Dy(p) for
AI*C ions channeled in a Si crystal along the (100) axial
directions are shown in Fig. 1. At small transverse momen-
tum the scattering by electrons is the determining factor of
the diffusion. At an increase of transverse momentum, the
accessible area of the channeling comes nearer to atomic

0941

chains and prevailing there is the scattering by a nucleus. A
further increase of the transverse momentum does not lead to
the increase of the accessible area, and kinetic coefficients
for above-barrier ions are constants.

B. Capture and loss probabilities

The calculation of probabilities Pgl(p) is a difficult prob-
lem. For our purposes it is possible to use the empirical
formulas for the capture and loss probabilities. Following
Ref. 13 we have, for probabilities of electron capture and
loss by an ion,

2 T
Py(r) = [1 + . arctan(Ea(Q - QO))}

X2 ffc(l‘ﬁu—l‘)@(U)dzu,

PIQ(r) = {1 - 72—7 arctan<72—7a(Q - QO))]

x> ff’(rs+u—r)<l>(u)d2u,

were O, is the average charge in equilibrium for a random
ion, r; is the atomic chain coordinate in the transverse plane,
u is the value of the transverse thermal vibration, and ®(u) is
the thermal distribution of the crystal atoms in the transverse
plane. The functions f°(r,+u-r) and f'(r,+u-r) are given
byl3
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ffry+u—-r)=0(r.—|r;+u-rl),

2
firy+u—-r)=—5exp(-[r;+u-rl/r),

2r

where 6(x)=1 if x=0, and 6(x)=0 if x<O0.

By adjusting the values of a and Q, we reproduce the
distribution given by Ref. 3 for ion penetrating a carbon foil.
The values of impact parameters for electron capture r. and
loss r; are adjusted according to Refs. 1 and 13. The capture
of an electron takes place at a distance from an atom less
than a capture radius r..! The electron loss probability de-
creases exponentially at large impact parameters with a char-
acteristic width close to the adiabatic distance r,.'> Values
obtained by this ansatz for Al*¢ ions with initial energies
13.5 and 48 MeV are given in Table I. The dependence of
the capture and loss probabilities on a transverse momentum
(9) for channeled AI*C ions along (100) direction in a Si
crystal is shown in Fig. 2.

C. Length of free path

Similarly to the calculation of diffusion coefficients, we
shall represent the length of the free path as an average over
an accessible area,

1/Ly(p) = d*r J woo(r.@)d’q.  (21)

SQ(p) SQ(p)

The integral on a transferred transverse momentum in Eq.
(21) is estimated by the expression

f Wwoo(r,q)dq = 0§N,(r) + 05N, (r), (22)

where 0, 0" are the full cross sections of the excitation of
valent electrons and elastic scattering by atoms of a crystal,
respectively, N,(r) is the distribution of electron density in
the crystal channel that can be found from the potential dis-
tribution in accordance with the Poisson equation, N,(r) is
the distribution of atoms in the transverse plane due to ther-
mal vibrations. The free pathlengths depending on transverse
momentum for channeled AI* ions along the (100) direction
in a Si crystal are shown in Fig. 3.

IV. RESULTS AND DISCUSSION

The diffusion coefficients actually have first-order breaks
(see Fig. 1) at values of transverse momentum near the criti-
cal one. Therefore, there are no simple numerical algorithms
for a solution of the kinetic equation (12). The most effective
and reliable method in this case is the integrointerpolation
technique. The calculations were carried out for the penetra-
tion of a quasiuniform AI1*¢ ion beam in a Si crystal along
the axis (100) at various values of the projectiles energy. The
potential in a transverse plane has been calculated as a su-
perposition of continuous potentials of atomic chains. The
Moliere approximation for the potential of an isolated atomic
chain has been used.

The results of the solution of Eq. (12) for Al*¢ ions with
energy 48 MeV and crystal thickness 8.7 wm are shown in
Fig. 4. The central maximum (cooling effect) in the angular
distribution of ions transmitted through the crystal breaks the
isotropy of the angular distributions. It is caused by the pro-
cesses of electron capture and loss. In order to check the role
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of the charge exchange processes, (12) has been solved with
the assumption Pal(p):O. In this case the solution does not
lead to isotropy breaking of an initially isotropic ion beam
[the surface (2) in Fig. 4]. It specifies the main role of charge
exchange processes in the observed cooling effect.

In Ref. 5, the cooling effect at the transmission of Al*¢
ions through a Si crystal along the axial direction (100) was
experimentally observed. Our calculations qualitatively con-
firm and explain the observed effect. The value of the cool-
ing maximum in the calculations appears a little bit less than
the experimental value. Probably, it is connected with the
distinction of real probabilities of electron capture and loss
from the empirical formulas we used.

Let us notice that the angular distribution shown in Fig. 4
(the surface (1)) is a superposition of the partial distributions
of each charge states Q. The angular distributions of the vari-
ous charge states are shown in Fig. 5. It is interesting to note
that the angular distributions of the charge states with Q=7,
8, 9, and 10 contain a cooling maximum, and charge states
with Q=11, 12, and 13 contain a heating minimum. The
common feature of charge states with 0=7, 8, 9, and 10 is
the large value of the electron loss probability in comparison
with the capture probability in the above-barrier area. And
the common feature of charge states Q=11, 12, and 13 is the
small value of the electron loss probability, in comparison
with the capture probability, in the above-barrier area. So, we
come to a conclusion, that there is a tendency to cooling
processes if the average charge in the above-barrier area is
larger than the average charge in the under-barrier area. And
there is a tendency to heating processes if the average
charges in the above-barrier area are less than the average
charges in the under-barrier areas. In Ref. 14 the transmis-
sion of a “two-charge state” beam of C*¢ ions through an
oriented Si crystal was studied by computer simulation and a
similar conclusion has been made. The “two-charge state”
model is suitable for a C*¢ ion beam, as practically only
two-charge states are populated for these ions according to
Ref. 3. However, it is necessary to note that since the result-
ing angular distribution is a superposition of all charge states,
the final angular distribution may differ strongly from the
“two-charge state” model for other ion beams (see later).

The characteristic impact parameter of electron capture r,
is less than the characteristic impact parameter of electron
loss r; at the ion energy 48 MeV (see Table I). According to
the qualitative speculations in Ref. 5 such a ratio should
result in a cooling effect. And it proves to be true by the
statistical theory (Fig. 4). At an ion energy of 13.5 MeV, we
have r.>r; (see Table I). According to the hypothesis of Ref.
5, in this case a heating effect should be observed. The re-
sults of the solution of Eq. (12) for these conditions are
shown in Fig. 6. For comparison, the results of the calcula-
tions for energy 48 MeV are given in Fig. 6 as well. Thus, if
r.<r, it will induce transverse cooling and, conversely, if
r.>r,, it will induce transverse heating. The overall heating
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or cooling efficiency is high if r. and r; differ significantly.
The angular distribution at energy 13.5 MeV is quite com-
plex. In general, a heating effect is observed, but with cool-
ing in the central part of angular distribution. The central
cooling maximum is caused by the contribution of the charge
state with Q=7.

Similar angular distributions have been observed experi-
mentally in Refs. 8—10. The structure of the angular distri-
bution strongly depends on the partial contribution of the
various charge states. Since the angular distributions can be
very different for different charge states, the structure of the
total distribution can be rather nontrivial.

The dependence of the average ion charge on the depth of
penetration into a crystal and the normalized distribution of
charge states (18) are shown in Figs. 7 and 8. The equilib-
rium charge in the above-barrier area for 48 and 13.5 MeV is
equal to 10.4 and 8.7, respectively. The ion charge reaches
the equilibrium values at slightly larger depths of penetration
in the under-barrier area. These values are smaller than the
above-barrier equilibrium charge for both energies. Never-
theless, a heating minimum in the angular distribution is
present at the ion energy 13.5 MeV and a cooling maximum
at the energy 48 MeV. So, as it was specified previously, the
final angular distribution differs from the prediction of the
“two-charge state” model because the resulting angular dis-
tribution is a superposition of all charge states. The occur-
rence of cooling or heating effects and the detailed structure
of the angular distribution depend on both the impact param-
eter dependence of the probabilities for electron capture and
loss and on the relative contributions from different charge
states.

The normalized distributions of charge states (Fig. 8) re-
alize the common features of the under-barrier ions. The
maximum of the distribution is displaced to large charges
and the structure of the distribution differs significantly from
the Poisson distribution.

Thus, the developed statistical theory, which takes into
account the diffusion of ions in transverse momentum and
charge exchange processes, adequately describes observable
angular distributions of multicharge heavy ions scattered by
a crystal. The statistical theory allows us to calculate the
partial angular distributions of various charge states and to
explain the physical nature of a cooling maximum or a heat-
ing minimum in the angular distributions. For the quantita-
tive description of the observed features, it is necessary to
know the details of the dependence of the capture and loss
probabilities on the impact parameter. By comparing the
measured and the calculated angular distributions, one can
determine precisely the impact parameter dependence of the
capture and loss processes for all charge states. A further
development of the experimental methods and theory can
result in the creation of a new effective tool in the channeling
technique for studying ion-atom collisions in solids.
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