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The phenomenon of a hot line forming in liquid helium was observed in experiments carried out in the
University of Exeter �UK�. It arises when two phonon pulses interact and this is theoretically investigated in
this paper. To develop the theory we start from the exact quasiequilibrium distribution function that describes
anisotropic phonon systems such as a phonon pulse in superfluid helium. This is related to the approximate
distribution function, which is more physically intuitive and was used earlier. The local equilibrium distribution
function for phonons in the region of a hot line is obtained from the distribution functions for the phonons in
the two interacting pulses. In order to explain the results of experiments, we analyze the effect of different
pressures when the angle between the two moving pulses in superfluid helium is constant and also the effect of
different angles at the saturated vapor pressure. The conditions suitable for the creation of a hot line are found.
The results of the calculations are compared with the experimental data.
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I. INTRODUCTION

The phenomenon of a hot line forming in liquid helium
was reported in Refs. 1 and 2. It arises when two phonon
pulses interact. In this paper we consider anisotropic phonon
systems such as a phonon pulse in superfluid helium. We
consider an equation for the quasiequilibrium distribution
function of anisotropic phonon systems and then analyze the
interaction between two phonon pulses that overlap in space.
Both these problems involve the scattering between phonons
that depends on the phonon dispersion curve—the relation
between the phonon energy � and its momentum p. We write
this as

� = cp�1 + �p� , �1�

where c is a sound velocity of He II, and �p=��p� is a
function that depends on p and describes the deviation of the
dispersion law �1� from a linear dependence.3 This deviation
is small ��p�1� but the function �p determines the possible
relaxation processes in phonon systems of He II.

When p� pc the deviation �p�0 and the dispersion is
anomalous.4 At the saturated vapor pressure, the value of the
momentum pc is given by the equality cpc /kB=10 K.5 With
anomalous dispersion, the conservation laws of energy and
momentum allow processes that do not conserve the number
of phonons. The fastest of these processes is the three-
phonon process �3pp�,6,7 in which one phonon decays into
two phonons or two interacting phonons merge into one pho-
non.

At p� pc, function ��p��0. With this normal dispersion,
three-phonon processes are prohibited by the conservation of
energy and momentum. In this case the fastest relaxation
process for phonons with p� pc is the four-phonon process
�4pp�,8,9 in which two phonons interact, giving two phonons
in the final state.

The scattering rate of three-phonon processes �3pp is sev-
eral orders of magnitude greater than that of four-phonon
processes �4pp.7–9 As a result, the phonons in superfluid he-
lium, form two subsystems.

�1� A subsystem of low-energy phonons with p� pc �l
phonons� in which equilibrium occurs relatively quickly.

�2� A subsystem of high-energy phonons with p� pc �h
phonons� in which equilibrium occurs rather slowly.

The presence of two phonon subsystems, with different
relaxation times, leads to unique phenomena in the aniso-
tropic phonon systems of He II. Such systems are created by
a heater immersed into He II.1,2,10–12 The liquid helium has
such a low temperature that thermal excitations can be ne-
glected. When a short current pulse, with a duration tp, is
given to the heater, a phonon pulse is formed by the fast
three-phonon processes in the liquid. This l-phonon pulse
moves in the “superfluid vacuum” of He II, from the heater to
the detector with the velocity c.

In momentum space, the phonons of the pulse are mainly
located in a narrow cone with a solid angle 	p�1,13,14 the
dimensions of which are defined by the heater power and the
pressure of the liquid. The transverse dimensions 2L� of
such a highly anisotropic system near the heater are about
the dimensions of the heater �1 mm
1 mm�. The longitudi-
nal dimension L� =ctp is defined by the current pulse tp given
to the heater. Such phonon pulses in He II are often called
phonon sheets,15 because the inequality L��L� is usually
satisfied.

In the experiments, Ref. 10, a unique phenomenon was
observed: when one short current pulse was given to the
heater, two pulses, well separated in time, were detected. The
first was formed by l-phonons, and the second formed by
h-phonons. From the subsequent experiments �see Refs. 11
and 12�, it was unambiguously demonstrated that the
h-phonon pulse had not been created in the heater but was
created by the l-phonon pulse during its motion from the
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heater to the detector. The theory of this surprising phenom-
enon, when a rather cold l-phonon pulse with temperature
close to Tp�1 K creates high-energy phonons with energy
��10 K, was given in Refs. 13 and 14.

In Refs. 13 and 14 it was shown that the l-phonon pulse is
in equilibrium due to fast 3pp processes. Within this pulse,
h-phonons were created by slow 4pp processes with rate
�4pp. The h-phonons have a group velocity vh
189 m/s that
is smaller than the velocity of the l-phonon pulse c
=238 m/s. The difference in these velocities and the rela-
tively weak relation between h-phonons and l-phonons
��3pp��4pp�, leads to the h-phonons leaving the l-phonon
pulse through its rear wall and forming the pulse of
h-phonons. It arrives at the detector after the l-phonon pulse.

Recently another unique phenomenon in the anisotropic
phonon systems of He II was observed.2 In the experiments
described in Ref. 2, a large increase in the l- and h-phonon
signals was observed. This was caused by the interaction of
two phonon sheets when they intersected. This interaction
occurs during the motion of sheets from the heater to the
detector when the angle � between the normals to the centers
of the sheets’ surfaces, is small. The new formation, created
by the intersection of the two sheets in Ref. 2, was called a
hot line. Later we shall adhere to this nomenclature.

The increase in the l- and h-phonon signals and the cor-
responding structure of the hot line depends on the angle �.
At one value of �, both l- and h-phonon signals are in-
creased. At a larger value of �, only the l-phonon signal is
increased. At an even larger value of �, l- and h-phonon
signals remained the same, or even decreased slightly. It was
explained in Ref. 2 that the hot line cannot be formed at large
angles due to the limited angles involved in 3pp scattering.

The situation can be changed continuously if we increase
the pressure of He II. With increasing pressure, the value of
pc monotonically decreases, reaching zero at a pressure of
Ppr=19 bar.5,16,17 At Ppr�19 bar, the phonon dispersion of
He II is normal and only four-phonon processes are allowed.
New experiments1 suggest that there is a need to investigate
theoretically the effect of pressure on a single sheet and on
two interacting sheets and compare them with these experi-
mental results. The creation of a theory that can describe the
unique phenomena observed in Refs. 1 and 2, which are
connected with the formation of a hot line, is doubtless of
interest. The first results of such a theoretical analysis are
given in this paper.

In Sec. II we develop the quasiequilibrium distribution
function for anisotropic phonon systems. We derive the rela-
tionship between the parameters of the exact distribution
function and the approximate, but more physically intuitive,
distribution function in which there is a cone of occupied
states in momentum space �the step function approximation�.
In Sec. III we consider the conditions that allow a hot line to
form. In Sec. IV we analyze the parameters of the distribu-
tion function for the hot line and its relationship to the cor-
responding parameters for the two sheets that interact. In
Sec. V we draw our conclusions.

II. QUASIEQUILIBRIUM DISTRIBUTION FUNCTION OF
ANISOTROPIC PHONON SYSTEM

In this section we describe the exact distribution function
for the phonons in the sheet and relate it to the intuitive, but

approximte, distribution function introduced earlier. A distri-
bution function gives the occupation of phonon states in
angle as well as energy.

The experimental apparatus1,2 for investigating the prop-
erties of highly anisotropic phonon systems contains a heater
and a detector, both immersed in liquid 4He at a temperature
�0.05 K, where thermal excitations can be neglected. The
heater is a metal film deposited on glass heated by a current
pulse that injects a pulse of phonons into this pure and iso-
tropic superfluid helium �“the superfluid vacuum”�. The
evaporated gold film is rough and so we do not expect a
critical cone for emission, as results from acoustic theory.18

However, the phonon emission from a short heating pulse in
the gold film, creates a large number of phonons with an
average momentum in the direction of the surface normal.

Fast three-phonon processes form an l-phonon pulse from
these phonons, which moves in coordinate space from the
heater to the detector. Meanwhile in momentum space,
l-phonons are formed mainly inside a narrow cone with solid
angle 	p�1. High-energy phonons �h-phonons� interact
with l-phonons relatively weakly, by slow four-phonon pro-
cesses. The difference in the group velocities of l- and
h-phonons results in the h-phonons leaving from the back of
the main l-phonon pulse. In this paper we will not consider
the contribution of h-phonons to the processes being consid-
ered.

The fast three-phonon processes involve small angles.
This justified using an approximate quasiequilibrium func-
tion in all previous calculations �see, for example, Refs. 13
and 14�, given by

np =
��ps/p − cos �p�
exp��/kBTp� − 1

, �2�

where � is the Heaviside step function, which is equal to
zero when the argument is negative, and is equal to unity
when the argument is greater than or equal to zero, and s is
the axis of symmetry.

The approximation �2� includes all the necessary param-
eters of anisotropic systems: temperature Tp, the direction of
the axis s of the anisotropic system, and the value of aniso-
tropy, which is given by angle �p, where 	p=2��1
−cos �p�. It has a simple physical meaning; it is a cone with
angle �p, cut from an isotropic distribution with temperature
Tp. The approximation �2� has allowed the successful solu-
tion of a number of problems.13,14,19,20

However, this function �2� cannot be used to solve the
problem considered in this paper, namely the interaction of
intersecting phonon pulses and the creation of the hot line,
observed in Ref. 2. This is because the function �2� does not
make the collision integral, for 3pp, equal to zero. For the
solution of this problem one should start from the exact qua-
siequilibrium distribution function, which strictly, and not
approximately, makes the integral of three-phonon interac-
tions in the kinetic equation equal to zero, and describes the
anisotropy of the phonon system. The exact function is the
Bose distribution that includes the drift velocity u,

nu = �exp�� − pu

kBT
� − 1	−1

. �3�
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The function �3� can be written as follows:

nu = �exp� cp

kBTu
�1 +

�

�u
�� − 1	−1

, �4�

where

� = 1 − cos � , �5�

� is the angle between the momentum of phonon p and the
drift velocity u, and

�u = � + �p − �� , �6�

� = 1 −
u

c
, �7�

and

Tu =
T

�u
. �8�

In a weakly anisotropic case, the parameter � is close to
unity. However for strongly anisotropic phonon systems,
which correspond to the experiments in Refs. 1 and 2, �
�1. Then the phonons are mainly in a narrow cone with
solid angle 	p�2��u and its axis is directed along N=u /u.
The function �2� is the step approximation to function �3�.

In the case of a strongly anisotropic system, which is not
uniform in coordinate space, like the phonon pulses being
considered, the function �3� is a local �quasiequilibrium� dis-
tribution function since its parameters T and u depend on
coordinates and time. The dependences T�r , t� and u�r , t� can
be found from the energy and momentum conservation laws
�see Refs. 21 and 22�. In Ref. 21 we started from the quasi-
equilibrium function �2� with s=s�r , t� and Tp=Tp�r , t�. It
can be shown22 that the initial system of equations, describ-
ing the temporal and spatial evolution of functions u�r , t�
and T�r , t�, can be rewritten, after the introduction of new
variables, in the form of the system of equations for func-
tions s=s�r , t� and Tp=Tp�r , t�, which was solved in Ref. 21.
So, the results obtained in Ref. 21 with function �2� can be
applied to describe the functions u�r , t� and T�r , t�, in Eq.
�3�. This result will be used in the calculations presented in
Sec. III.

Starting from the equality of energies and momenta of
anisotropic phonon systems, calculated with a help of distri-
bution functions �2� and �3�, we have


 �np d3p =
 �nu d3p , �9�


 pnp d3p =
 pnu d3p . �10�

It follows from Eq. �10� that axes of anisotropy s in function
�2� and N=u /u in function �3� are congruent.

The step approximation �2� is more easy to visualize than
the precise function �4�; the anisotropic system is just a seg-
ment of the isotropic system at Tp. The calculations with the
more simple function �2� can often be completed analyti-
cally. The resulting analytical expressions, which contain the

parameters �p=1−cos �p and Tp, enable a simple physical
insight to be obtained. Therefore, in later calculations we
shall often specify numerical values of the parameters �p and
Tp that are connected to the parameters � and T of the precise
function, by the relations �9� and �10�.

III. RATE OF INTERACTION OF PHONONS AT THE
INTERSECTION OF SHEETS AND THE CONDITIONS FOR

HOT LINE CREATION

In this section we consider the 3pp rate and see how it
leads to the conditions necessary for the interaction of two
phonon sheets and the formation of a hot line. We include the
transverse expansion of the sheets as they propagate, as this
determines the geometry of the sheets at the line of interac-
tion. We shall see that the sheets, which are planar near their
centers, are not planar at their edges. They are curved with a
radius of curvature that is approximately equal to the dis-
tance from the center of the heater to the point on the sheet.

A. The scattering rate as a function of angle alpha,
temperature, and pressure

When the phonon sheet moves from a heater to a bolom-
eter, along the straight line that we call a z axis, it is sub-
jected to transverse expansion along the x axis, which is
perpendicular to the z axis �see Refs. 21 and 22�. In a sy-
metrical way, a second sheet moves along the z� axis and
expands along the x� axis. The angle between the axes z and
z� we call �.

In the region of intersection of the two sheets, phonons
from the different sheets start to interact with each other by
three-phonon processes. This can be considered as the inter-
action between two cones, each of which is determined by
the two local equilibrium distribution function �3�, with dif-
ferent values of the local drift velocities u and u� and tem-
peratures T and T�. The symmetry of the problem follows
from the initial conditions:1,2

�u� = �u�� and T = T�. �11�

The angle �uu� between vectors u and u� is given by

�uu� = � + 2�z, �12�

where

�z = arcsin
ux

u
�13�

is the angle of rotation of the vector u with respect to the z
axis. The angle �z increases as the sheet expands �see Ref.
21�.

The distribution function, which is the sum of two distri-
bution functions �3�, with the velocities u and u� makes the
collision integral for the three-phonon processes not equal to
zero. Therefore three-phonon processes lead to the creation
of a new local equilibrium distribution function, which is
described in Sec. IV of this paper.

The rate of interaction �3pp, between two cones with drift
velocities u and u�, depends on the pressure Ppr of the liquid

QUASIEQUILIBRIUM DISTRIBUTION FUNCTION OF… PHYSICAL REVIEW B 72, 054507 �2005�

054507-3



helium and is a function of the angle �uu� between the axes
of the two interacting cones and the four scalar parameters
that satisfy the equalities �11�. It is convenient to take �p and
Tp as the scalar parameters, which, as shown in Sec. III, are
uniquely defined by the parameters u and T, which determine
the distribution function �3�. Finally, we take the functional
dependencies of �3pp as

�3pp = �3pp��uu�,Tp,�p,Ppr� . �14�

The parameter �p is defined by the conditions of the sheet
formation near the heater. As pressure increases, the critical
angle �3pp, at which three-phonon processes are still allowed
by energy and momentum conservation laws, decreases be-
cause the maximum value of the deviation �max from a linear
dispersion law �1�, decreases. Therefore, with increasing
pressure, the parameter �p decreases under otherwise equal
conditions. In all calculations in this section we take the
equality

�p = �max/2, �15�

which is consistent with relation �6� and represents the pres-
sure dependence of �p. It is obvious that equality �15� is a
qualitative approximation to the real situation, but it allows
us to carry out our calculations in this section without solv-
ing the hard problem of the formation of �p near the heater
and its pressure and power dependence. Starting from experi-
mental data3 and relation �15�, we obtain values of the pa-
rameter �p at different pressures that are used in the calcula-
tions. At Ppr=0 bar we have �p=0.023; at Ppr=5 bar we
have �p=0.011; at Ppr=10 bar we have �p=0.0046; at Ppr
=12 bar we have �p=0.003; at Ppr=18 bar we have �p
=0.000 79.

The interaction rate �3pp of two cones with different val-
ues of the parameters contained on the right side of Eq. �14�
have been calculated using the results of Ref. 7 and Ref. 23.
In Figs. 1�a� and 1�b� the graphs show the results obtained
from Ref. 23. In this figure we see that the dependence of
�3pp on angle �uu�, has a maximum at a nonzero angle. The
physical reasons for this maximum are discussed in detail in
Ref. 23. Here we only note that the maximum corresponds to
the optimum angle that satisfies energy and momentum con-
servation for three-phonon processes. From Fig. 1�b� one can
see that the optimum angle �as well as the critical angle for
three-phonon processes �3pp� decreases with increasing pres-
sure. The value �3pp decreases with increasing pressure due
to changes in the liquid helium parameters. According to Fig.
1�a�, the optimum angle and the rate �3pp also decrease with
decreasing temperature. The physical reasons for these de-
pendencies are discussed in detail in Ref. 23.

Parameters �z and Tp from the right side of equality �14�
are functions of time and the transverse coordinate x:

�z = �z�x,t� and Tp = Tp�x,t� , �16�

with initial conditions

�z�x,t = 0� = 0 and Tp�x,t = 0� = Tp�0���L� − �x��; �17�

here Tp�0� is constant for a given �p. These functional depen-
dencies have been derived in Ref. 21 and we use them in the
calculations given here.

B. The transverse expansion

The analysis of the transverse expansion of the phonon
sheet21 shows that there is a rarefaction wave, in the trans-
verse direction, which moves during the time interval

0 
 t 
 L�/c�, �18�

in the direction toward the center of the sheet �the point with
x=0�, with velocity

c� = c��p/2. �19�

Also, the sheet expands along the x axis with the depen-
dences Tp�x , t� and �z�x , t�, which are described in Ref. 21 by
Eqs. �55� and �56� during the time interval �18�. At the time

tr = L�/c�, �20�

the rarefaction wave reaches the point at x=0. After this time
a reflected wave appears, which propagates from the point
x=0 to the periphery of the sheet. At t� tr the reflected wave
exists in the region

0 � x � xr, �21�

where xr is the point of a weak break in the wave. In the
interval �21�, the dependences Tp�x , t� and �z�x , t� are de-
scribed in Ref. 21 by Eqs. �60�–�63�, and the time depen-

FIG. 1. The scattering rate for 3pp, �3pp, is shown as a function
of angle, �uu�, between the two cone axes. In �a� curves 1 to 6 are
for temperatures Tp 1, 0.9, 0.8, 0.7, 0.6, and 0.5 K, repectively, at
0 bar. In �b� curves 1 to 4 are for pressures 5, 10, 12, and 18 bar,
respectively, at Tp=1 K. The value of �p is given by Eq. �15� in all
cases.
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dence of the coordinate of the weak break at xr is given in
Ref. 21 by Eq. �65�. At the point x=xr, the solutions �60�–
�63� of Ref. 21, that includes the reflected wave, should be
joined to solutions �55� and �56� in Ref. 21 for the rarefac-
tion wave, to make the function continuous. The derivates
are discontinuous, which is why the point xr is called a point
of weak break. This point is clearly seen as a discontinuity in
the slope of the curves in Figs. 2 and 3, at 0 and 5 bar.

C. Results

The variable x, contained in function �16�, should be
equal to coordinate xcross, the point of intersection of the
sheets, which, at time t, is given by

xcross = �R − ct�tan
�

2
, �22�

where R is the distance from the heater to the bolometer. In
the experiment,2 R=10 mm. In a later experiment,1 R
=13 mm, but we shall use R=10 mm in all numerical calcu-
lations, as this causes no qualitative change.

The substitution of �22� into functions �16� and �17�, gives
the time dependence

�z�t� = �z�x = �R − ct�tan
�

2
;t� �23�

and

Tp�t� = Tp�x = �R − ct�tan
�

2
;t� . �24�

Substituting Eqs. �23� and �24�, into Eq. �14�, gives the
time dependence of the 3pp rate,

�3pp = �3pp
� + 2�z�t�,Tp�t�,�p,Ppr� . �25�

In Figs. 2 and 3, curves 1 show the dependence �12�,
where �z is defined by �23�, curves 2 show the dependence
�24�, and curves 3 show the dependences �25�. The curves
are calculated for different values of angle � or pressure Ppr.
In all cases, the initial temperature of the sheets Tp�0� was
taken equal to 1 K.

At small t, when the sheets are near the heaters, they
intersect in the outer regions of the sheets formed by the
transverse expansion. The temperature Tp is low in these
outer areas, and angle �z is high. As a result, we see from
Fig. 1 that the 3pp rates, �3pp, are small �see curves 3 in Figs
2 and 3�. As the sheets move from the heater to the bolom-
eter in the region of intersection of the sheets, the tempera-
ture Tp increases and the angle �z decreases. As a result, the
rate �3pp increases.

In Figs. 2 and 3, discontinuities of slope on curves 1 and
2, at Ppr=0 and 5 bar, correspond to the time tw.b, when the
point of intersection of the sheets coincides with the point xr
of the weak break. In this case, the temperature at the point
of intersection of the sheets never reaches its initial value

FIG. 2. In the upper frames are the dependences of the angle �uu� between the two cone axes u and u� �solid curves 1�, the temperature
Tp of each pulse �solid curves 2� as functions of distance propagated, ct. In the lower frames are shown the three-phonon process rates �3pp

at the saturated vapor pressure, for the interaction between the two phonon cones with angle �uu� between their axes �solid curves 3� as
functions of the distance propagated, ct. Results for three angles � between the heaters are shown: �=8.8° �Fig. 2�a� and Fig. 2�b��, �
=26° �Fig. 2�c� and Fig. 2�d��, �=46° �Fig. 2�e� and Fig. 2�f��. The dashed curves 2� show a maximum temperature for the phonon pulses
of 0.7 K, and the dashed curves 3� show the corresponding three-phonon processes rate �3pp. The dependences of the inverse of the time to
cross the region of overlap of the two phonon pulses, �cross= tcross

−1 , is shown as a function of the distance propagated, ct, dotted curves 4. In
all cases the pressure is the saturated vapor pressure, the duration of the phonon pulses is tp=100 ns, the transverse size of the pulses is
L�=0.5 mm, the initial temperature of the pulses is Tp=1 K, the parameter of anisotropy is �p=0.023, and the distance between the centers
of the heaters and the center of the bolometer is R=10 mm.
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Tp�0�=1 K. This can be explained in the following way: at
small �=8.8°, the velocity �19� of the rarefaction wave mov-
ing toward the center of the sheet, is greater than the velocity
of relative motion of the sheets. Then the rate of cooling of
the sheets is faster than the energy gain by the hot line, from
the sheets. At the larger values of the angles �=26° and 46°,
the initial distance between the ends of the sheets is so large
that the temperature, in the region of intersection �see curves
2 in Fig 2�, never reaches the temperature in the center of the
sheets that is at most equal to the initial temperature Tp�0�
=1 K.

At t� tw.b �see curves 3 in Fig. 2 and Fig. 3�b�� the change
of �3pp with time, is determined by two opposing factors.

�1� An increase in �3pp due to the change in angle �uu�
between the cones. At ct=10 mm the intersection point of
the sheets is at their centers, where �z�x=0�=0. Thus the
angle �uu� reaches the minimum value that is equal to �.

�2� A decrease in �3pp due to temperature Tp decreasing at
t� tw.b.

At a small value of the angle �=8.8° and at pressures
Ppr=0 bar and 5 bar, the second factor dominates and �3pp
decreases with time when t� tw.b �see curve 3, Figs. 2�b� and

3�b��. At the larger angles �=26° and 46°, the first factor
dominates and �3pp increases with time when t� tw.b, and
�uu� decreases �see a curve 3 in Figs. 2�d� and 2�f��.

The situation changes at high pressures. As �p decreases,
the velocity relative to c �19�, decreases. The temperature of
the sheet, where the sheets intersect, has its initial value
Tp�0�=1 K for some of the distance �see a curve 2 in Figs.
3�c�, 3�e�, and 3�g��. Then the angle �uu�=� and the rate �3pp
does not depend on time.

D. Conditions for the formation of a hot line

Whether a hot line forms or not depends on the relative
sizes of the rate �3pp and �cross= tcross

−1 , where tcross is the time
to cross the region where the two sheets overlap, i.e., the
length of the large diagonal of the rhombus of the region of
overlap dbeg=L� / sin�� /2+�z� divided by the velocity of the
sheets’ relative motion. As a result we obtain

�cross = tp
−12 sin2��

2
+ �z� . �26�

FIG. 3. Curves similar to Fig. 2 are shown for
four representative pressures. In the upper frames
are the dependencies of the angle �uu� between
the two cone axes u and u� �solid curves 1�, the
temperature Tp of each pulse �solid curves 2� as
functions of distance propagated, ct. In the lower
frames are shown the three-phonon process rates
�3pp at different pressures, for the interaction be-
tween the two phonon cones with angle �uu� be-
tween their axes �solid curves 3� as functions of
the distance propagated, ct. Results for four pres-
sures are shown, Ppr=5 bar �Fig. 3�a� and Fig.
3�b��, Ppr=10 bar �Fig. 3�c� and Fig. 3�d��, Ppr

=12 bar �Fig. 3�e� and Fig. 3�f��, and Ppr

=18 bar �Fig. 3�g� and Fig. 3�h��. The dashed
curves 2� show a maximum temperatures for the
phonon pulses of 0.7 K, and the dashed curves 3�
show the corresponding three-phonon processes
rate �3pp. The dependencies of the inverse of the
time to cross the region of overlap of the two
phonon pulses, �cross= tcross

−1 , is shown as functions
of the distance propagated, ct, dotted curves 4. In
all cases the angle between heaters �=8.8°, the
duration of the phonon pulses is tp=100 ns, the
transverse size of pulses is L�=0.5 nm, the initial
temperature of the pulses is Tp=1 K, the param-
eter of anisotropy is given by Eq. �15�� and the
distance between the centers of the heaters and
the center of the bolometer is R=10 mm.
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According to �12� and �26�, the time dependence of �cross
is completely defined by the function �uu��t�, which is shown
in Figs. 2 and 3 by curves 1, for a variety of conditions. The
dependence �cross�t� when tp=100 ns ns at different pressures
and angles �, is given by the dotted lines 4 in Figs. 2 and 3.
The explanation of these dependencies is the same as we
have given above for �z�t�.

A hot line is formed if

�3pp � �cross. �27�

If the inequality �27� is valid, phonons have time to interact
in the region of intersection of the sheets and to create a hot
line. If the inequality

�3pp � �cross �28�

applies, then phonons do not have time to interact in the
region of intersection, so the sheets pass through each other
and no hot line is formed.

The inequalities �27� and �28� and the curves 3 and 4 in
Figs. 2 and 3 tell us when and at what distance from the
heater a hot line starts to form and when the formation of a
hot line is not possible. So when �=8.8° at Ppr=0 bar, the
hot line starts to form at distance �1.3 mm from the heater;
at Ppr=5 bar, the distance is �1.6 mm; at Ppr=10 bar,
�2.1 mm; at Ppr=12 bar, �2.5 mm; and for the pressure
Ppr=18 bar the inequality �28� is always true and a hot line
is not formed. These results are in agreement with the ex-
perimental data of Ref. 1. When �=26° and Ppr=0 bar, the
hot line forms at a distance �6.5 mm from the heater, and
when �=46° according to �28� and in Fig. 2�f� a hot line
does not form. These results are in the agreement with ex-
perimental data of Ref. 2.

In concluding this section, we note that the calculations
made here and the graphs in Figs. 2 and 3, are only strictly
correct for sufficiently cold sheets, when we can neglect the
creation of h-phonons. However, it is easy to estimate how
the rate �3pp and the results obtained above will change if we
take into account the creation of h-phonons. As the created
h-phonons leave the sheet through the rear wall of the sheet,
the hot region of the sheet will cool to a temperature of about
0.7 K at Ppr=0,13,14 after which, the creation of h-phonons
will finish. Such regions of uniform temperature were ob-
served in experiments, Ref. 15. The formation of such re-
gions in our calculations can be taken into account if in Figs.
2 and 3 curves 2 at T�0.7 K are replaced by horizontal
dashed lines, labeled 2�, which limits the temperatures rise to
0.7 K. The results of calculations, obtained with this tem-
peratures limit, give rates �3pp that are shown by the dashed
lines, labeled 3�, in Figs. 2 and 3. These new values of the
rates �3pp do not affect the arguments made above about the
possibility of a hot line forming under the conditions consid-
ered above.

IV. LOCAL EQUILIBRIUM DISTRIBUTION FUNCTION
OF A HOT LINE

In this section we derive the distribution function for the
hot line in terms of the parameters describing the sheets.

A. General description of the distribution function

When two identical pulses intersect, in the region of in-
tersection the initial distribution function nin is equal to the
sum of the two distribution functions from the two pulses
�see Eq. �3��, hence

nin = n�p,u,T� + n�p,u�,T� , �29�

which only differ from each other in their directions of the
drift velocities u and u�; the values of their moduli are equal.
According to Eq. �3� the initial state �29� is completely de-
fined by two unit vectors and two scalar parameters,

N = u/u; N� = u�/u; �; T . �30�

The initial distribution function �29� does not make the inte-
gral of the three-phonon collisions equal to zero. As a result,
3pp scattering in a time �3pp

−1 causes a new local equilibrium
distribution function nhl with parameters uhl and Thl �see Eq.
�3�� that describes the hot line. We consider that the time to
cross the common volume �cross

−1 is greater than �3pp
−1 . The new

local distribution function is completely defined by the pa-
rameters

Nhl = uhl/uhl; �hl; Thl. �31�

We wish to derive the parameters �31� when the param-
eters �30� are given. The relation between parameters �30�
and �31� can be obtained from energy conservation,

2E = Ehl �32�

and momentum conservation

P + P� = Phl, �33�

where E and Ehl are the energy densities of the phonons in
the initial and final states, respectively, and P, P�, and Phl are
the densities of the phonon momenta in the initial and final
states, respectively. The equalities �11� give

P = P�. �34�

The axes of anisotropy of the initial and final states are
directed along their momenta so that

N =
P

P
; N� =

P�

P�
; Nhl =

Phl

Phl
. �35�

From relations �33� and �34� it follows that the axis of
anisotropy Nhl is directed along the bisector of the angle �uu�
between vectors N and N� �see the inset in Fig. 4�.

From �33� and �35� we have

2P cos
�uu�

2
= Phl. �36�

The equations �32� and �36� give the relationship between
parameters �, T and parameters �hl, Thl. However, for calcu-
lations, the system �32� and �36� are inconvenient, as they
contain expressions for densities of energy and momentum
that only differ from each other by the small value of average
��p� and by the parameter of anisotropy average ���, which
for this strongly anisotropic initial phonon system, is also
small. Therefore it is convenient, using Eq. �32�, to convert
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Eq. �36� so that it contains the difference E−cP that is pro-
portional to the perturbations ��p� and ���. As a result, we
have

E − cP

E
+

cP

E
�uu� =

Ehl − cPhl

Ehl
, �37�

where

�uu� = 1 − cos
�uu�

2
. �38�

Substitution of the explicit expressions for E and P into
Eqs. �32� and �37�, gives the following combined equations:

2�1 + ��p��

0

pc 

0

2

n�p,��p3 dp d�

= �1 + ��p�hl�

0

pc 

0

2

nhl�p,��p3 dp d� , �39�

��p� + ����1 − �uu�� + �uu�

1 + ��p�
=

��p�hl + ���hl

1 + ��p�hl
, �40�

where the energy averages, contained in the equations �39�
and �40�, are determined by the equality

�F� =



0

2 

0

pc

F�p,��n�p,��p3 dp d�



0

2 

0

pc

n�p,��p3 dp d�

. �41�

We write the same subscript in the left part of equality �41�,
as in the distribution function n�p ,��, which occurs in the
integrand on the right side of equality �41�.

The combined equations �39� and �40� are precise and
allow us to find the values of parameters �hl, Thl if we know
the values of parameters �, T. However, it is sufficiently
precise for our calculations to use the simpler but approxi-
mate combined equations found by taking into account that

��p� � 1; ��p�hl � 1; ��� � 1. �42�

The inequalities �42� allow us to ignore the inessential
terms ��p� and ��p�hl in the equation �39�, and in the equa-
tion �40� we restrict ourselves to the linear approximation in
the small parameters �42�. As a result, we have

2

0

pc 

0

2

n�p,��p3 dp d� = 

0

pc 

0

2

nhl�p,��p3 dp d� ,

�43�

���p� + �����1 − �uu�� + �uu� = ��p�hl + ���hl
1 − ��p�hl� .

�44�

The combined equations �43� and �44� were the starting
point of all numerical calculations in this section. The devia-
tion of the dispersion law �1� from linearity was approxi-
mated with the function

�p = 4�max� p

pc
�2�1 − � p

pc
�2	 , �45�

where

�max = ��p = pc
�2� �46�

is a maximum value of function �45�. The approximation
�45� reflects all the main properties of the dependence �p
=��p� that were observed in experiments3 and contains two
parameters, the numerical values of which were obtained
from experimental data;3 at the saturated vapor pressure
�max=0.046 and cpc /kB=10 K.

The maximum value of angle �uu�=� is reached when the
maximum value of parameter �uu�=1. The substitution of
this value to the equation �44� gives the maximum value of
the parameter of anisotropy ���hl=1 at which, according to
�41�, the function nhl does not depend on �, i.e., the phonon
system is completely isotropic. Thus, corresponding with en-
ergy conservation �43�, the temperature Thl appears minimal.
With decreasing �uu�, ���hl decreases according to Eq. �44�,
and the temperature Thl corresponding with equality �43� in-
creases.

As we can see from conservation laws �9� and �10� the
equalities �43� and �44� are satisfied, not only with the exact
function nu, but with the step approximation np, which al-
lows us to make all necessary integrations and to obtain the

FIG. 4. The dependencies of the ratio ���hl / ��� of energy aver-
ages �solid curve� and of the ratio �̄hl / �̄ of usual averages �dashed
curve� as functions of the angle �uu� between u and u�. We see that
���hl increases with angle �uu�, and the average energy of the
phonons in the hot line decreases with angle. The inset shows the
vectors u and u� of the two pulses that interact, and uhl of the hot
line. The initial values of parameters of distribution function �4�
were equal to T=0.025 K and �=0.020 and corresponded to ���
=0.018 and �̄=1.21 K.
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analytical expressions that contain parameters �p and Tp,
which have a simple physical sense. Substituting �2� into
Eqs. �43� and �44� we have a system of two equations with
two variables �p,hl and Tp,hl, and the parameters �p, Tp, and
�uu� are considered, given

2�pTp
4 = �p,hlTp,hl

4 , �47�

���Tp� +
�p

2
��1 − �uu�� + �uu� = ��Tp,hl� +

�p,hl

2

1 − ��Tp,hl�� ,

�48�

where according to Eqs. �45� and �41�,

��T� = 80
��6�
��4�

�max� kBT

cpc
�2�1 − 42

��8�
��6�

� kBT

cpc
�2� , �49�

where ��4�=1.082, ��6�=1.017, ��8�=1.004 are the values
of the Riemann zeta function.

B. Evaluation of the distribution function

The combined equations �47� and �48� can be solved ana-
lytically. Here we restrict ourselves to getting results that
follow from �47� and �48� after simple evaluations.

At given values of �p and Tp, we find values �p,hl and �uu�
at which the final temperature Tp,hl is equal to the initial
temperature Tp. In this case from the equations �47� and �48�
we get the following:

if Tp,hl = Tp then �p,hl = 2�p and �uu� =
�p

2
. �50�

From the equations �47�, �48�, and �50� it follows that the
inequalities written below must be satisfied:

if �uu� �
�p

2
then Tp,hl � Tp; �51�

if �uu� �
�p

2
then Tp,hl � Tp. �52�

At given �p and Tp we find values Tp,hl and �uu� at which the
parameters of the anisotropy, in the initial and final states, are
equal. In this case from the equations �47� and �48� follows:

if �p,hl = �p then Tp,hl = 21/4Tp and �uu� = ��21/4Tp� − ��Tp� .

�53�

From equality �53�, when Tp=0.7 K, we have Tp,hl
=0.83 K and �uu��9.7°.

From the equations �47�, �48�, and �53� it follows that the
following inequalities are satisfied:

if �uu� � ��21/4Tp� − ��Tp� then �p,hl � �p. �54�

Thus, the interaction of two similar anisotropic phonon
systems leads to a decrease in the occupied solid angle 	p,hl
in momentum space for the hot line. Meanwhile the solution
of the system �47� and �48� gives us only the qualitative
answer. The precise solution of the problem we can obtain by

numerical solving of the system of equations �43� and �44�
with the distribution function �4�. Figure 4 represents the
results of such a solution, where the dependencies of the
ratio ���hl / ��� of energy averages �solid curve� and of the
ratio �̄hl / �̄ of usual averages ��̄=��nu d3p /�nu d3p� �dashed
curve� are shown as functions of the angle �uu� between u
and u�. The initial values of parameters of distribution func-
tion �4� were equal to T=0.025 K and �=0.020 and corre-
sponded to ���=0.018 and �̄=1.21 K. In accordance with �9�
and �10� to the above mentioned, initial values of � and T
correspond to the values �p=0.023 and Tp=0.7, which are
typical for interacting pulses, at the saturated vapor pressure,
because the pulses cool quickly from a higher initial tem-
perature to about 0.7 K, due to the creation of h phonons �see
Refs. 13 and 14�.

The analysis of approximate equations �47� and �48� gives
us the possibility to understand the physical reasons for the
general behavior of the dependencies shown in Fig 4. For
example, from this analysis we understand why ���hl of the
hot line increases with angle �uu�, and the average energy of
the phonons in the hot line decreases with angle.

In concluding this section we note that in the region of the
hot line the following situation is possible: the initial distri-
bution function is equal to the sum of three terms, two of
which are the distribution functions of the sheets, and the
third is the distribution function of the hot line formed by
previous interactions. Such an initial distribution function
does not make the integral of the three-phonon collisions
equal to zero and in time �3pp

−1 gives the new local equilib-
rium function of the hot line with a new temperature and new
drift velocity. The parameters of this new local equilibrium
function for the hot line can be obtained using the method
developed in this section.

V. CONCLUSION

The results of this paper allow us to understand the physi-
cal reasons and mechanisms for the formation of a hot line in
liquid helium when two phonon sheets collide, and also to
explain a number of experimental results, Refs. 1 and 2.

During the motion of a single phonon sheet from the
heater to the detector, there is a transverse expansion of the
area of the sheet from its initial dimensions of the heater. As
a result of this expansion, only a small fraction of the pulse
energy intersects the bolometer, as its dimensions are similar
to those of the heater.

Two identical phonon sheets can be made to intersect be-
fore they reach the detector. There are only two essentially
different situations that are possible.

�1� If the time for the phonon pulses to cross the volume
of overlap of the two sheets �cross

−1 , is less than the time for
phonon scattering �3pp

−1 , then the phonons from the two pulses
have no time to interact. In this case the hot line does not
form because the pulses pass through each other without in-
teraction. The evolution in time and space of each pulse is
independent of the other. In Sec. IV it is shown that this
situation is realized at large values of the angle � between
the heaters �see Fig. 2�f��, or at sufficiently high pressures
�see Fig. 3�h��. In this case the amplitude of the signal from
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the bolometer, from two simultaneously injected pulses,
should be equal to the sum of the amplitudes of the signals
from separate pulses at different times. Such a result was
obtained in experiments, Refs. 1 and 2, when the angle be-
tween heaters was 46° or when pressure was an equal to
18 bar. The calculations of actual numerical values �see Figs.
2�f� and 3�h�� are in the agreement with the results of experi-
ments, Refs. 1 and 2.

�2� If the time for the phonon pulses to cross the volume
of overlap �cross

−1 of the two sheets is greater than the time of
phonon relaxation �3pp

−1 �see Figs. 2�b�, 2�d�, 3�b�, 3�d�, and
3�f��, then phonons from the two pulses have enough time to
interact with each other and to create a hot line in the region
where the pulses intersect. According to Sec. V, such a hot
line can be described by a local equilibrium distribution
function nhl in which the drift velocity u is close to c and is
directed along the axis of symmetry �see the inset in Fig. 4�.
This axis of symmetry is perpendicular to the plane of the
bolometer. In this case some of the energy of the expanding
pulses accumulates in the hot line, travels along the axis of
symmetry and intercepts the bolometer. As a result the am-
plitude of the l-phonon signal always appears greater than
the sum of the signals from pulses that move independently
to the bolometer. The observation of this phenomenon in
Refs. 1 and 2 stimulated the creation of the theory presented
in this paper.

According to inequalities �51� and �52�, the structure of
the phonon energy, concentrated in the region of the hot line,
depends on the angle between the interacting pulses. When
the value of the angle �uu� is rather small �see inequality
�52�� there is a rise in the temperature of the hot line, which
should lead to the increase in the number of h phonons cre-
ated by the hot line. Thus, there will be an increase in the
h-phonon signal as well as in the l-phonon signal. Such a
phenomenon was observed in Refs. 1 and 2 at small values
of the angle � between the heaters. The phonon signal is in
the agreement with estimations based on the inequality �52�.

When the value of the angle �uu� is larger �see the in-
equality �51�� but the sheets still interact, there is a decrease
in the temperature of the hot line. In this case it should be

called a cold line. Nevertheless in this region there is an
increase in the phonon energy density, because in the final
state, the phonons occupy a phase volume that is twice that
of the initial state ��p,hl�2�p �see Eq. �50���. So even in this
case there is an increase in the l-phonon signal that is greater
than the sum of signals of separate pulses. The situation for
h-phonons is quite different: their creation is more dependent
on the temperature of l-phonons than on the volume of phase
space occupied by the l-phonons �see Refs. 13, 14, and 20�.
A decrease in the temperature of the cold line should cause
the h-phonon signal to be less than the sum of amplitudes of
h-phonon signals from separate pulses. Such a result was
obtained in experiments Ref. 2 when the angle between heat-
ers was equal to 26 deg. This numerical value is in the agree-
ment with estimations based on inequality �51�.

In concluding this paper, we note that we correctly under-
stand the physical reasons and mechanisms of the hot line
formation, and it enables us to explain a number of experi-
mental results, Refs. 1 and 2. Meanwhile there are results in
Refs. 1 and 2, which are waiting for a theoretical explana-
tion. It is necessary to note that among them is the unusual
nonmonotonic dependence of the l-phonon signal on pres-
sure, which is observed at all powers �see Ref. 1�. Also, in
some cases there is a nonmonotonic dependence of l-phonon
signal amplitude on the power applied to the heater �see Ref.
2�. Moreover, there are new experimental results, as yet un-
published, on the dependence of the l-phonon signal ampli-
tude on angle � between heaters. These phenomena are wait-
ing a theoretical analysis.

These and the other unique phenomena that have been
observed, is certainly stimulating further development of the
theory of anisotropic phonon systems of superfluid helium.
On the other hand, we hope that the theory suggested in this
paper will stimulate further experimental research in this as-
tonishing area of macroscopic quantum physics.
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