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It has recently been shown that the interface between layers of a heterostructure makes it possible to increase
the sharpness of the p-n junction and the homogeneity of an impurity distribution in doped areas, and also to
control the depth of the junction. In this work the dynamics of a dopant concentration in an inhomogeneous
semiconductor structure has been analyzed, taking into account the temporal and concentrational dependence
of the diffusion coefficient. The optimization of the parameters and the annealing time for production of the
p-n junction with smaller parasitic capacitance has been done. It has been shown that doubling the annealing
time in comparison with its optimal value leads to variation of the sharpness of the p-n junction from 10% to
200%.
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I. INTRODUCTION

The increase of performance and reliability of microelec-
tronic devices is attracting great interest. One way to achieve
this goal is to decrease the parasitic capacitance of a p-n
junction by increasing its sharpness.1–3 On the other hand,
the increase of homogeneity of impurity distribution in
doped areas of a semiconductor structure allows it to operate
with higher current densities and to decrease local overheats,
thus increasing the performance of semiconductor
devices.1,2,4

For production of p-n junctions different types of techno-
logical processes, such as diffusion at high temperatures and
ion implantation in homogenous samples,1–6 are used. At the
present time, with dimensions of semiconductor devices de-
creasing, a dopant diffusion has major interest. Let us con-
sider in this paper an epitaxial layer with the thickness a
�0�x�a� and the diffusion coefficient D1, which has been
sputtered on a substrate with the thickness L−a �a�x�L�,
with the diffusion coefficient D2�D1, and with known type
of conductivity �p or n� �see Fig. 1�. Here L is the full length
of the heterostructure. Let us consider a dopant, which was
infused across the boundary x=0 into the heterostructure for
production of the second type of conductivity �n or p� in the
epitaxial layer. At the time t=0 the temperature of the het-
erostructure has been increased. This heating leads to diffu-
sion of the infused dopant into the heterostructure during the
time ta. After the time interval ta, the heterostructure has
been cooled and the dopant diffusion stopped. Such techno-
logical processes are used, for example, in semiconductor-
on-insulator technology.7

The aim of the present paper is to investigate the influence
of spatial, temporal, and concentrational dependence of the
diffusion coefficient of a heterostructure on the technological
process and to optimize the annealing time ta to increase the
sharpness of the p-n junction and to increase the homogene-
ity of impurity concentration in doped areas.

II. METHOD OF SOLUTION

For optimization of production of p-n junctions the dop-
ant dynamics have been analyzed. Spatiotemporal distribu-

tion of dopant concentration in the considered heterostruc-
ture �see Fig. 1� is described by the second Fick’s law

�C�x,t�
�t

= −
�J�x,t�

�x
, �1�

where J�x , t�=−D��C�x , t� /�x� is a dopant flow. The diffu-
sion coefficient of semiconductor D depends on temperature
�see, for example, Refs. 4 and 8�. Therefore, if the tempera-
ture of the semiconductor varies in space and/or time, then
the diffusion coefficient also varies in space and/or time: D
=D�x , t�. The diffusion coefficient of an inhomogeneous
semiconductor, such as a heterostructure, also depends on
coordinate D=D�x�. High doping of semiconductor materials
leads to increased interaction between dopant atoms and
point defects. The interaction corresponds to concentrational
dependence of the diffusion coefficient D=D(C�x , t�).

The diffusion equation is complemented by boundary and
initial conditions. The conditions depend on the type of dop-

FIG. 1. Step-function spatial distribution of the diffusion coef-
ficient in the heterostructure.
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ant source. If the quantity of infused dopant is small, then the
dopant source is named as finite. For this type of source the
boundary and initial conditions for Eq. �1� are

J�0,t� = J�L,t� = 0, C�x,0� = f�x� . �2�

In this case let us introduce the following normalization of a
dopant quantity M =�0

LC�x , t�dx=1 for simplification of the
analysis of dopant dynamics. Infusing of a small quantity of
dopant is necessary when the first or the third type of dopant
will be infused in the doping structure after or during infus-
ing of the second type of dopant �for production of structures
with some p-n junctions, such as transistor structures�. The
quantity of the new type of infused dopant must be essen-
tially larger than the quantity of the previous one.

If the quantity of the infused dopant is large, then the
dopant source is named as an infinite and the boundary and
initial conditions for Eq. �1� can be written in the form

C�0,t� = N1, J�L,t� = 0, C�x � 0,0� = 0. �3�

One can assume that the dopant is infused in the heterostruc-
ture from an infinite source with the boundary layer concen-
tration N1. This concentration is essentially larger than the
limit of solubility of impurity N2 in the structure considered
in Fig. 1 �N1�N2�. This type of dopant source is used for
infusing of the latter type of dopant for maximal difference
between their quantities. In the case of an infinite source of
dopant the quantity of the dopant depends on time M
=M�t�.

It has been shown in Ref. 4 that in high-doped materials,
interaction between dopant atoms and point defects in-
creases. If the point defects have nonzero charge �e with e
an elementary charge, then the interaction leads to concen-
trational dependence of the diffusion coefficient. The depen-
dence can be approximated by a power law: D(x , t ,C�x , t�)
=D�x , t��1+��C�x , t� /N2���, where 0���1. Usually the
parameter � is an integer in the interval 1���3 �see Refs.
4, 9, and 10�. If the dopant source is finite, one can neglect
the concentrational dependence of the diffusion coefficient
and consider the case �=0. Let us determine the solution of
the diffusion equation �1� and use it for analysis of dopant
dynamics. To obtain an analytical solution of Eq. �1� let us
use the previously elaborated approach11,12 and transform the
spatial, temporal, and concentrational dependence of the dif-
fusion coefficient as: D(x , t ,C�x , t�)=D0�1+�h�x , t���1
+��C�x , t� /N2���, where 0���1, �h�x , t���1, and D0 is the
average value of the diffusion coefficient. We look for an
analytical solution of Eq. �1� in the power series form

C�x,t� = 	
k=0

	

�k	
m=0

	

�mCkm�x,t� . �4�

By substitution of �4� into �1� and equating the coefficients
with the same power of � and �, one can obtain the system
of equations for the functions Ckm�x , t�. Substitution of the
decomposition �4� into the boundary and initial conditions
�2� and �3� gives the analogous conditions for the system of
equations for the functions Ckm�x , t�.

This approach allows us to determine an analytical solu-
tion of the diffusion equation in the case of spatial, temporal,

and concentrational dependence of the diffusion coefficient
for the case of small values of parameters � and �. In other
papers �see, for example, Refs. 4, 9, and 13� an analytical
solution of Eq. �1� was determined only for a few model
dependences of the diffusion coefficient on one parameter:
on coordinate D�x�, on time D�t�, or on concentration
D(C�x , t�), or even for the asymptotical case of constant dif-
fusion coefficient D0. The analytical approach leads to a
faster understanding of the physics in comparison with the
numerical one, but computer simulations can be used for any
values of � and � and allows us to obtain the results with
high accuracy. Therefore, in this paper both approaches �ana-
lytical and numerical� have been used. To solve the diffusion
Eq. �1� numerically, we use the standard explicit difference
scheme.

The zero-order approximation of dopant concentration for
a finite �Eq. �5�� and an infinite �Eq. �6�� source can be writ-
ten as

C00�x,t� =
1

L
+

2

L
	
n=1

	 

0

L

f�v�cos�
ny

L
�dy

� cos�
nx

L
�exp�−


2n2D0t

L2 � . �5�

C00�x,t� = N21 −
2



	
n=0

	

sin�
�n + 0.5�x
L

�
�

1

n + 0.5
exp�−


2�n + 0.5�2D0t

L2 �� . �6�

The first- and second-order corrections of dopant concentra-
tion take the forms for a finite source of dopant

C10�x,t� =
D1

L
	
n=1

	

cn�x,t�	
m=1

	 

0

t

ẽmn�u� � mFm�Gn+m�u�

− Gn−m�u��du ,

C20�x,t� =
D1

2

L
	
n=1

	

cn�x,t�	
k=1

	

k2	
m=1

	

mFm � 

0

t

ẽkn�u��Gn−k�u�

− Gn+k�u�� � 

0

u

ẽmk����Gk−m��� − Gk+m����d�du ,

�7�

where Fm=�0
Lf�v�cos�vmy�dy, vn=
n /L, cn�x , t�

=n cos�vnx�en�t�, sn�x�=n sin�vnx�en�t�, en�t�=exp�−vn
2D0t�,

Gn�t�=�0
L�y , t�cos�vny�dy, D1=2D0
2L−3, ẽmn�t�

=em+0.5�t�en+0.5�−t�. The solutions for C10, C20, C01, C02, C11

for an infinite source of dopant have a rather complicated
form and are presented in the Appendix.
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III. DISCUSSION

Let us consider only the second-order approxima-
tion of dopant concentration on parameters � and �,
i.e., C�x , t��C00�x , t�+�C10�x , t�+�2C20�x , t�+�C01�x , t�
+�2C02�x , t�+��C11�x , t�. This approximation allows us to
analyze dopant dynamics without bulky calculations and to
give recommendations for increasing the steepness of impu-
rity distribution in p-n junctions and increasing the homoge-
neity of impurity distribution in the enriched areas.

Let us analyze some dependences of spatial distribution of
impurity concentration on different parameters. Usually the
annealing time ta is larger than the heating and cooling times
�th and tc, respectively�. The annealing process leads to pro-
duction of p-n junctions with higher sharpness of impurity
profile, when ta� th and ta� tc.

11,14 Therefore, let us approxi-
mate the temporal dependence of the diffusion coefficient by
the sum of the average value of the diffusion coefficient and
the Walsh function of the second order �the approximation
has been described in Ref. 14 and is illustrated in Fig. 2�.

Further let us consider the influence of the variation of
parameters � and � on dopant dynamics. Spatial distribution
of impurity concentration is presented in Figs. 3 and 4 for
different values of parameter �. As is seen in these figures,
increasing the semi-insulating property of the interface be-
tween the layers of heterostructure �i.e. increasing the differ-
ence between diffusion coefficients in the layers; see Figs. 3
and 4� and the values of parameters � and � allows us to
increase the steepness of the impurity profile in the substrate.
Increasing the steepness of the impurity profile corresponds
to a decrease of the parasitic capacity of the p-n junction. It
should be noted that the limit of small � have a technological
relevance. For example, widely used dopants As and B are
infused in an Si/Ge heterostructure at ��0.075 and �
�0.09, respectively, for the annealing temperature T
�1000 K.

For quantitative estimation of the enriched area of a het-
erostructure let us introduce the effective thickness of the
area ��t�. Two criteria can be used for estimation of the
thickness of enriched area. The first one is the estimation of
the thickness as the length of decreasing of impurity concen-

tration at 3 dB. The second criterion, which allows us to
obtain an analytical approximation of the thickness ��t�, is
the rectangle with the equal square

��t� =
1

C�0,t�
0

L

C�x,t�dx . �8�

The last criterion is the optimal one17 that is widely used for
the estimation of different temporal characteristics.11,12,18–20

Both criteria give us approximately the same results.

FIG. 2. Temporal dependence of the diffusion coefficient �curve
1� and its approximation �curve 2� by the sum of the average value
of the diffusion coefficient and the Walsh function of the second
order.

FIG. 3. Spatial distribution of an impurity concentration for the
time ta=0.05L2 /D0 for the finite source with initial distribution
C�x ,0�=��x� for different values of parameter �. Solid curves are
analytical solutions of diffusion equation �1�. Dashed curves are
numerical solutions of diffusion equation �1� with conditions �2�.
Curves 1 correspond to a homogeneous structure ��=0�; curves 2
correspond to �=0.1; curve 3 corresponds to �=0.62; and curve 4
corresponds to �=0.84. Curves 5 and 6 correspond to experimental
data for �=0.62 �Ref. 15� �circles� and �=0.84 �Ref. 7� �rectangles�,
respectively.

FIG. 4. Spatial distribution of an impurity concentration for the
time ta=0.075L2 /D0 for an infinite source for different values of
parameter �. Solid curves are analytical solutions of diffusion equa-
tion �1�. Dashed curves are numerical solutions of diffusion equa-
tion �1� with conditions �2�. Curves 1 correspond to homogeneous
structure ��=0�; curves 2 correspond to �=0.1; the curve 3 corre-
sponds to �=0.78. The curve 4 �rectangles� corresponds to experi-
mental data for �=0.78 �Ref. 16�.
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Let us consider in this paper the only example of the
thickness of enriched area for the fixed annealing time, be-
cause the general result is very bulky. Consideration of one
example is enough for illustration of major physical effects,
which are correlated with dependences of the thickness ��t�
on different parameters. By analytical calculation of the in-
tegrals in �5�–�8� and �A1�–�A5� and numerical summation
of the sums in derived formulas for different values of � and
a /L, one can approximate the obtained results by the follow-
ing function for the finite source of dopant with the initial
distribution f�x�=��x�:

��t = 0.05L2/D0�

= �0.396 + 0.775�a/L�1.322� − 0.6�a/L�0.585�2�L .

For an infinite source of dopant the same approximation of
the function ��t� may be obtained in the following form:

��t = 0.075L2/D0�

= �0.339 + 0.22�a/L�0.043� + 1.06�a/L�2�2 + ��L ,

where

� = �0.6�a/L�2.9�� − 0.0169� − 0.002�2, � = 1

0.54�a/L�0.678�� − 0.036� − 0.003�2, � = 2

0.08�a/L�0.332�� − 0.006� − 0.004�2, � = 3.
�

Some dependences of the last approximations are pre-
sented in Figs. 5 and 6. The dependences illustrate that in-
creasing the parameter � and ratio a /L and decreasing � and
� leads to the increase of the area with approximately ho-
mogenous impurity distribution �i.e., enriched area�.

The spatial distribution of impurity concentration depends
on the annealing time: increasing of the annealing time leads
to the increase of homogeneity of impurity distribution in the
heterostructure. However, the impurity profile, which has the
main practical interest, must be almost constant in the area
0�x�a, but must rapidly decrease in the other region. So, it
is necessary to determine an annealing time that corresponds
to a compromise between homogeneity of impurity in the
epitaxial layer and rapid decrease of impurity concentration

in the substrate. For estimation of the compromise annealing
time one can use two criteria. Both criteria give us approxi-
mately equal results. Let us introduce the function ��x , t�
=C�x , t� /C�0, t�, which characterizes the decrease of impu-
rity concentration with the increase of coordinate. The inter-
face between layers of heterostructure simplifies the produc-
tion of the distribution with higher homogeneity of impurity
in the epitaxial layer and rapid decrease of impurity concen-
tration in the substrate. So, one can define the compromise
annealing time from the following condition: ��a , ta�=1/�2.
This condition corresponds to the decrease of impurity con-
centration at 3 dB in the epitaxial layer in such a distribution,
which was formed during the compromise annealing time.
The second way to estimate the compromise annealing time
is to approximate the real spatial distribution of impurity
concentration by the stepwise function and to minimize the
following mean-squared error:

U�lf,t� = 

0

L

�C�x,ta� − Cf�1�x� − 1�x − lf���2dx ,

where 1�x� is the unit step function. As a result of calculation
of the annealing time at compromise, the following second-
order approximations are obtained: for the finite source of
dopant with the initial distribution f�x�=��x�

tac � �0.36 − 0.2�a/L�1/3� + 5.814�a/L�1.17�2�a2/D0,

for an infinite source of dopant

tac = �0.912�a/L�−0.02 − 2.14�a/L�−0.5� + 63.75�a/L�−0.93�2

+ ��a2/D0,

where

FIG. 5. Dependences of the effective thickness of an impurity
distribution for the time ta=0.05L2 /D0 and the finite source on:
parameter � for a=L /2 �curves 1�, and relation a /L for �=0.1
�curves 2�. Solid lines are analytical results. Dashed lines are nu-
merical results.

FIG. 6. Dependences of the effective thickness of an impurity
distribution for the time ta=0.075L2 /D0 and an infinite source on:
parameter � for a=L /2, �=0.1, and �=1 �curve 1�; parameter � for
a=L /2, �=0.1, and �=1 �curve 2�; parameter � /10 for a=L /2 and
�=�=0.1 �curve 3�; and parameter a /L for �=�=0.1 and �=1
�curve 4�. Solid lines and line 3a are analytical results. Dashed lines
and line 3b are numerical results.
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� = �2.295�a/L�3.17� − 0.6�a/L�0.263�2 − 3.025�a/L�3.367�� , � = 1

2.2�a/L�3.115� − 4.44�a/L�1.7�2 − 2.048�a/L�1.807�� , � = 2

1.238�a/L�2.46� − 6.6�a/L�2.89�2 − 1.04�a/L�1.678�� , � = 3.
�

The obtained approximations are illustrated in Figs. 7 and
8. It follows from the figures that the compromise annealing
time increases with the reduction of �, �, and the ratio a /L
and decreases with the reduction of �.

We note that the annealing time for �=0 is approximately
equal to double the annealing time for �=1 ��a��=0�
=2.16�a��=1� for the finite source of dopant and �a��=0�
=1.82�a��=1� for an infinite one�. The annealing time for �
=1 is equal to the relaxation time �rel of dopant concentration
in the epitaxial layer. The relaxation time is equal to �rel
=a2 /6D0 for the finite source of dopant11,17 and �rel
=a2 /2D0 for an infinite source of dopant.12

IV. LIMITS OF APPLICABILITY

The limits of applicability of analytical description can be
determined by numerical calculation of dopant concentration
and/or by analytical calculation of corrections to concentra-
tion of the third, the fourth, etc. orders. As is seen in Figs.
5–8 the second-order approximation of dopant concentration
is applicable when � and � are not larger than ��0.15 and
��0.2. For ��0.15 and ��0.2 the error does not exceed
10%.

V. CONCLUSION

In the present paper the analysis of dopant dynamics in a
semiconductor structure, accounting for spatial, temporal,
and concentrational dependence of diffusion coefficient, has
been done. Certain conditions on these dependences for ob-
taining the compromise between increasing of homogeneity
of impurity distribution in the doped area of the heterostruc-
ture and increasing of sharpness of p-n-junction are obtained.

The annealing time has been optimized to achieve the same
compromise. The effective thickness of the doped area of the
heterostructure was calculated. It has been shown that the
increasing of the difference between diffusion coefficients D1
and D2 leads to an increase of the effective thickness and to
a decrease of the annealing time. The increase of the ratio of
thicknesses of the heterostructure layers a / �L−a� leads to an
increase of the thickness of the enriched area and to an in-
crease of the optimal annealing time. If the annealing time is
approximately equal to its optimal value, the impurity profile
and the thickness ��t� weakly depend on time. However,
doubling the annealing time in comparison with its optimal
value leads to variation of the effective thickness ��t� and the
sharpness ��x , t� of the p-n junction from 25% to 80% and
from 10% to 200%, respectively. Thus, fine-tuning the pa-
rameters of the technological process and semiconductor
structure allows us to significantly improve the properties of
p-n junctions.
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APPENDIX

The corrections of a dopant concentration of the first and
the second order for the case of an infinite source are pre-
sented in the Appendix. First-order corrections are

FIG. 7. Dependences of the compromise annealing time for the
finite source, on: parameter � for a=L /2 �curve 1�, and relation a /L
for �=0.1 �curve 2�. Solid lines are analytical results. Dashed lines
are numerical results.

FIG. 8. Dependences of the compromise annealing time for an
infinite source on: parameter � for a=L /2, �=0.1, and �=1 �curve
1�; parameter � for a=L /2, �=0.1, and �=1 �curve 2�; parameter
� /10 for a=L /2 and �=�=0.1 �curve 3�; and parameter a /L for
�=�=0.1 and �=1 �curve 4�. Solid lines and line 3a are analytical
results. Dashed lines and line 3b are numerical results.
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C10�x,t� =
D1N2



	
n=0

	

sn+0.5�x,t� � 	
m=0

	 

0

t

ẽmn�u��Hn−m�u�

+ Hn+m+1�u��du , �A1�

where Hn�t�=�0
L�y , t�sin�vny�dy, sn�x�=n sin�vnx�en�t�,

C01�x,t� = �2 − ��1, �A2�

where

�1 =
2N2


3 	
n=0

	

�n + 0.5�sn+0.5�x,t� � 	
k=0

	
1

k + 0.5	
n=0

	

�ekm�t�

− en+0.5�t����n + 0.5�2 − �m + 0.5�2 − �k + 0.5�2���m

+ 0.5�2 − �n − k�2�−1 − ���m + 0.5�2 − �n + k

+ 1�2�−1�, ekm�t� = ek+0.5�t�em+0.5�t� ,

�2 = 0 for � � 3,

and

�2 =
N2


5 	
n=0

	

sn�x,t�	
k=0

	
1

k + 0.5	
l=0

	
1

l + 0.5

� 	
i=0

	
1

i + 0.5	
j=0

	
eklij�t� − en+0.5�t�

j + 0.5
��n + 0.5�2 − �k + 0.5�2

− �l + 0.5�2 − �i + 0.5�2 − �j + 0.5�2����n + 0.5�2 − �k − l

+ i − j�2�−1 − ��n + 0.5�2 − �k − l − i + j�2�−1 − ��n + 0.5�2

− �k − l + i + j + 1�2�−1 − ��n + 0.5�2 − �k − l − i − j

+ 1�2�−1 − ��n + 0.5�2 − �k + l + i − j + 1�2�−1 − ��n

+ 0.5�2 − �i − j − k − l + 1�2�−1 + ��n + 0.5�2 − �i + j − k

− l�2�−1 + ��n + 0.5�2 − �i + j + k + l + 2�2�−1� for � = 3.

Second-order corrections of a dopant concentration are

C20�x,t� = −
D1

2N2

2

	
k=1

	

sk+0.5�x,t�	
n=1

	

�n + 0.5�2

� 	
m=1

	 

0

t

ẽnk�u��Hn+k+1�u� + Hn−k�u��

� 

0

u

ẽmn����Hn+m+1��� + Hn−m����d�du ,

�A3�

C02�x,t� = �2�3 − �4, �A4�

where

�3 =
4N2


5 	
n=0

	

�n + 0.5�3sn+0.5�x�en+0.5�t�

� 	
k=0

	
1

k + 0.5	
l=0

	

�l + 0.5�3	
m=0

	
n + 0.5

�l + 0.5�2 − �n − k�2

�
k + 0.5

�l + 0.5�2 − �n + k + 1�2	
i=0

	
1

i + 0.5	
j=0

	

�l + 0.5�

�
��n + 0.5�2 − �l + i + 1�2�−1��j + 0.5�2 − �l − i�2�−1

�l + 0.5�2 − �i + 0.5�2 − �j + 0.5�2

� � eklij�t� − ek+0.5�t�
�n + 0.5�2 − �k + 0.5�2 − �i + 0.5�2 − �j + 0.5�2

−
ekl�t� − ek+0.5�t�

�n + 0.5�2 − �k + 0.5�2 − �l + 0.5�2��i + 0.5� ,

�4 = 0 for � � 3

and

�4 =
3N2


7 	
n=0

	

�n + 0.5�3

� sn+0.5�x,t�	
i=0

	
1

i + 0.5	
j=0

	 � 1

�n + 0.5�2 − �i − j�2

−
1

�n + 0.5�2 − �i + j + 1�2��j + 0.5�2	
k=0

	
1

k + 0.5

� 	
l=0

	
1

l + 0.5 	
m1=0

	
1

m1 + 0.5 	
m2=0

	
1

m2 + 0.5
���j + 0.5�2

− �k − l + m1 − m2�2�−1 + ��j + 0.5�2 − �k − l − m1

+ m2�2�−1 − ��j + 0.5�2 − ��k − l + m1 + m2�2�2�−1

− ��j + 0.5�2 − �k − l − m1 − m2 − 1�2�−1 − ��j + 0.5�2

− �k + l + m1 − m2 − 1�2�−1 − ��j + 0.5�2 − �k + l

− m1 + m2 − 1�2�−1 + ��j + 0.5�2 − �k + l − m1

− m2�2�−1 − ��j + 0.5� − �k + l + m1 + m2 + 2�2�−1�

���eiklm1m2
�t� − en+0.5�t�� � ��n + 0.5�2 − �i + 0.5�2

− �j + 0.5�2 − �k + 0.5�2 − �l + 0.5�2 − �m1 + 0.5�2

− �m2 + 0.5�2�−1�eij�t� − en+0.5�t����n + 0.5�2 − �i

+ 0.5�2 − �j + 0.5�2�−1� +
4N2


7 	
i=0

	

�i + 0.5�2si+0.5�x,t�

�	
j=0

	

	
l=0

	
1

l + 0.5
� 	

l=0

	
1

l + 0.5 	
n1=0

	
1

n1 + 0.5 	
n2=0

	

�n2

+ 0.5�2���i + 0.5�2 − �j − l − n1 + n2�2�−1 + ��i + 0.5�2

− �j − l + n1 − n2�2�−1 − ��i + 0.5�2 − �j + l + n1 − n2

+ 1�2�−1 − ��i + 0.5�2 − �j + l − n1 + n1 + 1�2�−1 − ��i
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+ 0.5�2 − �j − k − n1 + n2 + 1�2�−1 − ��i + 0.5�2 − �j

− l − n1 − n2 − 1�2�−1 + ��i + 0.5�2 − �j + l − n1

− n2�2�−1 + ��i + 0.5�2 − �j + l + n1 + n2

+ 2�2�−1�	
k=0

	
1

k + 0.5 	
m=0

	

���m + 0.5� − �n5 − k�2�−1

− ��m + 0.5�2 − �n2 + k + 1�2�−1�

���n2 + 0.5�2 − �k + 0.5�2 − �m + 0.5�2�−1��eijln1km�t�

− ei+0.5�t����i + 0.5�2 − �j + 0.5�2 − �l + 0.5�2 − �n1

+ 0.5�2 − �k + 0.5�2 − �m + 0.5�2�−1 − �en2
�t�

− ei+0.5�t����i + 0.5�2 − �n2 + 0.5�2��

for � = 3,

C11�x,t� = �5 + 2�6 + 2�7 − 2�8 + 2�9 + �10 + 4�11, �A5�

where

�5 =
�D1N2


3 	
l=0

	

sn+0.5�x,t�	
n=0

	

�n + 0.5�3 � 	
k=0

	
1

k + 0.5 	
m=0

	

���m

+ 0.5�2 − �n − k�2�−1 − ��m + 0.5�2 − �n + k + 1�2�−1���n

+ 0.5�2 − �k + 0.5�2 − �m + 0.5�2�−1

0

t

�ekm�u�

− en+0.5�u��el+0.5�− u��Hl−n�u� − Hl+n+1�u��du ,

�6 =
�D1

2N2L


4 	
n=0

	

�n + 0.5�sn+0.5�x,t�	
k=0

	

�k + 0.5�3

� 	
l=0

	

�l + 0.5�2���l + 0.5�2 − �n − k�2�−1 − ��l + 0.5�2

− �n + k + 1�2�−1�	
m=0

	 

0

t ekl�u�
en+0.5�u�
0

u

ẽml����Hl−m

+ Hl+m+1�d�du ,

�7 =
D1N2

2

	
n=0

	

sn+0.5�x,t�	
m=0

	 

0

t

�Hm+n+1�u� + Hm−n�ẽmn�u�du ,

�8 =
�D1N2

2

	
n=0

	

sn+0.5�x,t�

� 	
m=0

	

	
k=0

	
1

k + 0.5



0

t ekm�u�
en+0.5�u�

�Hn+k−m+0.5�u�

+ Hn−k+m+0.5�u� − Hn−k−m−0.5�u� − Hn+k+m+1.5�u��du ,

�9 = 0 for � = 1,

�9 =
�D1N2

2
3 	
n=0

	

sn+0.5�x,t�	
k=0

	
1

k + 0.5

�	
l=0

	
1

1 + 0.5 	
m=0

	 

0

t eklm�u�
en+0.5�u�

�Ik−l−n+m�u� + Ik−l+n−m�u�

+ Ik−l−n−m−1�u� + Ik−l+n+m+1�u� − Im−k−l+n�u�

− Ik−l−n−m−1�u� − Ik+l+n−m+1�u�

− Im+k+l+n+2�u��du, for � � 2,

In = 

0

L

�y,t�cos�vny�dy ,

�10 = 0 for � � 3,

�10 = D1N2
−5	
i=0

	

si+0.5�x,t�	
n=0

	

�n + 0.5�2

0

t

�Ii−n�u�

+ Ii+n+1�u��	
k=0

	
1

k + 0.5	
l=0

	
1

l + 0.5
���i + 0.5�2 − �j − k + l

− n�2�−1 + ��i + 0.5�2 − �j − k − l + n�2�−1 − ��i + 0.5�2

− �j + k − l + n + 1�2�−1 − ��i + 0.5�2 − ��j + k − l − n

+ 1�2�−1 − �i + 0.5�2 − �j − k − l + n + 1�2�−1 − ��i + 0.5�2

− �j − k + l + n + 1�2�−1 + ��i + 0.5�2 − �j + k − l − n

− 1�2�−1 − ��i + 0.5�2 − �j + k + l + n

+ 2�2�−1�	
m=0

	 

0

u

ẽmn����In−m��� + In+m+1����d�du

for � = 3,

�11 = 0 for � � 2,

and

�11 =
D1

2N2L3

4
6 	
n=0

	

sn+0.5�x,t�	
k=0

	
1

k + 0.5

� 	
l=0

	
1

l + 0.5 	
m=0

	
1

m + 0.5	
i=0

	 

0

t eklmi�u�
en+0.5�u�

� �Hk−n+i−l+m+0.5�u� + Hk−n−i+l−m+0.5�u�

+ Hk−n+l+i−m+0.5�u� + Hk+n−i−l+m+0.5�u�

− Hk+n−i−l+m−0.5�u� − Hk−n+i+l−m+1.5�u�

− Hk−n+i−l+m−0.5�u� − Hk+n−i+l−m+1.5�u�

+ Hk+n+i−l+m+1.5�u� + Hk−n−i+l−m−0.5�u�

+ Hk−n−i−l+m−0.5�u� + Hk+n+i+l−m+1.5�u�

− Hk+n+i−l−m+0.5�u� − Hk−n−i+l+m+0.5�u�

− Hk−n−i−l−m−1.5�u� − Hk+n+i+l+m+2.5�u��du for � = 3.
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