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The results of an x-ray study on freestanding, self-assembled InAs/GaAs quantum dots grown by molecular
beam epitaxy are presented. The studied samples cover the range from statistically distributed single quantum
dots to quantum dot bimolecules, and finally to quantum dot quadmolecules. The x-ray diffraction data of the
single quantum dots and the bimolecules, obtained in grazing incidence geometry, have been analyzed using
the isostrain model. An extended version of the isostrain model has been developed, including the lateral
arrangement of the quantum dots within a quantum dot molecule and the superposition of the scattering from
different parts of the dots. This model has been applied to the scattering maps of all three samples. Quantitative
information about the positions of the dots, the shape, and the lattice parameter distribution of their crystalline
core has been obtained. For the single dot and the bimolecule, a strong similarity of the shape and lattice
parameter distribution has been found, in agreement with the similarity of their photoluminescence spectra.
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I. INTRODUCTION

Semiconductor quantum dots have received much interest
due to their unique structural and electronic properties.1–6

They can be thought of as artificial atoms since their elec-
trons are confined in three dimensions. In analogy to the
natural hierarchy in a solid �from the single atom to the mol-
ecule, and finally to the crystal�, the complexity of self-
assembled quantum dot systems can be increased from single
quantum dots to quantum dot molecules,7–12 and finally to
3D quantum dot crystals.13–17

Quantum dot molecules are a special case of ordered
quantum dots. They are closely placed groups of quantum
dots, vertically11,12 or laterally7,8,10 arranged. The growth of
these structures is motivated by the idea that they may act as
a possible building block for quantum computers.

The electronic properties of a quantum dot are determined
by shape, strain, and composition. X-ray scattering is a well-
established tool to study the structural properties of free-
standing and buried quantum dots.15,17–20 However, depend-
ing on the studied quantum dot system, it can be very
difficult to separate the influence of shape, position, and
strain of the dots in the diffraction patterns.

In this paper, x-ray scattering is used to study freestand-
ing, self-assembled InAs/GaAs quantum dots grown by mo-
lecular beam epitaxy. The samples are increasingly complex
�see Fig. 1�, ranging from statistically distributed single
quantum dots over ordered and oriented arrangements of two
quantum dots �bimolecules� up to ordered and oriented ar-
rangements of four quantum dots �quadmolecules�. It will be
shown that the arrangement of the islands leads to additional
interference effects in the diffracted intensity which are
clearly distinct from the intensity distribution related to
strain and shape of the dots.

Two methods are typically used for the analysis of the
scattering of quantum dots: �1� the isostrain approach21 and
�2� finite element calculations.18 The isostrain approach sim-

plifies the lattice parameter distribution and the shape of the
quantum dot �see Sec. III A�. Within these simplifications,
the shape of the dot and the height dependence of the later-
ally averaged lattice parameter are directly determined from
the experimental data. In the finite element approach the
shape and the concentration distribution within the quantum
dot are assumed. The elastic strain field in the dot is deter-
mined. From this, the x-ray scattering of the object is calcu-
lated and compared and compared with the experimental
data. Here, we will investigate the limits of the isostrain ap-
proach for quantum dot molecules and propose an extended
model including the lateral arrangement of the quantum dots
within a quantum dot molecule.

The structure of the paper is as follows. In Sec. II, the
experimental details are given. Section III summarizes the
methods used for the analysis of the data. The results of the
x-ray experiments on single quantum dots, quantum dot bi-
molecules, and quadmolecules are presented in Sec. IV. They
are analyzed in detail in Sec. V and Sec. VI contains the
conclusions.

II. EXPERIMENTAL DETAILS

A. Sample preparation

Single, self-assembled InAs quantum dots on GaAs�001�
are formed as a result of the lattice misfit between the GaAs

FIG. 1. AFM images from �a� conventional, single quantum
dots, �b� bimolecules, and �c� quadmolecules. The inset in �c� shows
an enlarged area of 0.1�0.1 �m2.
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substrate with the lattice parameter aGaAs=5.65 Å and the
InAs film with aInAs=6.06 Å. After the initial growth of a
commensurate wetting layer, the total energy is minimized
by forming 3D islands �Stranski-Krastanov growth�.

Quantum dot molecules are produced in a more complex
growth process,8 consisting of several growth steps: �1�
deposition of InAs quantum dots, �2� overgrowth of the InAs
quantum dots by a GaAs cap layer, �3� selective etching of
the overgrown quantum dots with AsBr3, and �4� filling of
the resulting holes with InAs and nucleation of quantum dot
molecules on top of them. Figure 2 shows a schematic of a
conventionally grown quantum dot and a quantum dot mol-
ecule.

For the dome-shaped22 single quantum dots, shown in
Fig. 1�a�, 1.8 ML InAs have been deposited at 500 °C, form-
ing quantum dots with a height of 120 Å and a diameter of
400 Å, as determined by noncontact atomic force micros-
copy �AFM� measurements. For the bimolecule sample �Fig.
1�b��, 50–60 Å deep holes produced by in situ etching have
been overgrown by 2.5 ML InAs at a growth temperature of
500 °C. The bimolecules consist of two quantum dots of
170 Å height and a diameter of 500–600 Å, which are

aligned in �11̄0� direction. Their natural orientation in �11̄0�
direction has been further improved by the growth on a

stepped surface with step edges parallel to �11̄0�. For the
quadmolecules, shown in Fig. 1�c�, the same holes have been
overgrown by 1.6 ML InAs deposited at 450 °C. The dots
have a height of about 40 Å, and a diameter of 200–300 Å.

They are aligned in �110� and �11̄0� direction. Additionally, a
sample consisting of holes filled with 1 ML InAs deposited
at 500 °C has been studied. For this sample �in the following
referred to as “filled holes”� no surface corrugation has been
detected in the AFM measurements. All samples have been
deposited at low growth rates �0.01 ML/s�, and show a den-
sity of about 3�109 objects/cm2 of statistically distributed
objects �objects can be quantum dots, quantum dot mol-
ecules, or filled holes, respectively�. Since the samples have
been exposed to air prior to the x-ray experiment, they are
covered by natural oxide.

B. Experimental techniques

In order to study shape, ordering, and strain of the quan-
tum dots, two x-ray scattering methods have been used:
Grazing incidence x-ray diffraction �GID� and grazing inci-
dence small-angle x-ray scattering �GISAXS�. The methods
are schematically shown in Fig. 3. Both methods are surface
sensitive since the probing depth of the x rays can be limited

by chosing a small incident angle �i and exit angle � f, i.e., �i
and � f smaller than the critical angle of total external reflec-
tion �c which equals 0.31° for GaAs at the x-ray energy
8 keV. Under these conditions, the probing depth of the x
rays can be tuned from about 50 to several hundred Å.

In the GISAXS geometry �Fig. 3�a��, the scattering of the
sample close to the forward direction is measured. The mo-
mentum transfer Q=k f −ki, where ki and k f are the wave
vectors of the incident and the scattered x-rays, respectively,
is very small. Therefore, GISAXS is not sensitive to the crys-
talline structure. The measured x ray intensity is directly re-
lated to the Fourier transformation of the shape and the po-
sitional correlation of the quantum dots.

In GID geometry �Fig. 3�b��, the scattering angle 2� and
the momentum transfer are large, and the measured intensity
is far away from the forward direction. The Bragg reflections
of the lattice planes oriented perpendicular to the sample
surface are measured, and information about lateral strain,
shape, and position of the crystalline part of the quantum
dots is obtained.

Typical GID measurements are radial and angular scans.
In a radial scan, the direction of the momentum transfer Q
=Qr relative to the in-plane lattice planes is kept constant
and the intensity is measured at different Qr. For this, the
detector angle 2� is increased between two data points by the
angle 2��, and the sample rotation angle � around the sur-
face normal is increased by ��. In angular scans, the abso-
lute value of Q is kept constant while its direction is changed
by rotating the sample by �� relative to the radial direction
of the respective Bragg reflection. Qr is calculated from

Qr =
4�

	
sin � , �1�

where 	 is the wave length of the x rays. For small ��, Qa
equals

FIG. 2. Schematic showing the difference between a conven-
tional quantum dot grown on a flat surface and a quantum dot
molecule grown on top of the filled hole.

FIG. 3. Schematic of �a� grazing incidence small angle scatter-
ing �GISAXS� and �b� grazing incidence diffraction �GID�
geometry.
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Qa = Qr sin���� . �2�

Further information about the measurement methods can be
found, e.g., in Refs. 18 and 20.

The x-ray scattering experiments presented in this paper
have been performed at the beamline ID01 of the European
Synchrotron Radiation Facility �ESRF� in Grenoble, France.
All measurements have been done at an x-ray energy E
=8 keV. During the measurements, the samples have been
kept in He atmosphere to prevent further oxidation by the
ozone produced by the intense x-ray beam.

For all experiments, a position sensitive detector �PSD�
has been used. In GISAXS geometry, the detector has been
mounted parallel to the sample surface �see Fig. 3�a��. Lat-
eral size and correlation of the quantum dots are visible
along the PSD. In GID geometry, the detector has been
mounted perpendicular to the sample surface in order to
measure the � f profile of the scattered intensity �see Fig.
3�b��. In most of the GID measurements, reciprocal space
maps �Qr /Qa maps� of the in-plane reflections have been
recorded by measuring angular scans at different Qr posi-
tions and integrating the intensity in � f direction. For the
analysis of the data using the isostrain model �see Sec. III A�,
line scans in Qr and Qa direction have been extracted from
the maps.

III. DATA EVALUATION

A. Analysis of the GID data: Isostrain model

The isostrain method �shown schematically in Fig. 4� has
been developed to directly determine the strain distribution
of conventionally grown InAs quantum dots from GID data,
without complex modeling.21 It has been shown that the
model works very nicely for systems which exhibit a large
lattice parameter distribution.21,23,24

The basic idea of the method is the following. It is as-
sumed that the lattice parameter of a coherently grown free-
standing quantum dot varies monotonously from a small lat-
tice parameter at the bottom of the quantum dot �i.e., a small
lattice mismatch to the GaAs substrate� to large lattice pa-
rameters at the InAs rich top of the quantum dot �corre-
sponding to a large lattice mismatch to the substrate�. This
leads to a continuous intensity distribution in reciprocal
space, situated between the radial positions Qr=2� /dGaAs
and Qr=2� /dInAs �Fig. 4�b��, where d is the respective lattice
spacing. Each position Qr corresponds to a slice of the quan-
tum dot at the height z over the surface �Fig. 4�a��. The
radius of this slice with the lattice spacing d�z�=2� /Qr is
deduced from a fit of the intensity distribution in angular
direction Qa at the radial position Qr. The scattering intensity
I�Q ,r�= �F�Q ,r��2 is calculated using the form factor of a
disk

F�Q, r� =
2�r

Q
J1�rQ� , �3�

with the Bessel function J1�rQ� and the parameters r=r�z�
and Q=Qa. At each Qr , z can be determined from the posi-
tion of the maximum in the � f scan �max.

21,25 The reason for

the sensitivity of the � f profile to the height of the slice is the
following: Since the incident and scattered x-ray wave can
also be reflected by the substrate surface, several scattering
processes contribute to the x-ray intensity of a slice at the
height z at a certain �i and � f �see Fig. 5�: �1� the x rays are
scattered by the slice, �2� the x rays are scattered by the slice
and then reflected by the surface, �3� the x rays are first
reflected by the surface and then scattered by the slice, and
�4� the x rays are reflected by the surface, scattered by the
slice, and then again reflected by the surface. The effective
scattering amplitude F� of all four processes can be written
as

FIG. 4. Principle of the isostrain model. �a� The quantum dot is
represented by a stack of disks. �b� The in-plane scattering of a
quantum dot. To illustrate the model, the angular scattering of two
disks at the heights z1 and z2 has been colorcoded. In �c�, the re-
spective � f profiles are shown. For explanations see text.

FIG. 5. Dominant scattering processes at a quantum dot on a
substrate �for details see text�.
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F��Qa, r, z, �i, � f� = F�Qa, r�e−2ik��i+�f�zt��i, z�t�� f, z� ,

�4�

with the wave vector k, the form factor F�Qa ,r� of a disk
with the radius r at Q=Qa �Eq. �3��, and the effective trans-
mittivity

t��, z� = 1 + R���e−2ik�z. �5�

� can be �i or � f, and R��� is the Fresnel reflectivity. The
scattered intensity I�Qa ,r ,z ,�i ,� f� is proportional to
�t��i ,z��2�t�� f ,z��2. At constant �i, this function corresponds
to the � f profile. The first maximum of the � f profile de-
creases with increasing z, following in good approximation
the equation

z =
1

k�max
arccos

�max

�c
, �6�

with the wave vector k and the critical angle of total external
reflection �c.

B. Extension of the isostrain model

In order to include the lateral arrangement of the quantum
dots within a quantum dot molecule and the superposition of
the scattering from different disks, the isostrain model has
been extended. Starting from the original model summarized
above, each of the n quantum dots forming a quantum dot
molecule �n=1 for the single quantum dot, n=2 for the bi-
molecule, and n=4 for the quadmolecule� is represented by a
stack of disks. The disks are assumed to be circular, with a
lattice spacing d�z� and a radius r�z�. The scattering of disks
at the same height, but situated in different dots, is added
coherently, while the scattering of disks at different z is
added incoherently. The total scattering intensity is

I�Q� = �
z
���

j=1

n

Fj�r,d,q��2	
r�z�,d�z�

, �7�

with

Fj�r,d,q� = f�Q�F�q,r�e−iQ.Rj , �8�

where f�Q� is the scattering factor of the unit cell and R j is
the position of the disk belonging to the dot j. F�q ,r� is the
form factor of the disk with the radius r, at q=Qd−Q, where
Qd is the Bragg peak position corresponding to the lattice
spacing of the disk. For each z, the incoherent average over
r�z� and d�z� is performed to take into account the size and
lattice parameter distribution of the quantum dots. Equation
�7� as been used for the simulation of the x-ray scattering of
the single quantum dot �see Sec. V A�. For the simulations,
four scattering processes �see Fig. 5� have been taken into
account21 �for reasons of simplification not included in Eq.
�7��. In this paper, only the scattering of the strong �220� and

�22̄0� reflection is discussed. The intensity distribution of
these reflections is not very sensitive to the In concentration
profile within the quantum dots as has been verified by some
simulations including a compositional gradient within the
quantum dot in z direction. Therefore, a compositional gra-

dient has not been taken into account in the simulations pre-
sented here.

In x-ray diffraction experiments, the lattice parameter dis-
tribution of the dot ensemble is in competition with the cor-
relation function of the dot-dot distance. For quantum dots
with a wide lattice parameter distribution, even a size distri-
bution of only few per cent can already be enough for losing
the information about the lateral lateral arrangement of the
dots within a quantum dot molecule. In this case, Eq. �7�
reduces to

I�Q� = n�
z


�F�r,d,q��2�r�z�,d�z�. �9�

For n=1, this equation is identical to Eq. �7�, i.e., to the
scattering of a single quantum dot.

Depending on the island density, the shape and the lattice
parameter distribution, a transition between the situations de-
scribed in Eqs. �7� and �9� as a function of z is possible. This
is described by

I�Q� = �
z
�c�z����

j=1

n

F�r,d,q��2	
r�z�,d�z�

+ n�1 − c�z��
�F�r,d,q��2�r�z�,d�z�
 , �10�

where 0
c�z�
1 is a weighting factor describing the �par-
tial� correlation between the disks at the height z within one
quantum dot molecule. This equation has been used for
simulating the scattering of the bimolecules �see Sec. V B�.

If the strain is small, as observed for the quadmolecules
�see Sec. V C�, all strain states superpose, and the height
profile of the dots cannot be resolved. Equation �7� reduces
to

I�Q� =���
j=1

n

Fj�r,d,q��2	
r,d

. �11�

Here, the incoherent average is done over all lattice param-
eters and sizes within the quantum dot, independent of z.

C. Simulation of GISAXS data

The GISAXS intensity can be described by

I�Q� � �F�Q��2S�Q� , �12�

where F is the form factor of a single object and S describes
the spacial distribution of the objects, i.e., the correlation
function of their positions. For the sample discussed here, the
density of the objects �quantum dot bimolecules� is very low,
and S�q��1. The form factor can be calculated similarly to
the GID measurements: each quantum dot is represented by a
stack of disks, and the scattering of the different dots form-
ing one molecule is coherently added. Since GISAXS is not
sensitive to the lattice parameter distribution in the dots, the
disks situated at different z can also be added coherently,
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I�Q� = ��
z
��

j=1

n

Fj�r,Q�	
r�z�
�2

, �13�

with

Fj�r,Q� = F�r,Q�eiRj.Q. �14�

For the simulations presented in Sec. V B, four scattering
processes �see Fig. 5� have been taken into account.25

IV. RESULTS

A. GID Qr /Qa maps

Figure 6�a� shows measured Qr /Qa in-plane scattering

map close to the �22̄0� reflection of the single dot, Figs. 6�b�
and 6�c� the maps of the �220� and the �22̄0� reflection of the
bimolecule, and Figs. 6�d� and 6�e� the maps of the �220� and

the �22̄0� reflection of the quadmolecule. The radial direction
Qr is mainly sensitive to the lattice parameter distribution,
and the angular direction Qa is sensitive to the shape of the
objects. The measurements of the single dot and the quad-
molecule have been performed at �i=0.2°, the measurements
of the bimolecule at �i=0.25°. For all data shown, the inten-
sity has been integrated over � f.

The Qr /Qa maps show a relatively broad peak around the
narrow substrate Bragg peak �due to the colorscale, the sub-
strate bragg peak itself is not visible in the maps�. This peak
is related to the strained substrate below the quantum dot and
to the GaAs rich lower part of the quantum dot. It is contin-
ued by an intensity distribution elongated in Qr. For the
single quantum dot, the central hump of the intensity distri-
bution is unstructured. For the bimolecule and the quadmol-
ecule, additional features are visible. The �220� map of the

bimolecule shows stripes in radial direction, the �22̄0� map

in angular direction. This is due to the alignment of the dots
in �11̄0�, which for �220� is the angular direction and for

�22̄0� is the radial direction. The stripes visible in �220� are
washed out at lower Qr. The central hump of both the �220�
and the �22̄0� reflection of the quadmolecule is modulated by
broad peaks instead of stripes, due to the alignment of the
dots in two directions. The peak positions of �220� and �22̄0�
are not identical, indicating that the distances between the
dots are different in �110� and �11̄0� direction.

The elongated shape of the intensity distribution is related
to the lattice parameter distribution in the quantum dot be-
tween aInAs and aGaAs. The measurements for the bimolecule
and the single dot look very similar, the width of the central
hump in angular direction increasing with decreasing Qr. The
InAs content of the quantum dot increases with increasing
height z, i.e., the lattice parameter increases �corresponding
to a smaller Qr�, while the size of the quantum dot decreases
�corresponding to a broadening of the peak in angular direc-
tion�. For the quadmolecule, the width of the central hump is
independend of Qr, indicating a superposition of the different
strain states which might be related to the small height of the
quantum dots.

For the single dot and the bimolecule, intensity bands
curved around the substrate Bragg position are observed,
continuing parallel to the central hump. These features are
also related to the size of the quantum dot. In an angular scan
at a certain Qr, they show up as oscillations around the cen-
tral peak. The damping of the oscillations is a measure for
the size distribution of the disks with a certain lattice param-
eter. The oscillations in Qa visible for the bimolecule are
much less pronounced than the respective oscillations ob-
served for the single dot. This indicates that the size distri-
bution of the quantum dots forming the bimolecule is larger
than the very narrow size distribution of the single quantum
dot.

FIG. 6. �Color� In-plane scattering map of �a� the �22̄0� reflection of the single quantum dot, �b� and �c� the �220� and the �22̄0� reflection

of the bimolecules, and �d� and �e� the �220� and the �22̄0� reflection of the quadmolecules. The range Qr in radial direction and Qa in angular
direction, indicated in �a�, are the same for all images. The intensity is plotted logarithmically �arb. units�, values below the range of the color
scale are plotted in black, values above in dark red. On top of each figure, a schematic of the quantum dot arrangement is shown, with a red
arrow indicating the direction of Qa, and a black arrow indicating the direction of Qr. The white arrow in �a� indicates the position of the
GaAs substrate Bragg peak. In �b� and �c�, the oscillations due to the ordering of the quantum dots are highlighted by white lines.

SHAPE, STRAIN, AND ORDERING OF LATERAL InAs… PHYSICAL REVIEW B 72, 085339 �2005�

085339-5



B. GID radial scans

A radial scan is a cut of the reciprocal space maps along
Qr, at Qa=0. In addition to the single dot, the bimolecule,
and the quadmolecule ��i=0.2° �, also a sample with filled
holes has been studied ��i=0.24° �. Figure 7 shows the radial

scan of the samples in �110� and �11̄0� direction, with the
measured intensity integrated over � f. In all cases, �i is kept
below the critical angle of total external reflection, �c
=0.31°, corresponding to a penetration depth of the evanes-
cent x-ray wave of about 60 Å.

All measurements show a peak close to the substrate
Bragg position induced by the strain in the substrate, and in
the case of the dots also due to the scattering of the lower

part of the dots. The conventional quantum dots and the bi-
molecules show a similar intensity distribution, with a maxi-
mum near the GaAs substrate peak and a broad shoulder
towards the position of the relaxed InAs. For the quadmol-
ecule, this shoulder is less pronounced and less extended in
Qr direction, indicating that the lattice parameter distribution
of the quadmolecule is shifted in direction of aGaAs. As al-
ready observed in the Qr /Qa maps �Fig. 6�, due to the align-

ment of the dots the intensity distributions along �11̄0� and
�110� direction of the bimolecule and the quadmolecule are
not equivalent.

The scattering of the “filled hole” sample is restricted to
the area around the substrate peak, and only a slight asym-
metry is visible. This result is important for the qualitative
understanding of the scattering of the quantum dot mol-
ecules. While the scattering around the substrate Bragg peak
cannot be attributed unambigously to either the dot-induced
strain in the substrate, the influence of the filled hole, or to
the quantum dots itself, the scattering at lower Qr is clearly
related to the quantum dots. The average lattice parameter of
the “filled hole” sample is close to aGaAs. This can have two
reasons: �1� the InxGa1−xAs in the hole cannot relax laterally
due to the confinement by the surrounding GaAs matrix and
�2� the Ga concentration in the hole is relatively high due to
surface diffusion of GaAs during the deposition of InAs.

C. GID Qr /�f maps

Figure 8�a� shows the � f profile, i.e., �t��i ,z��2�t�� f ,z��2 at
a constant �i �see Sec. III A�, as a function of the height z of
a quantum dot slice over the substrate surface, calculated for
�i=0.2°. For material at z
0, the first intensity maximum is
at �c, for z�0 it shifts to lower values. The position of the
first intensity maximum is given by Eq. �6�. Figures

8�b�–8�e� show � f spectra measured at each point of a �22̄0�
radial scan, for �b� the single dot, �c� the bimolecule, �d� the
quadmolecule, and �e� the “filled hole” sample. For the
single quantum dot and the bimolecule, the position of the
maximum in the � f profile shifts with decreasing Qr to val-
ues lower than the critical angle. The calculation shown in

FIG. 7. Comparison of the �220� and �22̄0� radial scans for the
single dot, the bimolecule, the quadmolecule, and the “filled hole”
sample. The positions of the relaxed GaAs and InAs Bragg peak are
indicated.

FIG. 8. �Color online� �a� � f profile as a function of the height z of a quantum dot slice, calculated for �i=0.2°. �b�–�e� � f spectrum at

each point of a radial scan through the �22̄0� reflection, for �b� the single dot, �c� the bimolecule, and �d� the quadmolecule at �i=0.2°, and
for �e� the “filled hole” sample at �i=0.24°. The range of Qr and of � f, indicated in �b�, is the same for all images. The intensity is plotted
logarithmically �arb. units�, values below the range of the color scale are plotted in black, values above in dark red.
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Fig. 8�a� and the map of the single dot and the bimolecule
are very similar since the laterally averaged lattice parameter
increases monotonously with z. The Qr range of the radial
scans for the single dot and the bimolecule is the same, while
the shape of the first maximum of the af profile is different.
This indicates that the bimolecule and the single dot have a
similar lattice parameter distribution, but a certain lattice pa-
rameter is located at different z in the respective samples.

For the quadmolecule and the “filled hole” sample, no
shift of � f has been observed. This is expected for the “filled
hole” sample, but not for the quadmolecules. The AFM mea-
surements of the “filled hole” sample show a completely flat
surface consistent with the x-ray observation. The AFM mea-
surements of the quadmolecule show quantum dots with a
height of about 40 Å. According to Fig. 8�a�, a shift of the
first maximum would be expected.

D. GISAXS on bimolecule

Figure 9�a� shows a GISAXS map of the bimolecules,
measured with the PSD parallel to the sample surface at
fixed incident angle �i=0.2° and exit angle � f =0.4° while
rotating the sample around the surface normal. Figures 9�b�
and 9�c� show � f maps in the �110� and �11̄0� direction, the
two lateral symmetry axis of the bimolecules. These maps
correspond to cuts at Q�110�=0 and Q�11̄0�=0 perpendicular to
the intensity distribution shown in Fig. 9�a�, measured at
different � f.

Figure 9�a� shows the intensity distribution expected for a
single quantum dot, superposed by stripes along the �110�

direction. The shape of a single dot leads to an approxi-
mately circular intensity distribution. Slight deviations from
the circular shape are related to the fact that the actual shape
of the dot is not circular but slightly elongated and faceted
with steep �011� and �111� and shallow �137� facets.22 The
signature of the ordering of the dots is the stripe pattern. It
indicates that the dot pairs are predominantly aligned in the

in �11̄0� direction.
Figure 9�b� shows the � f map in �110� direction where

only the form factor of the single dot is visible. Figure 9�c�
shows the � f map in �11̄0� direction, where the oscillations
corresponding to the size of the single dot are superposed by
oscillations due to the ordering. The intensity increase
around � f =�i=0.7° is due to the diffuse scattering of the
reflected x-ray beam.

V. DISCUSSION

A. Single quantum dot

From the Qr /Qa map shown in Fig. 6�a�, and the Qr /� f
map shown in Fig. 8�b�, the shape and the laterally averaged
lattice constant distribution of the single quantum dot as a
function of z have been determined using the isostrain
method. Figures 10 and 11 summarize the results.

The height z of the isostrain slice normalized to the maxi-
mum height zmax=75 Å, and the radius r of the isostrain slice
are shown in Figs. 10�a� and 10�b� as a function of the lattice
parameter. Both r and z vary linearly over a wide range of a.

FIG. 9. �Color online� GISAXS measurements of the quantum dot bimolecules and their simulations, shown in logarithmic intensity scale
�arb. units, values below the range of the color scale are plotted in blue, values above in dark red�. 2D intensity distribution at �a� constant
incident angle �i and exit angle � f, �b� constant �i and variable � f with the in plane scattering vector perpendicular to the molecular axis,
and �c� constant �i and variable � f with the in plane scattering vector parallel to the molecular axis. The scanning direction relative to the
orientation of the bimolecule is indicated.
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From r�a� and z�a�, the shape r�z� of the quantum dot has
been derived, plotted in Fig. 11�a�.

The radius of the dot decreases with increasing height,
and it seems that a smaller upper part of the quantum dot sits
on top of a wider socket with a height of about 25 Å. The
lattice parameter varies between aGaAs at the bottom of the
quantum dot and aInAs at the top of the quantum dot.

The results of the isostrain model have been used as input
for the extended model, using Eq. �7�. Qr /Qa maps and
Qr /� f maps have been calculated, and the input parameters
have been refined iteratively. Figure 12�a� shows the calcu-
lated Qr /Qa map. It reproduces the main features of the ex-
perimental map shown in Fig. 6�a�, including the peak
around the substrate Bragg peak position, the curved inten-
sity bands around the Bragg peak, and the shape of the elon-
gated intensity distribution related to the size and the lattice
parameter distribution of the dot. The calculated Qr /� f map
is shown in Fig. 12�d�. The general shape of the intensity
distribution, i.e., the elongated intensity bump below �c and
shape of the the weak intensity distribution above �c, is well
reproduced. The parameters used for the simulation are sum-
marized in Fig. 10�c�, showing r�a�, and Fig. 11�c�, showing
the shape of the dot. Figure 11�a� compares the shape deter-
mined by the isostrain model with the result of the simula-
tions.

Within small deviations, the shape and the lattice param-
eter distribution of the dot are comparable to the result of the
isostrain model. The size distribution of the radius �indicated
by the error bars in Fig. 11�c�� varies between 4 and 7 % of
r�z�, corresponding to absolute variations of 4 to 10 Å.

B. Bimolecule

From the Qr /Qa map shown in Figs. 6�b� and 6�c�, and
the Qr /� f map shown in Fig. 8�c�, the shape and the laterally
averaged lattice constant distribution of the quantum dots
forming the bimolecule have been determined by the
isostrain method. z�a� /zmax is shown in Figs. 10�a�, r�a� in
Fig. 10�b�, and the resulting shape r�z� in Fig. 11�b�. r�d� and
z�d� /zmax are very similar to the values found for the single
dot. The main difference is that the maximum height zmax
=137 Å of the bimolecule is nearly double the height of the
single dot. The dot shape is not a perfect truncated cone, but
a smaller upper part on top of a wider socket with a radius of
250 Å and a height of about 30–40 Å.

As for the single dot, the results of the isostrain approach
have been used as input parameters for the extended model.
Several simulations, assuming coherent and incoherent addi-
tion of the scattering of the dots forming the bimolecule have
been tested. It has been found that a transition between co-
herent and incoherent addition as a function of z �see Eq.
�10�� is necessary to reproduce all experimentally observed
features. The scattering of the lower part of the dots �more
exactly of the strain field below the dot and the socket of the
dot with d�dGaAs since both contributions cannot be sepa-
rated experimentally� is added coherently, the scattering of
the upper part of the dots with d�dGaAs is added incoher-
ently. In the simulations, this has been taken into account by
setting the ration of coherently added disks, i.e., c�z� in Eq.
�10�, as follows: c�z�=1 for z
10 Å, c�z�=0 for z�45 Å,
and c�z� varying linearly between 1 and 0 for 10 Å
z

FIG. 10. �a� Isostrain result for the height as a function of the
lattice parameter, �b� isostrain result for the radius as a function of
the lattice parameter, and �c� radius as a function of the lattice
parameter as result of the extended model.

FIG. 11. Comparison between isostrain result and result of the
extended model for �a� the single quantum dot, and �b� the bimol-
ecule. �c� Dot shape for the conventional quantum dots and the
bimolecule as derived from the extended model.
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45 Å. This corresponds to a transition from coherent to
incoherent addition of the neighbouring dots within the
socket of the quantum dots.

The two dots forming the bimolecule are found to touch
each other. Figures 12�b� and 12�c� show the calculated Qr

and Qa maps of the �220� and �22̄0� reflection of the bimol-
ecule. In addition to the general shape of the intensity distri-
bution, the intensity oscillations due to the ordering of the
dots are reproduced. As in the experimental data, for �220�
the vertical stripes are pronounced around the substrate
Bragg peak and damped at lower Qr.

Figure 12�e� shows the calculated � f map which repro-
duces well the tilted intensity bump observed below �c, and
the shape of the intensity distribution above �c. The refined
parameters are summarized in Fig. 10�c� �radius of the disk
as a function of the lattice parameter� and Fig. 11�c� �shape
of the dot�. Compared to the shape deduced from the
isostrain model, the upper part of the dot is about 20%
smaller. The size distribution of the disks varies between 7%
at the bottom and 25% at the top of the dot, the absolute
variations are between 15 and 25 Å.

The shape of the quantum dot has also been determinated
from the GISAXS data. For the form factor of the bimol-
ecule, the following model has been used: one dot is repre-
sented by a truncated cone with the lower radius r1, the upper
radius r2, and the height h �see Fig. 13�. The two dots form-
ing the quantum dot molecule are assumed to touch each

other and to be perfectly aligned in �11̄0� direction. The best
agreement of the simulations with the experimental data has
been found using the parameters r1=260±20 Å, r2
=35±35 Å, h=170±20 Å, and a size distribution of 8%. The
simulations are shown in Fig. 9. Further simulations, using
more complex models varying the orientation, the shape, and
the distance between the dots have been carried out. Within
the experimental error, these simulations confirmed the
simple model. This indicates that the self-organized bimol-

ecule sample is very homogenous and that the orientational
distribution is very narrow, of the order of a few degrees over
the entire sample.

Figure 14 compares the average shape of the quantum
dots as derived by the GISAXS data with the shape deter-
mined from the simulations of the GID data. The height of
the quantum dot observed by GISAXS is about 30 Å larger
than the height determined by GID. Within the experimental
error, the radius of the socket of the dot is comparable to the
AFM result, and the radius of the upper part is is about 50 Å
larger than obtained from GISAXS/AFM.

C. Quadmolecule

The precondition for the isostrain model are a sufficient
ratio between the size and the lattice parameter distribution
within the quantum dot. This is not fulfilled for the quadmol-
ecule. Instead of the height profile of the size and strain, only
values averaged over the object height can be determined. In

Fig. 15, the Qr /Qa maps of the �220� and �22̄0� reflection are
shown. The positions of the peaks related to the lateral ar-

FIG. 12. �Color online� Simulation of the in-plane Qr /Qa maps and the Qr /� f maps of the bimolecule and the single quantum dot sample.

Qr /Qa maps: �a� �220� reflection of the single quantum dot, �b� �220� reflection of the bimolecules, and �c� �22̄0� reflection of the
bimolecules �plotrange indicated in �a��. On top of each figure, a schematic of the quantum dot arrangement is shown. The red arrow

indicates the direction of Qa, the black arrow the direction of Qr. Qr /� f maps: �d� �22̄0� reflection of the single dot and �e� �22̄0� reflection
of the bimolecule �plot range indicated in �d��. The intensity is plotted logarithmically �arb. units�, values below the range of the color scale
are plotted in blue, values above in dark red.

FIG. 13. Schematic of the model used for �a� the GISAXS data
of the bimolecule and �b� the analysis of the GID data for the
quadmolecule.
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rangement of the quantum dots within a molecule are marked
by circles. They form a rhombohedral 2D lattice which for
the �220� reflection is turned by 90° relative to the lattice of
the �22̄0� reflection. In both cases, one of the peaks coincides
with the peak at the substrate Bragg peak position, i.e., the
average lattice constant of the quantum dots is close to dGaAs.
Based on this observation, the following model has been
assumed �see Fig. 13�b��: the quantum dots forming the
quadmolecule are circular with the average radius 
r�, and
the average lattice constant 
a�. Two dots are aligned in

�11̄0� direction with the distance D1, and two aligned in
�110� direction with the distance D2.

Using Eq. �11�, the Qr /Qa maps of the �220� and the

�22̄0� reflection have been calculated �see Fig. 15�. The pa-

rameters D1=420 Å, D2=360 Å, r=140 Å, 
d�=6.563 Å,
and a size distribution of 10%, have been used. For better
comparison, the pattern indicating the peak positions of the
experimental data has been superposed to the simulations.
The simulations explain the peak positions but not the lattice
parameter distribution in the dots composing the quadmol-
ecule, since they take into account an average lattice param-
eter. An error of about 20 Å for the distance of the quantum
dots, and an error of 10 Å for the radius of the quantum dots
has been estimated using different parameter sets.

D. Comparison of the different samples

Within the experimental error, the diameter at the foot of
the crystalline core determined for the single dot and the
bimolecule, as well as the average diameter observed for the
quadmolecule, agrees with the diameter observed for the in-
dividual quantum dots by AFM.

The bimolecules and the quadmolecules are well aligned

along the substrate �11̄0� direction. The quantum dots form-

ing the bimolecule touch in �11̄0� direction, for the average

quadmolecule, the dots do not touch in �110� and �11̄0� di-
rection but along directions close to �100� and �010�. For the

quadmolecule, the �110� and �11̄0� directions are not equiva-

lent. The dots are further apart from each other in �11̄0�
direction, which is the direction with the higher surface dif-
fusion coefficient.26 In contrast to this, the extension of the

filled hole is larger in �110� direction than in �11̄0�
direction.8 It shows that the nucleation places for the quan-
tum dots forming the quadmolecule are not simply the bor-
ders of the initial hole, but that the nucleation mechanism is
more complicated.

Within the experimental error, in all cases the scattering
of the dots could be modeled using circular disks. No sig-
nificant in-plane anisotropy in the shape of the dots was ob-
served. An anisotropy larger than 10–20 Å would show
clearly in an inequivalence of the laue oscillations around the

substrate Bragg peak in �110� and �11̄0� direction which has
not been found.

For the single quantum dots, but even more for the bimol-
ecule, differences between the isostrain results and the re-
fined parameters used for the simulations have been found
�see Figs. 11�a� and 11�b��. For the radius of the bimolecule,
the results differ by up to about 20 Å. The lattice parameter
on top of the quantum dot found in the simulations is slightly
smaller than the isostrain result, while the normalized z is the
same for both methods. The observed differences can be ex-
plained by a systematic error of the isostrain model. The
radius is underestimated since the overlap of the scattering of
different disks in radial direction is not taken into account.

In the extended model, the scattering of different dots
forming one molecule has been added coherently only for
a�aGaAs. For the quadmolecule, this corresponds to the
strain field below the dot and the average dot, for the bimol-
ecule this corresponds to the strain field below the dot and
the socket of the dot. For the single dot and the bimolecule,
where the z profile of the dot could be resolved, the scatter-

FIG. 14. Comparison of the outer dot shape as derived from
GISAXS with the shape of the crystalline core determined from the
simulation of the GID data.

FIG. 15. �Color online� Direct comparison between GID experi-
ment and simulation of the quadmolecule sample, showing the in-

plane scattering map of �a� the �22̄0� reflection and �b� the �220�
reflection. The peak positions are indicated in the respective the
experimental �left side� and calculated maps �right side�. The inten-
sity is plotted logarithmically �arb. units�, values below the range of
the color scale are plotted in black, values above in dark red.
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ing of slices located at different z has been added incoher-
ently.

The quantum dot dots on all samples have a narrow size
distribution, and the dot molecules are well aligned with re-
spect to the substrate and show a narrow positional distribu-
tion. The reason for the transition between coherent and in-
coherent addition of the scattering is the high sensitivity of
the x-ray diffraction method to even a narrow size distribu-
tion of about a few per cent, if it is applied to samples with
a large lattice parameter distribution, The strain field and the
socket of the dot include a large amount of material with a
similar lattice parameter. In contrast to this, each strain state
with a�aGaAs corresponds to a very small amount of mate-
rial, which in each dot is situated at a slightly different
height, with a slightly different radius. In the first case, due
to the large amount of material contributing to the scattering
of each dot molecule at the same Qr, the ordering of the dots
is visible in the x-ray diffraction pattern. In the second case,
the information about the ordering of the dots is lost.

For the bimolecule, a difference between the outer shape
and height �as determined by GISAXS, in agreement with
the AFM observations�, and the shape and height of the crys-
talline core �determined by GID� has been observed. For the
single dot and the quadmolecule sample, the crystalline core
of one dot is also about 30 Å smaller than expected from the
AFM results. It is important to note that for the quadmol-
ecules, the AFM height is about 40 Å, while by x-ray dif-
fraction no height could be resolved due to the small height
of the dots and the narrow strain distribution.

For all samples, the difference between the outer shape
and the size of the crystalline core can be explained by the
formation of about 30 Å of natural oxide. The samples have
been exposed to air before the measurements, and an amor-
phous oxide layer would not be visible in the GID measure-
ments. It has been found that the thickness of the natural
oxide of GaAs wafers reaches a thickness of about 20–30 Å
after long-time air exposition.27,28 The oxidation process is
expected to reduce the size of the crystalline core of the dots
by an even larger amount since InAs is known to oxidize
faster than GaAs.29

Figure 16 shows a sketch of how the oxidation might
modify the shape of a quantum dot. The oxidation can ex-
plain the smaller crystalline size and the socket of the quan-
tum dot. In the case of the quadmolecule, the small dots are
nearly completely oxidized, and the observed scattering
originates mainly from the strain field within the substrate
and the crystalline socket. For the bimolecule and the single
dot, a large part of the scattering �especially the part sensitive
to the alignment of the dots� is due to the strain field below
the dots and the GaAs socket of the dots.

One important aspect of the oxidation is that the measured
lattice parameter distribution of an oxidized dot is not iden-
tical to the lattice parameter distribution of the initial dot.
The amount of crystalline material with lattice parameters
close to aInAs is reduced by the oxidation.

VI. CONCLUSIONS

We have presented the results of grazing incidence x-ray
scattering experiments �GID and GISAXS� on single quan-
tum dots, quantum dot bimolecules, and quadmolecules. Ad-
ditionally, a precursor state of the quantum dot molecules, a
hole in a GaAs substrate filled with a mixture of GaAs and
InAs, has been investigated for comparison.

The scattering of the “filled hole” sample is located
around the substrate Bragg peak, similar to the strain field
below a conventional quantum dot. Therefore, the scattering
of both the single quantum dot and the quantum dot mol-
ecules can be analyzed in the same way.

For the analysis of the data, two models have been used:
the original isostrain model,21 and an extended version in-
cluding the ordering of the dots and the superposition of
different strain states. The directional alignment and the cor-
relation of the positions of the quantum dots forming a mol-
ecule have been observed, and their average position within
the molecule has been determined. From the GID data, in-
formation about the shape and the lattice parameter distribu-
tion of the crystalline core of the quantum dots has been
derived. The size of the quantum dots observed by GISAXS
and AFM differs from the size of the crystalline core deter-
mined from the GID measurements. This can be explained
by a partial amorphization of the dots due to the natural
oxide formed at their surface.

The similarity between the photoluminescence �PL� spec-
tra of the single quantum dot and the bimolecule is very
intriguing.8 The PL is strongly related to the shape, the strain,
and the interdiffusion in the quantum dot. The here presented
results confirm the similarity between the shape and the lat-
tice parameter distribution of both samples.
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FIG. 16. Schematic of the model for the quantum dots consistent
with the AFM, the GISAXS, and the x-ray diffraction results.
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