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Exact ground states of the periodic Anderson model in D=3 dimensions

Zsolt Gulacsi!? and Dieter Vollhardt!

YTheoretical Physics III, Center for Electronic Correlations and Magnetism, Institute for Physics, University of Augsburg,

D-86135 Augsburg, Germany
2Department of Theoretical Physics, University of Debrecen, H-4010 Debrecen, Hungary
(Received 8 April 2005; published 23 August 2005)

We construct a class of exact ground states of three-dimensional periodic Anderson models (PAMs), includ-
ing the conventional PAM, on regular Bravais lattices at and above 3/4 filling, and discuss their physical
properties. In general, the f electrons can have a (weak) dispersion, and the hopping and the nonlocal hybrid-
ization of the d and f electrons extend over the unit cell. The construction is performed in two steps. First the
Hamiltonian is cast into positive semidefinite form using composite operators in combination with coupled
nonlinear matching conditions. This may be achieved in several ways, thus leading to solutions in different
regions of the phase diagram. In a second step, a nonlocal product wave function in position space is con-
structed which allows one to identify various stability regions corresponding to insulating and conducting
states. The compressibility of the insulating state is shown to diverge at the boundary of its stability regime.
The metallic phase is a non-Fermi-liquid with one dispersing and one flat band. This state is also an exact
ground state of the conventional PAM and has the following properties: (i) it is nonmagnetic with spin-spin
correlations disappearing in the thermodynamic limit, (ii) density-density correlations are short ranged, and (iii)
the momentum distributions of the interacting electrons are analytic functions, i.e., have no discontinuities even
in their derivatives. The stability regions of the ground states extend through a large region of parameter space,
e.g., from weak to strong on-site interaction U. Exact itinerant, ferromagnetic ground states are found at and

below 1/4 filling.
DOI: 10.1103/PhysRevB.72.075130

I. INTRODUCTION

The periodic Anderson model (PAM) is the basic micro-
scopic model for the investigation of compounds with heavy-
fermion or intermediate-valence properties such as cerium or
uranium.! The model describes f electrons which interact via
a strong on-site Coulomb repulsion U and hybridize with
noninteracting d electrons. In the simplest case the f elec-
trons are assumed dispersionless, the hybridization purely
local, and the d-electron hopping nonzero only between
nearest-neighbor sites. However, for real systems this is an
oversimplification since there is experimental evidence for
(i) a weak, but finite dispersion of the f electrons, especially
in uranium compounds,”* (ii) nonlocal contributions to the
hybridization, and (iii) hopping of the d electrons beyond
nearest neighbors.’

Recently the PAM was employed to study the dramatic
volume collapse at the a—y transition in cerium
compounds.®~® These investigations called attention to the
possibility of a Mott metal-insulator transition in the PAM.
In fact, a remarkable similarity between the Hubbard model
with nearest-neighbor hopping” and the PAM with nearest-
neighbor hybridization and d hopping®~'> was found. These
results show that the range of the hopping and hybridization
in the PAM are quite important but still poorly understood.

In this situation exact results on the existence of insulat-
ing and metallic phases in the PAM and their dependence on
the hopping, hybridization, and interaction parameters are
particularly desirable—especially in three dimensions. So far
exact results for the PAM were mostly limited to special
regions of parameter space, namely, for infinite repulsion of
the f electrons,'>!> and for finite repulsion in low dimen-
sions D=1,2.16-19
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In this paper we not only present details of the construc-
tion and the physical properties of a class of exact ground
states of three-dimensional (D =3) periodic Anderson models
reported in Ref. 20, but extend the range of applicability of
our approach substantially. In particular, we (i) demonstrate
the uniqueness of the metallic and insulating solutions dis-
covered at 3/4 filling,?° (i) explicitly present and analyze the
nonlinear matching conditions connecting the starting
Hamiltonian to the transformed Hamiltonian, (iii) deduce the
current operator and the sum rule for the charge conductivity,
(iv) derive several local and global expectation values such
as the magnetization of the system, (v) calculate correlation
functions, (vi) extend the solutions to the conventional PAM
case, and (vii) show that, by employing different procedures
to cast the Hamiltonian into positive semidefinite form, one
arrives at exact ground states in different regions of the pa-
rameter space.

The paper is structured as follows. In Sec. II we present
the Hamiltonian, discuss its transformation into positive
semidefinite form, and construct a class of exact ground
states. Section III describes the localized solution, and Sec.
IV characterizes the metallic non-Fermi-liquid state. In Sec.
V the approach is generalized, leading to solutions in other
regions of parameter space, and in Sec. VI the results are
summarized. Technical details are discussed in Appendixes
A-E.

II. TRANSFORMATION OF THE HAMILTONIAN AND
CONSTRUCTION OF EXACT GROUND STATES

A. General form of the periodic Anderson model

We consider a general form of the periodic Anderson
model describing noninteracting d electrons which hybridize
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with interacting f electrons. In contrast to the conventional
PAM we do not assume the f electrons to be localized, i.e.,
the Hamiltonian is given by

H=H,+H,, (1a)
0 U

Hy= 2 [(eiy, + erif,) + (dekafko + kakg-dko)]

(1b)

We denote the two types of electrons by b=d,f, i.e., I;ITW
creates a b (=d,f) electron with momentum k and spin o.

. . b
The correspondlng particle number operators are 7y,

—bkgbkg, and the dispersion relations of the b electrons are
given by Eb Furthermore, the hybridization amplitude and
the local (Hubbard) interaction are denoted by Vi and U,
respectively.

In real space the model is defined on a general Bravais
lattice in D=3 dimensions, with a unit cell / defined by the
primitive vectors {x,}, 7=1,2,3. The noninteracting part of

the Hamiltonian I:IO reads

I:IO = 2 (E [(t;l‘}iaaiﬂ,o"' tﬁf;afi+r,0) + (V;J’f;liiafiﬂ,a
r

i,o

io

+ VU e o)+ Hee ]+ (Vod] ofs o+ Hee) + Egif ) ,

2)
where tf characterizes the hopping of b electrons between
sites i and i+r, V2”" is the hybridization of b and b’ elec-
trons at sites i and i+r, V) is the on-site hybridization, and Ef
is the local on-site f-electron energy. The separation between
a site i and its neighbors in the unit cell is denoted by r, with

r # 0. While the amplitudes tlr’ are real, V), Vf’b '

ciple, be complex (whether Vf’b is real, imaginary, or com-
plex depends on the linear combination of the corresponding

can, in prin-

electronic  orbitals and hence on the lattice
symmetry®'821-23) and obey the relations
Eb_E 6 E b _—ikr b* +ikr 3
W= Ep0y g+ 2, (te™™ + 1 e™™), (3)
r

Vie= Vo + 2 (Vi ek gy grikey
r

In particular, for tf:=0, the f electrons are localized, and
the model reduces to the conventional PAM.

B. Transformation of the Hamiltonian

1. Representation of sites in a unit cell

The separation from a site i in Eq. (2) is indicated by the
vector r which corresponds to neighboring sites located in
different coordination spheres. In our investigation r may
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i J i+x,
n=2

FIG. 1. A unit cell /; connected to an arbitrary site i showing the
primitive vectors X, and indices n of the sites in /. Arrows depict
some of the hopping and hybridization amplitudes (/=¢,V) defined
within /;.

extend over a unit cell I of a general Bravais lattice in
D=3. This implies 26 different intersite hopping and nonlo-
cal hybridization amplitudes. To avoid multiple counting of
contributions by the H.c. term in Eq. (2) the vector r must be
properly defined. To this end the sites within /;, the unit cell
defined at site i, are denoted by r,i=i+raﬁy, with r,g,=ax,
+Bx,+vXs3; a,B,v=0,1. As shown in Fig. 1 the eight sites
r; can be numbered by the indices n(a,B,y)=1+a+3pB
+47 2af without reference to [;. Then r=r, g, —T,g,
with n(a’,B',y)>n(a,B,y), connects any two sites
within a unit cell. It corresponds to half of the 26 possibili-
ties, i.e., to the 13 possibilities X, X,, X3, Xo*+X;, X3£Xq,
X3+X,, X3:X,*X,. The remaining (negative) values of
r are taken into account in Eq. (2) by the H.c. contributions.

2. Transformation of H into positive semidefinite form

To construct exact ground states the Hamiltonian H
needs to be rewritten in terms of positive semidefinite
operators. This is made possible>* by the construction of two
new operators—one for the transformation of I:IO and one
for H U

The first of these operators is the “unit cell operator”
A;,U which represents a superposition of fermionic operators
creating d or f electrons with spin ¢ inside every unit cell
I; as

8

At
AI-,O' - E (an dd1+r st f+r )
i a,B,y a.p, y?
n(a.B,y)=1
- (al Jd + a2 dd1+x Ng + a3 dd1+x 11X5,0 + a4 ddl+X2 o

x o £ A
oot a8,ddi+x2+x3,o) +(a) i o+ @ i,

ot a8 ff+x2+x3 (T)
(4)

Because of the translational symmetry of the lattice, the nu-

* AT
+ a3 ff+xl+x2 o a4,ffi+x2,a
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merical prefactors a;b, n=n(a,B,7), are the same in every
do not obey canoni-
»1#0 for all

creates electrons also at the
boundaries of the unit cell /; with neighboring unit cells. It

unit cell. The composite operators A; -
i

cal anticommutation rules, since {A I,U,A}L,

[#I'. This is because A]

Lo

should be stressed that for this reason A} - has a genuine
b
dependence on the lattice structure and thereby on the spatial

dimension.  Furthermore the relations {A] Lo Ay ot

={AI,0"AI’,0"}=0 and {AI,J»A;O—}de-"Kf»Kb: n=1|an,b|2
imply

(A],)*=0, (52)

~Aj A= AL AL~ (K4 K. (5b)

The second operator P originates from the relation
Sl ] | =P+3; i ,~N,, where

P=2P, Pi=ili] - Al +af)+1, (6)
i

and N, is the number of lattice sites. The local operators

131 are positive semidefinite and assume their lowest eigen-
value (=0) whenever there is at least one f electron on

site i. By contrast, the interaction operator H v itself, which
is also positive semidefinite for U>0, assumes the
eigenvalue 0 only if the double occupancy is exactly zero.

A

For this reason P is more useful for our investigation

than H U-

Taking into account periodic boundary conditions and al-
lowing r to take only the values discussed above, Egs. (1a)
and (2) may be written as

I:I=13A+UI3+Eg, (7)

where ﬁA:Ei,aAIi,,,AZ,,,, E,=K,N+UN,~2N,(2K,~E), and
N is the total number of particles, which is assumed to be
fixed.

For Eq. (7) to reproduce Eq. (1a) prefactors a, , in A}ig
must be expressed in terms of the microscopic parameters tf,
t{, Vi, V:, Vos V;, Ej, and U, for all r € [;, taking into account
periodic boundary conditions. This leads to 55 coupled, non-
linear matching conditions which can be written in compact
notation as>°

1
* ,b’
2 (HDB a) n+,ban‘,b’=7£r7,v :
B1:B2B3==1
These matching conditions have the explicit forms

’

It =4 +a, +a. +a,
x; T @uplopr t Ay s pr s e+ Ag g bt

bb' #
Jxyix, = 01p03p1 + A5 40775

’

S =] +a, +ag +as
X, = Qipdap +ay a3+ dg A7 pr + ds pdg
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b.b b’ * *
S, = Q1o + Ay pa70s

’

IV =a) +a, +a, +a,
x; @i pdspr + g plepr A3 Ay pr + Ay pdg s

!

b.b o 5

S, = @1pa8.67 + a2 147,515
b,b’ * *

Jximx, = o papr + Qg pAg b7

b,b’ * *
J a2,ba5’h/ + a3’ha8’b/ s

b.b o *
Sxix, = Qa5 + a3 6 b1

b,b' _F b,b' _ %

X3 X, +X) T al,ba7,b” Jx3+}|(2—x1 - az,ba&b’ s
b,b' _
X3=Xo+X; Ay p%6,b"

8

by % _ *
Jx3—x2—x] =dsz pdsp's VO - 2 Ay qn.f>
n=1

U+Ef= Kd_Kf’

(8)

where J2?' =—[8, 2 +(1=8,,)V2*'], b.b'=d.f.
Details of this transformation are presented in
Appendix A.

C. Construction of exact ground states

Apart from the constant term E, in Eq. (7) His a
positive semidefinite operator. A state |‘I’ ) which satisfies
the conditions

Pl¥,) =0, (9a)

Af W) =0 (9b)

for all i, and which contains all linearly independent states
with properties (9a) and (9b), will then be the exact ground

state of H with energy E,. Since the kernel of an arbitrary
operator O, ker(0), is defined by the linearly independent
states | @) satisfying O|$)=0, the relations (9a) and (9b) de-
fine the kernel of the operators P and PA, respectively. Con-

sequently, | W) spans the common part of ker(P) and ker(P,)
denoted by the Hilbert space

H,=ker(P,) N ker(P). (10)

Using this definition it is ensured that |¥ o) is the complete
ground state, and that supplementary degeneracies of E, do
not occur.

Using Eqs (6) and (9a) it follows that ker(P) is defined
by states FT|0)=TIYAF]|0), where F=(u; Tf + U lf ) and
Wi are arbitrary coefficients. Obviously F' creates one f
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electron on every site i. Furthermore, Egs. (5a) and (9b)
imply that ker(P,) is defined by states (A?T|0>, where
(A;T=H?;A1 (AZ’TAZ’ i) creates at most two (d or f) electrons on i.
Since G also creates contributions without f electrons, Eq.
(10) implies the (unnormalized) ground state

Ny

W) =G'Filo) = [T[A] A} \F{10) (11)
i=1

at N=3N,, e.g., 3/4 filling. Clearly, lI’g) has the desired
W )=E,|¥,) and spans H, at 3/4 filling. Thus it
is the exact ground state of H with energy E,.

property H

Since the operator F" was introduced into |\I’g> to take

into account the operator P in Eq. (7), i.e., the Hubbard

Equation (11) implies that (i) the linearly independent ba-
sis vectors of H, have the form |\Ifg{a'i}>:éfﬁfgi}|0>, where
I:”Erai}=l_[fvf} f - and (ii) G' does not contribute to the total
spin of the ground state. The overall degeneracy and total
spin S €[0,N,/2] of [¥,) are then determined only by the
(arbitrary) set of coefficients u; ,, (see also Secs. III A 2 and
IVE and Ref. 25). Consequently, the degeneracy of E,
determined by the (high) spin degeneracy of |\I' ). Srnce in
|‘P> all possible values S and orrentatrons S occur the

ground state is globally nonmagnetic.?
Exact ground states can also be constructed away

from 3/4 filling. For example, the operator
VL— ORI fgal i 10') with numerical coefficients

aﬁj’a creates M <N, additional particles in the system

such that

Np
(v =I11A] A} | E{1V},l0) (12)
i=1

is a ground state for U>0 and N>3N,.
III. EXACT LOCALIZED GROUND STATE

The physical properties of |\I’g) depend on the values of
the coefficients a,,;, in Eq. (4) which are solutions of Eq. (8)
for given microscopic parameters. We now identify different
solutions for nonlocal hybridization amplitudes with
V;’f= Vfd= V. and discuss their physical properties. We start
with a localized ground state at 3/4 filling.

A. Derivation of the localized ground state

From Eq. (4) it follows that if a:; 4 and a:’f are propor-
tional, i.e., a:’d= pa:,f for all n, the operators A;U take the

form

AZ,0'= 2 ar;(a,,B,‘y),fELraﬁ’y,o" (13)
n(a.B,y)=1

(pc%T +ﬁ(r) The ground state |¥,), Eq. (11),

then transforms into |V, vaAl(E TE lF )[0). Evaluating

the product ET ET FT one finds

where ET
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Ny
1,0 =11 (E paopdl i T+ T

i=l1 \ o

)|o>. (14)

Since <‘I,loc|qfloc> (1 + |p|2)N\H (|,LL1 T|2+ |,LL1 l|2) #0 the
ground state is well defined.

1. The insulating nature of the ground state

The state |¥,,.) has exactly three particles on each site,
corresponding to a uniform electron distribution in the sys-
tem. Indeed, for /i;=3,_, /=7, one finds /[ W;,)=3|¥,.).
Denoting ground-state expectation values in terms of |¥,,.)
by (---), one obtains

(o) =0, {d] fj.)=0,
(15)
Fiodio =0, (Flofio =0,

for all o, 0’ and all i# j. Hence hopping or nonlocal hybrid-
ization does not occur.

By separating the Hamiltonian H into an itinerant
part H,;,=3.H,,,(r) and a complementary localized part
H,,.=H-H,, (see Appendix B), and using Eq. (15), one
finds (H,,;,(r))=0 for all r, and (H 1oc»=E . This clearly dem-
onstrates the localized nature of the ground state. Further-
more, from Eq. (B3), the sum rule for the charge conductiv-
ity is obtained as [jdw Re o, (w)=0. Since Re o, (w) is
non-negative this relation implies Re o, (w)=0. In particu-
lar, Re 0, ,(0)=0, the dc conductivity, is also zero. The
ground state (14) is therefore insulating.”’?® It should be
noted that the nature of this state is quite nontrivial, since the
localization of the electrons is due to a subtle quantum me-
chanical interference between states with two d and one f
electron (dj df f] ,) and two f and one d electron (f] .f] di )
on every site i.

A state with Re o, ,(w)=0 for all w appears to be rather
unphysical since it implies that not only the dc conductivity
but even the dynamic conductivity vanishes for all excitation
energies. It should be stressed, however, that the relation
Re 0, (w)=0 was derived in the framework of the Kubo
formula for the charge conductivity, i.e., within linear re-
sponse theory. Consequently, this result is not valid at high
excitation energies .

2. Global magnetic properties

The expectation value of the spin?® in terms of the ground
state (14) in Cartesian coordinates is found as

N R * *
3 (- l)(,U«i,Wi,T - :U“i,T:U“i,l)
2(| i 1] + i )

Iu“ll/*l’ly -i_lu’lTIu“;k
)= E—T%w
2(|MlT|2 |Mll|2) =1
N
S |Mi,T|2_|:U’i,1|2

o (16)
i=1 2(|Mi,¢|2+ |:U'i,L|2)

+Z

where |x|=|y|=|z|=1. The total spin is seen to depend on the
arbitrary coefficients {y; ,f. Here the site dependence of the
M coefficients should be stressed. Namely, by choosing
Mi o= M, One obtains
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Ny (il =)
2 (P + e )
which represents a ferromagnetic state with maximal total
spin S/N,=1/2, leading to \/<S2>/NA= 1/2 in the thermody-
namic limit; u,, is seen to influence only the orientation of S.
The minimal total spin can be found by considering two
distinct subsystems of arbitrary shape, both containing the

same number of lattice sites Ny/2. Taking w; ,= s, Mi— o
=0 in each subsystem one finds

=10 (1)

2 1)’ (9=

(89 = =5 =0, (18)

which implies zero total spin (i.e., a global singlet state) in
the thermodynamic limit. Depending on the choice of the
parameters {u; . all values of S between these two extreme
values for S, and all orientations of S, can be constructed
(see Sec. II C).

3. Local magnetic properties

Analyzing the local magnetic properties of the ground
state one observes that the expectation value of the double
occupancy per site for both b=d,f electrons is smaller
than unity since ({7} )=(8, s+|p|*8,4)/(1+|p[?). Conse-
quently, each site carries a local moment. Indeed, irrespec-

tive of the values of u;, and p one has <§i2>=3/ 4 on each
site i; this is the result of a quantum mechanical superposi-
tion of the corresponding contributions of d and f electrons.
The f and d moments do not compensate each other locally
since

(S + <éi,d>>(2 |ui,g|2> = x Re(y o ) +y Im(ps 1)

2.1, |2

+Z|MLT| |:U’l,l| ’ (19)
2

where (Si’d>= | p|2<éi‘f) holds. Furthermore, taking into ac-

count fixed (but arbitrary) u; , the spin-spin correlation func-

tion for i# j is found as

Ul = L P g = g

(8383 = ,
S 7o e TP R TR e T
. . (20)
( 3;, 5j'> Mi, | Mg MM

- |Mi,T|2 + |:U*i,i|2 |/-Lj,T|2 + |:U’j,l|2'

An average over all possible values of u;,u; , therefore
implies (S;S;)=0. Therefore, in spite of the existence of
local moments the system is globally nonmagnetic; this
is a consequence of the large spin degeneracy of the ground
state.

B. Solutions of the matching conditions

The matching conditions (8) for the nonlocal hybridiza-
tion amplitudes along the space diagonals of the unit cell
read
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- Vx3+x2+x| =ay gy p=ay a7 g,
* *
= Vigrxyx, = o408, = 3 143 4

* *
= Vigmxyx, = 4 46,1 = Ay (6,05 (21

% %
= Viyox,ox, = 03 405 £ = a3 A5 4.

They hold for all {x,}, 7=1, 2, 3, and hence imply a:’d/a:,f
=a, 4la, ;=p=p". Since for real p, Eq. (8) leads to the
relations

d d 2
t t U+E, 1-

d= =t TP (22)
p p Vo p

real p are seen to imply real hybridization amplitudes. In
addition to Eq. (22), Eq. (8) yields the following system of
14 coupled nonlinear equations:

d _ * % % *
Iy =y 4024t A3 gA7.4F A4 4030 A5 6.4

d _ * * * *
—_ [xz = al’da4,d + a6’da7,d + azwda&d + as,da&d,

d _ * * * *
- tx3 = alydas’d + a3‘da7’d + aZ,daﬁ,d + a4,da8‘d,

d o *
Iy, x, T 42,0044+ A6 408,45

d o *
 lxyx T A1,493,0 T A5 407 45

T lhux, TAa6d T a a7y T Ixyx T Ap 0054 A3 498,45

T lhux, T A8, T A2 q07.0, T Ixx) = Ay q05.4 T A3 406,45
d _ox d _ox
- tx3+x2+x] =ay 474~ tx3+x2—x1 =d q448,d>
d _ *
- tx3—x2+x1 - a4,da6,d’
8
d Uk _ 2
- tx;—xz—xl =ds qds 4 pVO - 2 |an,d| . (23)
) n=1

They determine the unknown complex coefficients a,, 4 (i.e.,
16 unknown real values) from the input parameters tf. A
study of the possible solutions shows that for |[p| > 1 the rela-
tive sizes of the hopping and hybridization amplitudes are

physically very reasonable, e.g., t£1|<|t;11, t;ll+xz|<|tfl,
|t{l erz|<|t£]|. That is, they decrease with increasing

distance, and the magnitudes of the amplitudes of the d
electrons are larger than those of the almost localized f
electrons.

Based on Eq. (7), the corresponding ground-state energy
becomes E,/Ny=-U+(1-2/p*)S%_ |a, *. Depending on
the solution, E, has a nontrivial structure which will be ana-
lyzed below.
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Ny
1l — .01
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0.1 0.2 0.3 0.4 0.5
4
|

FIG. 2. Ground-state energy per lattice site, Eq. (25), in units of
U as a function of y=|¢d/£| for the localized solution in a simple
cubic crystal for |t{'/t‘lj|=0.01. As seen from the plot, E,/N, is finite
at y.=1/2 but has infinite slope.

1. Solution for a cubic lattice

For a simple cubic lattice one has l—t —t =t £

X2+Xl
d _d _d d
=y, = agn, =120 Typanyix, =1%. Then Eq. (23) has a solution
A14=4ay,  Ay4=0d44=0d54=Udy,

(24)

2 3
a3 qg=deg=dgq=U"dy, d7g=Udy,

where a; is an arbitrary, real quantity which is fixed by the
energy unit. Furthermore, u is real and is determined by the

parameters entering in H through Egs. (23) and (24). Due to
the almost localized nature of the f electrons their nearest-
neighbor hopping amplitude can be expected to be much
smaller than that of the d electrons. Indeed, for z=|¢,/¢|
<1/2 the ground-state energy is given by

f 1_,1_4223
| R H

where u=(1-\1-4y?)/(2y), and y=|td/¢e(0,1/2]
holds. We see that |¥,,.) ceases to be the ground state for
=|t‘21/t‘f|>1/2=yc. This corresponds to rather strong
next-nearest-neighbor hopping of d electrons. Apparently, at
y.=1/2 a different—most probably itinerant—phase be-
comes stable. At y,. the ground-state energy E,(y) has a
finite value, but its derivative diverges due to du/dy=+%
(see Fig. 2). Since the size of the hopping element
may be tuned by pressure, the infinite slope of E, at y=y,
is expected to correspond to an anomaly in the volume,
or the compressibility, at a critical pressure P. Such a
feature is indeed observed in some heavy-fermion
materials.*

_Eg___ (
UN,

2. Solutions for noncubic lattices

Similar results may be deduced for other lattice structures.

In the most general case, i.e., when all hopping amplitudes tf
are different, the ground state energy for the localized solu-
tion becomes E,/Ny=-U+(1- 2|tf |/]¢ |)En_1|an 4% When
at least one of the terms |a,, 4| [see Eq (C2) in Appendix C]
is mathematically no longer defined the localized solution
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becomes unstable. Except for accidental cancellations in the
ground-state energy an infinite slope of E, as a function of
the hopping amplitudes is also found in this more general
case (see Appendix C).

IV. EXACT ITINERANT GROUND STATES

The localized ground state discussed above has exactly
three electrons per site. In general, however, the intersite
hopping and hybridization will lead to a variable number of
electrons on each site. In that case the ground state |\I’g>, Eq.
(11), becomes conducting. We will now describe solutions of
this kind.

A. Solution for a, ; # 0 for all n,b

To solve the matching conditions (8) for the case where
a,,# 0 for all n,b, we define

pﬂ= *’ ’ n=1’2’3’4’ (263.)
an’f
A’ 4

Pn' = , n= 5,65798 (26b)
a,r f

and consider again Vdf Vf =y, Equatlon (26b) is seen
to contain coefficients a,, instead of a,, since Eq. (21)
holds as well. An itinerant solution is obtained by choosing

p,=p=-p’, i.e., imaginary p. For this choice Eq. (8)
leads to
£ I
Y B L — -
e = lp > =T lp ¥ Vrz_ptrz’ Vrl =0, (27

where r;=X|,X,,X;*X;, I»=X3,X3%X,,X3+X(,X3+X,+X],
and Vn:O follows from Ve, =Ve, As discussed -earlier,
imaginary p imply imaginary V.. The local parameters U and
V, become

’ pv0_2|and| _E|and|

n=1

Ipl* -
U+Ef— | |2 E'and

(28)
The remaining relations following from Eq. (8) are
d _ * % % *
I =y 4024t A3 gA7.4F A4 4030+ A5 6.
d _ kS * # kS
I, =y 44,4t Ag Q7.4 Az 403 0+ A5 448 4
d _ kS * ES kS
I, =y 454 A3 4074 Ay g06.a+F A4 408,45
d _ kS * d _ * sk
Tlhax, T34 F A5 0070, T Ix,x Ty g4 T A6 q08.a>
T lhux, TAdb6d T Qaal7a, T Ixx T Ay 0054 A3 408,45

T lhoux, T A1a08,4 T A2 0070, T Ixyx) = A4 qd5.4 T A3 406,45
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|tfx1/t§1‘ 0.2 p (.
0 P
o
U+Er 6]
6] 4] =
2_
0 02 04

‘t;i(l"'x‘z/t’?l ‘

FIG. 3. Surface in parameter space representing the stability
region of the conducting ground state discussed in Sec. IV A.

d _ * d _ *
- tx3+x2+x1 - al,da7,d’ - [x3+x2—xl - a2,da8,d’
d D d D
- tx3—x2+x1 - a4,da6,d’ - tx3—x2—x1 - a3,d05,d' (29)

Furthermore, Vf1=0 implies

Ay g2 q+t Ay 403 4= ds 406 g+ Ag 4474 Q1 ¢A3.4= A5 407 45

ay gas g+ ay 4az q=dg 447 4+ as 443 g, Ay 44 4= A g3 4-
(30)

From Eqgs. (29) and (30) it follows that

Ay g=ap, ayg=uay, dzg=ud;, dqg=uay,

asg =ua;, dg,=ua,, a;g=ua;, agg=a, (31)

where u is real, |u|#1, V=0, and =%_|a, *=2]a,*(1
+u?)?. These relations can only be satisfied for anisotropic
hopping and hybridization amplitudes, e.g., for vanishing hy-
bridization in the basal (x,y) plane. Namely, Egs. (29)—(31)

yield |Lt|=\/|t§(:_,(2/t‘,f3 4| and |2 |=|¢> |. The anisotropy in
3 3 T T

the hopping amplitudes is seen to start at the level of next-
nearest neighbors. The stability region of this phase is pre-
sented in Fig. 3.

B. Exact itinerant ground state of the conventional PAM

The solutions obtained so far, namely, Egs. (21)—(25) and
(27)—(31), require the f electrons to be itinerant, i.e., t{#O.
We will now show that exact itinerant ground states can even
be constructed for the conventional PAM, i.e., for t{:O. This
requires nonzero d-electron hopping up to next-nearest
neighbors together with local and nearest-neighbor hybrid-
izations.

Such a solution can be constructed, for example, for
nonzero coefficients a; ¢,a, 4,0 4,04 4,05 4, With the remain-
ing coefficients a, ,=0. This is realized in a tilted unit cell
(see Fig. 4) where the distances between lattice sites with
indices (n=1,n=3), (n=1,n=6), (n=1,n=8) and corre-

sponding hopping elements (¢ , ¢ ¢ 2) are consider-

X2+Xl 2 X3+Xl ’ X3+X
ably larger than the distances between lattice sites with indi-
ces (n=2,n=4), (n=2,n=5), (n=4,n=5) and hopping

d d 2). For this reason the former hop-

d
elements (z‘xz_Xl SN
ping elements are neglected (i.e., put to zero). In this case
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Yt o
\
Vi

FIG. 4. Tilted unit cell located at site i discussed in Sec. IV B.
Number represent the intracell numbering of lattice sites. Only
those bonds are presented along which hopping of d electrons
occurs.

Eq. (8) reduces to the following 11 equations:

¢ =—a, ! =—a, ! =—a,
x; = Waha Ik, T T A g Ixy = T A gd5.4

d  __ = =—

% * *
x-x, = T D ad  Ixyx =T 24050 Ixyx, = T Q44054

ifod _ * ifd _ * ifd _ *
Vx1 =—ay Mg, sz =—ay 4.4, Vx3 =—ay Asq,

% (32)

Vo=—aj a1y U+E=K;=la,

where K;=|a; 4*+|ay 4*+|ay 4> +|as 4*, and all other ampli-
tudes are identically zero.

Considering only the simplest case, i.e., t‘{=tﬁ, V1=V/;’d,
7=1,2,3, and t;’:tif_xT,, ’ hoppinTg
amplitudes,’! the corresponding stability region corresponds
to the surface in parameter space (see Fig. 5) described by

7>17', with real

U+E 1
B AR (33)
1

where x=|t4|/|t{| and y=|V,|/|¢|. Further properties of
the solution are discussed in Refs. 31 and 32. The fact that
a, ;=pa, ; with p=p" does not hold for all n=1,2,....8,
implies a variable number of electrons at each site, i.e., an
itinerant ground state.

FIG. 5. (Color online) Surface in parameter space representing
the stability region of the itinerant solution derived in the case of
the conventional PAM, Eq. (33). For |4/¢¢|—0, the surface asymp-
totically approaches the (|V,/f{|.(U+E)/|¢{]) plane.
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C. Diagonalization of the Hamiltonian

To describe properties of the itinerant state, a k represen-
tation is more suitable. This can be introduced without re-
striction on the a,, ;, coefficients. Therefore the two conduct-
ing solutions presented in Secs. IV A and IV B can be treated
simultaneously.

Denoting the Fourier transforms of A}U by AA]T(J
:Eh:d,fa;bl;]ﬁa, with

iKk(x]+X,) ikx;

a;b = a?b + a;beik"l + a;be + aibe"k"Z + a;be

+ az’beik(xl+x3) + a;’beik(xl+x2+x3) + a;beik(x2+x3)’ (34)
one may define new canonical Fermi operators describing
éﬁ,kw 5= 1 > 2’ {éﬁ,ko'» éjs/,k/a-f}

= 55,5’ 5l(,k’ 50',0" > {Cﬁ,ku's C(‘i’,k’o"}: 0. Here?2%

composite  fermions

A [ o A A
Ci ko = VRxAks = VRy(ay gdy o + ax sfxo)»
(35)
A ”_ * A * A
Crxe= \"Rk(ak,fdka - ak,dfka) s

where Ry'=2,_, day »|* Then the Hamiltonian becomes™*

A

H=H,+UP-UN,,
(36)
Hy=2 (K= Ry )CT 1 oC o+ KiCh o Caeol-
k,o
In the ground state where 16|‘I’g)=0 the Hamiltonian H re-
duces to I:Ig. Hence the composite fermion operators intro-

duced above indeed diagonalize H. There are two bands, the
lower one having a dispersion §l,k:Kd—R;1, while the upper
one is dispersionless, i.e., flat, since &, y=K,=const. The
lower (upper) diagonalized band contains fermions created
by CA'TJW (CA‘;kU), respectively. Since the total band filling is
3/4 the lower band is completely filled, while the upper band
is half filled. Thus the Fermi energy is given by Ep=K,.
Band structures containing a partially filled flat band around
Ej have indeed been observed experimentally.’>-7

D. Conductivity of the itinerant state

The ground-state expectation value of I:Ii,m, the itinerant
part of H, is obtained as

D Klay J* + Kday I*

<0. (37)
Kk |ak,d|2 + |ak,f|2

<I:Iitin> ==

This is in contrast to the localized case where (H,,;,)=0.3

Since (H,;,(r))#0 the charge sum rule (B3) implies
JodwRe o, (w)#0, ie., the (dynamic) conductivity is in
general nonzero. However, the sum rule does not allow
us to draw conclusions about the dc conductivity o(0).
This becomes possible if we calculate the chemical potential
of the system as a function of the particle number. To this
end we observe that in the case of a variable number of
particles per site the itinerant ground state is defined at and
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above 3/4 filling, such that [¥,) in Eq. (11) can be general-
ized to fillings beyond 3/4 via Eq. (12). Using Eq. (7)
this allows one to calculate the energy E, for different
particle numbers. In particular, one finds w*=E,(N+2)
—E,(N+1)=K;, w=E (N+1)-E,(N)=K,, i.e., u"—u =0.
Therefore, the described itinerant solutions are indeed
conducting.®

E. Magnetic properties

Using k-space notation the unnormalized ground state
(11) can be written as*°

N Ny [ Ny
|%>=(HA£TAL) H( eiki(m,#iﬁm,ﬂﬂ) |0y,
k k

i
(38)
where the sum and product over k extend over the first Bril-
louin zone, and the set {y; .} is arbitrary. Using Eq. (38) we

will now calculate ground-state expectation values of the
spin for different sets of {; o1.%

1. Maximum total spin

As in the localized case u;,=pu, corresponds to maxi-
mum total spin. Defining ﬁli,hz(MTbAliT-'-Mlel’il) and employ-
ing (I:“Lb)2=0 the product over sites i in Eq. (38) may be
written as [TNA(SMAKIE Lf)zzﬂg AI:"Lf, where Z is defined in
Ref. 40. Then the normalized ground state becomes

Ny o % Ae A oA e Ao A
I ak,ddltldlt FlT(,£+ Ak (flt leIFl:d
|P,) = IT ﬁ@) (39)
k \'(|,U~T| + |M1| )(|ak,d| + |ak,f| )

The spin expectation value then follows as

2S) il = ) P = e
N =X 2 2 2 2 z 2 2\
A |MT| +|M¢| |MT| +|M| (|MT| +|M|)
(40)

resulting in [(S)/Nx|?=1/4, and (S2)=(N,/2)(N,/2+1).
Thus we recover Eq. (17), the results for the localized solu-
tion. The maximum total spin is again given by \/(S?)/N,

=1/2 in the thermodynamic limit.?

2. Minimum total spin

To determine the minimum spin value we proceed as
in the localized case, i.e., divide the system in two sublattices
D; and D, containing both N, /2 lattice sites, such that for
alli, € Dy and j, € D| we have j,=i,+R, where R is a fixed
Bravais vector.*! Choosing Mio=Mq Mi—o=0 for D, in Eq.
(38) the unnormalized ground state becomes

Np N2 [Ny
o) 11 (S|
K Kk

iEDl
Np2 [ Ny
><[ IT (Ee"“fﬂil”lox (41)
jeDy \ k

Details of the calculation of ground-state expectation values
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in terms of Eq. (41) are presented in Appendix D. Based on
Eq. (D3) one finds (S)=0, and using Eq. (D4), <§2>/NA
<\3/(2JN,). As a consequence, this itinerant ground state
has zero total spin in the thermodynamic limit.

Between the two limiting cases of the total spin discussed
above all values of S may exist, depending on the choice of
the set {u; ,}. The statement regarding the degeneracy of the
ground state presented below Eq. (18) holds in the itinerant
case as well.

F. Momentum distribution function

To calculate ground-state expectation values of
k-dependent operators involving Cgy, operators, Eq. (35),

we need to express |‘I'g>, Eq. (38), in terms of éjs,k,o, too. For
the unnormalized ground state one finds

Np
W)= (H CJlr,kTCJlr,kL)
k

Np [ Np
X H(2Xkeiki(/"i,TC;kT+:U’i,lC£,kL)) |0),
K
(42)

where {u; .} is arbitrary, and Xk=—ak‘d\e’R_k; in the following
we consider X, #0 for all k.** From Eq. (42) it follows
that

é-}-,kg—é] N o |‘Pg> = 5k,k’ 50',(7’ |‘Pg>’ é-:-,kUéZ,k’(r’ |\Pg> =0.
(43)

Details of the calculation of ground-state expectation values

of é’;’kgéz,kg operators are presented in Appendix E. Using
Egs. (43) and (E8), one finds in particular

Ay oA 1
(ConoCona)=d16% 3825 (44)

for all k. This expresses the fact that the lower band (5=1) is
completely filled, while the upper band (5=2) is flat and half
filled.

Employing Eq. (44) the momentum distribution of
b=d,f electrons is then obtained as®3

% (45)

My = (biobie) = % + %Rk|ak,b
which implies nk(,:Eb:d!fniG:?’/Z. Since the coefficients
RiJay p|*=lay p|*/ (Jay 4* +|ay *) are regular functions of K,
this is also the case for ny , and ny, (see Fig. 6). Conse-
quently, the momentum distributions of the electrons in the
interacting ground state have no discontinuities. Since the
ground state is nonmagnetic and metallic, the system is
therefore a non-Fermi-liquid. This is a consequence of the
macroscopic degeneracy of the electrons in the upper band.
Due to the flatness of the upper half-filled band all k states
are equivalent. Hence, even if a Fermi energy Ep=K, exists
the Fermi surface, and the Fermi momentum are not defined.
Consequently, Luttinger’s theorem** does not apply. Non-
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K 12 3
nﬁv" 0.99
0.98
0.9
0.96
0.54
0.5
.52
”1{,0 0.51
-3 -2 -1

ky 1 2 3

FIG. 6. Momentum distribution functions { (,,nf o for the con-
ducting solution discussed in Sec. IV B, for ||/|t4]=5.0, |V,|/]¢¢|
=0.5, t‘lj>0, and k,=k3=0, where k,=kx,. The plot presents the
behavior in the first Brillouin zone for k; € [-m,w]. For other k

directions a similar behavior is found.

Fermi-liquid properties connected to a flat band have also
been observed in other investigations.*>~47

G. Correlation functions

To characterize the itinerant ground states further we now
calculate correlation functions of the interacting systems in
D=3. This is made possible by the explicit form of the exact
ground states.

1. Density-density correlation function

Using Eq. (43) the density-density correlation function

o) =y~ W) = @) 46)

b

i,o?

1 . .
punt) =52 2 IRy Ry Ric Ry, (ay, 4ax,a

NA U,U' klvkz’k3

where 72;=2,2,_; 7} ,, may be written as

+ alt3,fak4,f) (a:l,dakz,d + alil,fakz,f)

X (<ég,k3,,réz,kw'é;klgéz,kzﬁ - <é;,k3(,/éz,k4a'>

X <é§,k1062,k20>) + (ay aay, f— ak3,fak4,d)(a;] ,fa;:z,d

- ay |»da]izsf)<é;lr,k3u’é2,k40"é;,k lgél,kzoﬂv (47)
where k,=Kk;+k; —k,. Employing Egs. (E6) and (E12) in the

first term and Egs. (43) and (E6) in the second term of Eq.
(47) one finds
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B

oL v v 3

H
w
o
-
|-

-0.02

-0.06 - hd

0.1y

FIG. 7. Density-density correlation function for [¢//f}|=4,
|V1/19]=0.25, £/>0 for the itinerant case obtained from Eq. (49) in
the thermodynamic limit. The nine-dimensional integration was
performed by a Monte Carlo method using 69 points. The distance
r was taken in the 7=1 direction, and is expressed in units of the
lattice constant a.

ioa . . e
> ((Cz’k3(;fc2,k4o"C;,kla-CZ,kza) - <C2,k3g'C2,k4a’>

a0’
X <C;,k1(rc2,k20>)

1 Xz, X,

= Py Py~ N X+, X,

K3tk kg

2 <CI’k30-’C2,k4a’cz,klg-cl,k20'> = 5k4,k15k3,k2~ (48)

’
T,0

Then the density-density correlation function becomes

1 ) ag, #k.,.d%.,.d
_ i(k—ko)r__47 X" Ko
pn,n(r) = 51‘,0 ) E e (ki—ko)

A Ky Ko K3,k

A, +k,,d%% | .d
£ * £ *
(ak3,dak4,d *ay,, fak4,f)(ak1,dak2,d + ak],fakz,f)
(|ak2,d|2 + |ak2,f|2)(|ak4,d|2 + |ak4,f|2)

X B, kyk, -k, - (49)

In the thermodynamic limit the contributions from k,=k,
and k=K, in the second term have zero measure. Hence all
k sums can be calculated without restriction. p, ,(r) is seen
to vanish for all r whenever the k dependence of the ay,
coefficients is negligible (for example in the case |¢¢/74]>1
for the solution from Sec. IV B). It also vanishes in the limit
|r| — o0, where the k— 0 limit of the coefficients ay, gives
the dominant contribution to Eq. (49); this behavior is indeed
seen in Fig. 7.

2. Spin-spin correlation function

Similarly, the spin-spin correlation function

pos0= -2 (880 -GS (00
A i

=Psz,sz(l‘) +Ps, 8 l(I‘) (50b)

is given by
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ps. s(r)——E (8385, = (SD(SE,) (51a)

-3 E

4NA o ki,

PUSE SV Ry Ry Ry Ry 4{(alt3,dak4,d

+ ak3,fak4,f)(ai< L d%yd t altl,fakz,f)

XL{CS 10 ConeoCli, o Criyod = (Cli o Crryo)
X<é;k1062,k2(r>) - (<é;k30—62,k4(ré;kl—062,k2—(r>

- <é;,k3a-6‘2,k4o><é;,k]—062,k2—0>)] + (ak3,dak4, - ak3,fak4,d)
X (alt l,faltz,d - a]il,daltz, f)

X <C11-,k3o—c2,k4ocg,klaCl,kzo->}5k4,k1—k2+k37 (51b)

ps, s (r)= NLAE [(SiSir + S50 = (SPUSEe) + (SIS

(52a)

-3 E

2"]VA o ki,

et VRic R Ric R,

* ES *
X{(ak3,dak4,d + ak3,fak4,f) (akl,dakz,d + akl,jakz,f)
X(Chi,0Caks-oCak e Catre) = {Chic o Cok o)
X <C;kl—(rC2,k20>) + (ax gy, s = i sk, d)
X(ay, fax, g A, 4%, 1)

xX{C I,k3o-c2,k4—o'cz,kl—gcl,k20->}5k4,k1—k2+k3~ (52b)

Thus one finds Ps.s. (r)=6,0/4 and Ps, s, (r)=6,0/2 in
the thermodynamic limit. Consequently, the spins are uncor-
related at distances |r| # 0. This is a result of the macroscopic
spin degeneracy of the ground state.

V. ALTERNATIVE TRANSFORMATIONS OF THE
HAMILTONIAN

A. Generalized cell operators

The transformation of the PAM Hamiltonian into positive
semidefinite form in terms of composite operators (the unit

cell operators A Io in Sec. II B 2 is relatively independent of

the form of A. Instead of defining linear combinations of
fermionic operators inside a unit cell of the Bravais lattice
one may also define this superposition on an arbitrary sub-
structure of the underlying lattice, e.g., a cell larger than a
unit cell (for example, see Fig. 8). This leads to more general
cell operators which may then be employed to transform the
Hamiltonian into a form similar to Eq. (7). The correspond-
ing matching conditions are similar to Eq. (8) but are now
satisfied in a different region of parameter space. In this way
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n=2 N

FIG. 8. Octahedral cell defined at lattice site i as discussed in
Sec. V A. The 7=1,2,3 axes are represented by arrows with broken
lines, x, are indicated by thick full line arrows, and n represents the
cell-independent notation of sites inside the octahedron.

it is possible to construct and investigate various regions of
parameter space.

Below we present a different transformation of the PAM
Hamiltonian based on cell operators with octahedral shape,
as shown in Fig. 8. Thereby it is possible to make direct
contact with the conventional PAM.*® This clearly shows that
a transformation of the PAM Hamiltonian into positive
semidefinite form is not linked to finite f-electron hopping
amplitudes in the PAM as one might have suspected from the
steps performed in Sec. II B. It also shows that the conven-
tional PAM and the generalized version with extended hop-
ping and hybridization amplitudes can have ground states
with quite similar properties. This emphasizes the fact that
the physical properties of an interacting electronic system
need not depend on the precise form of the noninteracting
bands.

We consider an octahedral cell B; at each lattice site i.
The seven sites within B; are denoted by 1',3—1+ra1 apay
where Yo ana = 1 (1=[ ) (1=[as))x; +ay(1 —|a1T)(1
—|az|)x,+ a5 (1 - 1a,|)(1 |ay|)x3, @,=—1,0,1. Here x, are
the primitive vectors of the unit cell of the lattice. As seen
from Fig. 8, the seven sites rp can be numbered by
the indices 7, 4, a,=(1-|as))(1 ~[as]) ety ey | +2)+ (1= e )
><(1—Iasl)(azlazf+fazl+2)+(l—|a1| )(1=| o) (as|as|+4]| |
+2) without reference to B;. The separation vector r between
a site i and its neighbors in the cell B; can take 11 distinct
values (X,,X,+X.,2X,,7,7=1,2,3,7>17") over which the
summation in Egs. (2) and (3) must be performed. Instead of
Eq. (4) the cell operator is now defined as

7
pt ¢ O
BBi,O'_ aéffi,a+ 2

n =1
ap,ap,a3

yilive, o (53)

s 0,y

where n= Ry ay oy and the seven vectors Lo ayay rnal’az%
=r, in the sum are, in increasing order of the index
n, —X;,—X»,X|,X5,—X3,0,%3, (see Fig. 8.). We note that

a,;#0 only on the central site (e.g., n=6) of the cell B;.
Consequently the product égi,géBi(, does not introduce
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f-electron hopping terms into the Hamiltonian, implying that
the decomposition discussed here directly applies to the con-
ventional PAM. In addition, the Hamiltonian contains only
on-site and nearest-neighbor hybridization amplitudes, and
d-electron hopping occurs between nearest- and next-
nearest-neighbor sites.

Instead of Eq. (7) the transformed Hamiltonian then be-
comes

H= EBBU BU+UP+E (54)

l(7'

where E, ,=KN-UN\~2N,(laq [>+K), K=3]_|a, |’ Fur-
thermore, the matching conditions from Eq. (8) transform
into the following nonlinear system of 19 coupled complex
algebraic equations:

d _ * * d _ * s
I T A6 qA3.aF A1 4060 T lx, = A6 a04.aT A2 064>

d * *
Ik, = A6 q07.4%F A5 406,45

~lxyx T al3at Ay glaa T lxyx T 434044 F A2 400 05
d * *®
~ Ixpux, T A5,403,0F 41 ,407.45
d U * * d _ ¥ *
-t =da3 4074+ A5 4014, 1 =dy 47,47 As 44 g

X3—X) X3+X2

d _ * Ed
~Ixx, T Qagl7,4F A5 402,45

d _ d _ d _
~hx, T 14030, T hx, =404 T Ik, = A5 4074

= Vo= ae 46,5,

s s s s
=V, =0, 406 5= 06 034, = Vx, = a5 406 = g 14 45

=V, = s 4.5 = Ag @7, » (55)

where V/'=V'=V,, E;=K-U-lag % and a, =0 for n#6.
The ground-state wave function valid for N=3N, now has
the form

Np

W,y =118 By FDV; 0, (56)
i=1

where, for N=3N,, VM—l holds. Since a,,/a,; cannot
be constant for all n=1,2,...,7 (see Sec. IIL.) |qu »
describes an itinerant ground state with properties similar
to those presented in Sec. IV. An isotropic solution is
obtained for*

[Vol
Vi

/2
agr=—V e'?,
of : |t2|

where ¢ is an arbitrary phase and ¢y, is the phase’ of
the hybridization amplitude V. Introducing the notation

— ﬂ i(d—dy )
. Cl(,’d— > e o,

(57)
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FIG. 9. (Color online) Surfaces in parameter space above which
the conducting phase discussed in Sec. V A. is stable. (a) |V,|/|£]]
<0.5; (U+Ef)/|t‘11| is seen to diverge as |t§\/|z‘lj| approaches zero. (b)
|V1|/\t‘]1| >0.5. In contrast to Fig. 5 where V| is imaginary, V; is real
here.

t=|63/¢], v=|V /¢4, this solution emerges in the parameter

region with

U+E, 207 1
—di:3t——+—2. (58)
|| t - 2tcos’ ¢y,

Since V,, and thereby Im(V,) is in principle arbitrary,
Eq. (58) defines an entire region in the parameter space
where the solution exists (see Fig. 9). For Im(V,)#0, or
real V, at |#9/t4>6, the properties presented in Sec. IV
remain valid.>®

The results presented in this section show that an itinerant
non-Fermi-liquid phase emerges also for real hybridization—
even in the conventional PAM.

B. Alternative decomposition using unit cell operators

To emphasize the flexibility of our method for construct-
ing exact ground states of the PAM we will now show
that even if unit cell operators AAIiJ are used, alternative
decompositions are possible which lead to qualitatively
different ground states in other regions of the parameter
space. For example, instead of Eq. (7) the Hamiltonian H
defined by Egs. (la), (Ic), and (2) can also be cast into
the form
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I:]:EA;.,UAI.,U"- UE ﬁi,Tﬁi,l+E;,. (59)
i,o ! ! i

For periodic boundary conditions the matching conditions
can then be obtained from Eq. (8) by (i) replacing J%
by Jo¥ =—Jb%"and (ii) replacing the last two equations (for
Vo and U+E;) by V0=E§,=1a:,dan,f and E=K,—K; with
E‘;/ N =Kd'

Using the new solutions of the matching conditions for
arbitrary U>0 we will now identify new ground states of
(59) at and below quarter filling.

1. Insulating ground state at quarter filling

There exist solutions of the form a, ,/a, =p for all n,
with the additional constraint p=p". In this case, the unit

cell operator Aliﬂ contains only contributions of the form
fi,,,+pc;’i,g for all i and o. Introducing ff (Mi)z[f; '
—(l/p)c}iT]+,ui A{i—(l/p)gl;l], where u; is an arbitrary site-
dependent constant, one observes that

{f:j,a'-"paj,a"i}-’(/*l‘j’)}:()’ v j’j”lu‘j/’a-' (60)

Since the operator if (u;) acts only on site i, the operator
ﬁ:HﬁiAlfiT (1) does not introduce f-electron double occupan-
cies. Consequently, Ei,oA;_’UA,i,(IWO):O, Uzl Al 1'0)=0,
and the ground state becomes

Na | 1
wy=11 [(fi}— —di}) +p«i(fil— —dil)}l(». (61)
i=1 p p

The ground state (61) has exactly one electron per site, and is
degenerate, localized, and globally nonmagnetic. One can
directly show that Re o, (0)=0 (see Sec. IIl A 1), i.e., the

state is indeed insulating.

2. Conducting ferromagnetic ground state at quarter filling

If a, 4/ a, s depends on n, A Io does not anticommute with
fiT(,u,i); hence 2, GA; o'Ali ,I7[0Y=0 does not hold. In this case
oA Lo,
one may introduce a complementary unit cell operator>!

8
A £ A _— e
Qli,(r - ( E) (qn,ddiﬂ'a By¥ + Qn,‘ffi+raﬂ y"T) - (ql,ddi,o
n(a.B.y)=1 - -

t

i+X+X,,0

+ 4 oisx, 0t 93,49 +qy i, 0t

i+x),0
w A £ A *AF *AF

+ q8,ddi+x2+x3,(r) + (1 fio+ G pfion ot D ivx 0

gy o gy ) (62)
qa.p i+x,.0 qs.p X, +x5.07

with the property {AliyU,QA; =0 for all i,j and o,0". The
numerical coefficients are zcjgiven by the relations

* * * *
d1,a=Waq s dog=wWagyp gz g=Wds g 4 q=Wde s,

454=Wazp  Geq=Waap  q74=Wayp  qg g=Wdy p,
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* £
Waza,  qof=—Waga, 43 ,=—Wdsg,

-
91 5=-
qa == Waed

* * *
Gsp=—Wdzp dey=—Wlag, q75==Wdyg,

G ;== Way g, (63)
where w is an arbitrary nonzero constant. Introducing
Q;l Opeenty, —HN/\QI », one has 3 0A1 UA, (,QUl o |O>
=0 for arbltrary o;. If the sites i,i’ are adjacent the operator
Q, UQ,, oy introduces two electrons on the common sites of
I; and I;;. The state Q

mum possible eigenvalue (e g zero) in the presence of the
Hubbard term only when o;=0 for all i. Consequently, the
ground state becomes

1,0 |0> then provides the mini-

Ny
W) =110010), o=1.1. (64)
i=1
This corresponds to a fully saturated, nondegenerate ferro-
magnetic phase, which is metallic since in Eq. (64) double

occupancies (e.g., d1 Tf T) empty sites, and single occupan-
cies are simultaneously present.’”

Ferromagnetism in the PAM at and around quarter filling
has been investigated rather extensively in the past already.
Following variational results for Kondo lattices by Fazekas
and Miiller-Hartmann? ferromagnetic phases in the PAM it-
self were found by Dorin and Schlottmann> in the limit
U— o, and at finite U by Moéller and Wolfle> within a slave-
boson approach. Subsequently, ferromagnetic solutions of
the PAM at and near quarter filling were obtained within
various other approximation schemes.’*~%* Exact results
were derived in D=1 for U= by Yanagisawa.®

In the exact solution discussed here ferromagnetism
emerges when the lower diagonalized band of Eq. (2) be-
comes nondispersive (flat). We note that this can happen
even if the bare bands of the Hamiltonian are dispersive.

3. Ground states below quarter filling

Exact ground states of the PAM can even be constructed
for N<N,, i.e., below quarter filling. For the two cases
discussed in Secs. VB 1 and VB2 they have the same
form as Egs. (64) and (61). However, the upper limit of the
products has to be replaced by N, and the additional geo-
metrical degeneracy of the electrons needs to be taken into
account.

For n-dependent g, 4/q, s, the ground state becomes

w)=2 3 3 anioy, }H( I Q.,,)|o>

Dy {DNm} {o,,} m \ieDy,,
(65)

where Dy denotes an arbitrary domain (a subset of lattice
points) of the full lattice containing N<N, lattice sites. A
given domain Dy consists of disjoint subdomains (clusters)
denoted by Dy, where m enumerates the clusters in Dy;
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the maximum of m is denoted by N,,. Clearly one has
Dy=Dy ;UDy,U---U DN,NW’ and DN,ml N DN,m2=O for
my #¥ m,. Furthermore, o,,=+1/2 represents a fixed, but ar-
bitrary, spin index in the subdomain Dy ,,, and ap (v, Mo}
are arbitrary coefficients. From a physical point of view Eq.
(65) contains disjoint, fully saturated ferromagnetic, con-
ducting clusters of arbitrary shape and size, whose spin ori-
entation is arbitrary.
For g, 4/q,/=p= p" the ground state becomes

Wo=3 3 apym, [11 T | (7 -2,
p

DN DN m m ie DN,m

)} o) (66)

containing again clusters of arbitrary shape and size. But
now the clusters are insulating and nonmagnetic, containing
strictly one particle per site with arbitrary spin.

The parameter region corresponding to the ground-state
solutions in Sec. V B can be obtained from that derived from
the matching conditions (8) by the replacements 72— —%,
V.——=V,, U—0. The results are valid for all U>0.

+ Ml(f 1=

VI. SUMMARY

We presented details of an analytic scheme which
allows one to construct exact ground states for a general
class of three-dimensional periodic Anderson models, includ-
ing the conventional PAM, on regular Bravais lattices.
First the Hamiltonian is cast into positive semidefinite form
with the help of composite fermionic operators in combina-
tion with a set of coupled, nonlinear matching conditions
for the microscopic parameters of the Hamiltonian. Then a
nonlocal product state of these composite operators in posi-
tion space, corresponding to 3/4 filling, is constructed,
which yields exact ground states in various parts of param-
eter space.

Depending on the choice of the composite operators
and the geometry of the building blocks of the lattice on
which they are defined, the transformation of the Hamil-
tonian into positive semidefinite form can be performed in
several ways. Thereby it is possible to construct exact ground
states in different regions of the parameter space of the
model.

For real d,f hybridization amplitudes we constructed
an insulating, nonmagnetic ground state which is stable
on several different lattice structures. Its ground-state energy
was shown to diverge at the boundary of the stability region,
implying a divergence of its compressibility. Such an
anomaly is known to occur in several heavy-fermion materi-
als. Furthermore, we identified an exact metallic non-Fermi-
liquid ground state, characterized by one dispersing band
and one upper flat band, which is stable in different regions
of parameter space. This state is nonmagnetic and has
vanishing nonlocal spin-spin correlations in the thermody-
namic limit. Its density-density correlations are short ranged,
and the momentum distributions of the electrons in the
interacting ground state have no discontinuities. The stability
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regions of these ground states extend through a large region
of the parameter space, from weak to strong on-site interac-
tions U.

Exact ground states with conducting and insulating
properties, respectively, were also constructed at and
below quarter filling. In particular, a conducting, fully polar-
ized ferromagnetic state was found to be the ground state
at quarter filling. At lower fillings a ground state character-
ized by ferromagnetic clusters of arbitrary shape was
identified.

Our results show that ground states of the conventional
PAM and of generalizations with extended hopping and hy-
bridization amplitudes can have quite similar properties.

The exact ground states discussed in this paper corre-
spond to simple solutions of the coupled matching conditions
for the microscopic parameters of the Hamiltonian. In view
of their large number (e.g., 55 conditions in the case of the
unit cell operators in Sec. II B) and their nonlinearity it al-
most certain that other solutions exist which then lead to yet
other exact ground states of the three-dimensional PAM and
its extensions. In view of the great relevance of this model
for our understanding of correlated electronic systems, on the
level of both models and real materials, more detailed inves-
tigations of the matching conditions derived here will be
worthwhile. Finally it should be stressed that the concept
behind the construction of exact ground states for the PAM
in D=3 presented here is quite general, and is also applicable
to other electronic correlation models.
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APPENDIX A: TRANSFORMATION OF THE PERIODIC
ANDERSON MODEL HAMILTONIAN

In this appendix we present details of the transformation
of the PAM Hamiltonian in its original form with d and f
operators [see Egs. (1), (2), and (6)]

I:I = E (2 [(tggligaﬂr,o’ + t{f:;afhr,(r) + (V?f;lj,afhr,u

i,o r

+ VI e o) + Hoe ]+ (Vod; ofi. o+ He)

+(Ep+ U)ﬁ{;‘,) +UP - UN,, (A1)
into the form with unit cell operators, Eq. (7),
H==-2 A} A ,+K,N+UP-UN,, (A2)

and explain how the matching conditions (8) arise in this
process.

PHYSICAL REVIEW B 72, 075130 (2005)

1 15 I
TR SNV B V%
! b B
Jag ] AEF SN - Js
A e
3 jz e '/’ J3
bag ] Sisg 1 's
’
Ill ;o Iiz
II/’
.
i i iy

FIG. 10. Four neighboring unit cells in D=3. Each cell (e.g., ;)
is donoted by one of the lattice sites at which it is located (e.g., i);
see Sec. II B 1. For simplicity, orthorhombic unit cells are used.

One first calculates all terms in the sum —2; JA; OA,,(,
oA Lo,

from Eq. (A2). To identify the contributions generated
thereby with those defined by Eq. (A1) one needs altogether
55 matching equations. This procedure will now be illus-
trated by four typical examples. Here we refer to Fig. 10
where four neighboring unit cells L, L, 1, and Ijz—each
denoted according to the notation 1ntr0duced in Sec. I B 1—
are depicted. Since the precise shape of the unit cells is un-
important here we use orthorhombic cells for simplicity.
Nearest-neighbor contributions First we analyze a
nearest-neighbor amplitude, e.g., ¢ J s which appears in the

kinetic energy of Eq. (Al) as jzvjsd;zvffajsﬂ' This term acts
along the bond (j,.js) represented by the horizontal, thick
dashed line in Fig. 10. In Eq. (A2) this term originates from

_Ei,oA;i( A, -» but only for sites i=i;,i,,j;,j, in Z;. To cal-

culate =2 ; i s A UA 1,0 ONe must write down the unit cell

L R R
operators AT, Eq. (4), corresponding to the aforementioned
1
four unit cells. For example, one finds

Y o o n o n
Alil,a'_ > [alhbl oty bi o+ a3 by ot ay b
b=d.f

. A . . . A
+ aS,bbjl,a + a6,bbj2,0' + a7’bbj5’g + agybbjél,g'] >

Y o o o n o n
Al o= > [albb ot @b ot a3 b5 ot Ay by,

2 p=df
® AT + N ® At
+ aS,bb + a6 bb + a7 by o+ a&bbjsyg].

Thereby one obtains contributions of the form

. 3 . PN .
~A6.497.0%5, o js.rr =5 48805, o5 =0 43,0 i oy

* . . d

~41 ata, adj ng o 1mp1y1ng B, is= (611 d%4, d+a2 d93.d

+as s, d+a6 407.4)- Since (1)
general hopping amphtude 1
the same form (i.e., t

i is a specific example of the
iy (11) all amplitudes ¢ have
), and (iii) this also holds for
one finds —txz—alxba&b

l l+X
the f electrons, i.e., t{‘ =8 s
* * * 2 T2
+ay ,a3 p+ds ,ag p+dg ,Ad7 . Where b=d,f.
The same analysis applies to the hybridization amplitudes.
Hence, for the terms Vizf di afmzﬂ and Vf;’j ﬁ Jdi+x2,g one finds

,b’_ * * * *
‘Viz =ay Ay prtay a3 pr+ds g pr+de pQ7 pr-
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Thus we have derived the matching condition Ji’zb ,
=801, +(1=8,,) V"] [the third relation in Eq. (8)].

It should be noted that the sum —ELJAZ’ UAIPG also pro-
duces the Hermitian conjugates of the terms represented by

Eq. (Al). Therefore, in addition to the result for th js one also
d * * % % B

finds  1j_; =—(ay 41,4+0a5 402, 4+ Ay (@5 4+ 7 406 4),  Where

d _d  _.d _ td*

Jsady T ILIX T X, T X

Second-nearest-neighbor contributions. We now consider
a plaquette-diagonal next-nearest-neighbor term, namely,
fy s acting on the oblique thick dashed line in Fig. 10. Since

the bond (i,js) appears only in the unit cells I, and /, I, only
the contributions from —Eiﬁz ,aAIi o in Eq. (A2) with
i=i;,i, give rise to tijsajza[i;a in Eq. (Al). The sum
_Ei_i iy A; UA, - leads to the expressions —a;daldc;’ggﬁjs,g,
and —aldag dd UdJ » implying # s —(aida&d+a;da7,d).
Since (1) 1s a specific example of the general hopping
amplitude t and (ii) all the amplitudes tl ixgix, Dave
the same form (i.e., fl”"s“z_ XSer) one finds —t;13+xz
—a1 443, d+a2 4474 These relations also hold for the f elec-

b}
1 1+X3+X

trons. Therefore we arrive at the matching condition J%- ’ixz

=a>1k’,,a8’br+a;ba7!br [the sixth relation in Eq. (8)].
Third-nearest-neighbor contributions. The third-neighbor

contributions, located along the space diagonals of the unit

cell, are the same in every cell. For example studying the

bond (j;,js) of the cell J;, the product —A UA, o leads to

d
the term —al,dawdi ,Udjs,g. Hence one ﬁnds til,js
_d _d * b.b

TR T X3+X2+X| —a1,497.4 and, consequently, Jy X3H+X)+X

=a, 4a74 [the tenth relation in Eq. (8)].

Smgle -site contributions. Since any site is common to
eight unit cells, single-site contributions require the consid-
eration of eight neighboring unit cells. For example, the term

VoZiodlofis s A A as
—(25_a, g4, 0% ,,dl io» implying =Vo==5_ a” dfin In the
same way we obtain the coefficient of —Eiﬁbi’abiyg
S8 |a,s|*=K,. Therefore the terms _Ei,aAZ,( AIi,0'+KdN in
Eq. (A2) yield —(K,Ng+KN)+K(Ng+Np)=(K;~K)Np,
where N =1§7d+1§7f. Taking into account the term (U +Ef)1\Alf

in Eq. (Al) one obtains U+E=K,—~K; [last relation in
Eq. (8)].

obtained from

APPENDIX B: THE CURRENT OPERATOR

In this appendix we derive the current operator as well as
the charge-conductivity sum rule for a general form of the
PAM.

The charge-density operator at site i is given by p(i)
=e20(&'; g;ii,,,+ f‘f (ji,g), with e as the electron charge. The
current operator j is defined as®® j=—(i/#)[§.H], where V is
the volume of the system, q=(1/V)Z;ip(i) is the charge po-
larization operator, and H is the Hamiltonian. With H from
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Eq. (A1) the current operator of the PAM is found as

.] EEE 2 (Jhb b|+r l(r_‘]f’h,l;;r,a‘l;i,ﬂ,a)r

Y0 ppl=df
(B1)

where Jf’b' is defined in Eq. (8), and r is restricted to the
values presented in Sec. II B 1. We note that only the itiner-

ant part of the Hamiltonian, i.e., Hyy,=3Hy,(r)=H—-Hy
_Ei,a[(voaiji 0'+HC)+Efn -, where

I:Iitin(r) = [(f‘ri;liaam,a + f{ﬁ@fm,a)
i,o

+ (ng&'g‘,a'/\ﬂr,o-{- V{df‘;a(jhr,o') + H'C']» (Bz)

contributes to Eq. (B1).

Starting from the current operator in Eq. (B1), the Kubo
formula for the charge conductivity at zero temperatures be-
comes o, (w)=iV[{dt e[ 1) ,J-]). The sum rule for the
charge conductivity then has the form?® [{dw Re o, (w)=
_(lWV/2)<[qAT’JAT]>’ where qAT=(,i 'XT/|XT| and f7'=j 'XT/|XT| rep-
resent the 7 components of ¢ and j respectively; here x are

the primitive vectors of the unit cell. For the Hamiltonian
under investigation one finds

- ) (r-x)°
JodwReoT’T(w)— ZﬁVr Ix 2 <Hmn(1')> (B3)

APPENDIX C: LOCALIZED SOLUTION FOR THE
NONCUBIC CASE

In this appendix the matching conditions (23) from
Sec. I B are solved for localized ground states in the
case of noncubic systems. We start from the observation
that the coefficients a,, with n=5 can be expressed by
the unit cell dlagonal hoppmg amplitudes and Ana with

d
n<5 as as g== txrxz—x1/a3 @ dod= tx}_x2+x1/a4 & 9474=

d
~ly,4x, erl/ al & 4ga=— tx X, / a2 4 With these relations and
using the notations
d d d d
_ 4tX3+X2+X1tX3—X2—Xl _ 4tX3+X2+X1tX3+X2—Xl
= d 2 » = A2 ’
X +Xy X3+X,
(cn
d e
_ X3+X2+Xl X3—X2+Xl
7-3 - td 2 >

X3+X1

d d d d

_ 4tX3—X2—X1tX3+X2—Xl _ 4tX3—X2—X1tX3—X2+Xl
Ty = d 2 > T5 = d 2 5

37X X37X)

d d
_ 4tX3—X2+XltX3+X2—X1
T6 = Z‘d 2 ’

XX

Eq. (23) leads to
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d d
XH+X | "Xa+X
lay 4> =- 2d1 2 F(m)F(1y)F(1y),
’ 2tx3—xl T4
d d
| |2 txz—xltx3+x27-2 F( 7-3)F( 7-6)
ral =— 4
th3+xl T3F(7'2)
(C2)
d d
| |2 X2+X1t"3""1 7 F (7))
az g~ =— d >
2y 4, F(1,)F(7y)
d d
| |2 txz—xltx3+xl T3 F( 72)F( 7'6)
44 =~
2t5(13+x2 ’TzF(T3)

where F(x)=1%v1-x. The function required for the expres-

sion of E, becomes
42 42
x3+x2;x1 ) + (|a2’d|2 + x3+x2—2xl )
lay |zl

2 |an d| = <|a1 d|2

42 2
X2—X,—X X3—XH+X
+(|a3,d|2+ : 221)"‘<|‘14,d|2"‘ : 221)-
|a3,d| |a4,d|

(C3)

For the localized solution to be stable the quantities |a, 4 in
Eq. (C2), and hence the function F(7;), Eq. (C3), need to be
real. When F(7;) becomes complex the localized solution
becomes unstable. At these points the derivative dF(x)/dx
diverges. Except for accidental cancellations in Eq. (C3), this
implies an infinite slope of E, as a function of hopping am-
plitudes.

APPENDIX D: SECTOR OF MINIMAL SPIN OF THE
ITINERANT SOLUTION

Here we present details of the calculation of spin expec-
tation values in the itinerant case for minimum total spin (see
Sec. IVE 2).

In Eq. (41) the terms

I1 (2 e, 120) = {2} By.ot o Bikjo
K k;

ieD,
= E (— 1)p7€i(i1k"l+'“+iN,\/2kiNA/z)
Pi}
(D1)

appear where f?;{k_} o= UAE aflt Uff{ ,). Here the sum
o nooh INp/2

over {k;} extends over all sets of momentum with N,/2 ele-
ments chosen from the first Brillouin zone, the sum Ep{k_}
goes over all permutations Py of the momenta in each set
{ki}=(k;.....ky ;p), and p represents the parity of Py
Since for 1n(,eD we have i, =i, ;+R, one finds ,B{k}l
=€)y, Where ¢y =R k. Thus, Eq. (41) be-
comes
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i

W)= E} ek VK
j

(D2)
Ny
k) = (H AT«,TALL)F;,{k,-},TF},{k,-},JO%
k
where gy =By 1Byl il =l el and

|v{k}{k 1) are orthogonal states. Using Eq (D2) one finds*

(8% = <E S">

Ny
<§y>=<23‘i>=0, $={ 5 ) =0,
k k

(D3)
(S)=0.

To calculate expectation values of the square of the spin we

use normalized wave functions |w{k]_},{kl_})
|U{k ik, }>/(<U{k ik} | U{k 3K, }>) , in terms of which the
ground state can be written as |w o)

_Z{ki}z{kj}a{k,-},{kj}|W{k,-},{kj}>’ where aj ), are new numeri-
cal coefficients. Thereby one finds

N 1 /A A A A
(8)2)= (87574 587))
B E{ki} E{kj} |a{lki},{kj}|2(NA - d{ki}’{kj}) - 1&
= , 2 9
4200 2o i) 4
(D4)

where d{k,},{k}.} is the number of common elements of the sets
{k;} and {k}.

APPENDIX E: EXPECTATION VALUES FOR THE
FLAT BAND

In this appendix we present details of the calculation of
ground state expectation values for the itinerant solution in
Sec. IV. The ground state wave vector (42) is a superposition
of states

Ny Np | Np
|‘I,g,{g-}> = (H CI,kTCI,kL> H ( /—E Xk elknlnC;’kno.i )
k n

\NA k,
%[0}, (E1)

where {o}=(0; 01,0, ....03, ) By modifying the {o} sets
in Eq. (El) one obtams 2’\'A states, which obey
(W, {g}|‘1’g{gf}> Det[x; ;({X,}.{X,}. 01, 0))]. where
x,J({Vk} Wi, 03,09)=6,, o ((1/N )NV, Wi, We see
that for {o'}# {o} the states |V, (o)), and |¥
necessarily orthogonal.

(o)) are not

1. The case X, #0

We first consider X # 0 for all k. Introducing the states
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Ny Np Np
|\I,~i70'}> — (H C;,kTC]lk,ki> H ( lknl”C;,knlri )
k n

VN k, Xk
><|O), (E2)

one finds <\If{"}|‘lfg {(,/}>—Det[zij(0i,0j)], where z; (a3, 07)
=x;;({1/ Xy}, {Xk} 0, 0 )= Oy, of 1, such that

g{o'}n gf{o'hn

Ny
Av oA (ko). (ky ) oy iz
Cz’klo'lczskzt)’2|\[,g,{o’}>:2|\P S WL il
n=1

1 a
X EXk/e’k lICT 2k’ o) o
\'NA K’ i
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Det[zi’j(a'i, O'j/)]= 5{0.}’{0.r}. This yields <\Ifi70-}|qrg,{o"}>= 5{0}’{(#},
ie., the set {|W, )} is linearly independent and for N
=3N, provides a basis for H, [see Eq. (10)]. An arbitrary
state of the form of (42) can then be written as |W o)
=3V, (o)), Where ay, are numerical coefficients.'®
Furthermore, one finds

)

Ny
1 2 X lk ln 1 l X lkzin AT 5
k'€ C 2k’ 0! o 2k, e C2,k1(rl rri' 20y

VNA K’ 'N
| Ny 1 Ny
X | =2 Xye™ ‘"+1C2k, o =2 K™ leczk, ] {0y, (E3)
\NA K’ Lol \NA K’ vy
|
from which (A = lim Tr(Ae‘ﬁA’) Tr(Ae ﬁHg)
Ny =0 Tr(e” BH) THO Tr(e™ ,BHg)
W NC o Copon ¥ o) = 2 Detlzij(n,07 0))] .
g 2kyo; - 2ky05l F g {o’} = J J 2 <\p{o}| Alw )
B /L (E7)
(E4) - {a} ’
E{o’} <\Pg |\I,g,{0'}>

follows. Here, the matrix Zi,j(n,a'l’,aj’) is the same as
zij(of, (rj' ), except for the matrix elements in the nth column
which are given by Zin=(1/Ny)
><(sz/Xkl)ei(k2in‘kli)501{,(,'5(,; .o, From Eq. (E4) one finds

that <\I’;””}|éz’klgé‘z,kz_(,|\lfg,{(,/}> vanishes in the thermody-

namic limit as 1/N,. In the case of o,=0,=0, only {0}
={o'} components remain in Eq. (E4), yielding

(\Ifi,o' }|C§,klo'c2 k20'|\I,g {a"}>

Xk, 1 M

= O, i E e!kamk iy (ES)

where SVA 0y,

n=1

Since 2,6, r—l for arbitrary 0' it

(‘I’{” }|E C2k UC2 k20|\I’g{g,}) S, k,(om (o)- Using the no-
tatlon( Y= (‘I’ | [P (P |, ) one finally obtains

<2 é;kltréZ,k2(r> = 6l(z,k] . (E6)

»/ quantifies the number of o spins from {o”'}.
follows that

The spin-dependent expectation value (CA‘;,k(rCA'Z,k() may be
calculated, for example, by taking the 7—O0 limit of

A A
(C) koCako) S

where A is an arbitrary operator and I:Ig is defined in Eq.
(36). The second equality in Eq. (E7) holds since for N,
< oo excited states of H are always separated by a finite en-
ergy from the ground state and thus give only exponentially

small corrections to the contribution of I:Ig Equation (E7)
therefore yields

o A 1
(C kg, o) = 5 s Oy (E8)

2. The case X;=0

Here we consider the case ay* ,=0 for a given vector k

=k” which implies Xj==0 (we note that the C ske Operators
are then still well defined and R+ L #0), with Xizi* 0. Such
a situation arises, for example, in the case of the itinerant
solution (see Sec. IV B) for large next-nearest-neighbor hop-
ping amplitude |¢{/#4]<3. Except for k™ Egs. (E6) and (E8)
remain valid in the thermodynamic limit, and the ground-
state expectation values of the momentum occupation be-
comes

<é1l-,ko'él,k(r> = 19 <é;k*062,k*u> = 09

(E9)
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e A 1
[
<C2,k¢k*gC2,k¢k*o = 5

We note that for one vector k* the maximum total spin de-
creases from N, /2 to Ny/2—1 since in the sum over Kk, in
Egs. (E1) and (E2) the term with k* is missing.

3. Expectation values for correlation functions

A key problem in the calculation of correlation functions
is the evaluation of expectation values of products of four

CA’ZJW operators. Using Eq. (E3) one finds

[(k303).(kgo) L[ (k0. (ky0)] i
|q,g {r3rg}3m n404 e )= (H C1 k'{

1 . oA
ik4i i
. ( \rNAXk o mCZ,k3(r350'i'm,o-4) (

1A
X ,—E Xkrelk l” 1C2 ko’
\NA K’ bt

14
X e X ( — X el

\NA k’

contains only contributions with n#m. The expectation
value of the density-density correlation function can be
calculated from Eq. (E10), with oj=0,=0,, 03=
where a summation X, E has to be

Introducing the notations Zt“ 'f-Zt;‘i:? ll?, where Z}:;‘kf
=Xk4Xk2/(Xk3XkIN ») and using the procedure leading to Eq.

(E6) one then finds

04=0p,
included.

At A A A
< 2 CZ,k3(rbC2,k4obC2,kl(raCZ,kza'a>

04,0

- 5“1"‘45"2"‘3 + 5kl,k25k3,k4

kgk 5k 4 K3tk =Ky
(E12)

The same expression is obtained if we calculate the expecta-
tion value in the 7— 0O limit, as described in connection with
Egs. (E7) and (ES).

In the case of the spin-spin correlation function for the $°
components one again has o,=0,=0, and o3=0,=0,, but
the sum over the spin indices must be separately performed
for o,=0,=0 and o,=-0,=0. Using Eqgs. (E7), (E8), and
(E10), one finds in the 7— 0 limit

2k’a!
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- ~ i n
C2 kSU;CZ,k4(r4C2 ko C2,k20'2|qlg,{(r’}>

(k303),(kp0)
= Sx,1,55,. [,42 v Y+ (1= 8 1,05,.0)(1

gl

A Np
[(k303). (k) (k) ). (kpory)]
_5k2,k450.2’0.4)2 2 |‘\I]‘ 303),(Kq0y 10D (kyop >,

o' Ymn
n=1 m=1,m#n gl

(E10)

where k,=k;+k;-k,. Here |\If(k303) <k202>> is defined in Eq.
(E3), and

l) ( /_zxk,elk 11C2k, /) X e X( f_EXk/e Ly 1C2k' , )

NNA K’

\’NA K’ L

14
/_E Xk/elk lm+lC Ko / X e
A kr m+l

Ny
1 A 1
) < \J/]Tszg’kzlnC;klg_l 50.1’ 30.2) ( /_E Xk’elk ln+1C2 Ko )
— AN -

A k/ n+1

(E11)

Jle

- ~ A A
<E C2,k3a'c2,k4oc2,k10'C2,k20'>
o

= Sk, Bk, 5k ok,

k3k K20 TR

A A A ~
<E C2,k30'C2,k40'C2,k1—0C2,k2—0'>
o

1
= 55;(],1(251{3,1(4— (E13)

k3k K26 pkatk -k,
To calculate the spin-spin correlation functions for the
S%,8Y components, Eq. (E10) must be evaluated for o3=0,

=—0=—0y=0, and the summation X, must be performed.
In the 7— 0 limit one finds

Ao oA\
<E Cz,k3gcz,k4_gcz,k]_(,Cz,kzg> = 8,1, By ey
(o

P U ~
<Z Cl,k3ch2,k4—a'C2,k]—oCI,k20'> B, gk -k, = Ok, k; Ok k-
g

(E14)

075130-18



EXACT GROUND STATES OF THE PERIODIC...

P A.Lee, T. M. Rice, J. W. Serene, J. L. Sham, and J. W. Wilkins,
Comments Condens. Matter Phys. 12, 98 (1986).

2A. J. Arko, J. I. Joyce, D. P. Moore, J. L. Sarrao, L. Morales, T.
Durakiewicz, Z. Fisk, D. D. Koelling, and C. G. Olson, J. Elec-
tron Spectrosc. Relat. Phenom. 117-118, 323 (2001).

3L. Fast, O. Eriksson, B. Johansson, J. M. Wills, G. Straub, H.
Roeder, and L. Nordstrom, Phys. Rev. Lett. 81, 2978 (1998).

4G. M. Schmiedeshoft, D. Dulguerova, J. Quan, S. Touton, C. H.
Mielke, A. D. Christianson, A. H. Lacerda, E. Palm, S. T. Han-
nahs, T. Murphy, E. C. Gay, C. C. McPheeters, D. J. Thoma, W.
L. Hults, J. C. Cooley, A. M. Kelly, R. J. Hanrahan, and J. L.
Smith, Philos. Mag. 84, 2001 (2004).

SR. Monnier, L. Degiorgi, and D. D. Koelling, Phys. Rev. Lett. 56,
2744 (1986).

6C. Huscroft, A. K. McMahan, and R. T. Scalettar, Phys. Rev. Lett.
82, 2342 (1999).

M. B. Z6lfl, I. A. Nekrasov, Th. Pruschke, V. I. Anisimov, and J.
Keller, Phys. Rev. Lett. 87, 276403 (2001).

8K. Held, A. K. McMahan, and R. T. Scalettar, Phys. Rev. Lett.
87, 276404 (2001).

K. Held, C. Huscroft, R. T. Scalettar, and A. K. McMahan, Phys.
Rev. Lett. 85, 373 (2000).

10K. Held and R. Bulla, Eur. Phys. . B 17, 7 (2000).

P, van Dongen, K. Majumdar, C. Huscroft, and Fu-Chun Zhang,
Phys. Rev. B 64, 195123 (2001).

12Y. Ono, R. Bulla, and A. C. Hewson, Eur. Phys. . B 19, 375
(2001).

13U. Brandt and A. Giesekus, Phys. Rev. Lett. 68, 2648 (1992).

4R, Strack, Phys. Rev. Lett. 70, 833 (1993).

151, Orlik and Z. Gulécsi, Philos. Mag. Lett. 78, 177 (1998).

16T Orlik and Z. Guldcsi, Philos. Mag. B 81, 1587 (2001); Z.
Guldcsi and 1. Orlik, J. Phys. A 34, L.359 (2001).

7. G. Sarasua and M. A. Continentino, Phys. Rev. B 65, 233107
(2002); 69, 073103 (2004).

8P Gurin and Z. Guldcsi, Phys. Rev. B 64, 045118 (2001); Z
Gulécsi, Eur. Phys. J. B 30, 295 (2002).

197 Gulicsi, Phys. Rev. B 66, 165109 (2002).

207. Gulécsi and D. Vollhardt, Phys. Rev. Lett. 91, 186401 (2003).

21'U. Hofmann and J. Keller, Z. Phys. B: Condens. Matter 74, 499
(1989).

2T, Portengen, Th. Ostreich, and L. J. Sham, Phys. Rev. B 54,
17452 (1996).

23H. L. Schlifer and G. Gliemann, Einfiihrung in die Ligandenfeld-
theorie (Akademische-Verlagsgesellschaft, Frankfurt, 1980), p.
451 and tables on pp. 315-317.

24 As will be discussed in Sec. V this is not the only possibility to
cast the Hamiltonian into positive semidefinite form.

25 Special cases where S,,,,<<N,/2 will be mentioned in Appendix
E 2.

Z6Degenerate ground states with different total spin have been dis-
cussed before; see, for example, R. Arita and H. Aoki, Phys.
Rev. B 61, 12261 (2000).

27Zero total spectral weight is always possible when hopping and
nonlocal hybridization are absent, and is not a peculiarity of the
model presented here (see, e.g., Ref. 28).

BD. Baeriswyl, C. Gros, and T. M. Rice, Phys. Rev. B 35, 8391
(1987).

2The total spin operator S is deﬁned by So= EN"S,, a=x,y,z,
where S7=(1/2) (i, +if = if =] ). $t=(S)) =d]d; |+ 1] fi.-
Sl— Sf:tSlv. By 1nterchangmg i and k, similar expressions are
obtained in k space, where .§“=Eﬁ’;‘]§l‘f.

PHYSICAL REVIEW B 72, 075130 (2005)

307, M. Wills, O. Eriksson, and A. M. Boring, Phys. Rev. Lett. 67,
2215 (1991).

31Equation (32) has solutions for real (V,V,) with <0 and
VoV, =|Vileiv, and Vo=(t1£)V,
Wthh have ;he form aZd a4d asg. In p_tlcular one ﬁnds
ar = (e, ay g=[-sgn()le i ay y=sgn(t{)
X[\V1|/\r|tg|]e ivel®, where ¢ is an arbltrary phase. For com-
plex Vi a solution of the form V= V0+\V1|e’¢‘/27=1 exp(ik,)
emerges [see Eq. (3)] where k.=kx, Since Iy wx,=0 while
tif_xT, #0, 7> 7', this requires anisotropic hopping parameters.

32For the operators c sk.o to be well defined, R1_<1 has to be nonzero
for all k. This holds for both itinerant solutions discussed in Sec.
IV [see Eq. (34)]. For example, for the solution obtained in Sec.
IVB, one finds |ay |*= |af‘2—|V1|2/| B, lad*=151#]/125)
—sgn(tl)(E _cos k, P+ (23 1smk )2},

33Usmg Egq. (35) one obtains dk o= \Rk(ak dCI k (,+aka2 ko)
fio= \‘Rk(ak,fcl Ko~k iCao)-

3The first equality in (35) leads to -3 o‘AI UA, o=2ko(=1/
Rk)C1 kUCI ko With 2 5, zcskacgk(,_z,, dfbklrbk(, this leads to
N=3,3 51250 Ciko

3T, Tto, H. Kumigashira, H. D. Kim, T. Takahashi, N. Kimura, Y.
Haga, E. Yamamoto, Y. Onuki, and H. Harima, Phys. Rev. B 59,
8923 (1999).

3E. Guziewicz, T. Durakiewicz, M. T. Butterfield, C. G. Olson, J.
J. Joyce, A. J. Arko, J. L. Sarrao, D. P. Moore, and L. Morales,
Phys. Rev. B 69, 045102 (2004).

3H. B. Yang, S. C. Wang, A. K. P. Sekharan, H. Matsui, S. Souma,
T. Sato, T. Takahashi, T. Takeuchi, J. C. Campuzano, R. Jin, B.
C. Sales, D. Mandrus, Z. Wang, and H. Ding, Phys. Rev. Lett.
92, 246403 (2004).

3The ground-state expectation value of the individual terms from
Hy;, can also be calculated, e.g. E(,(dTUdJ =21 2lay

+a A2/ (|ag 4>+ |ag 1) Jexplik(i-j)].

3E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968).

40Using AA,ill,:Eke"k"ALr and (A} )?=0 one finds TI ‘A}lo
=ZH£’AA£U, where Z=3p(-1)Fr expli(i k; +irk; +
+iNAk~ \)] is a sum over all permutations P of (1,2,...,N,) to
(iy,ia, ... ,iy,) With P, as the parity of P.

“'For example, we can choose D; to be defined by the set
(x1,X,,2x3) of primitive vectors, and R=x3.

“The consequences of |lay 4/ =0 with Ry # 0 are pointed out in Ap-
pendix E 2.

“3There exist special cases (see, e.g., Sec. IV B for |t‘1‘]/tg| <3 and
Ref. 32) where for some vector k™ one has ag* 4=0 and hence
Xk=1*=0. Nevertheless, as long as R;I # 0 for all k the operators
CA’(;,k’U are well defined, and itinerant solutions are still possible.
In this case [see the second equality in (E9)], the momentum
distribution function will have a discontinuity at a single point,
ie., (é‘;k,gé‘zykﬁ) is 1/2 for all k, except for k™ where it is zero.

44]. M. Luttinger, Phys. Rev. 119, 1153 (1960).

45]. W. Clark, V. A. Khodel, and M. V. Zverev, Phys. Rev. B 71,
012401 (2005).

49H. Freire, E. Correa, and A. Ferraz, Phys. Rev. B 71, 165113
(2005).

4TP. Nozieres, J. Phys. T 2, 443 (1992).

48 Another possibility to define a cell operator is discussed in Ref.
19 for two dimensions (2D). In this case a localized phase is
obtained without third-neighbor contributions of the hopping
and hybridization amplitudes.

075130-19



Z. GULACSI AND D. VOLLHARDT

*’Equation (55) has solutions only for real Vi, 4. <0, with
sgn(Vy )sgn[Re(Vo)]——sgn(t ), real or complex values of Vy
=|Vole'®v, with Re(Vo)=—1¢V} /14| and arbitrary Im(Vp). In the
1s0tr0p1c case when t‘]/—t‘} —td —ti tg_[;‘lfﬂr” Vi=Vy =V,
=Vy,» tz —t2/2 t2x1_12x2_[2x3’ one finds a, 4=a; 4=az =as,
=as5,q=ad7,4-

The ay , parameters presented in Eq. (34), are now defined by the

the form é;(a

—ikx

Fourier transform of BB » Which has
=2 dfak l,bk » Where ay = g, and akd—aédﬂz1 £
+a, e ’k"2+a3 ety ety gl e ’k"3+a e+‘k"3 For the
solution defined  below Eq. (57) one finds ds  ayg
=\2|dle (=3 s cos k) +(|Vo|/2V))eiv, ], akf——V1\2/|t2|e’¢
The parameters Rk s ak,/| are nonzero for all k [see Eq. (35)], so

the operators Cyy , are well defined. For real V|, one finds
|ay 4| #0 for |¢{/14]>6, while for Im(V,) #0 one always has
|ak’d|>0. We note that ay ,#0 implies X\ #0, where X has
been defined in Eq. (42).

>l Complementary anticommuting operators, but with additional
constraints on the lattice site, have previously been employed in
the construction of exact ground states corresponding to ex-
tended spiral structures of the 1D Hubbard model [M. Homma
and C. Itoi, J. Phys. Soc. Jpn. 73, 499 (2004)], and for ferro-
magnetism on decorated lattices [H. Tasaki, Commun. Math.
Phys. 242, 445 (2003)].

PHYSICAL REVIEW B 72, 075130 (2005)

32The proof of the finite conductivity starts from the observation
that the ground state (64) can be generalized beyond quarter
filling via Eq. (65); see Sec. V B 2. Using E;, from Eq. (58), one
finds p*=E,(N)-E,(N-1)=K,, w=E,(N-1)-EJ(N-2)=K,,
ie., ut—u =0. Consequently, the described state is conducting
(Ref. 39).

3P, Fazekas and E. Miiller-Hartmann, Z. Phys. B: Condens. Matter
85, 285 (1991).

V. Dorin and P. Schlottmann, J. Appl. Phys. 73, 5400 (1993).

3 B. Moller and P. Wolfle, Phys. Rev. B 48, 10320 (1993).

3R. Doradzinski and J. Spalek, Phys. Rev. B 56, R14239 (1997).

57 A. N. Tahvildar-Zadeh, M. Jarrell, and J. K. Freericks, Phys. Rev.
B 55, R3332 (1997).

3D. Meyer and W. Nolting, Phys. Rev. B 62, 5657 (2000).

M. Guerrero and R. M. Noack, Phys. Rev. B 53, 3707 (1997).

60C, D. Batista, J. Bonca, and J. E. Gubernatis, Phys. Rev. Lett. 88,
187203 (2002).

61J. W. Rasul, Phys. Rev. B 68, 134450 (2003).

62P. Fazekas, Philos. Mag. B 76, 797 (1997).

Y. A. Izyumov and D. S. Alekseev, Phys. Met. Metallogr. 97, 15
(2004).

%4F. B. Anders, Phys. Rev. Lett. 83, 4638 (1999).

ST. Yanagisawa, Phys. Rev. Lett. 70, 2024 (1993); 70, 3523
(1993).

075130-20



