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The collapse of Hall gaps in the integer quantum Hall liquid in a quantum wire is investigated. Motivated by
recent experiment �Pallecchi et al., Phys. Rev. B 65, 125303 �2002�� previous approaches are extended to treat
confinement effects and the exchange-enhanced g factor in quantum wires. Two scenarios for the collapse of
the �=1 state are discussed. In the first one the �=1 state becomes unstable at Bcr

�1�, due to the exchange
interaction and correlation effects, coming from the edge-state screening. In the second scenario, a transition to
the �=2 state occurs at Bcr

�2�, with a smaller effective channel width, caused by the redistribution of the charge
density. This effect turns the Hartree interaction essential in calculating the total energy and changes Bcr

�2�

drastically. In both scenarios, the exchange enhanced g factor is suppressed for magnetic fields lower than Bcr.
Phase diagrams for the Hall gap collapse are determined. The critical fields, activation energy, and optical g
factor obtained are compared with experiments. Within the accuracy of the available data, the first scenario is
most probable to be realized.
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I. INTRODUCTION

Effects of electron-electron interaction and lateral con-
finement in a two-dimensional electron system �2DES� in the
presence of a strong magnetic field B, especially in the inte-
ger quantum Hall regime, have attracted significant attention
in recent years. Most of the work has been concentrated on
the bulk properties of the quantum Hall liquid. However for
wide channels of the 2DES, the interplay of the edge states
and electron-electron interactions plays a dominant role in
the understanding of unusual properties of the Hall liquid.1–6

Another system of particular interest, that we focus on in this
paper, is the quasi-one-dimensional electron system
�Q1DES� in narrow channels hereafter named quantum wires
�QWs�.7–14

It is well known that the bulk Landé g factor that de-
scribes the spin splitting in the presence of the magnetic field
is strongly affected by many-body interactions and the influ-
ence should be more drastic as the dimensionality is reduced.
At first glance, the exchange interaction is the main respon-
sible by the enhancement of the g factor at lower dimensions.
However, pronounced effects of quantum confinement and
electron correlations in QW lead to the proposal of different
scenarios in order to understand experimental results.

Kinaret and Lee7 found the decreasing of the exchanged-
enhanced spin splitting of a Q1DES in a QW as the width is
reduced. By minimizing the total energy, calculated from the
unscreened exchange interaction for a fixed linear density nL,
they observed that, at a certain critical density, the exchange
enhancement of the spin splitting is suppressed. This phase
transition occurs because the cost in the kinetic energy for
adding electrons for only one spin-split level increases up to
a critical point in which the population of both spin-split
levels becomes more favorable for the same nL.

Only recently the influence of electron correlations com-
ing from the edge states were taken into account.5,6,11,12,14 It

was shown that these effects, associated with the strong
screening by the edge states, are quite relevant both for QWs
�Refs. 11, 12, and 14� and for wide channels.5,6,11 For the
latter system, Balev and Studart5 were able to calculate the
screened Coulomb potential by performing an exact infinite
summation of a power series in the relevant parameter r0
=e2 /�l0��c which characterizes the strength of the electron-
electron interaction relative to the cyclotron energy. Here l0
=�� /m*�c is the magnetic length, �c= �e�B /m*c the cyclo-
tron frequency, and � is the background dielectric constant.
In the Balev-Studart �BS� self-consistent nonlocal treatment,
the many-particle energy dispersion relations are obtained
from the solution of a single-particle Schrödinger equation
determined by an exchange-correlation potential which is
given in terms of the total single-particle energy and the
effective confining potential.15 The latter one is calculated in
the self-consistent Hartree approximation �HA� taking into
account screening effects on the external �bare� one-electron
lateral confining potential.5 The BS approach has the merit
that, by considering infinite number of terms in a systematic
expansion in powers of r0�1, its validity is well justified for
r0�1 �in experiments r0�1� and for different confining po-
tentials provided their forms are smooth on the l0 scale. If we
adopt the parabolic confinement Vy =m*�2y2 /2, where � is
the confinement frequency, that implies �2 /�c

2�1. It was
shown that edge-state nonlocal correlations change apprecia-
bly the spectrum of the spin-split Landau levels �LLs� lead-
ing to a highly asymmetric Fermi level within the gap be-
tween the �n=0, �= +1� and �n=0, �=−1� LLs as well the
edge group velocity is drastically renormalized. As further
conclusions, it was shown in BS that the strong correlation
effects induced by the edge states can lead to the collapse of
the fundamental Hall gap, which defines the activation g fac-
tor. As these findings are noticeable, we cannot neglect
exchange-correlation effects in calculating many-body prop-
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erties of the �=1 quantum Hall liquid in electron channels.
In this paper, the BS approach is extended to determine

the structure of lowest spin-split LLs �n=0, �= ±1� in the
QW system for the �=1 quantum Hall liquid at zero tem-
perature. Here the parameter � for the QW is defined, as
usual, as the filling factor of the LLs at the center of the QW.
Strong correlation effects due to the screening of both left
and right edges of the channel are now taken fully into ac-
count. In addition to the intrinsic interest on theoretical as-
pects of this intensively studied system, our motivation stems
mainly from recent magnetocapacitance experiment in
GaAs/AlGaAs QW heterostructures where the evolution 1D
subband filling and spacing was studied as function of con-
finement, gate voltage and magnetic field.13 In this reference,
Pallecchi et al. compared the experimental results with the
predictions by Kinaret and Lee7 and by Balev and
Vasilopoulos11 and concluded that essential improvements of
these models are needed.

We obtain analytically the renormalized, by exchange-
correlation effects, group velocity vg0

�1� of the edge states and
find that vg0

�1�	 �vg0
1,H�1/2, where vg0

1,H is the edge-state group
velocity in the HA. We calculate also the enhanced activation
gap G, strongly dependent on the exchange-correlation inter-
action, for several values of the magnetic field and the Fermi
wave vector kF, which defines the width W of the QW be-
cause W is linearly proportional to the number of filled k
states for a given band. Similarly to the wide channel system,
we show that the spatial behavior of the occupied LL in a
QW is strongly modified due to electron correlations, espe-
cially near the edges, in comparison with the results in the
HA and the Hartree-Fock approximation �HFA�. The position
of the Fermi level in the gap at the center of the QW is
highly asymmetric due to correlation effects induced by edge
states. Though in the HFA, the exchange interaction leads to
the edge-state velocity vg0

1,x that diverges logarithmically, cor-
relation effects restore the smoothness of the single-particle
energy as a function of the oscillator center y0, on the l0
scale.5,11,12

In order to understand better the effects of electron-
electron interaction and lateral confinement on the exchange-
enhanced spin splitting at the �=1 Hall state in QW, we treat
two scenarios for the collapse of the activation gap G. In the
first one, there is no change in the effective QW width when
the �=1 state becomes unstable at a critical magnetic field
Bcr

�1�. As a consequence, no finite redistribution of the electron
charge density occurs at Bcr

�1�, when the Fermi level touches
the bottom of empty LL �n=0, �=1�. This scenario, pro-
posed in Ref. 11, is analyzed here by employing the BS
approach to study the energy spectrum, activation gap and
“optical” g factor of the QW. In the second scenario, similar
to that discussed by Kinaret and Lee,7 we include the very
essential Hartree energy, missed in Ref. 7. Now the transition
to the �=2 state happens at a certain Bcr

�2�. For B
Bcr
�2�, in the

�=1 state, the increase of the kinetic energy exceeds the
energy gain from the exchange energy plus the Hartree en-
ergy, with respect to the �=2 state, such that the total energy
of the QW in the �=2 state is lower than in �=1 state. In this
scenario, the width of the QW becomes two times smaller �if
we neglect the bare g factor g0� for B
Bcr

�2�. We make a

detailed analysis of both scenarios and compare their predic-
tions with experimental results10,13 as well as with the pre-
dictions of Kinaret and Lee model.7 We show that the first
scenario is realized in experimentally observed collapse of
the activation gap of the �=1 quantum Hall state as in wide
channels of Ref. 10 �W�3000 Å, ���0.5 meV� as for
much narrower QWs considered in recent experiment by Pal-
lecchi et al. �W�500 Å, ���5 meV�.13

The outline of our paper is as follows. In Sec. II A, we
extend, for a sake of completeness, on QWs the microscopic
formalism of Ref. 5 for obtaining the screened Coulomb in-
teraction in the very strong magnetic field limit r0�1. In
Sec. II B, the BS approach, for r0�1, is extended for the
quantum Hall liquid in the QW. We calculate the structure of
the LL subband dispersion, the renormalization, due to ex-
change and correlations, of the group velocity of edge states,
the activation gap and the optical g factor. The first scenario
of the �=1 collapse is discussed. In Sec. III A, we revisit the
Kinaret-Lee model and discuss the second scenario for the
suppression of the �=1 state spin splitting within the HFA. A
detailed comparison of our results for phase transitions from
both scenarios with the experimental results of Refs. 10 and
13 as well with those from the model of Ref. 7 is provided in
Sec. III B. We summarize the key results and present our
conclusions in Sec. IV.

II. EXCHANGE-CORRELATION EFFECTS IN THE
QUANTUM WIRE AT �=1

We consider the Q1DES in a QW of width W and length
Lx=L lying in the �x ,y� plane in the presence of a strong
magnetic field B pointing up along the z axis. Choosing the
vector potential A=−Byx̂, the single-particle Hamiltonian in

the HA is given as ĥ0= ��p̂x+eBy /c�2+ p̂y
2� /2m*+Vy

+g0�B�̂zB /2, where the confining potential Vy =m*�2y2 /2,
g0 is the bare Landé g factor, �B the Bohr magneton, and �̂z
the z component Pauli matrix. The eigenvalues and eigen-
functions are given by �n,kx,�= �n+1/2���̃+�2kx

2 /2m̃
+�g0�BB /2 and 
nkx��r ,�1�= �r �nkx	��	, with �r �nkx	
=exp�ikxx��n�y−y0�kx�� /�L and spin function ��	=
���1�
=���1

, �1= ±1. Here �̃= ��c
2+�2�1/2, m̃=m*�̃2 /�2, y0�kx�

=��ckx /m*�̃2, �n�y� is a harmonic oscillator function.
For the �=1 quantum Hall liquid in the HA the right �left�

edge of the occupied �n=0, �=1� LL is denoted by yr0
�1�

=��ckF /m*�̃2�−yr0
�1��, where kF= ��̃ /����2m*�F0

�1� is the
Fermi vector; this level is occupied only for �kx��kF, �F0

�1�

=EF
H−��̃ /2−g0�BB /2, and EF

H is the Fermi energy in the
HA. The QW width is W=2yr0

�1�. The group velocity of the
edge states in the HA, at the right �left� edge of the QW is
given by vg0

1,H=��0,kF,1 /��kx=�kF / m̃�−�kF / m̃�.
For the parabolic confinement, the essential matrix ele-

ments were evaluated in Ref. 11. The result is

�n�kx��e
iq·r�nkx	 = �n�kx��e

iqyy�nkx��qx,−k−

= 
n�!

n!
�1/2
aqx + iqy

�2/l̃
�m

e−u/2

� Ln�
m �u�eiaqyk+l̃2/2�qx,−k−

, �1�
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where k±=kx±kx�, m=n−n�, a=�c / �̃, u= �a2qx
2+qy

2�l̃2 /2, l̃
= �� /m*�̃�1/2 is the renormalized magnetic length, and Ln�

m �u�
the Laguerre polynomial. Observe that the Eq. �7� of Ref. 7
differs from Eq. �1� and the q anisotropy of �n�kx��e

iq·r�nkx	
should be pointed out especially for �c /��1.

A. Many-body interactions for r0™1

We will now consider exchange-correlation effects in the
QW for the strong magnetic field limit, r0�1, when only the
lowest spin-up ��= +1� LL is occupied. The exchange and
correlation contributions to the single-particle energy of this
LL E0,kx,1=�0,kx,1+�0,kx,1

xc in the screened Hartree-Fock ap-
proximation �SHFA� is given as11

�0,kx,1
xc = −

1

8�3�
−kF

kF

dkx��
−�

�

dqy�
−�

�

dqy�V
s�k−,qy ;qy��

� �0kx�eiqyy�0kx���0kx��e
iqy�y�0kx� , �2�

where Vs�qx ,qy ;qy�� is the Fourier transform of the screened
Coulomb interaction which can be evaluated within the ran-
dom phase approximation �RPA�. For comparison with
experiments,10,13 we will assume further in Sec. II that

�2 /�c
2�1, then l̃
 l0= �� /m*�c�1/2.

In order to calculate the screened Coulomb interaction,
we follow closely Ref. 5. The integral equation for the Fou-
rier components of the induced charge density, by the test
electron charge located at �x0 ,y0�, is given as

��qx,y ;y0� = − r1
H�

k=0

1

�00�y,�− 1�kkF,�− 1�kkF − qx�

� �
−�

�

dỹ�
−�

�

dy�K0��qx��ỹ − y���

� �00�ỹ,�− 1�kkF,�− 1�kkF − qx�

� ���qx,y�;y0� + e��y� − y0�� , �3�

where k=0 �1� term is related to the contribution coming
from the right �left� edge states, r1

H=e2 / ����vg0
1,H� is a char-

acteristic dimensionless parameter, �n�n�
�y ,kx� ,kx��

=�n�
�y−y0�kx����n�

�y−y0�kx���, and K0�x� is the modified
Bessel function. Equation �3� is similar to Eq. �4� of Ref. 5.
However, notice the essential point that two terms are now
present in Eq. �3� because one cannot neglect contributions
from both left and right edges at any point of the QW.

We look for a solution of Eq. �3� in the form

��qx,y ;y0� = �
k=0

1

��k��00�ỹ,�− 1�kkF,�− 1�kkF − qx� , �4�

where ��k����k��qx ,y0�. Substituting the Eq. �4� into Eq. �3�,
we obtain the system of two linear inhomogeneous equations
with respect to ��k��qx ,y0�, for k=0,1. Calculating these
functions and then taking the Fourier transform ��qx ,qy ;qy��
of ��qx ,y ;y0� it follows from Vs�qx ,qy ;qy��
= �2�e /��qx

2+qy
2��2�e��qy +qy��+��qx ,qy ;qy��� that

Vs�qx,qy ;qy�� =
4�2e2

��qx
2 + qy

2���qy + qy��

−
r1

H exp�iqx�qy + qy��l0
2/2�

�H�qx��qx
2 + �qy��

2

� e−�2qx
2+qy

2+�qy��2�l0
2/4��1 + r1

HM�0,qx��

� cos�kF�qy + qy��l0
2� − r1

HM�2kF,qx�

� cos�kF�qy − qy��l0
2��� , �5�

where

M�kx,qx� = e−qx
2l0

2/2�
0

�

dqy
e−qy

2l0
2/2

�qx
2 + qy

2
cos�qykxl0

2� , �6�

and

�H�qx� = �1 + r1
HM�0,qx��2 − �r1

HM�2kF,qx��2. �7�

From Eq. �6� it follows that M�0,qx�=2−1 exp
� �−qx

2l0
2 /4�K0�qx

2l0
2 /4� and for 2kFl0�1, M�2kF ,qx�


K0�2kFqxl0
2�. The first term in the curly brackets of Eq. �5�

is the bare Coulomb interaction which leads to the exchange
contribution,3,7,11 with neglected small corrections of the or-
der of �2 /�c

2�1.
Substituting Eq. �5� into Eq. �2�, we obtain the single-

particle exchange-correlation energy as

�0,kx,1
xc = −

e2

��
�

−kF

kF dkx�

�H�kx − kx��
�M�0,kx − kx���

H�kx − kx��

− r1
H��1 + r1

HM�0,kx − kx��� � �
k=0

1

M2�kx + �− 1�kkF,kx

− kx�� − 2r1
HM�2kF,kx − kx��M�kx − kF,kx − kx��

� M�kx + kF,kx − kx���� . �8�

The first term in the curly brackets of Eq. �8� gives the ex-
change energy. Remaining terms are the important electron-
correlation contributions to the energy coming from the
edge-state screening of both left and right edges of the QW.

B. Structure of Landau level subbands for r0›1

In order to make comparisons between theoretical predic-
tions and the results of actual experiments, it is necessary to
go beyond the strong magnetic field limit �r0�1�, consid-
ered in Sec. II A, to reach the regime achieved experimen-
tally �r0�1�. We begin by defining a new characteristic di-
mensionless parameter r1=e2 / ����vg0

�1�� instead of r1
H and

assuming that the approximation is still valid for r0�1. Then
the total single-particle energy of the �n=0,�=1� LL
E0,kx,1=�0,kx,1+�0,kx,1

xc , where �0,kx,1
xc is given by Eq. �8�, is

given by
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E0,kx,1 =
��c

2
−

�g0��BB

2
+

m*�2l0
4

2
kx

2 −
e2

��

� �
−kF−kx

kF−kx dx

��x��
�M�0,x����x�� − r1��1 + r1M�0,x���

��M2�kx − kF,x�� + M2�kx + kF,x��� − 2r1M�2kF,x��

� M�kx − kF,x��M�kx + kF,x���� , �9�

where x�=�x2+�2 / l0
2, ��x� it follows from �H�x� after

changing r1
H by r1�r1�vg0

�1��. The renormalized group veloc-
ity of the edge states is defined from Eq. �9� as vg0

�1�

= ��E0,kx,1 /��kx�kx=kF
. This is the condition of self-

consistency in the BS approach for the QW. Renormalized
by exchange-correlation effects, vg0

�1� is given by a positive
solution of the cubic equation

ṽg
3 + �M�0,�/l0� − ṽg

H�ṽg
2 − 2ṽg

HM�0,�/l0�ṽg − ṽg
H�M2�0,�/l0�

− M2�2kF,�/l0�� = 0, �10�

where ṽg=1/r1, ṽg
H=1/r1

H. This equation was calculated by
using ��M�kx−kF ,x�� /�kx�kx=kF

=0 and for assumed restric-
tion 2kFl0�1. A small parameter ��1 was introduced in
order to avoid the weak logarithmic divergence for x→0.
Here M�0,� / l0�
�ln�2�2/��−� /2� and M�2kF ,� / l0�

K0�2kFl0��
�ln�1/kFl0��−��, where � is the Euler con-
stant and 2kFl0��1. It is worth to point out that by formally
discarding the terms containing M2�2kF ,� / l0� of Eq. �10�,
which corresponds to neglect the correlations due to left
edge-states of the QW, the Eq. �14� of Ref. 5 is obtained.
From Eq. �10� for the condition ṽg

H� �ln�8kF
2 l0

2�+��, which is

well satisfied for the assumptions made, we find that only
one root

vg0
�1� =� e2

���
vg0

1,H��M2�0,�/l0� − M2�2kF,�/l0��

� M−1�0,�/l0��1/2 + vg0
1,H


� e2

���
vg0

1,H�ln�8kF
2 l0

2� + ��1/2 + vg0
1,H, �11�

satisfies the physical requirement of vg0
�1��0, i.e., the occu-

pied LL is below EF for kx within the interval �−kF ,kF�. From
Eq. �11� it follows that vg0

�1� /vg0
1,H
�r1

H�ln�8kF
2 l0

2�+���1/2�1
and we finally obtain vg0

�1�	�vg0
1,H. Note that the approximate

expression in Eq. �11�, is independent of the small parameter
�, contrary to the result obtained for wide channels.5 Our Eq.
�11� is essentially different from Eq. �21� of Ref. 12 that
gives vg0

�1�
vg0
1,H, for r0�1. If we apply Eq. �11� to the actual

parameters of samples 1 and 2 of Ref. 10 it follows that
vg0

�1� /vg0
1,H
10.4 �9.1� and 19.6 �17.0� for �→0 ��=10−3�,

respectively. In Ref. 11 it was found vg0
�1� /vg0

1,H
5 and 10 for
samples 1 and 2, at �=10−3. On the other hand, these ratios
were calculated numerically by a weighted iterative method
in Ref. 12 and the values obtained are vg0

�1� /vg0
1,H
6.9 and 11

which are close to our results and in contrast with the ana-
lytical result vg0

�1� /vg0
1,H
1.0, for r0�1, given in Refs. 12 and

14. The last line in Eq. �11� can be rewritten as vg0
�1� /vg0

1,H

=�r0 /���c /����ln�8kF
2 l0

2�+�� /kFl0�1/2+1, for a parabolic Vy.
However, Eqs. �10� and �11� are valid for any confining po-
tential Vy that satisfies the condition of smoothness on l0
scale. For instance we can assume here large variation of vg0

1,H

for a fixed W=2kFl0
2. In particular, vg0

1,H can approach zero
due to the flattening effect,1 while W / l0=2kFl0�1 is kept
constant.

The activation gap, defined by the energy difference be-
tween the bottom of �n=0,�=−1� LL and the Fermi level, is
given by G�vg0

1,H�=E0,0,−1−E0,kF,1=�0,0,−1−E0,kF,1, where the

FIG. 1. �Color online.� Energy dispersion curves for the lowest

levels of the quantum wire �units of ��c� as a function of k̃x=kxl0.
The bottom �top� red solid line represents E0,kx,1 �E0,kx,−1� and the
blue dot horizontal line gives the exact position of EF, when
exchange-correlation effects are taken into account in the BS ap-
proach. The green dashed curve shows E0,kx,1 obtained within the
HFA. The horizontal green dashed line indicates the position of the
Fermi level EF within the HFA. The used parameters are B=10 T,
��=0.65 meV, and kFl0=18.0 �W
0.29 �m�, which correspond
to parameters of sample 1 in Ref. 10. Here r0
0.82, �c /�
26.6,
�=10−3, and vg /vg

H
8.5. As for these conditions the activation gap
is negative �Ga
−2.9�, there is no stable �=1 QHE state, in agree-
ment with experiment �Ref. 10� and, respectively, here the blue dot
line actually indicates the quasi-Fermi level.

FIG. 2. �Color online.� Same as in Fig. 1 for the parameters
pertinent to sample 2 of Ref. 10: B=7.3 T, ��=0.46 meV, and
kFl0=18.0 �W
0.34 �m�. Now r0
0.96, �c /�
27.4, vg /vg

H


9.45 and the activation gap is positive �Ga
1.53�0� leading to
a stable �=1 QHE state in the QW, in agreement the experimental
result �Ref. 10� in which Ga
1.0.
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Fermi level EF=E0,kF,1 follows from Eqs. �9�–�11�. The re-
sult is

G = �g0��BB −
m*�c

2

2�2 �vg0
1,H�2 +

e2

��l0
�

0

2kFl0

du�M�0,u�/l0�

� �1 + R1M�0,u�/l0�� − R1 � M2�2kF,u�/l0����1

+ R1M�0,u�/l0��2 − R1
2M2�2kF,u�/l0��−1, �12�

where R1�R1�vg0
1,H� is the function obtained from r1�vg0

�1��,
after using the solution vg0

�1�=vg0
�1��vg0

1,H� of Eq. �10� and u�

=�u2+�2. Notice that due to the terms depending on
M�2kF ,� / l0�, Eq. �12� is essentially different from Eq. �16�
of Ref. 5. We emphasize that the edge-state correlation ef-
fects constrain the Fermi level of the interacting system at
the center of the QW to be much closer to the bottom of the
empty �n=0,�=−1� LL than to the bottom of the occupied
�n=0,�=1� LL. For instance, observe the position of EF in
Figs. 2 and 3 at the central part of QW, kx /kF�1. Then we
must say that G is the actual activation gap of the QW.

In order to assess the effect of many-body interactions on
G, we define a dimensionless activation gap as Ga�vg0

1,H�
=G / ��g0��BB /2�.5 In the absence of many-body interactions,
i.e., in HA the maximum value of Ga will be achieved if
�→0 and EF

H is exactly in the middle of the Fermi gap at
kx=0, Ga max�Ga max

H =1. Then the activation gap is en-
hanced when Ga�1. Indeed Ga can be understood as the
activation g factor of the QW given in units of the bare g
factor g0. We see that a critical magnetic field Bcr

�1� is
achieved when Ga=0. For B�Bcr

�1� we have Ga�0 and
the �=1 state is thermodynamically stable. Otherwise for
B
Bcr

�1�, Ga
0 and the �=1 state is unstable. Furthermore,
Pallecchi et al.13 were able to obtain the value of “optical” g
factor gop

* = �E0,kx,−1−E0,kx,1� /�BB for kx=0. Notice, in agree-
ment with experiment, that gop

* �kx� can be large, due to the
exchange enhancement, even when Ga goes to 0.

The energy spectra of the spin-split LL subbands calcu-
lated within the BS approach and within the Hartree-Fock
approximation, where no correlation effects are included, are
depicted in Fig. 1. Horizontal lines represent the position of
the Fermi level EF obtained from both methods. The param-
eters used in calculations are those for sample 1 of Ref. 10.
We see that for these values r0
0.82, �c /�
26.6, and
vg /vg

H
8.5, the criterion of validity of the BS approach is
fulfilled and, because the activation gap is negative �Ga


−2.9�, any stable �=1 quantum Hall effect �QHE� state
does exist in agreement with experiment.10 As shown in Fig.
1, in the BS approach, EF is actually the quasi-Fermi level
when Ga
0.

In Figs. 2 and 3 we show the calculation results for the
pertinent parameters of the sample 2 of Ref. 10. In Fig. 2 we
took the most probable experimental values of ��
=0.46 meV and W
0.34 �m, and now the magnetic field
B=7.3 T which leads to r0
0.96, �c /�
27.4, vg /vg

H


9.45. We find that now Ga is positive �Ga
1.53� and close
to the experimental value Ga
1.0 which corresponds to the
existence of a stable �=1 QHE state in this sample.10 Figure
3 exhibits the spin-split LL subbands for another confine-

ment frequency ��=0.26 meV �the estimated threshold
value in10 for sample 2�. In this case �c /�
48.5, where
vg /vg

H
16.2, and Ga
12.9. Again a stable the QHE state is
predicted to exist.

The dimensionless activation gap Ga is shown in Fig. 4 as
a function of the HA group velocity calculated within the BS
approach for B=10.0 and 7.3 T. The points �ṽg

H ,Ga� perti-
nent to parameters of Figs. 1–3 are represented by the square,
circle, and triangle marks. They indicate the collapse of the
�=1 state �square� or its stability �circle and triangle� for the
QWs in the samples of Ref. 10.

Now we focus on the results, obtained within the BS ap-
proach for the QWs, pertinent to more recent experimental
work of Pallechi et al.13 In Fig. 5 we plot the effective,
spatially inhomogeneous, “optical” g factor gop

* as a function

of k̃x for B=14.0 T, ��=4.75 meV which corresponds to the
weakest lateral confinement in the experiment, at Vside=0;
�=10−3. The chosen parameters kFl0 correspond to QW

FIG. 3. �Color online.� Same as in Fig. 2 for the confining fre-
quency ��=0.26 meV, which corresponds to the estimated thresh-
old for sample 2 in Ref. 10. Here �c /�
48.5, where vg /vg

H


16.2 and Ga
12.9.

FIG. 4. �Color online.� Dimensionless activation gap Ga, or ac-
tivation gap G in units of �g0��BB /2, for the �=1 state, as a function
of the HA group velocity ṽg

H, calculated within the BS scheme for
kFl0=18.0 and �=10−3. The red solid and green dashed curves cor-
respond to B=10.0 and 7.3 T, respectively. The square mark �Ga


−2.94, indicating the collapse of the �=1 state� corresponds to
Fig. 1 parameters. The point marked by the circle �triangle� corre-
sponds to Figs. 2 �3� and it Ga
1.53 �12.9� clearly predicts the
existence of the �=1 QHE state in this QW sample.
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widths smaller than the nominal lithographic width
��1500 Å�, the upper limit for the effective QW width W.

Typical values for the g factor at k̃x=0 gop
* 
18.3, 23.2, and

23.9 from the solid, dashed, and dotted curves are rather
close to the measured value �gopt

* 
21, see Fig. 5 of Ref. 13�.
We point out that the existence of the �=1 state in the QW is
not predicted only for the parameters used for calculation of
the dash-dotted curve. In Fig. 5 the requirements for the ap-
plicability of the BS approach for the QW are well fulfilled;
r0
0.69, �c /�
5.1 and on the average, vg /vg

H�1.0,
ṽg

H
1.0. In Fig. 6 dimensionless activation gap Ga is plotted
as a function of ṽg

H �here it is 	�2 /�c
2� calculated within the

BS approach for B=14.0 T. The curves are shown for the

same parameters as in Fig. 5. However, in contrast with Fig.
5, � is now a variable parameter.

III. COLLAPSE OF THE �=1 QUANTUM HALL STATE
IN THE QUANTUM WIRE

We now turn to the important question of collapse of the
�=1 QHE state in a QW, due to the suppression of exchange-
enhanced spin splitting for the two different theoretical sce-
narios of the collapse, or the phase transition, which we pro-
pose to understand the experimental findings. In the first one,
there is no change in the QW width at Bcr

�1�, when the Fermi
level EF reaches the bottom of �n=0, �=1� LL. This scenario
is developed here by employing the BS self-consistent ap-
proach �beyond the HFA�, as discussed in Sec. II. The second
scenario is similar to one proposed by Kinaret and Lee,
where the collapse of the �=1 state is caused by the transi-
tion to the �=2 state in the centre of the QW. The latter state
has an effective width two times smaller that the former one
if we ignore the bare g factor; g0=−0.44 for GaAs samples.
For a more accurate description of this phase transition some
improvements in the study of Ref. 7, discussed partly in Sec.
I, are necessary.

A. Collapse of the state within the second scenario

We will not restrict ourselves, in this subsection, to the
limit �2 /�c

2�1, but consider also the important case � /�c
�1, by using Eqs. �1� and �2� and other general formulas of
Sec. II valid for arbitrary � /�c. Within the restricted HFA
model the single-particle energies of the two lowest spin-
split LLs �n=0, �= ±1� are written as

E0,kx,±1
F =

��̃

2
�

�g0��BB

2
+

�2

2m*
�

�̃
�2

kx
2

−
e2

��
�

kx−kF0
�±1�

kx+kF0
�±1�

dxMa�0,x� , �13�

where the last term corresponds to the exchange interaction.

The function Ma�0,qx�=2−1 exp�−�2a2−1�qx
2l̃2 /4�K0�qx

2l̃2 /4�
for �2 /�c

2→0 �correspondingly, a→1� coincides with
M�0,qx�, and kF0

�±1� is the Fermi wave vector of the spin-split
level. Note that for the �=1 state of the QW, kF0

�−1�=0 as only
the �n=0, �= +1� LL is occupied, the exchange contribution
in E0,kx,−1

F vanishes. The exchange interaction, given in Eq.
�13�, coincides with Eq. �10� of Ref. 7 only in the limit
�2 /�c

2→0 and it is essentially different for � /�c�1, in
particular, due to the fact that a�1.

Integrating Eq. �13� over kx from −kF0
�±1� to kF0

�±1�, after tak-
ing half of the exchange term to avoid double counting, and
then summing the result for these two levels we arrive to the
expression for the total energy of the Q1DES in QW, per unit
of length as

FIG. 5. �Color online.� Effective “optical” g factor gop
* as a

function of k̃x, for the experimental conditions of Ref. 13: B
=14.0 T, ��=4.75 meV. The red solid, green dashed, blue dotted,
and black dash-dotted curves are depicted for kFl0=1.83, 3.0, 3.5,
and 4.0 corresponding to linear density nL=8.5�105, 1.39�106,
1.63�106, and 1.87�106 cm−1, respectively. The values of the

gop
* 
18.3, 23.2 and 23.9 at k̃x=0 for the solid, dashed and dotted

curves are very close to the measured value gop
* 
21. The red solid

curve corresponds to effective QW width W
250 Å.

FIG. 6. �Color online.� Dimensionless activation gap Ga as a
function of ṽg

H �or �2 /�c
2� calculated within the BS scheme for B

=14.0 T and �=1. The red solid, green dashed, blue dotted, and
black dash-dotted curves were calculated for the same values of
kFl0 and W as given in Fig. 5. The square, circle, triangle, and
inverse-triangle symbols indicated the values of Ga for ��
=4.75 meV �or �c /�
5.1�, used in Fig. 5. It is seen that the
inverse-triangle mark �Ga=−5.35� implies the collapse of the �=1
state.
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EF,tot��� =
��̃

2
nL − �g0��BB� +

�2�2

6m* 
�

�̃
�2

� �
p=0

1 �nL

2
+ �− 1�p��3

−
e2

2�2�
�
p=0

1 �
0

��nL/2+�− 1�p��
dkx

� �
kx−��nL/2+�− 1�p��

kx+��nL/2+�− 1�p��
dxMa�0,x� , �14�

where � is the linear density asymmetry between the spin-
split levels and kF0

�±1�=��nL /2±��. Notice, the p term of last
sum of Eq. �14� cannot be reduced to Eqs. �13� and �14� of
Ref. 7 for any finite � /�c. However, for �2 /�c

2�1 the rela-
tive difference between them becomes negligible. It is im-
plicit in Eq. �14� that if one spin-split LL is occupied then the
condition �i� E

0,k
F0
�+1�,+1

F

�0,0,−1 should be satisfied. On the

other hand, if both spin-split LLs are occupied then the con-
dition of thermodynamical stability �ii� E

0,k
F0
�+1�,+1

F
=E

0,k
F0
�−1�,−1

F

should be satisfied. We note that the conditions �i� and �ii�
are actually fulfilled only for one, two or three values of �
within the range nL /2���0 depending on �c ,� and other
parameters. It does mean that each one of the three curves of
Fig. 2 in Ref. 7 �plotted for three values of nL� are really
reduced, due to necessary conditions �i� and �ii�, to three
points corresponding to �=0, nL /2, and a third � which has
a more specific value for each curve.

By applying Eqs. �13� and �14� to GaAs-based QWs of
Refs. 10 and 13, with fixed nL, we obtain that for any �

� �0,nL /2� the results for the critical magnetic field Bcr
�2�,F for

the actual value of �g0�=0.44 are very close to results for

g0=0. Indeed, in Eq. �14�, �g0��BB�e2 /�l̃. So in very good
approximation we further assume that g0=0.

Our analysis shows that the state with the lowest total
energy corresponds to �=0 �equally occupied spin-split LLs:
�=2 state� or to �=nL /2 �one occupied spin-split LL: �=1
state�. Then to calculate Bcr

�2�,F, within the second scenario
where the �=1 state with width W�kF0

�1�=kF ,kF0
�−1�=0� col-

lapses to the �=2 state with width W /2�kF0
�±1�=kF /2�, we

need to solve the equation

�EF,tot�B,�;nL� � EF,tot�nL/2� − EF,tot�0� = 0. �15�

For fixed nL, from Eq. �15�, we obtain the critical curve
��Bcr

�2�,F�. We point out that the latter curve is different from
the equivalent critical curve ��Bcr

�2�,KL�, calculated within the
Kinaret-Lee model due to the inappropriate calculation of the
exchange interaction term, as outlined above. In contrast
with the first scenario discussed in the previous section
where, at Bcr

�1�, there is no change of the effective QW width,
now the QW width drops sharply by a factor 2 at a certain
Bcr

�2�,F. As a consequence, this strong redistribution of the
charge density in the QW compels us to add the Hartree
interaction that results in the direct interaction term

�EH =
4e2

�2�a2l̃2
�

0

� du

u3 e−u2/2�1 − cos2
akFl̃u

2
��2

, �16�

modifying the Eq. �15� and leading to the correct expression
for the critical point in the HFA, as

�EHF,tot�B,�;nL� � �EF,tot�B,�;nL� − �EH = 0. �17�

We observe that because �EH�0, for any finite B, it follows
from Eq. �17� that, in the HFA, the Hartree interaction con-
tributes to make the total energy of the �=1 state lower than
that of the �=2 QW state. We will see that for � /�c�1 and
nL ,� fixed, the critical magnetic field Bcr

�2�, calculated from
Eq. �17�, is very different from Bcr

�2�,F, calculated by neglect-
ing the Hartree interaction. It is easy to see that for
� /�c→� the difference between Eqs. �15� and �17� be-
comes negligible, and Bcr

�2�,F�Bcr
�2�.

B. Phase diagram for the �=1 state collapse

The phase diagrams for the collapse of the �=1 state of
the interacting Q1DES, laterally confined by a parabolic po-
tential with characteristic frequency �, that follow from the
first and the second scenarios, are plotted on a logarithmic
scale in Fig. 7. The horizontal axis represents the critical
magnetic field Bcr at which the activation gap is suppressed,
while the vertical axis is the confinement frequency on a
scale compatible with parameters for GaAs-based samples.
The red solid curves represent the suppression of the activa-
tion gap, driven by exchange-correlation effects in the QW
that are calculated for the proposed first scenario within the
BS approach. The green dashed lines are obtained from the
solution of Eq. �17� and corresponds to the second scenario
where the phase transition due to equal population of both
spin-split LLs occurs at Bcr

�2�.
In Fig. 8 we compare the critical curve � vs Bcr �red solid

line�, calculated within the HFA �Eq. �17�, for the second
scenario with the result obtained from the solution of Eq.
�15�, or Eq. �17� where the Hartree interaction contribution

FIG. 7. �Color online.� Critical curves � vs Bcr for the collapse
�Ga=0� of the �=1 state in the GaAs-based QWs, for two linear
densities. The first scenario �=��Bcr

�1��, shown by the red solid
curves, is calculated within the BS approach. The second scenario
�=��Bcr

�2��, indicated by the green dashed curves, is evaluated in
the HFA from Eq. �17�.
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�EH is excluded �red dotted line�. We also show the critical
curve ��Bcr

�2�,KL� calculated for the Kinaret-Lee model, ac-
cording to the Eqs. �12�–�14� of Ref. 7 �green dashed line�.

Critical curves ��Bcr� are depicted in Fig. 9 in a linear-
scale plot for the experimental conditions of Ref. 13. The
curves split the region �=2 on the left side from the region
�=1 on the right side of the phase diagram. The red solid
curve represents ��Bcr

�1�� for the first scenario calculated in

the BS approach and the red dot-dashed line shows
��Bcr

�1�,HF� in the HFA. The comparison between these curves
indicates the role of electron correlations in the QW system
for the first scenario. The green dashed curve indicates
��Bcr

�2�� for the second scenario in the HFA �from Eq. �17��
and ��Bcr

�2�,KL� is depicted by the blue dotted curve. Our re-
sults for ��Bcr

�2�,F� �calculated from Eq. �15�, but not shown
in Fig. 9� coincide with those from Ref. 7, because �c

2 /�2

�1 for the curves depicted in Fig. 9.
Various experimental consequences of our theoretical

analysis are now discussed. For the lowest confinement fre-
quency ��=4.75 meV, taken from the experiment of Ref.
13 for the side gate voltage, which controls the lateral con-
finement, Vside=0, the predicted critical magnetic fields from
curves of Fig. 9 are Bcr

�1�=7.26 T, and Bcr
�2�=2.65 T, whereas

the experimental value is Bcr=7 T. The close agreement is a
clear evidence that the first scenario is realized in this case.
Note that here Bcr

�2�,F
Bcr
�2�,KL=8.47 T and Bcr

�1�,HF=5.73 T for
��=4.75 meV. For the largest confinement frequency, ��

7.0 meV, obtained for the largest negative Vside in Ref. 13,
we have Bcr

�1�=9.6 T and Bcr
�2�=4.1 T that can be compared

with the experimental value Bcr=10 T. This allows us to con-
clude that the first scenario is again realized. Note that for the
same confining frequency it follows that Bcr

�1�,HF=7.7 T and
Bcr

�2�,F
Bcr
�2�,KL=10.8 T. That is surprising that for some spe-

cific values of the confinement frequency, the results taking
into account only the exchange interaction can lead to Bcr
close to the experimental ones, even though, from the theo-
retical point of view, we have shown that the Hartree direct
term is quite essential because the strong redistribution of the
electron density in this scenario.

Now we continue our discussion by analyzing the realiza-
tion of two scenarios for the sample parameters of the older
experiment.10 In Fig. 10, we depict the critical curves ��Bcr

�1��
and ��Bcr

�2�� by red solid lines and green dashed lines respec-
tively. We plot also for comparison ��Bcr

�2�,KL�, obtained
within the Kinaret-Lee model by the blue dotted lines; there
is no noticeable difference between ��Bcr

�2�,F� and ��Bcr
�2�,KL�

FIG. 8. �Color online.� Comparison of the second scenario result
for the critical curve �=��Bcr

�2�� plotted by the red solid curve
�from Eq. �17�� with the result from the Kinaret and Lee scenario
�=��Bcr

�2�,KL� plotted by the green dashed curve �from their Eqs.
�12�–�14� in which the Hartree interaction is not taken into account
�Ref. 7��. The result of the second scenario with the Hartree inter-
action discarded, �=��Bcr

�2�,F�, is plotted by the red dotted curve.
The linear density for a QW is nL=6�105 cm−1.

FIG. 9. �Color online.� Linear scale plot of the critical curves for
the experimental conditions of Ref. 13, with nL=8.5�105 cm−1.
The first scenario result, �=��Bcr

�1��, calculated in the BS scheme,
is given by the red solid curve and the red dot-dashed curve plots,
�=��Bcr

�1�,HF�, the same curve, however, with neglected correla-
tions, i.e., in the HFA. One can see clearly, by comparing these
curves, the role of electron correlations. The green dashed line rep-
resents the second scenario result, �=��Bcr

�2��, in the HFA. The
result of the Ref. 7 model, �=��Bcr

�2�,KL�, is denoted by the blue
dotted curve; in Fig. 9 it will practically coincide with our result,
�=��Bcr

�2�,F�, for omitted direct interaction in the second scenario.
It can be seen that only the red solid curve, obtained within the first
scenario, can explain the observed critical magnetic fields in which
the collapse of the �=1 state occurs for different values of13 � as
the blue dotted curve should be discarded.

FIG. 10. �Color online.� Same critical curves, as in Fig. 9, for
the sample 1 �sample 2� quantum wire of Ref. 10 with nL

=7.0�6.0��106 cm−1 plotted by the lower �upper� the red solid line,
�=��Bcr

�1��, the green dashed curve �=��Bcr
�2�� and the blue dotted

line �=��Bcr
�2�,KL�. Only the first scenario results explain well the

experimental observations10 �see the text�.
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in this case. For parameters of sample 1, used in Fig. 1
���=0.65 meV�, we observe that Bcr

�1�=10.8 T �for g0

=−0.44 it should be Bcr
�1�=10.4 T� and Bcr

�2�=1.27 T. The
other critical fields Bcr

�2�,KL
Bcr
�2�,F=20.0 T. These results

support the occurrence of the first scenario, because the �
=1 state was not observed at B=10 T due to its collapse.10

We see again how important is the Hartree contribution for
the stability of the �=1 state in the second scenario. Further-
more, for the parameters of sample 2 of Ref. 10, used in Fig.
2 ���=0.46 meV�, we find Bcr

�1�=7.3 T �for finite g0=
−0.44, it should be Bcr

�1�=7.0 T�, Bcr
�2�=0.82 T, and Bcr

�2�,KL


Bcr
�2�,F=13.1 T. In addition, for the parameters used in Fig.

3 ���=0.26 meV� of the same sample, we obtain Bcr
�1�

=4.8 T �notice, for finite g0=−0.44, it should be Bcr
�1�

=4.6 T�, Bcr
�2�=0.46 T, and Bcr

�2�,KL
Bcr
�2�,F=9.2 T. As for the

fixed confinement frequencies in Fig. 10, we concluded that
the theoretical results indicate again the occurrence of the
first scenario, because the observed �=1 QHE state persists
with the centre of the plateau at B=7.3 T.10

IV. CONCLUSIONS

We have studied in this work two scenarios for phase
transitions leading to the collapse of the �=1 quantum Hall
state in a QW due to the suppression of exchange-enhanced
activation g factor. In the first scenario the collapse of the
activation gap Ga �as well as the g factor� occurs at Bcr

�1�

without any finite redistribution of the charge density in the
QW; we have obtained it for a still strong exchange-
enhanced optical g factor gop

* �0� at the center of the QW �see
Fig. 5�, which is in reasonable agreement with the experi-
mental results.13 Within the second scenario of the collapse
of the quantum Hall state, there is a strong decrease of the

electron width W of the QW at Bcr
�2�. In this case gop

* �kx� drops
to zero for any kx. Because the electron density is strongly
redistributed in a narrow region, the Hartree term of the total
energy plays essential role and must be included in the cal-
culations.

We call the attention for an important point coming from
our theoretical investigations. In the second scenario, it fol-
lows �see Fig. 8, for instance� that, for a given nL, there is �0
such that for ���0 and for any B, in particular, for B→0,
the �=1 state should be stable. Furthermore, � can be cho-
sen sufficiently large so that the parameter e2 / ��l̃��̃� would
be extremely small. However, this contradicts the Lieb-
Mattis theorem16 that assures that the ground state of 1D
many-body system is demagnetized.17,18 This result rein-
forces the role of correlations for weak magnetic fields.

Our study, using the extended BS approach, demonstrated
the importance to take into account correlation effects, due to
edge states screening, for the dependence of the LLs on the
position nearby the edges. We have compared the theoretical
results in both scenarios with experiments performed by two
different groups.10,13 Even though a direct comparison with
experiments should be difficult, due to different samples and
accuracy of essential parameters, our overall conclusion is
that the first scenario is most favorable to be realized in
QWs.
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