
Axisymmetric and beamlike vibrations of multiwall carbon nanotubes

C. Y. Wang, C. Q. Ru,* and A. Mioduchowski
Department of Mechanical Engineering, University of Alberta, Edmonton, Canada T6G 2G8

�Received 30 December 2004; revised manuscript received 11 April 2005; published 11 August 2005�

Several vibration problems of multiwall carbon nanotubes �MWNTs� are studied in detail based on a
multiple-elastic shell model. According to recent data available in the literature, an updated value of bending
stiffness for single-wall carbon nanotubes �SWNTs� is suggested, which is in a much better agreement with
atomistic model for phonon-dispersion relation of SWNTs. For axisymmetric vibrations �with circumferential
wave number n=0�, it is found that longitudinal �L� modes of individual tubes of a MWNT have almost
identical frequencies and are usually coupled with each other through Poisson-ratio effect-induced radial �R�
vibrations and interlayer van der Waals interaction. Especially in the transition zone of R- and L modes, the
significant Poisson-ratio effect leads to mixed R–L modes with comparable longitudinal and radial displace-
ments. On the other hand, for beamlike vibrations �with n=1�, the present multiple-shell model is found to be
in good agreement with the multiple-beam model for almost coaxial bending �B� modes of large- and small-
radius MWNTs and noncoaxial B modes of small-radius MWNTs �e.g., of the outermost radius less than
2 nm�, with relative errors less than 10%. However, for high-order noncoaxial modes of large-radius MWNTs,
the relative errors between the two models increase up to 50% in extreme cases due to larger non-beamlike
deformation of the cross section while both models give similar overall vibration modes through the entire
length of MWNTs. In particular, for lower circumferential wave numbers �n=0–10�, the lowest frequency
always corresponds to the minimum half-axial wave number m=1 for simply supported end conditions. When
the wave vector decreases, the lowest frequency decreases and the associated mode shifts from an R mode with
larger n to a coaxial B mode with n=1.
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I. INTRODUCTION

Vibration of carbon nanotube �CNTs� has excited consid-
erable experimental and theoretical studies. The dominant
experimental technique has been Raman spectroscopy.1 As
an indirect approach, Raman spectra of CNTs can only be
interpreted on the basis of theoretic prediction. Therefore,
atomistic models, e.g., zone folding,2 tight binding,3 force
constant,4 lattice-dynamical model,5 and first principles6 are
first employed to simulate vibrational behaviors of CNTs.
Since, in many cases, these discrete approaches remain for-
midable and computationally prohibitive for large-scale atom
system like multiwall carbon nanotubes �MWNTs�, con-
tinuum models, such as elastic beam models,7,8 elastic shell
models,9–11 and other continuum models12–16 have been
widely used to study phonon-dispersion relations and vibra-
tional modes for CNTs.

Previously, Raman-active radial breathing modes �RBMs�
of both SWNTs �Refs. 2–6� and MWNTs �Refs. 17–19� have
been studied extensively. These axially uniform axisymmet-
ric modes �with axial half-wave number m=0 and circumfer-
ential wave number n=0� provide a useful tool to investigate
structure-vibrational property relation for CNTs. More re-
cently, other axisymmetric radial �R�, longitudinal �L�, and
torsional �T� modes, which are not necessarily uniform in the
axial direction, have also been examined for SWNTs,14

where strong R–L coupling is observed as a unique feature
for SWNTs of cylindrical symmetry. However, axisymmetric
vibrations of MWNTs, as well as general vibration behavior
of MWNTs, have not been studied in the literature. On the
other hand, beamlike vibrations of MWNTs have been the

topic of numerous recent research. For example, based on a
multiple-beam model,8 beamlike vibrations of MWNTs have
been examined for MWNTs of small innermost diameter. It
is predicted that the interlayer van der Waals �vdW� interac-
tion results in noncoaxial intertube vibration of MWNTs.
This unique phenomenon was later confirmed for DWNTs by
a more accurate molecular-structure-mechanics model,20 al-
though the accuracy and limitations of the multiple-beam
model remain unexplored in the literature.

Recently, a multiple-shell model,21–23 previously used to
study buckling behaviors of MWNTs �Refs. 24,25� of up to
20 layers, has been used to study RBMs of MWNTs.26,27 It is
shown that the main features of RBMs observed in experi-
ment and atomistic simulations for MWNTs can be clearly
explained by the multiple-shell model and, especially, the
RBM frequencies given by the shell model for 2–3 wall
CNTs �of the innermost diameter 0.68 to 2.72 nm� are in ex-
cellent agreement with molecular dynamics �MD� simula-
tions with relative errors less than 5%.26 These results sug-
gest that the multiple-shell model has the potential to study
complicated vibration behavior of MWNTs, a topic which
has not been studied systematically so far and would not
easily be studied by other experimental or molecular dynam-
ics methods.

In the present work, an updated bending stiffness �D
=2 eV� of SWNTs is suggested based on recent data in the
literature, which is in much better agreement with atomistic
model for phonon dispersion relations of SWNTs than the
previously adopted value �D=0.85 eV� estimated by Yakob-
son et al.30 based on earlier data of Roberson et al.31 Using
the multiple-shell model with D=2 eV, this paper gives a
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comprehensive study on axisymmetric modes �n=0� of
MWNTs, with an emphasis on the unique features of axisym-
metric modes for MWNTs and the effect of the Poisson ratio
of SWNTs on coupling between R- and L modes of MWNTs.
Furthermore, the present shell model is employed to study
beamlike vibrational �n=1� modes of MWNTs and examine
the accuracy and applicability of the multiple-beam model.8

Finally, the lowest frequency and associated modes of
MWNTs are studied in detail.

II. THE MULTIPLE-ELASTIC SHELL MODEL

To study mechanical behaviors of MWNTs, a multiple-
elastic shell model21–23 has been developed, which treats
each of the nested tubes of a MWNT as an individual elastic
shell coupled with adjacent tubes through normal vdW inter-
action, while the interlayer friction is negligible. Here, vibra-
tion of an elastic shell in the absence of tangential force is
described by Flugge dynamic equations.28,29 Applying
Flugge equations to each nested tube of an N-wall CNT
yields 3N equations governing the free vibrations of the
N-wall CNT �k=1,2 , . . . ,N�.
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where x and � are axial and angular circumferential coordi-
nates, t is time, uk, vk, and wk are longitudinal, circumferen-
tial, and radial vibration displacements of tube k, respec-
tively, rk is the radius of tube k, the subscript 1, 2,…, and N
denote the quantities of the innermost tube 1, its adjacent
tube 2,…, and the outermost tube N. For each tube �a
SWNT�, D is effective bending stiffness, Eh is in-plane stiff-
ness, �h is mass density per unit lateral area, and � is Poisson
ratio. The effective values are Eh=360 J /m2,30 �h
= �2.27 g/cm3��0.34 nm, and �=0.2.24–27 For RBM of a
SWNT of radius r, the present shell model gives the fre-
quency 230 cm−1 �nm/2r�, in good agreement with the ex-
perimental result of 224 cm−1 �nm/2r�.12,17,26 In addition,
excellent agreement26 between the shell model based on
these constant parameters and MD simulation for RBMs �in-
dependent of D� of MWNTs implies that the possible diam-
eter dependence of these parameters is negligible for diam-
eters down to 0.7 nm. On the other hand, the bending
stiffness D is related to the elastic strain energy per unit area
U by the relationship U=D /2r2, where r is the radius of
SWNTs. The value D=0.85 eV, used in our previous
work,24–27 was suggested by Yakobson et al.30 based on Rob-
ertson et al.’s data31 published in 1992. However, recent data
obtained by ab initio calculations yield 2U�r2

=4–4.32 eV �Å2/atom� in Ref. 6 �1999�, 3.9–4.32 eV
�Å2/atom� in Ref. 32, �2001� and 4.28 eV �Å2/atom� in Ref.
33 �2002�, which suggest an effective value D
=1.95–2.16 eV. Indeed, as will be shown later �see Figs. 1
and 2�, the updated value D=2 eV for the shell model offers
much better fit to an atomistic model4 than the value D
=0.85 eV. Thus, the updated value D=2 eV based on recent
data will be used throughout this paper. Here, it should be

FIG. 1. The comparison between the continuum model �Ref. 13�
and the multiple-shell model with D=2 eV for phonon-dispersion
relations of SWNT �10, 10�. Here, K�=m� /L� is wave vector, r is
the radius of SWNT �10, 10�, and fRBM is RBM frequency of the
SWNT.
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stated that all related data available in the literature confirm
that the possible diameter dependence of bending stiffness D
for SWNTs is negligible for diameters down to 0.7 nm.

Moreover, in view of the multiple-shell model,21–23 the
�inward positive� net radial pressure pk on tube k in Eqs. �1�
is given as follows:

pk = c � �wk+1 − wk� − c �
rk−1

rk
� �wk − wk−1�

�k = 2,3, . . . ,N − 1� ,

p1 = c � �w2 − w1� and pN = − c �
rN−1

rN
�wN − wN−1� , �2�

where c is the vdW interaction coefficient which depends on
the equilibrium interlayer spacing �0.34 nm�. In our previous
work,24–27 the value of c is suggested as

c =
320 � erg/cm2

0.16d2 �d = 1.42 � 10−8 cm� . �3�

Here, we consider an N-wall CNT with two ends simply
supported. To satisfy the specific boundary conditions, the
solutions to Eqs. �1� are given by �k=1,2 , . . . ,N�

uk�x,�,t� = Uk cos
m�x

L
cos n� � ei�t,

vk�x,�,t� = Vk sin
m�x

L
sin n� � ei�t,

wk�x,�,t� = Wk sin
m�x

L
cos n� � ei�t, �4�

where real numbers Uk, Vk, and Wk denote the longitudinal,
circumferential, and radial displacement amplitudes of tube
k, respectively, L is the length of the N-wall CNT, � ��
=2�f , f is frequency� represents the angular frequency, m is
the axial half-wave number and n is the circumferential wave
number. Substituting Eqs. �2�, �3�, and �4� into �1� leads to
the following 3N equations:

M��n,m�,��3N�3N�
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W1
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where M3N�3N is a 3N�3N matrix, whose elements are
functions of �m ,n�, and �. The condition for existence of
nonzero solutions Uk, Vk, and Wk �k=1,2 , . . . ,N� is

det M = 0. �6�

It is known that the key parameters of free-vibration modes
are the circumferential wave number n and the normalized
wave vector K ·rN, where rN is the outermost radius of an
N-wall CNT and K is wave vector along the tube axis
defined by K=2� /	=m� /L, with 	=2L /m as axial wave-
length. Thus, the normalized wave vector K ·rN
�=� / 	L / �rNm�
� is inversely proportional to the normalized
wavelength L / �rNm� �normalized by the outermost diameter
2rN�. Throughout this paper, our results for MWNTs will be
given in terms of �KrN ,n�. With given K ·rN and n, condition
�6� determines 3N frequencies for an N-wall CNT. Substitu-
tion of a frequency into �5� yields amplitude ratios Uk /WN,
Vk /WN, and Wk /WN �k=1,2 , . . . ,N�, defining the associated
mode of the N-wall CNT. Therefore, for each combination of
�KrN ,n�, an N-wall CNT has 3N vibration frequencies asso-
ciated with 3N vibration modes.

To demonstrate the relevance of the elastic shell model for
free vibration of CNTs, phonon-dispersion relations are cal-
culated in Figs. 1 and 2 based on Eqs. �1� and �4� for SWNT
�10, 10�. Here, in order to compare our results with different
authors’ results,4,13 frequencies have been given in different
units in Figs. 1 and 2. It is seen from Figs. 1 and 2�a� that,
overall, the present shell model with D=2 eV is in good
agreement with a continuum elastic model13 and a force-
constant model4 with maximum relative errors usually less
than 10%. Particularly, for n=1–3 and smaller normalized
wave vector the present shell model with D=2 eV almost
coincides with the continuum model,13 while the two con-
tinuum models are a little different from the force constant
model.4 As mentioned in Ref. 13, this discrepancy is prob-
ably due to “an inappropriate choice of force-constant value”
in Ref. 4. In fact, the phonon dispersion relations of SWNT
�10, 10� are also obtained by a lattice-dynamic model and
ab initio calculation in Refs. 5 and 6, respectively. Different

FIG. 2. The comparison between the atomistic model �Ref. 4�
and the multiple-shell model with �a� D=2 eV and �b� D
=0.85 eV for phonon-dispersion relations of SWNT �10, 10�. Here,
K�=m� /L� is wave vector and T represents the shortest repeat dis-
tance between two atomic cells along axis of the SWNT.
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from Ref. 4, which gives an almost linear frequency-K �wave
vector� relation for long-wavelength bending modes �n=1�,
the results of Refs. 5 and 6 show an approximate K2 disper-
sion for the long-wavelength bending mode, which favors
our results shown in Figs. 1 and 2�a�. Since the figures
shown in Refs. 5 and 6 are too small for a detailed compari-
son, the present shell model has been compared to the atom-
istic model used in Ref. 4 only. On the other hand, it is seen
in Fig. 2�b� that the shell model with D=0.85 eV leads to
much larger relative errors as compared to the force-constant
model, especially for larger n and the normalized wave vec-
tor KT /�, where T represents the shortest repeat distance
between two atomic cells along axis of the SWNT. Here, it
should be stated that the previous continuum model13 and the
force-constant model4 are limited to SWNTs. Indeed, be-
cause no detailed experimental or atomistic simulation re-
sults are available for phonon-dispersion relation of
MWNTs, similar comparison for the present multiple-shell
model cannot be made for MWNTs.

In what follows, we shall apply the multiple-shell model
with D=2 eV to study axisymmetric and beamlike vibrations
of MWNTs. To this end, four examples of MWNTs in Table
I are considered, i.e., large-radius MWNTs, examples 1 and 2
with the innermost radius 5 nm, and small-radius MWNTs,
examples 3 and 4 with the innermost radius 0.65 nm.

III. AXISYMMETRIC VIBRATIONS OF MWNTs „n=0…

In axisymmetric vibration �n=0�, solution �4� takes the
form �k=1,2 , . . . ,N�

uk�x,�,t� = Uk cos
m�x

L
� ei�t
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wk�x,�,t� = Wk sin
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L
� ei�t. �7�

With this solution the N circumferential dynamic equations
in Eqs. �1� are satisfied automatically. As a result, the 3N
equations in �1� reduce to 2N equations for an N-wall CNT
�k=1,2 , . . . ,N�
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When the axial wavelength-to-diameter ratio 	L / �rNm�
 is
much larger than 1, i.e., the normalized wave vector KrN is
much smaller than 3, the bending stiffness D-related coupled
terms in �8� are negligible. In this case, the axial displace-
ment and radial displacement are decoupled if the Poisson
ratio is set to be zero. Hence, the nonzero Poisson ratio plays
a crucial role in R–L coupling. On the other hand, if an
�-independent circumferential vibration is considered, one
should consider the solution given by29

uk�x,�,t� = 0,

vk�x,�,t� = Vk sin
m�x

L
� ei�t,

wk�x,�,t� = 0. �9�

It is readily verified that the following N uncoupled equa-
tions can be derived from �1�, for N uncoupled torsional �T�
modes �k=1,2 , . . . ,N�:
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Here, it should be stated that such decoupled equations are
not available for �-dependent circumferential vibration. Ob-
viously, for �-independent pure T modes of a MWNT, each
constituent tube behaves exactly like an isolated SWNT
without coupling with adjacent tubes. In particular, the sec-
ond term is much smaller than the first term on the left-hand
side of �10�, indicating that T-mode frequencies will be ra-
dius insensitive. Thus, T modes of MWNTs will not be fur-
ther discussed in much detail. In the following, we will focus
on R- and L modes of MWNTs for examples 1–4.

A. Axisymmetric radial modes

First, let us consider DWNTs, i.e., examples 1 and 3 of
inner radius 5 and 0.65 nm, respectively. When n=0, fre-
quencies R1 and R2 of R modes, frequencies L1 and L2 of L
modes, and frequencies T1 and T2 of T modes are displayed
in Figs. 3�a� and 3�b� for examples 1 and 3, respectively.
Because MWNTs have a large number of frequencies, it is
essential to classify these frequencies into L, R, T or cou-
pling R–L modes based on their amplitude ratios. Thus, it is
crucial to calculate the amplitude ratios of vibration mode
associated with each frequency. The amplitude ratios associ-
ated with R- and L modes of examples 1 and 3 are calculated
and selectively shown in Fig. 4. In particular, as stated be-

TABLE I. The data of geometry of four examples of
MWNTs.

Example 1 2 3 4

R1 �nm� 5 5 0.65 0.65

Number of layers N 2 5 2 5
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fore, two T-mode frequencies for the inner and outer tubes
are almost indistinguishable.

Our results show that frequencies R1 and R2 in Fig. 3�a�
for large-radius DWNT of example 1 are associated with an
in-phase and a counterphase R-mode, respectively, while fre-
quency R1 or R2 in Fig. 3�b� for small-radius DWNT of
example 3, is basically associated with R mode of individual
tube 2 or 1. Here, it should be mentioned that the RBM
frequencies predicted by the present shell model for small-
radius MWNTs are found to be in excellent agreement with
experimental results19 with relative errors less than 5% �see
also Ref. 27�.

In Fig. 3�a� and 3�b�, the R-mode frequencies of the two
DWNTs are usually insensitive to wave vector Kr2 when
Kr2
8 or 4 �i.e., axial wavelength is relatively long� due to

negligible effect of bending stiffness, and approach the RBM
frequencies as Kr2 goes to zero. For example, for example 3
�DWNT with inner radius 0.65 nm�, it is seen from Fig. 3�b�
that the two R-mode frequencies as K tends to zero are about
130 and 190 cm−1, respectively, in excellent agreement with
MD simulation,17,26 with relative errors less than 5%. The
R-mode frequencies increase significantly with increasing
Kr2 only in the range of Kr2�8 or 4 due to the strong effect
of bending stiffness D. On the other hand, in the transition
zone between R- and L modes where their frequencies are
very close to each other, R- and L modes of the DWNTs are
strongly coupled through the Poisson-ratio effect �because
Kr2
4 and the effect of bending stiffness is negligible�. In
Fig. 3�b� for small-radius DWNT of example 3, this R–L
coupling �or transition� zone is relatively wide, especially for
the higher-frequency R mode characterized by the radial vi-
bration of the inner tube 1 of small radius. However, in Fig.
3�a� for large-radius DWNT of example 1, the R–L coupling
�or transition� zone is relatively wide only for the in-phase R
mode of lower frequency R1 and almost vanishes for the
counterphase R mode of higher frequency R2. In other words,
there is an abrupt transition between counterphase R mode
and the L mode, and the R–L coupling zone is very narrow
and thus actually can be ignored. This unique feature of
large-radius DWNT can be attributed to the dominant inter-
layer vdW interaction associated with counterphase R mode
of large-radius MWNTs. For large- and small-radius 5-wall
CNTs, examples 2 and 4, qualitatively similar results are
shown in Figs. 3�c� and 3�d�, respectively.

B. Axisymmetric longitudinal modes

First, it is seen from Figs. 3�a� and 3�b� for both large-
and small-radius DWNTs, the two L-mode frequencies for
n=0 are almost indistinguishable, implying that L mode of
one tube could be stimulated by L modes of adjacent tubes

FIG. 3. Axisymmetric mode frequencies �n
=0� of �a� example 1; �b� example 3; �c� example
2; and �d� example 4.

FIG. 4. Amplitude ratios associated with frequencies �a� L1 &
R1 �inset� and �b� L2 & R2 �inset� shown in Fig. 3�a� for example 1.
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through an even very weak coupling effect. Indeed, it is
noted in Figs. 4�a� and 4�b� that, when Kr2
4 or 1, example
1 �DWNT� exhibits coupled axisymmetric L vibrations in-
volving both tubes, among which the in-phase one 	U1
�U2, see Fig. 4�a�
 is associated with frequency L1 in Fig.
3�a�, and the counterphase one 	U1�−U2; see Fig. 4�b�
 is
associated with frequency L2 in Fig. 3�a�. This phenomenon
is in sharp contrast to the axisymmetric T modes and non-
axisymmetric L modes �with larger n� which are almost un-
coupled vibrations of individual tubes.

In fact, it is known for elastic shells29 that, when n=0,
longitudinal vibration is always accompanied by a small but
usually non-negligible radial vibration due to the R–L cou-
pling effect of Poisson ratio. Therefore, once an individual
tube of the DWNT first vibrates in axisymmetric L mode, the
associated R vibration induced by the Poisson-ratio effect
could stimulate a small R vibration combined with a pre-
dominant L vibration of adjacent tubes through the interlayer
vdW interaction. Here, almost identical L-mode frequencies
of adjacent tubes are likely responsible for the strong cou-
pling of axisymmetric L modes. For the same reasons, the
strong coupling between L vibrations of individual tubes has
also been observed for the small-radius DWNT, example 3
and the 5-wall CNTs, examples 2 and 4. Indeed, when the
Poisson ratio � is set to zero, Eqs. �8� break into two systems
for pure-L vibrations of individual tubes and collective-R
vibrations of all individual tubes provided that KrN is small,
say KrN
8 or 4 �i.e., axial wavelength is relatively long and
thus the effect of bending stiffness is negligible�. In particu-
lar, the resulting decoupled equations for individual tubes are
radius independent. Thus, for MWNTs, coupling between L
vibrations of concentric tubes is a result of the Poisson-ratio
effect and the interlayer radial vdW interaction. This cou-
pling effect becomes significant, especially when n=0, due
to the fact that L-mode frequencies of individual tubes are
almost identical when n=0. It is expected that the similar

concept can be used to explain the observed coupled reso-
nant axisymmetric L modes of aligned SWNT ropes.11

IV. BEAMLIKE VIBRATION MODES OF MWNTs „n=1…

For MWNTs, noncoaxial vibrational modes are predicted
based on a multiple-�Euler� beam model,8 in which each
nested tube of MWNTs is treated as an individual elastic
�Euler� beam coupled with adjacent tubes through the inter-
layer vdW interaction. The intertube interaction per unit
length along the axial direction is given by ��r�cw�,
where �r represents the intertube vdW interaction effective
width between two adjacent tubes, r is the radius of inner
tube, w is transverse deflection jump between the two
tubes, and c is given by �3�. In particular, �=2 is used in Ref.
8. In the present work, we shall compare the more accurate
multiple-shell model with the multiple-beam model, to iden-
tify a better value of � and further investigate beamlike
modes, especially noncoaxial modes of MWNTs.

A. Large-radius MWNTs (the innermost radius 5 nm)

Let us start with the large-radius DWNT, example 1. Fol-
lowing the procedure demonstrated in Sec. II, six frequencies
can be obtained for the DWNT with n=1 and 0�Kr2�4.
For a comparison to the beam model8 which gives two fre-
quencies for a DWNT, the lowest frequency �corresponding
to a beamlike bending mode� and the highest frequency R �of
a radial mode� are identified from six frequencies and shown
in Fig. 5�a�, with associated amplitude ratios displayed in
Figs. 6�a� and 6�b�, respectively. As mentioned before, cal-
culation of the amplitude ratios is essential for classifying all
frequencies into L, R, T, or R–L modes.

Beamlike bending of a shell is defined by n=1 and w=u,
where w and v represent radial and circumferential displace-
ments of the shell, respectively. It is seen in Fig. 6�a� that,

FIG. 5. Comparison between the multiple-
beam model and the multiple-shell model when
n=1 for �a� coaxial B mode and noncoaxial R
mode of example 1 ��=2, Ref. 8�; �b� coaxial and
noncoaxial B modes of example 3 ��=2, Ref. 8�;
�c� coaxial B mode and four noncoaxial R modes
of example 2 ��=3�; and �d� coaxial and nonco-
axial B modes, and noncoaxial R–T combined
modes of example 4 ��=3�.
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when Kr2�2, the lowest frequency for n=1 corresponds to
an in-phase R mode of the DWNT having W1�W2 and �U1,
V1, U2, and V2� �W2. The circumferential amplitudes V1 and
V2 increase with decreasing wave vector Kr2. When Kr2 is
smaller than 1, we have W1=V1=V2=W2 and U1=U2�W2,
showing a coaxial bending �B� mode characterized by a
translation of the circular cross section. In Fig. 5�a�, this
frequency �B� is compared to the coaxial mode frequency
given by the beam model. As expected, when Kr2
0.2, the
beam model agrees very well with the shell model with rela-
tive errors less than 5%.

On the other hand, the amplitude ratios in Fig. 6�b� for the
frequency R indicate W1�−W2 and �U1, V1, U2, and V2�
�W2, which gives a non-coaxial R-mode with non-beam-like
deformation of the cross section. In particular, this result
�W1�−W2� predicted by the present shell model is the same
as that predicted by the beam model for example 1. On the
other hand, as seen from Fig. 5�a�, the higher noncoaxial
mode frequency obtained by the beam model with �=2 dif-
fers from frequency R given by the present shell model by
around 50%. Similar results are obtained in Fig. 5�c� for
coaxial B mode of the lowest frequency and four noncoaxial
R modes of large-radius 5-wall CNT, example 2. The relative
errors of the beam model with �=3 �which, as will be shown
later, is more accurate than �=2� range from 30% to 50% for
the four noncoaxial R modes. This discrepancy between the
shell model and the �Euler� beam model is due to non-
beamlike deformation of the cross section caused by the in-
terlayer vdW interaction. This non-beamlike deformation is
negligible for small-radius MWNTs, but could be significant
for large-radius MWNTs due to their low radial rigidity.
Therefore, consistent with our recent results �Ref. 34�, the
present work also suggests that the multiple-beam model is
more accurate for small-radius MWNTs than large-radius
MWNTs.

B. Small-radius MWNTs (the innermost radius 0.65 nm)

Next, let us consider small-radius MWNTs, example 3
�DWNT� and 4 �5-wall CNT�. When n=1, the �lowest� two
frequencies B1 and B2 of example 3, both of which corre-
spond to beamlike bending modes, are identified from six
frequencies and displayed in Fig. 5�b�. The amplitude ratios
associated with frequencies B1 and B2 are shown in Figs.
6�c� and 6�d�, respectively.

We see from Fig. 6�c� that the lowest frequency B1 when
Kr2
0.5 is associated with the coaxial beamlike B mode,
while frequency B2 corresponds to W1�V1�−1.7W2 and
W2�V2, showing a noncoaxial B mode in which the inner
and outer tubes are bent in opposite directions with indi-
vidual circular cross sections. It is seen from Fig. 5�b� that,
when Kr2
0.3, the beam model8 agrees well with the
present shell model for both coaxial and noncoaxial B modes
with relative errors less than 20% when �=2. Our results
showed that, for the noncoaxial B modes, the beam model
with �=3 is in better agreement with the shell model with
relative errors less than 10%. In particular, �=3, selected by
the best comparison to the shell model, is quite close to the
value of �=� obtained by a simple theoretical calculation
�omitted here�. Here, we mention that the noncoaxial mode
and the associated frequency of small-radius DWNTs, pre-
dicted first by the beam model,8 have been well confirmed by
more recent atomistic simulation,20 although relevant experi-
mental data are not yet available.

For 5-wall CNT, example 4 �of the outermost radius
2 nm�, similar results are obtained in Fig. 5�d�. Accordingly,
when Kr5
0.3, the beam model with �=3 is adequate for
both coaxial and noncoaxial B modes of small-radius
MWNTs with relative errors less than 5% and for the three
higher-order noncoaxial modes with relative errors less than
20%. Considering small-radius MWNTs, e.g., 3, 4, and
5-wall CNTs of the outermost radius 1.45, 1.65, and 1.9 nm,

FIG. 6. Amplitude ratios associated with �a�
frequency B and �b� frequency R shown in Fig.
5�a� for example 1, and �c� frequency B1 and �d�
frequency B2 shown in Fig. 5�b� for example 3.
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we find that the beam model is in good agreement with the
shell model for all coaxial and noncoaxial modes with maxi-
mum relative errors less than 10%. In these cases, due to
high radial rigidity of small-radius individual tubes, all non-
coaxial modes are associated with nearly beamlike bending
modes with smaller cross-sectional deformation. Hence, the
�Euler� beam model is relevant for MWNTs of smaller out-
ermost radius �e.g., less than 2 nm�.

V. THE LOWEST FREQUENCY AND THE
ASSOCIATED MODE

CNTs are expected to be the potential building blocks in
nanodevices. Thus, the lowest frequency and the associated
modes of CNTs are of practical interest. Here, based on the
multiple-shell model, the lowest frequency and the associ-
ated modes are calculated for MWNTs.

First, let us consider double-wall nanotubes �DWNTs�,
example 1 and 3. The dependence of six frequencies on wave
vector Kr2 are displayed in Figs. 7 and 8 for example 1 and
3, respectively, with 0�n�10 and 0�Kr2�10. For a given
n �n�1�, the lowest frequency, the second lowest frequency,
…, and the highest frequency are presented in panels �a� to
�f� of Figs. 7 and 8 for the two DWNTs. Notice that our
results shown in Figs. 7 and 8 are consistent with those given
in Ref. 15, which may be the only available published result
for phonon dispersion relations of DWNTs, except that the
acoustic transverse mode, i.e., coaxial bending mode given
by the multiple-shell model for the two DWNTs has not been
obtained in Ref. 15.

It is noted that, when the circumferential number n is
sufficiently large, e.g., n�5 for large-radius example 1 and
n�2 for small-radius example 3, the two lowest frequencies
R1 and R2, shown in panels �a� and �b� of Figs. 7 and 8, are
mainly associated with R modes, the highest two frequencies

T1 and T2, shown in panels �e� and �f� of Figs. 7 and 8, are
primarily associated with T modes, while the two intermedi-
ate frequencies L1 and L2, shown in panels �c� and �d� of
Figs. 7 and 8 correspond to L modes of the two DWNTs. On
the other hand, for given axial wave vector Kr2, the lowest
frequencies of the two DWNTs are represented by the enve-
lope curves in Figs. 7�a� and 8�a�, respectively. Obviously,
the lowest frequency of the two DWNTs increases monotoni-
cally with increasing Kr2=� / 	L / �r2m�
, showing that, for
any given ratio L /r2, the lowest frequency of the two DWNT
with simply supported ends always corresponds to the mini-
mum axial half-wave number m=1.

Proceeding in the same way, analogous features are also
obtained for large- and small-radius 5-wall CNTs, examples
2 and 4. Especially, the lowest frequency is also consistently
associated with m=1. Here, the lowest frequency is plotted
in Fig. 9 for all the N-wall CNTs considered here, as a func-
tion of the wave vector. It is clearly seen from Fig. 9 that,
when KrN �N=2 or 5� decrease from 8 to 0.05, the lowest
frequencies of examples 1–4 decrease from the order of
10–100 cm−1 to the order of 0.1 cm−1, and the associated
modes shift from an in-phase R mode with relatively larger n
�n=3–6� to a combined R- and T mode with n=2–3, and
finally, to a coaxial B mode with n=1.

VI. CONCLUSIONS

A multiple-shell model is used to study axisymmetric vi-
bration �n=0� and beamlike vibration �n=1� of MWNTs. An
updated value of the bending stiffness for SWNTs is sug-
gested based on recent data in the literature, which leads to
good agreement of the present shell model with atomistic
model for phonon-dispersion relations of SWNTs. The main
results of the present work are summarized as follows.

�1� In axisymmetric vibration �n=0�, L- and R modes are

FIG. 7. Dependence of six frequencies on Kr2 for example 1.
For a given n �n�1�, the lowest frequency, the second lowest fre-
quency, …, and the highest frequency are shown in �a�, �b�, …, and
�f�, respectively. �R: radial mode, L: longitudinal mode, T: torsional
mode, B: bending mode, and R–T: radial and torsional combined
mode�.

FIG. 8. Dependence of six frequencies on Kr2 for example 3.
For a given n �n�1�, the lowest frequency, the second lowest fre-
quency, …, and the highest frequency are shown in �a�, �b�, …, and
�f�, respectively. �R: radial mode, L: longitudinal mode, T: torsional
mode, B: bending mode, and R–T: radial and torsional combined
mode�.
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strongly coupled with each other in a transition zone between
the two modes due to the Poisson-ratio effect. In addition,
different from nonaxisymmetric L modes �with larger n� of
MWNTs, which are basically uncoupled longitudinal vibra-
tions of individual tubes, axisymmetric L modes of MWNTs
are usually collective vibrations of nested tubes for larger
axial wavelength-to-diameter ratios. In particular, the present
shell model shows that this coupling effect becomes signifi-
cant only when n=0 because of almost identical L-mode
frequencies of individual tubes. This interesting phenomenon
of MWNTs predicted by the present model would not be
easily studied by other methods.

�2� For beamlike vibration �n=1�, the multiple-�Euler�

beam model is found to be in good agreement with the more
accurate multiple-shell model for almost coaxial B mode of
both large- and small-radius MWNTs and the noncoaxial B
modes of small-radius MWNTs �e.g., 2–5 wall CNTs of out-
ermost radius less than 2 nm�, with relative errors less than
10%. However, the relative errors between the two models
are up to 30% to 50% for high-order noncoaxial modes of
large-radius MWNTs, due to significant non-beamlike cross-
sectional deformation caused by the interlayer vdW interac-
tion. Therefore, the multiple-beam model is more relevant
for small-radius MWNTs than large-radius MWNTs. These
results offer a detailed comparison between the shell model
and the beam model for MWNTs with clear conclusions.

�3� The lowest frequency of MWNTs simply supported at
both ends is always associated with the minimum axial half-
wave number m=1. In this case, when the length-to-
outermost radius ratio �L /rN� increases or the normalized
wave vector �KrN� decreases, the lowest frequency of
MWNTs decreases monotonically and the associated mode
shifts from a R mode with larger n �say, n=3–6�, to an R–T
combined mode with smaller n �say, n=2–3�, and finally, to
a beamlike coaxial B mode with n=1. The critical value of
the length-to-outermost radius ratio for the lowest frequency
to be a beamlike coaxial B mode is about 6 for small-radius
MWNTs, and 20 for large-radius MWNTs. These results,
which remain absent in the literature, could find significant
application to the design of MWNTs-based devices.
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