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The effects of the electron-phonon interaction on charge and spin dynamics are studied for the one-
dimensional two-band Hubbard model by the exact diagonalization method. The parameters of the model are
chosen to represent a hole-doped Cu-O system. Local charge fluctuations induced by phonons are expressed in
terms of microscopic current and polarization, and it is shown that the dynamic charge transfer is strongly
dependent on the phonon wave vector when the system is doped with holes. The dynamic magnetic structure
factor is also found to be significantly modified by lattice distortion. In particular the lowest-energy spin
excitations are greatly softened, indicating significant spin-phonon coupling. It is shown that the optical
response is significantly modified as well due to coupling with the lattice over an energy range far exceeding
the phonon energy. These results demonstrate the unconventional nature of the electron-phonon coupling in the
strongly correlated electron systems. Its possible implications to the pairing mechanism in the cuprates are
discussed.
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I. INTRODUCTION

Various unusual properties of the cuprate superconduct-
ors, such as non-Fermi liquid behavior, pseudogap, spin-
charge stripes, and high-temperature superconductivity, are
believed to be the consequences of strong electron correla-
tion, and the dynamics of electrons and spins have been the
focus of numerous theoretical studies. However, a number of
experiments, including the observation of spin-charge
stripes,1 suggest that the electron-phonon �e-p� interaction
also plays an active role in the cuprates, and has to be taken
into account in understanding the properties of these
materials.2–4 The evidence of strong e-p coupling is provided
also by the angle-resolved photoemission spectroscopy
�ARPES� measurements.5,6 Moreover, the observation of the
isotope effect on the magnetic penetration depth,7,8 and the
phonon anomaly that is closely related to the superconduct-
ing order parameter9 suggest that the phonon may be playing
some active role in the superconductivity of the cuprates.
Many other lattice effects, such as local structural
instabilities,10,11 are also consistent with the strong electron-
lattice coupling. It is possible that ionicity, covalency and
strong electron correlation in the cuprates render the e-p cou-
pling rather distinct features.12

The e-p coupling of materials can be characterized by the
response of the electronic state to lattice deformation. In in-
sulators, electronic states are localized and the electric
charge polarization can sustain a nonzero value over a mac-
roscopic length scale in the case of a ferroelectric solid. In
contrast, in simple metals, the effects of lattice deformation
on polarization are screened by delocalized charge carriers.
This simple classification, however, does not adequately de-
scribe doped copper oxides. Low density of states, weak and
anisotropic screening, and local spin polarization make them
very different from conventional metals and very sensitive to

local lattice deformation. In particular, the optical phonons,
which directly modulate the CuuO bond distance and in-
duce charge transfer between ions, are likely to be strongly
coupled to the electronic system.13,14

In order to discuss this dynamic charge transfer induced
by phonons it is instructive to return to the insulating ferro-
electric oxides. It is well known that the ferroelectricity of
transition metal �TM� compounds, such as BaTiO3, has a
strong electronic component due to the covalency of the
TM-O bond.15 As TM and O ions are displaced in space by
the optical phonon mode, ionic displacements induce not
only ionic polarization but also electronic polarization be-
cause of the charge transfer �Z. Typically the TM elements
in ferroelectric oxides, such as Ti and Nb, are in the nomi-
nally d0 configuration, but the d level is strongly hybridized
with the oxygen p level. When TM ion moves closer to O,
electrons are transferred from the oxygen p band to the TM d
band. As a result the total polarization is equal to P=Zu
+�Za, where u is the relative ionic displacement and a is the
distance between TM and O ions. Since a /u�1, the total
polarization can be much larger than the bare ionic polariza-
tion, making the Born dynamic effective charge, Z*

=Z+�Z�a /u�, sometimes more than twice the nominal
valence.16,17

Since the phonons change the electron hopping integral t,
they modulate the exchange interaction J, which is equal to
t2 /U in the t-J model. However, if the phonon-induced
charge transfer is spin polarized it can give rise to an addi-
tional spin-phonon coupling, which may be quite strong and
cannot be observed in simple metals. Moreover, this kind of
spin-phonon coupling, could lead to a synergetic pairing
mechanism, in which both phonons and spin excitations take
part as mediating bosons. The interplay of the e-p interaction
and electron correlations, as well as spin-phonon effects
were studied using different theoretical techniques.18–22 In
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this paper, we use the Lanczos method, which enables us to
obtain exact solutions for finite clusters with the many-body
interactions, to describe the e-p coupling in terms of the
wave-vector-dependent effective charge, and to demonstrate
the effects of phonons on the spin dynamics and optical con-
ductivity.

The paper is organized as follows. In Sec. II, we describe
the model Hamiltonian of the CuO system. In Sec. III, we
analyze the effects of the e-p interaction on charge transfer
and polarization, and present the approach to study local ef-
fects in the polarization field and q-dependent properties. In
Sec. IV we focus on magnetic interactions in the doped sys-
tem and discuss the effect of the e-p coupling on spin dy-
namics. Section V presents the results of calculations of op-
tical conductivity. Finally, discussions on the results are
presented in Sec. VI.

II. MODEL

The electronic properties of the CuO2 plane can be de-
scribed within the multiband Hubbard model including the
dx2−y2 orbitals on Cu atoms and the px/y orbitals on O atoms.
Compared to one-band effective models, multiband models
enable more detailed description of charge dynamics and in-
terband effects. This is especially important for studying the
bond-stretching LO phonon mode, involving primarily oxy-
gen displacements and CuuO charge transfer. Since the
most important LO mode appears to be the one propagating
along the CuuO bond9 we use a one-dimensional two-band
model which allows calculation with less size effect than the
two-dimensional models. The Hamiltonian of the two-band
Hubbard model can be written in the form

H = �
i=1

N

��i�u�ni + Uini,↑ni,↓ + Vnini+1�

+ tpd�u��
�,i

�di,�
† pi+1,� + H . c.� , �1�

where i runs over all sites and N is the number of sites.
Operators di,� and pi,� represent the dx2−y2 orbitals on coppers
and px orbitals on oxygens, respectively. The Hamiltonian
includes on-site Coulomb interactions, on copper Ud and
oxygen Up, and the nearest-neighbor �NN� intersite interac-
tion V. For the electronic part of the model we use the stan-
dard set of parameters derived from density-functional
calculations:23 �=�p−�d=4, t=1.3, Ud=8, Up=4, V=1.2 all
in the units of electron volts. The presented one-dimensional
�1D� model cannot describe exactly the electronic structure
of the cuprates, however, it allows for qualitative description
of the CuuO system.

In the model, we include two kinds of interaction between
electrons and the CuuO bond stretching mode. The first
one, off-diagonal Su-Schrieffer-Heeger �SSH� �Ref. 24� cou-
pling, results from the dependence of the overlap integral
between neighboring atoms on the interatomic distance.
Since the active bands are built mainly of hybridized copper
and oxygen orbitals, this coupling influences directly
states close to the Fermi energy. The strength of this
interaction may be estimated from the known scaling law

t= t0�1+u�−7/2, where u is the relative change in the CuuO
distance. For small u, it can be written in the linear form

ti�u� = t − ��ui+1 − ui� , �2�

with ��1.2 eV/Å. Another type of coupling, the diagonal
�Holstein25� coupling, is connected with the shift in the
Madelung potential on copper, when oxygen ions are dis-
placed from equilibrium positions

�i�u� = �i0 − ��ui+1 − ui−1� . �3�

This energy shift has been estimated using the electronic
band calculations, and for the breathing mode, the energy
shift on Cu atom is about 1 eV when oxygen is displaced of
0.1 Å.26 This coupling usually depends strongly on doping,
and will be reduced with increasing x.

In this study, we use the adiabatic approximation
�t�	ph�, in which phonons are treated as classical atomic
displacements. Since the oxygen mass is much smaller than
the copper mass, we assume that only oxygen ions are dis-
placed and coppers remain in the equilibrium positions. At
each instant, positions of oxygens are determined by the
wave vector q: ui=u0 cos�qri�. In this paper, we do not dis-
cuss other oxygen phonons, such as buckling22 and bending
modes, or out-of-plane c-axis modes, which also couple to
doped charges.20

III. DYNAMIC CHARGE TRANSFER

We start the analysis of phonon-induced charge transfer
by discussing the influence of lattice deformation on polar-
ization in insulating materials, which is well understood.
Displacement of atoms from equilibrium positions induces
changes in charge density 
�r� and microscopic polarization
field P�r�.

The induced polarization can be connected with the tran-
sient current due to ionic displacements, which flows through
the system

Ṗ�r,t� = j�r,t� . �4�

This current consists of the ionic part, which corresponds to
rigid ion displacements, and the electronic part associated
with the charge transfer between different ions. For a ferro-
electric solid, the total integrated current is equal to the mac-
roscopic polarization

�P =� dt dr j�t,r� . �5�

Since the current is associated with the phase of the wave
function, the macroscopic polarization can be obtained using
the Berry phase of the ground state.16,17 In insulators, the
macroscopic polarization can vary continuously and sustains
nonzero net values only in broken symmetry �ferroelectric�
states �q=0�. In this case, the electronic current �charge
transfer� is parallel to ionic displacements, and the macro-
scopic polarization is enhanced. Consequently, the dynamic
effective charge Z*=�P /u can be much larger than the
nominal ionic value.
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In this paper, we focus on the local polarization behavior
in the metallic state for q�0, using the method developed
for correlated electron systems.27–29 In order to describe local
charge transfer effects due to phonons, we introduce the in-
duced microscopic polarization �P�r�. In Ref. 30, the micro-
scopic polarization, induced by external electric field, was
calculated using the ab initio density functional approach. In
general, the induced polarization can be written as the Fou-
rier series

�P�r� = �
q

�Pqeiqr. �6�

Since the polarization is connected with the charge density
by the equation �P�r�=−
�r�, the Fourier transforms have a
linear dependence, iq�Pq=�
q. Therefore, the staggered po-
larization �Pq describes the spatial modulation of the charge
density induced by phonons. The macroscopic dynamic
charge describes long-range effects. In order to describe
short-range effects we introduce by analogy a q-dependent
effective charge, defined as the derivative of the microscopic
staggered polarization with respect to the atom displacement

Z�
*�q� = lim

u�,q→0

�Pq

u�,q
, �7�

where u�,q is the amplitude of atomic displacements. The
first Fourier component for q=0 is the macroscopic
polarization—the integrated polarization over the entire crys-
tal

�P =
1

V
� �P�r�dr = �Pq=0, �8�

and the dynamic effective charge coincides with the Born
dynamic charge, Z*�q=0�.31 However, at q=0 the integral
depends upon the boundary conditions, and can be exactly
evaluated only with the Berry phase formalism. Since the
Berry phase cannot be defined for a metal, this quantity is ill
defined in the present calculation. On the other hand the
integral �7� gives the q-dependent polarization exactly, which
conveniently describes the local charge transfer phenomenon
and its q dependence.

In general, �Pq depends on the position in space, and the
dynamical effective charge should be calculated by averag-
ing the polarization over a unit cell. In our model the charge
density is defined as an occupation number in a particular
orbital 
i=ni. Therefore, we can evaluate the charge transfer
between ions directly by calculating the changes in static
charges �
i. As an example we discuss in detail the zone-
boundary phonon mode, the breathing mode, which is sche-
matically shown in Fig. 1. In this case, only oxygen ions are
moving and in each instant they are displaced away from one

copper �CuI� toward another copper �CuII�. This displace-
ment induces charge transfer between copper ions: Charge
density increases �decreases� on copper CuII�CuI�. There is
also a change in the oxygen charge density. However, for this
particular mode it is much smaller than the charge induced
on copper ions, since most of charges flow through oxygen.
Because of the mirror symmetry, two currents, which flow
through adjacent cells are equal in magnitude and have op-
posite directions j1=−j2. The induced polarization in this
case changes the sign at each unit cell, creating instan-
tanously a staggered antiferroelectric state. The charges
transported through adjacent cells are equal 
1=
2=�
 /2,
where �
=�nCu is the induced charge on copper CuII. It im-
plies that �P�=�
a /2 and the dynamic effective charge of
oxygen is given by

Z0
*��� = Zion + lim

u→0

�
a

2u
, �9�

where Zion is the ionic �static� charge of oxygen. As we see,
the electronic part of the dynamic charge is simply the
amount of charge transferred between Cu atoms, divided by
the oxygen displacement u �in units of lattice constant�. This
procedure can be repeated for all phonon modes except for
the q=0 zone-center mode. In doped CuO systems, the sec-
ond term in Eq. �9� was found to have an opposite sign to
Zion, and may be even larger in magnitude.

At half-filling �x=0�, the ground state of the system is an
insulator with one hole per unit cell. Because of a nonzero
charge transfer gap �=
p−
d holes occupy mainly Cu dx2−y2

orbitals and only a small fraction is located at O px/y sites.
When oxygen ions are displaced from equilibrium positions
the static charges vary on both Cu and O atoms. Figure 2
presents the dependence of the hole density on Cu and O
ions as a function of oxygen displacement u for the breathing

FIG. 1. Schematic of oxygen ion displacements in the half-
breathing mode and directions of induced currents.

FIG. 2. Hole density on Cu and O atoms as a function of ion
displacement u for the breathing mode and two doping concentra-
tions x=0 and 1/6.
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mode, in the N=12 site system �six Cu and six O atoms�. In
the undoped system, strong electron correlations suppress
charge fluctuations. Therefore for small atom displacements
there is almost no change in the charge density. However, at
some critical displacement �uc�0.15�, a gain in the e-p in-
teraction energy overcomes the Coulomb on-site energy, and
there is a sudden change in charge density on copper and
oxygen. As a consequence of charge transfer, a local mag-
netic moment on Cu atoms vanishes and the system under-
goes phase transition between an antiferromagnetic insulator
and a paramagnetic insulator.28 It was demonstrated that the
polarization changes discontinuously at this phase transition,
and the Berry phase plays the role of the order parameter.28,29

It is interesting to note that the dynamic effective charge
reverses its sign at the critical point: Oxygen transports posi-
tive and copper negative charge. However, in the cuprates,
where Ud is large, this transition could occur only for very
large atomic displacements, and the insulating state is always
antiferromagnetic.

We have calculated the effective charge for the undoped
state for q=0 using the Berry phase approach. Calculations
were performed using the twisted boundary conditions with
40 k points in the Brillouin zone. For �=0 the dynamic
charge is equal to the ionic charge Zion=−1.9, and with in-
creasing � , Z* becomes more negative. The electronic cur-
rent is parallel to the ionic current, and the polarization in-
creases. However, unlike in ferroelectric materials, dynamic
charge does not differ much from nominal charges, indicat-
ing that undoped cuprates have more ionic than covalent
character. The values of Z0

* for realistic e-p couplings agree
with experimental values, Z0

*=2.05−2.38.32 The finite size
effect on Z* in the same model was studied in Ref. 29, and it
was found to be very small. We have calculated Z0

* for two
systems, obtaining Z0

*=−2.241 and −2.242 for N=8 and N
=12, respectively. The effective charges calculated in the 1D
system may be numerically different than in the 2D system,
however, we do not expect significant qualitative changes.
The q-dependent effective charge of an insulator is shown in
Fig. 3 as a function of q. The q-dependence is weak. Inter-
estingly the value of Z0

* obtained directly from charge trans-

fer extrapolates in the limit q→0 nicely to the exact value
calculated from the Berry phase.

Charge dynamics changes completely when the system is
doped with holes. Doped holes go mainly to oxygen orbitals
because of large Coulomb repulsion Ud on Cu atoms. When
the breathing phonon mode is activated even small lattice
displacement �u�0.05� induces pronounced charge transfer
between ions and charge density changes continuously with
increasing u, as shown also in Fig. 2. Because of the sym-
metry of the breathing mode, the change of charge density on
Cu ions is much larger than on O ions. Thus, the oxygen
breathing mode induces dynamic charge density wave
�CDW� on copper ions. For q�0 the effective charge in-
creases rapidly with �, becoming less negative, and above a
certain critical value ���2 eV/Å for q=�� it even changes
the sign and becomes positive. In such a case oxygen effec-
tively transports a positive charge.

In Fig. 3, we present the q dependence of Z0
* for two

doping concentrations x=1/4 and 1/3. As we mentioned
above the Berry phase method, which assumes the gap be-
tween the occupied and unoccupied states, is not valid for a
doped metallic system, therefore, in Fig. 3 we plot Z0

* only
for q�0. Z0

* is much more strongly q dependent than in the
case of the undoped insulator. Unlike the case of the half-
filled system, Z0

* quickly becomes less negative with increas-
ing q, reaching a maximum value. The position of this maxi-
mum depends on the doping level and for x=1/4 it is in the
middle of the Brillouin zone. This behavior may be consid-
ered as the Kohn anomaly, since the position of the maxi-
mum of the electronic polarization is related to 2kF of non-
interacting fermions.

The strong phonon-induced charge transfer shown here
justifies characterizing the phonon-assisted charge transport
as “vibronic.” If the effect of lattice becomes too strong, it
will induce a static CDW state. In ferroelectrics the elec-
tronic polarization is parallel to the ionic polarization and
increases the internal electric field, which promotes ferro-
electricity. In the cuprate since they are antiparallel this ef-
fect is greatly weakened, and the near neighbor Coulomb
interaction does not help phonon softening. Thus strong
electron-phonon coupling is less likely to lead to CDW for-
mation. Since static CDW or the static stripes will suppress
superconductivity, as is observed in the Nd-doped
La2−xSrxCuO4 �LSCO�,1 this mechanism allows stronger
e-p coupling without the CDW formation, the so-called co-
valency catastrophe of the BCS mechanism as discussed be-
low.

The value of the q-dependent effective charge is to ex-
press the mechanism of electronic polarization effect more
explicitly. For the half-breathing mode the actual charge of
oxygen does not change much as shown in Fig. 2. Thus it
appears that the charge transfer effect is small.33 However,
this is because for the half-breathing mode the charge trans-
fer to oxygen from a copper ion on one side and the charge
transfer from oxygen to another copper ion on the other side
are nearly equal, thus the total charge transfer from the cop-
per system to oxygen is small. But the actual charge transfer
from one copper to the other through oxygen is large, and
this charge transfer is caused by the CuuO charge transfer.
This effect can be expressed in terms of Z* for oxygen.

FIG. 3. Dependence of the dynamic effective charge of oxygen
Z0

* on q for the half-filling �x=0� and two doping levels x=1/4 and
1/3.
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IV. SPIN DYNAMICS

In this section, we study the influence of the charge trans-
fer induced by phonons on magnetic states and spin dynam-
ics. In undoped cuprates, strong electron correlations in the d
states on Cu atoms result through the super-exchange mecha-
nism in the antiferromagnetic state. After small doping, the
magnetic moment on Cu rapidly decreases and the long-
range order disappears. However, short-range spin correla-
tions remain, and have been observed by inelastic neutron
scattering �INS� measurements. The INS experiments re-
vealed the low-energy incommensurate peaks at momenta
q= �� ,��1±��� and q= ���1±�� ,��, where � is the doping
concentration.34–36 In the Nd-doped LSCO,1 the incommen-
surate peaks are observed at the same positions by elastic
scattering, indicating a long-range stripe order. In this case
the spin-charge stripes are stabilized by the lattice through
local deformations.37 Thus it is likely that the e-p interaction
influences the magnetic response of dynamic spin-charge
fluctuations even when stripes are not stable.

While stripes can be described only in 2D models, the
essential features of local spin fluctuations and incommensu-
rability may be investigated using the 1D system. Static spin-
spin correlations can be studied using the equal-time �instan-
taneous� magnetic structure factor defined as

S�q� = �0	S−qSq	0
 , �10�

where 	0
 is the ground state and the spin operator Sq
=1/N�i exp�iqri�Si, with Si=1/2�ni↑−ni↓�. Figure 4 presents
the static structure factor S�q� obtained for N=12 and 16
with x=1/3 and 1/4, respectively. S�q� has a characteristic
incommensurate structure with two peaks at momenta qin
=��1±x�. It should be noted that in the 1D electronic system
a long-range order cannot exist, however, short-range corre-
lations results in a similar magnetic response. In Fig. 4, the
effect of phonons is demonstrated in the lower part of the
graph. �S�q� is the difference in magnetic response between
states with and without the e-p coupling. The strongest effect
occurs at the zone boundary, where S�q� decreases for both
phonon modes with qph=0.25 and qph=0.5. This result im-
plies that antiferromagnetic correlations are suppressed by

coupling to the lattice. On the other hand the spin fluctua-
tions are enhanced slightly at qin=0.375 by the qph=0.25
phonon mode.

We now discuss the effect of phonons on spin dynamics.
The spectral weight of spin excitations can be obtained from
the dynamic structure factor

S�q,	� = �
n

	�n	Sq	0
	2��	 − En + E0� , �11�

where summation is over all excited states 	n
 with energies
En, and 	0
 is the ground state. In Fig. 5 we show the dy-
namic structure factor S�q ,	� for N=16 and x=1/4. The �
function in Eq. �11� is replaced by the Lorentzian with the
width 
=0.01 eV. The lowest excitation is at qin=0.375 and
is separated from the ground state by the spin gap �s
�0.22 eV. There is also a significant spectral weight at q
=0.5, indicating the presence of dynamic antiferromagnetic
correlations. In Fig. 5 we present also the effect of the cova-
lent e-p coupling � on S�q ,E�. As we see the lowest energies
of spin excitations strongly soften, when electrons are
coupled to the lattice. The largest change in energy is at qin,
where the spin gap is reduced to �s=77 meV. Additionally,
the maximum at qin splits into two peaks, and the spectral
weight of the lowest excitation is decreased. We expect that
two kinds of the e-p coupling, covalent and ionic, will pro-
duce different effects on spin dynamics. Also, as the spin-
phonon interaction is a consequence of charge transfer, it
may depend on the phonon wave vector. In Fig. 6, we plot

FIG. 4. Magnetic structure factor S�q� for x=1/4 and 1/3. In the
lower part the effect of two phonon modes with qph=0.25 and 0.5 is
presented.

FIG. 5. Dynamic structure factor S�q ,	� calculated in the 16-
site system �x=1/4� for �=0 and 1.2 eV/Å with u=0.1 and qph

=0.5.
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the dependence of �s on two e-p coupling constants, � and
�, and two phonon wave vectors qph=0.5 and qph=0.25.
With an increase in the e-p coupling, �s→0, indicating the
transition from the short-range correlated state to long-range
order with the wave vector qin. Comparing two phonon
modes, we observe a stronger effect for qph=0.25 than for
qph=0.5. This must be related to the q dependence of charge
transfer, which is maximum at qph=0.25 for doping concen-
tration x=1/4. The result presented in Fig. 6 also demon-
strates that the influence of the covalent coupling is stronger
than the ionic coupling, in agreement with previous
studies.6,18

In this type of calculation, the size effect is the most cru-
cial source of uncertainty. In the doped system, it is difficult
to control finite size effects, since the doping depends on the
number of sites. For instance, the calculated spin gap is
much larger than experimental values observed in the cu-
prates. Comparing the results from 12- and 16-site systems,
we see a decrease in the spin gap with increasing N, how-
ever, we have too few points to perform finite size scaling. A
difference between the calculated and observed values of the
spin gap may result also from the one dimensionality of the
model. Therefore, the presented results have to be treated
qualitatively rather than as exact solutions.

Recently, the spin-phonon interaction was studied using
the density functional band calculations,38 and it was shown
that the local exchange interaction and magnetic moment
depend on the lattice deformation around the Cu site. It was
suggested that the coupling between phonons and spin waves
may decrease the frequency of spin excitations to phonon
frequencies, thus enhancing the pairing of holes. Since the
band calculations largely underestimate electron correlations
and magnetic moments, the spin-phonon coupling in a real
material may even be stronger. Indeed a more recent quan-
tum Monte Carlo calculation on two-dimensional three-band
Hubbard model33 shows strong spin-phonon coupling for the
half-breathing mode.

V. OPTICAL CONDUCTIVITY

Optical measurements provide useful information about
the electronic excitations and transport properties of materi-

als. In the undoped cuprates, optical conductivity shows ab-
sorption spectra characteristic to insulating materials with the
charge-transfer gap of about 2 eV. After doping, the spectral-
weight is transferred to lower energies, creating the midin-
frared �MIR� band at �0.5 eV, and the Drude peak develops
at zero energy. The optical conductivity has been calculated
using the exact diagonalization method in the 1D and 2D
Hubbard models.39–41 In 2D models, the optical conductivity
shows a broad MIR band above the Drude peak, in qualita-
tive agreement with the experiment. This band results from
the interaction between doped holes and the antiferromag-
netic spin background. In contrast, in 1D models there is
almost no spectral weight at finite frequencies apart from the
Drude peak, due to spin and charge separation.39 The situa-
tion changes greatly, however, when the electronic system is
coupled to the lattice. The numerical studies of the 1D two-
band Hubbard-Peierls model within the Hartree-Fock ap-
proximation showed that the sliding motion of CDW and
spin density wave �SDW� produces low-energy collective
modes in the infrared regime.42 The exact diagonalization
calculations in 2D Holstein t-J model19 confirmed a signifi-
cant modification of the low-energy optical absorption as a
result of the lattice polaron formation. In the preceding sec-
tion, we observed that the e-p interaction modify strongly the
lowest spin excitations. Now, we will investigate the effect
of the phonon-assisted charge transfer on the optical conduc-
tivity spectrum.

The regular part of the optical conductivity at T=0 is
given by the expression

��	� =
�

N
�

n

	�0	j	n
	2

En − E0
��	 − En + E0� , �12�

where the current operator is defined as

j = − ietpd�u��
i�

�di,�
† pi+1,� − pi+1,�

† di,�� . �13�

Figure 7 presents the optical conductivity calculated for the

FIG. 6. Dependence of the spin gap �s on the e-p couplings �
and � for two phonon modes qph=0.25 and 0.5.

FIG. 7. Optical conductivity calculated for x=0 and x=1/4. The
figure presents also the effect of two phonon modes qph=0.25 and
0.5 for u=0.1.
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undoped and doped �x=1/4� systems. In order to simulate
the effects which contribute to the broadening of peaks in
��	� we use Lorentzians with large 
=0.2 eV. At half-
filling, there is a charge-transfer band above the optical gap
��3 eV. After doping the intensity of this charge-transfer
band decreases indicating the insulator-to-metal transition.
Note that the Drude peak is not included in Fig. 7. In the
undistorted system ��=0�, there is no spectral weight at low
energies, in agreement with previous calculations.39 How-
ever, in the distorted state with broken symmetry, the excita-
tion states show up in the infrared region. This low-energy
band involves collective excitations of the CDW states in-
duced by phonons. The breathing phonon mode �q=0.5�,
which corresponds to the CDW with 2a periodicity, gener-
ates an absorption band around 0.5 eV and additionally en-
hances charge transfer above the optical gap. The midzone
phonon mode �q=0.25� induces a spectral weight at around
1 eV with larger intensity than the breathing mode. The ex-
planation is the same as for the spin-phonon coupling. For
this particular doping x=1/4, the midzone mode produces
larger charge transfer than the breathing mode �see Fig. 3�.
Changing doping will modify the spectral weight in the MIR
band and shift the position of the maximum.

The present result demonstrates that the e-p coupling may
contribute to the MIR absorption band. As we mentioned
before, in 2D systems spin excitations are likely to contribute
as well. A recent study of the three-band model of the CuO2
planes showed that stripes produce the MIR band, and the
position of this band depends on doping,43 in qualitative
agreement with the experiment.

VI. DISCUSSION

The e-p coupling shown here is quite different from those
for the free-electron systems. The behavior of the dynamic
effective charge of the doped system at q�0 is in stark con-
trast to that of the ferroelectric systems. In the ferroelectric
solids the dynamic effective charge is much larger than the
static charge, and the static charge is reduced by increased
covalency when TM-O distance is reduced. Consequently the
LO phonon mode is hardened, while the TO mode is soft-
ened, leading to the divergence of the 	LO/	TO ratio and the
static dielectric constant through the Lyddane-Sachs-Teller
relationship, at the ferroelectric transition. In contrast in the
cuprates the phonon-induced charge transfer increases ionic-
ity when the CuuO distance is reduced, and softens the LO
phonon.

It is interesting to speculate on the implications of the
observed results. The in-plane CuuO bond-stretching LO
phonon modes are known to show strong softening near the
zone-boundary upon doping,3,4 but recent data indicate that
the accompanying TO modes do not show softening at all.9

This behavior is a complete opposite of the TO mode soft-
ening observed for ferroelectric materials as mentioned
above. It is difficult to explain this behavior with the regular
lattice dynamics without invoking counter-intuitive param-
eters, such as oxygen-oxygen attraction only in one
direction,4 and it most likely has to be explained in terms of
the electronic effect. The charge transfer effect of the LO

phonons near the zone-boundary shown here leads to phonon
softening,14 and thus could offer a likely explanation of the
softening observed for the cuprates.

The difficulties in the lattice dynamics calculations for the
cuprates result from the nature of the strongly correlated
electronic state in these materials. Since the ab initio density
functional method cannot describe properly the insulating
state, the doping dependence of the phonon spectra cannot be
explained within this approach. Using a quasi-ab initio ap-
proach, Falter and Hoffmann44 considered the ionic model
with phonon-induced charge fluctuations between outer ionic
shells. They showed that this nonlocal e-p coupling leads to
softening of the LO optical modes at the zone boundary.

Some other approaches take into account the influence of
electron correlations. Using the t-J model, it was demon-
strated that anomalous softening and broadening may be ex-
plained by the coupling between phonons and low-energy
charge density fluctuations.45 Recently, the doping-induced
phonon softening was studied in the t-J model by the
slave-boson46 and exact diagonalization technique.47 Park
and Sachdev48 showed that the influence of the dynamically
fluctuating spin-Peierls order parameter on bond-stretching
mode leads to anomalous discontinuity in the phonon disper-
sion. The phonon softening was studied also in a simple
mechanical model in which a “negative” spring constant be-
tween oxygens was considered.4 The dynamic charge trans-
fer studied in this paper may be considered as the micro-
scopic origin of the negative spring constant. When positive
charge is transported between ions as a result of oxygen dis-
placement, additional attractive interaction between copper
and oxygen ions is generated. Since only oxygen ions are
moving in the breathing mode, this additional Coulomb force
may be treated as an effective attractive interaction between
oxygen ions.

The strong effects of phonon modes on the charge and
spin excitations shown here are quite different from those of
free electron systems upon which the BCS theory of super-
conductivity is based, and appear to compel the reexamina-
tion of the role of phonons in the superconductivity of the
cuprates. A possible limitation of Tc in the phonon mecha-
nism of superconductivity was discussed in the past.49 It was
claimed that a strong e-p coupling will lead to charge order-
ing and lattice instability rather than a high-Tc supeconduc-
tivity. This conclusion was based on the assumption that the
dielelectric function must fulfill the condition 
tot�k ,	��0.
However, it was demonstrated that 
tot�k ,	� can be negative
for large values of k when exchange and correlations effects
are taken into account.50 The present calculation shows that
for some wave vectors k the electronic polarization is oppo-
site in sign and comparable in magnitude to the lattice
polarization, suggesting the possibility of overscreening of
lattice polarization by electronic polarization, not by electro-
static screening but by charge transfer. However, the total
polarization is too small to demonstrate the amplification ef-
fect expected in the overscreening mechanism of
superconductivity.51,52 As noted by Kulić,21 local field effects
in the cuprates may modify significantly dielectric properties
and give rise to large e-p coupling. Using similar arguments,
Weger and Birman53 demonstrated that nondiagonal ele-
ments of the ionic dielectric function significantly enhance
the phonon mechanism of superconductivity.
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We have also demonstrated that phonons can have a
strong effect on optical conductivity up to the energy range
much higher than the phonon energy. This is because the LO
phonons modify t through the SSH coupling, and modifies
the entire band structure, not just the vicinity of the Fermi
surface. It was found the change in the optical conductivity
due to Cooper pair formation extends to high frequencies,
and this was interpreted to signify an electronic mechanism
of pairing.54–56 The present calculation suggests that the
e-p coupling may explain the observed effect, and the pho-
non mechanism of pairing may still be consistent with the
observation.

VII. CONCLUSION

The main aim of this paper is to examine the influence of
the e-p interaction on spin-charge system in the doped cu-
prates. We have shown that in the strongly correlated system
the e-p interaction produces effects, which do not appear in
simple metals. In particular, we have demonstrated that the
energy spectra of spin excitations and optical conductivity
are strongly influenced by lattice distortions. These results
suggest that while the conventional phonon mechanism

�BCS theory� does not explain the high-temperature super-
conductivity, the e-p coupling in the cuprates is unconven-
tional and it may still be premature to discard it from con-
sideration for the pairing mechanism. Due to strong electron
correlations phonons are strongly dressed by spin and
charge. This may result in a synergetic pairing mechanism of
spin, charge, and lattice.

In the present paper, spin dynamics, which results from
electron correlations, was fully taken into account, while
phonons were treated as static strains. Since both spin waves
and phonons have similar excitation energies, we expect
nonadiabatic effects to emerge when phonons are treated dy-
namically. It is our view that the phonon mechanism of pair-
ing should not be abandoned until such a nonadiabatic
theory, yet to be fully formulated, is found to be insufficient
to explain the high-temperature superconductivity.
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