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We report the results of first-principles calculations showing that boron can form a wide variety of meta-
stable planar and tubular forms with unusual electronic and mechanical properties. The preferred planar
structure is a buckled triangular lattice that breaks the threefold ground state degeneracy of the flat triangular
plane. When the plane is rolled into a tube, the ground state degeneracy leads to a strong chirality dependence
of the binding energy and elastic response, an unusual property that is not found in carbon nanotubes. The
achiral �n ,0� tubes derive their structure from the flat triangular plane. The achiral �n ,n� boron nanotubes arise
from the buckled plane, and have large cohesive energies and different structures as a result. �n ,n� boron
nanotubes have an internal relaxation mechanism that results in a very low Poisson ratio. The strong variation
in elastic properties of boron nanotubes makes them the mechanical analogue of carbon nanotubes, and may
make them ideal candidates for applications in composite materials and nanoelectromechanical systems.
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Boron, carbon’s first-row neighbor, has only three valence
electrons. Its natural crystalline structure is a rhombohedral
lattice with 12-atom icosahedral clusters at each lattice site.1

Nevertheless, there are some intriguing similarities with car-
bon. Boron’s three electrons could in principle form sp2 hy-
brid orbitals that might lead to planar and tubular structures
similar to those formed by carbon. Since carbon nanotubes
and fullerenes2 are metastable structures, formed only under
kinetically constrained conditions,3 one might envision
analogous boron structures. Indeed, initial results by
Boustani et al.4,5 have demonstrated the possibility of such
metastable structures with relatively low energy cost.
Crystalline6 and amorphous7 boron nanowires with diameters
as small as 20 nm have recently been fabricated, suggesting
that boron nanotubes may already be within the range of
experimental possibility.

There is an intriguing and potentially significant differ-
ence between carbon and boron, however. Boron has only
three valence electrons, so that in sp2-bonded planar or tu-
bular boron structures the relative occupations of the sp2-
and the �-bonded bands depend on the energetic positions
and dispersions of the two bands, perhaps opening up a
broader range of possibilities.

In this paper, we examine in detail the electronic structure
and relative stabilities of planar and tubular boron structures.
We find that boron does form a stable sp2-bonded hexagonal
graphenelike sheet, but a planar triangular lattice has an even
larger cohesive energy, though still smaller than that of the
bulk �-rhombohedral structure. The triangular planar struc-
ture has an unusual property. It is essentially a homogeneous
electron gas system with a threefold-degenerate ground state.
This degeneracy makes the flat triangular plane unstable with
respect to buckling, which breaks the symmetry and intro-
duces a preferred direction defined by � bonds. When rolled
into a tube, this preferred direction, which is not present in
carbon nanotubes, defines the chirality and controls the elec-
tron density, cohesive energy, and elastic response of boron
nanotubes. The properties of the �n ,0� tubes �proposed in

Refs. 4 and 5� arise from the flat plane and are very similar to
carbon nanotubes. The properties of the �n ,n� boron nano-
tubes are derived from the buckled plane and contrast
sharply with carbon nanotube structures. As a result of the
buckling, the curvature energies of �n ,n� tubes are lower
than those of �n ,0� tubes and show a nonmonotonic plateau
structure as a function of n. The buckled sides of the larger
�4n ,4n� boron nanotubes allow for internal relaxations that
can dissipate longitudinal stress. As a result, larger �4n ,4n�
tubes have a very low Poisson ratio. The resulting lateral
rigidity is important for mechanical stress transfer in nano-
tube composite materials.19

The present calculations were based on the local density
approximation �LDA� to Density Functional Theory,8 a plane
wave basis set,9 and pseudopotentials10 to represent the ionic
cores. K-point meshes for Brillouin zone integration were
sufficient to converge total energies to 1 mHa per atom. The
boron pseudopotential accurately reproduces experimental11

and theoretical12 parameters for the �-rhombohedral struc-
ture.

Figure 1�a� shows the in-plane electron density for the
hexagonal plane. The structure, as would be expected by
analogy to carbon, is sp2-bonded, with high charge concen-
trations within the bond regions. However, the cohesive en-
ergy is only 5.96 eV, considerably lower than the 7.37 eV
for the �-rhombohedral phase. In both boron and carbon, the
three sp2 orbitals bind in the plane, forming bonding and
antibonding states that are separated by a large energy gap.
The p orbitals perpendicular to the plane also bind weakly to
each other �note that we are considering an isolated plane�,
forming bonding and antibonding bands that are degenerate
at the K point in the Brillouin zone.13 Carbon’s four valence
electrons fill all of the bonding bands from both the in-plane
sp2 orbitals and the �-bonded p orbitals, resulting in a zero-
gap semiconducting plane. In the hexagonal boron plane, the
�-bonded band crosses the sp2 bands, and there are not
enough electrons to fill them all. The result is a metallic
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plane without strong sp2 binding, leading to a low cohesive
energy.

Although the covalent hexagonal plane is not energeti-
cally favorable, the flat triangular plane has a cohesive en-
ergy of 6.53 eV, only 0.84 eV less than the �-rhombohedral
phase. The sharp contrast between this boron plane and
graphite is striking. Figure 1�b� shows the in-plane electron
density for the lowest energy flat triangular plane. The den-
sity is nearly uniform between the atoms, with little covalent
character. Despite the nearly homogeneous electron density,
the electronic bands are not free-electron-like. Figure 2
shows the boron bands and free electron bands from the �
point to the X point in the Brillouin zone. The free electron
mass is scaled such that the free electron Fermi energy �with
three electrons per primitive cell� is equal to the boron Fermi
energy.

It is important to note that the sixfold coordination of the
boron atoms in the triangular phase is not compatible with
the symmetries of the p orbitals �see Fig. 3�. The best that
can be hoped for is to let the px orbital lie along a line of
atoms, overlapping with the px orbitals of two neighbors and
forming � bonds. The py orbital will have a much smaller

overlap with the four remaining neighbors, forming mixed
�-� bonds. This frustrated alignment of p orbitals leaves the
ground state indeterminate: three possible � bond directions
can be chosen. In the flat triangular plane, symmetry makes
these three directions equivalent, and the nearly homogenous
electron density makes a metallic bonding picture more ap-
propriate. However, the distinction between � and mixed
�-� bonds has important consequences when the symmetry
of the flat plane is broken.

A degenerate ground state suggests that the flat plane
would be unstable with respect to buckling that breaks the
triangular symmetry. This instability is confirmed by the
phonon dispersion,14 which has an acoustic branch with an
imaginary frequency in the vicinity of the X point in the
Brillouin zone. The imaginary frequency mode at the X point
corresponds to the stable planar phase of boron, shown in
Fig. 4�a�. Instead of the nearly homogeneous electron density
of the flat triangular plane, the buckled plane shows direc-
tional � bonds �see Fig. 4�b��, as would be expected from the
p-orbital model presented above. In Fig. 4�b�, the mixed
�-� bonds do not contain enough electrons to appear on the
isosurface. This buckled plane, which is distinct from the
buckled boron sheet proposed in Ref. 5, selects a preferred
direction and breaks the ground-state degeneracy, raising the
cohesive energy to 6.79 eV. The high cohesive energy of the
buckled plane suggests that the � bonds are strong, in the
sense that a large amount of energy is required to break
them.

The preferred bonding direction in the planar phase fore-
shadows the importance of chirality in nanotube phases. In

FIG. 1. Contour plot of the
electron density for boron planes,
in electrons/Å3. The ionic cores
are shown as black circles. Den-
sity fluctuations near the cores are
characteristic of the pseudopoten-
tial. �a� The hexagonal boron
plane. Note the sp2 bonding, also
found in graphite planes. �b� The
triangular boron plane. Outside of
the ionic cores, the density is
nearly uniform.

FIG. 2. Flat triangular lattice electronic bands for boron �solid�
and free electrons �dashed�, and boron density of states. The zero of
energy is set at the Fermi energy.

FIG. 3. px and py orbitals drawn schematically for a single atom
on a triangular lattice �in the x-y plane�.
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rolling up a triangular sheet to create a tube, the lines of �
bonds can be chosen to run along the length of the tube,
along its circumference, or to wind along it. The orientation
of these bonds determines the electron density and energetics
of the nanotube to an extent not seen in carbon nanotubes.15

We define the chirality of a boron nanotube based on the
triangular lattice. An �m ,n� tube is constructed by rolling a
triangular plane such that the head of the lattice vector ma�

+nb� meets its tail; a� and b� are the primitive vectors of the
triangular lattice.

Consider first the case of an �n ,n� nanotube, shown in
Fig. 5. Here, the � bond direction can be chosen to lie along
the length of the tube. Given this possibility, the boron atoms
will form � bonds running along the nanotube, as the elec-
tron density isosurface in Fig. 5 shows. Instead of the circu-
lar cross section seen in carbon nanotubes, the �8,8� tube has
a square cross section �shown in Fig. 6�b��. The sides of the
square are sections of the buckled plane, and the corners
show only a slight distortion. In contrast, the cross section of
the �6,6� tube �Fig. 6�a�� shows no buckling. With only four
atoms on each side, it is not possible to buckle the sides
without distorting the topology of the corners. The “buckled”
structure of the �6,6� tube �Fig. 7� breaks the mirror symme-
tries of the actual �6,6� and �8,8� structures �Figs. 6�a� and
6�b��, introducing chirality to an achiral tube.

Larger diameter tubes sharing the favorable buckled struc-
ture of the �8,8� tube can be constructed by adding atoms to
the sides of the square in pairs. Among the �n ,n� boron nano-
tubes, therefore, �4n ,4n� tubes should have lower curvature
energies and be more stable. This trend is suggested by the

cohesive and curvature energies summarized in Table I. In
the table, the curvature energy is defined as the difference in
cohesive energy between the tube and the plane: Ecurv
�Ecoh

tube−Ecoh
plane.

An �n ,0� nanotube cannot align � bonds longitudinally
�see Fig. 8�. Although buckling and selecting a � bond di-
rection proves energetically favorable in the �n ,n� tubes, it is
not required by symmetry. Buckling is necessary to break the
symmetry of the flat plane, but rolling up the plane into an
achiral tube breaks the degeneracy automatically. The three-
fold planar degeneracy reduces to a twofold degeneracy �spi-
raling � bonds related by chiral symmetry� and a nondegen-
erate state �� bonds running longitudinally or laterally�. It is
possible for � bonds to run along the circumference of an
�n ,0� tube, but the electron density of an �8,0� nanotube,
shown in Fig. 8, shows no such bonds. Instead, the density of
�n ,0� boron nanotubes is nearly uniform, exhibiting the free
electron character of the flat triangular plane. Unlike the di-
rectional � bonds of the �n ,n� tubes, the �n ,0� tubes feature
nondirectional metallic bonds. The � bonds of the �n ,n� bo-
ron nanotubes are similar to those of the buckled plane,
while the metallic bonds of the �n ,0� tubes match those of
the flat triangular plane. The curvature energies of �n ,0� bo-
ron nanotubes lie 0.25–0.4 eV above those of the �n ,n�
tubes, roughly the same as the 0.26 eV cohesive energy dif-
ference between the flat and buckled triangular planes. Be-
tween the achiral limits, there may be a critical chiral angle
at which boron nanotubes switch from the � bond dominated
electronic structure of the buckled plane to the free-electron-
like structure of the flat plane. This transition could have
important consequences for the behavior of boron nanotubes
under torsion.

Elastic properties of boron nanotubes exhibit a strong
chirality dependence as well. Among the most important

FIG. 6. Ball and stick cross sections of boron nanotubes.

FIG. 7. Cross section of a proposed �6, 6� boron nanotube struc-
ture in which the sides buckle. The tube is not symmetric with
respect to the mirror planes shown by dotted lines.

FIG. 4. The stable buckled triangular plane. �a� Ball and stick
structure model. �b� Valence electron density isosurface showing the
� bonds. The ionic cores are shown as dark spheres.

FIG. 5. The �4,4� boron nanotube. Left: ball and stick structure
model. Right: valence electron density isosurface at 0.67
electrons/Å3. The ionic cores are shown as dark spheres.
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characteristics of a cylindrical object is the Young’s modulus
Ys, defined for single walled tubes as15

Ys =
1

S0
� �2E

��2 �
�=0

, �1�

where S0 is the equilibrium surface area, E is the total en-
ergy, and � is the longitudinal strain. Since the walls of our
boron nanotubes are only a single atom thick, it is not pos-
sible to define the tube volume, and we must use this modi-
fied Young’s modulus. For the �n ,n� tubes with square cross
sections, we define the diameter as the diagonal of the
square, and ignore buckling in calculating the surface area.

Another important elastic property of a tube is the Poisson
ratio �

d − deq

deq
= − �� , �2�

where d is the tube diameter at strain �, and deq is the equi-
librium tube diameter. The Poisson ratio measures the
change in the tube’s radius as it is strained longitudinally.

The calculated values for Young’s moduli and Poisson
ratios for various boron nanotubes are given in Table I, along
with the corresponding cohesive energies. In order to under-
stand the trends in the elastic constants and cohesive ener-
gies, we note the following. Cohesive energies are a measure
of the depth of the effective potential well that produces
binding �strong bonds correspond to deep wells�. In contrast,

the elastic constants are a measure of how steeply the effec-
tive potential rises from its minimum value �small second
derivatives correspond to soft bonds, whereas large second
derivatives correspond to stiff bonds�.

According to Table I, the �n ,n� boron nanotubes have
high cohesive energies in conjunction with relatively low
Young’s moduli. For example, the �4,4� tube has Ys
=0.29 TPa nm, comparable to boron nitride nanotubes and
roughly half that of carbon nanotubes.15 This combination
suggests that the longitudinal � bonds in the �n ,n� tubes are
characterized by deep effective potential wells with a rela-
tively small second derivative at the minimum. � bonds in
�n ,n� boron nanotubes are strong, but soft. �n ,0� boron
nanotubes, in contrast, have lower cohesive energies but
higher Young’s moduli. For the �8,0� tube, Ys=0.49 TPa nm.
Although the radius of the �8,0� tube is only 6% larger than
that of the �4,4� tube, the Young’s modulus is 68% larger.
This is in sharp contrast to carbon nanotubes, where tubes of
similar radius have Young’s moduli that differ by only a few
percent.15 The high Young’s moduli of �8,0� boron nanotubes
suggest that the nondirectional metallic bonds in these tubes
are characterized by effective potential wells that are shal-
lower than those of the � bonds, but have a larger second
derivative at the minimum. Metallic bonds in �n ,0� boron
nanotubes are weak �relative to the � bonds of the �n ,n�
tubes� but stiff.

There are many examples in the literature of pairs of
structures in which the stronger bonds are softer. A particu-
larly relevant example is that of germanium and gray ��� tin.
Both Ge and �-Sn share the diamond structure, but Ge is a
direct gap semiconductor while �-Sn is a semimetal. The
cohesive energy of Ge is 3.85 eV/atom, while Sn is
3.14 eV/atom,25 meaning that the bonds in Ge are stronger.
However, the bulk modulus �equivalent to the Young’s
modulus for a bulk solid� for Ge is only 77 GPa, versus
111 GPa for Sn. Thus, although the Ge bonds are stronger,
they are softer than those of Sn.

For the �4,4� tube, the Poisson ratio �=0.5, nearly twice
as large as the value for either carbon or boron nitride
nanotubes.15 The high Poisson ratios of both the �4,4� and
�6,6� boron nanotubes suggest that structural mechanisms
may play a role in reducing the Young’s modulus below what
would be expected from the softness of the � bonds. A high
Poisson ratio implies that the diameter of the tube changes
significantly as the tube is strained longitudinally. The mixed
�-� bonds along the circumference of the �n ,n� tubes allow
the walls of the tube to relax and relieve the applied longi-
tudinal stress. The strong relaxation of the tube walls, re-
flected in the Poisson ratio, reduces the energy cost to stretch
the tube.

Structural dynamics play a more complex role in the �8,8�
boron nanotube. Figure 6�b� shows that the cross section of
the �8,8� tube is a square with buckled sides. Using the pre-
vious definition of the Poisson ratio, we find that ��0.1,
considerably smaller than the Poisson ratio of the �4,4� and
�6,6� tubes. The diameter of the �8,8� tube does not change
significantly with strain, but there is considerable lateral re-
laxation that plays a role in lowering the Young’s modulus.
The simple square cross sections of the �4,4� and �6,6� tubes,

TABLE I. Summary of the cohesive energy Ecoh, the curvature
energy with respect to the buckled plane Ecurv, the equilibrium di-
ameter d, the modified Young’s modulus Ys �see Eq. �1��, and the
Poisson ratio � for boron nanotubes.

Chirality Ecoh �eV� Ecurv �eV� d �Å� Ys �TPA nm� �

�4,4� 6.71 0.08 4.34 0.29 0.5

�6,6� 6.65 0.14 5.65 0.15 0.4

�8,8� 6.76 0.03 8.48 0.22 �0.1

�7,0� 6.36 0.43 3.99 0.49 0.2

�8,0� 6.39 0.40 4.62 0.49 0.1

FIG. 8. The �8, 0� boron nanotube. Left: ball and stick structure
model. Right: valence electron density isosurface at 0.67
electrons/Å3. The ionic cores are shown as dark spheres.
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as well as the circular cross sections of the �n ,0� tubes, per-
mit only uniform lateral dilation and contraction if the sym-
metry of the structure is to be maintained. The buckled sides
of the �8,8� �and larger �4n ,4n� tubes, as discussed previ-
ously� permit tube walls to relax without changing the over-
all square structure. Figure 9 shows the lateral relaxations
that the �8,8� tube undergoes under positive longitudinal
strain.

Although the �8,8� boron nanotube does not change its
diameter under longitudinal strain, the lateral mixed �-�
bonds do allow for relaxation of the buckled tube sides. As
the tube is stretched, the angle � in Fig. 9 increases. The
increase in this buckling angle is also seen when the buckled
plane is stretched along the lines of � bonds, shown in Fig. 4.
The buckled triangular plane has a degree of freedom that is
not present in either the flat triangular or the flat hexagonal
plane. Buckling introduces a third dimension into the planar
structure, enabling strain to be relaxed in an internal degree
of freedom that does not break the planar symmetry. As the
buckled plane is stretched, atoms can move perpendicular to
the plane to relieve stress, an option that is forbidden by
symmetry in flat planar structures. This is analogous to the
fundamental difference between the phonon modes of a mon-
atomic Bravais lattice and those of a lattice with a basis: in
the latter, optical modes are present that allow relative mo-
tion without a net translation of the crystal. The larger
�4n ,4n� boron nanotubes with buckled sides, such as the
�8,8� tube, have unique mechanical properties that arise from
the presence of these internal degrees of freedom. These
nanotubes are not directly analogous to macroscopic tubes:
longitudinal strain is not accompanied solely by an expan-
sion or contraction of the tube radius, but rather by an addi-
tional relaxation of the tube structure. Controlling the chiral-
ity of boron nanotubes permits stress dissipation through
novel internal mechanisms unique to nanoscale structures.

The enhanced lateral rigidity seen in �8,8� boron nano-
tubes could prove advantageous in the design of nanotube
composite materials. Composites consisting of carbon nano-
tubes embedded in a polymer matrix have already been

fabricated and result in a high-strength, lightweight mater-
ial.16–18 As Srivastava et al.19 have pointed out, optimization
of such a composite would require nanotubes with a high
Young’s modulus and a low Poisson ratio. The cylindrical
symmetry of carbon nanotubes, only broken at high strains,20

prevents them from reducing their Poisson ratio through in-
ternal relaxations as in �8,8� boron nanotubes. Composites
using boron nanotubes could take advantage of the high
Young’s modulus of �n ,0� tubes to provide stiffness, while
the low Poisson ratio of �4n ,4n� tubes could provide optimal
stress transfer between the polymer matrix and the nano-
tubes. Boron nanotubes are the elastic analogue of carbon
nanotubes: chirality dependence leads to tunable electrical
properties in carbon tubes, and to tunable elastic properties
in boron tubes. Just as the variation in electrical properties
permits the design of carbon nanotube transistors,22–24 boron
nanotubes may find use in high-strength composites and na-
noelectromechanical systems.21

In contrast to the �n ,n� nanotubes, the �n ,0� tubes have
relatively low Poisson ratios. For example, the �8,0� tube has
�=0.1. Straining the tube stresses the nondirectional metallic
bonds both laterally and longitudinally, since there is no
dominant bonding direction. The stiffness of the metallic
bonds, reflected in the high Young’s moduli of the �n ,0�
tubes, makes it difficult for the tube to expand or contract
circumferentially. Unlike the �n ,n� tubes, structural dynam-
ics do not seem to play a significant role in reducing the
Young’s modulus of the �n ,0� boron nanotubes.

In summary, we have investigated the unusual properties
of planar and tubular boron structures. Although boron might
be expected to form planar structures similar to carbon
graphene sheets, a metallic triangular plane with a nearly
homogeneous electron density has a larger cohesive energy.
A threefold degenerate ground state in the flat plane makes it
unstable with respect to buckling, which breaks the triangu-
lar symmetry and introduces a preferred direction. When the
plane is rolled into a tube, this direction defines the chirality
and controls the electronic and mechanical properties of the
tube. �n ,n� boron nanotube structures are proposed that arise
from the buckled plane and have lower curvature energies
than the �n ,0� tubes arising from the flat triangular plane. As
a result of buckling, �n ,n� boron nanotubes have an internal
relaxation mechanism that results in a very low Poisson ra-
tio. The electron density differences between the flat and
buckled planes explains the differences in the elastic proper-
ties of the �n ,0� and �n ,n� tubes. Understanding planar bo-
ron structures is crucial to understanding the unusual prop-
erties of boron nanotubes.

This work was supported in part by the U.S. Department
of Energy under Contract No. DE-FG02-99ER-45778, and
by the William A. and Nancy F. McMinn Endowment at
Vanderbilt University.

FIG. 9. Ball and stick cross section of the �8, 8� boron nanotube,
with vectors showing lateral relaxations under positive longitudinal
strain. Longer vectors represent larger relaxations, but are not to
scale.
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