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We investigate commensurability oscillations in the magnetoresistances of unstressed ungated rectangular
two-dimensional superlattices of different periods. The amplitude of the commensurability oscillations in these
systems exhibits a nonmonotonic dependence on the applied magnetic field, which is not present in 1D or
square superlattices. Furthermore, the high and low resistance directions switch between the two axial direc-
tions of the superlattices depending on the magnetic field. Our observations are explained by the drift of the
cyclotron motion guiding center along contours of a magnetic-field-dependent effective potential as put for-
ward in a recent theory. Comparison of the data with the theoretical predictions shows good agreement. For a
larger modulation amplitude, we observe a flattening of commensurability oscillation minima, which is also
predicted by the calculation.
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I. INTRODUCTION

Magnetotransport in two-dimensional electron systems
�2DESs�, subjected to the periodic potential of a one-
dimensional or two-dimensional superlattice and a perpen-
dicular magnetic field B, exhibits several interesting com-
mensurability effects, which have fascinated many
researchers over the last four decades. Some of the effects
are of pure quantum mechanical origin, others—like
certain types of commensurability or “Weiss” oscillations
�COs�—were first considered as quantum effects, but have
later also been explained semiclassically. In the present work
we will investigate transport in samples with rectangular su-
perlattices, which can well be described by a simple har-
monic modulation potential of the form

V�x,y� = Vx cos�2�x/a� + Vy cos�2�y/b� , �1�

with periods a�b and comparable amplitudes Vx and Vy. For
such superlattices a recent semiclassical calculation1 has pre-
dicted an intriguing nonmonotonic dependence of the CO
amplitudes on the applied magnetic field, which is neither
known for 1D nor for square superlattices, and has so far
neither been confirmed by quantum calculations nor by ex-
periments.

COs were first discovered in high-mobility GaAs-
�AlGa�As heterostructures with holographically defined 1D
superlattices,2 and were explained quantum mechanically:
the periodic potential lifts the macroscopic degeneracy of the
Landau levels and leads to eigenstates, which, in contrast to
the unperturbed Landau states, carry current and form “Lan-
dau bands” with a B-dependent, oscillatory width, shrinking
to zero at equidistant 1 /B values. These eigenstates give rise
to an oscillatory “band conductivity” contribution,3–6 which
adds to the usual “scattering conductivity.” The latter de-
scribes the electron transport in the direction of the applied
electric field as the result of scattering processes. Since it is
proportional to the square of the density of states,7 the scat-
tering conductivity will produce COs with maxima when the
Landau bands become flat and the band conductivity

vanishes.5,6 Thus, the COs of scattering and band conductivi-
ties will have opposite phases. Both types of COs have been
observed in the early experiments.2,3 Very soon it was
pointed out8 that the COs of the band conductivity, in con-
trast to those of the scattering conductivity, can also be un-
derstood in semiclassical terms as the result of a guiding
center drift of the classical cyclotron orbits of electrons at the
Fermi energy �considering the 2DES as a degenerate Fermi
gas�.

Extension of the pioneering experiment by Weiss et al.2 to
2D superlattices showed COs of much smaller amplitudes
than those observed in the band conductivity for the corre-
sponding 1D modulations, but comparable in amplitude and
phase with the scattering conductivity observed in the 1D
modulation case.9 This apparent suppression of the band con-
ductivity in 2D superlattices was again interpreted quantum
mechanically.9,10 For a 2D superlattice and p /q flux quanta
per unit cell, the quantum calculation yields a splitting of the
LLs into p subbands which are q-fold degenerate �essentially
the Hofstadter spectrum�.11–13 If collision broadening effects
are so weak that spectral functions of different subbands
have little overlap, the calculated band conductivity is con-
siderably suppressed as compared to that calculated for the
corresponding situation with a 1D modulation. This suppres-
sion becomes more effective with increasing strength of the
2D modulation and with increasing mobility.9,10 This is, of
course, a rather subtle argument, since the subband splitting
was not observed in the experiments under consideration.
Direct observation of the subband splitting in higher LLs and
its consequences for the integer-quantized Hall effect14,15 re-
quires very low temperature and samples with very high
mobility.16,17

The application of the guiding center picture to commen-
surability effects in 2D superlattices was first restricted to a
perturbative calculation for small amplitudes of the modula-
tion potential, which was assumed to be additive,
V�x ,y�=Vx�x�+Vy�y�.18,19 In this approximation, just as in an
equivalent perturbative solution of Boltzmann’s equation, the
modulation effects in x and y direction decouple, and no
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suppression of the COs is obtained.20 Numerical solution of
the full Boltzmann equation without such a weak-potential
approximation, on the other hand, yields a drastic suppres-
sion of the COs for large modulation amplitude and high
mobility.20 The interest in the guiding center drift model was
revived by work of Grant et al.21 and of Chowdhury et al.,22

who emphasized that, in superlattices with rectangular sym-
metry, part of the guiding centers drift along pinned closed
orbits and thus should not contribute to the band conductiv-
ity, i.e., should lead to a suppression of the COs. In subse-
quent work by Gerhardts and Zwerschke,1 the guiding center
drift model was used for a detailed calculation of COs and
their suppression in rectangular symmetries. For intermediate
magnetic field strengths and not too strong modulations, the
results obtained in Ref. 20 by numerical solution of the full
Boltzmann equation �which requires heavy numerical work
and large computation time� could be reproduced. A direct
comparison of the predictions made in Ref. 1 with quantum
calculations or experimental results is, however, still miss-
ing. It is clear that the guiding center approach can only
make sense if the cyclotron motion is more rapid than the
guiding center drift, i.e., for strong enough B and for weak
modulations.

Of special interest are the predictions of Ref. 1 for modu-
lations with additive potentials in the x and the y direction,
with different periods a�b and comparable modulation
strengths Vx�Vy. In such a 2D superlattice the guiding cen-
ters should move along the equipotential lines of an effective
potential with the same periods a and b, but with effective
modulation strengths Vx

eff�B� and Vy
eff�B�. The oscillatory

B-dependencies of Vx
eff�B� and Vy

eff�B� are different,1 due to
the different periods a�b �see Sec. III B below�. Then,
sweeping the magnetic field, one should find situations with
Vx

eff�B�=0, in which the guiding centers can only move along
open orbits in x direction, situations with Vy

eff�B�=0, with
only open orbits in y direction, and situations with
Vx

eff�B�=Vy
eff�B�, with only closed orbits for the guiding cen-

ters. Thus, sweeping B should cover situations with effec-
tively 1D modulations in y or x direction and also situations
with a strong suppression of the guiding center contribution
to the conductivities.

The aim of the present work was to fabricate such rectan-
gular superlattices on a series of samples and to measure the
commensurability oscillations in �xx and �yy, in order to
check the predictions of Ref. 1. To obtain sufficiently differ-
ent periods with still comparable modulation strengths in
both directions, we investigated unstressed ungated hetero-
structures with etched superlattices of different periods hav-
ing the ratio a :b�1.3 in each case. We, indeed, observe
essentially all the predicted behavior in our data: a nonmono-
tonic decay of the CO amplitudes with decreasing magnetic
field, a magnetic-field-dependent interchange of high and
low resistivity directions of the rectangular superlattice, and
indications for a flattening of the CO minima for relatively
high mobility or modulation amplitudes.

II. SAMPLE PREPARATION AND MEASUREMENT
PROCEDURES

This work was carried out on two different GaAs-AlGaAs
heterostructures grown on �100� GaAs substrates. The het-

erostructures contained a 2DES 42.5 nm below the surface.
Hall bars with L-shaped mesas �see Fig. 1�a�� were fabri-
cated with standard lithographic techniques. They were
20 �m wide and the geometry factor �the ratio of the dis-
tance between the voltage contacts and the sample width�
was equal to 1. When unmodulated, the 2DES of the
first heterostructure �A� showed a carrier density of
n=3.2�1015 m−2 and a transport mobility �
=80 m2 V−1 s−1 at 4 K. After a brief illumination with a light
emitting diode at 4 K, the mobility improved to
100 m2 V−1 s−1 for a carrier density of 5�1015 m−2. In the
second heterostructure �B�, these quantities were
n=3�1015 m−2 and �=83 m2 V−1 s−1 without illumination
and n=4�1015 m−2 and �=130 m2 V−1 s−1 after illumina-
tion.

Patterns of about 50 nm diameter holes arranged on a
rectangular superlattice were produced with high resolution
electron beam lithography in a 90 nm thick PMMA resist
layer coating the Hall bar. All rectangular lattices had the
same ratio a :b�1.3 of lattice constants a and b in the two
perpendicular directions. The main axes of the lattices were
oriented along and across the Hall bar, i.e. the cleavage di-
rections of the �100� GaAs substrate �see Fig. 1�a��. The area
of each superlattice was large enough to cover more than an
entire active area on the Hall bar, as depicted in Fig. 1�a�. A
room-temperature shallow wet etching process transferred
the pattern to the heterostructure material: First, the oxide on
the sample surface was removed by a 15 s etch in 40 ml
deionized water with 10 ml concentrated hydrochloric acid
and one drop of the surfactant benzalkonium chloride. The

FIG. 1. �a� Sketch of the L-shaped Hall bar geometry showing
the extent and orientation of the superlattices. The x- and
y-directions coincide with the cleavage directions of the �100� GaAs
wafer. �b� Normal and �c� inverted views of a representative AFM
measurement on an etched 136 nm�103 nm period superlattice af-
ter removal of the resist.
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surfactant is reducing the surface tension of the used etchants
which in turn become able to reach into the nanoscale holes
in the PMMA. As etch stop the sample was dipped into iso-
propyl alcohol for 60 s and blown dry in a N2 flow. To trans-
fer the electron beam pattern, the sample was subsequently
etched in 10 ml citric acid solution �prepared by mixing 10 g
citric acid monohydrate powder and 10 g deionized water�,
30 ml 30% hydrogen peroxide and one drop of surfactant.
By changing the etch time from 15 s to 60 s, the etch depth
and the resulting modulation strength were adjusted. Finally,
the sample was rinsed 30 s in 50 ml deionized water with a
drop of surfactant to stop the etching, further rinsed in flow-
ing deionized water for 60 s and blown dry with N2. The
resist was then entirely removed. In AFM studies, the depth
of the holes etched at the surface of the Hall bars was found
to be about 10 nm. Figures 1�b� and 1�c� display normal and
inverted AFM images of the etched superlattice after the re-
moval of the resist. No gate is deposited to avoid stress.

The magnetoresistances of the devices were measured us-
ing standard lock-in techniques at 4 K after a brief illumina-
tion. The mobility is reduced by the etching process to
��55 m2 V−1 s−1 at an electron density of n=4.4
�1015 m−2 for heterostructure �A� and ��65 m2 V−1 s−1 at
n=4.3�1015 m−2 for heterostructure �B�. To simultaneously
acquire the �xx and �yy-magnetoresistances for transport in
the two orthogonal directions of the rectangular superlattice,
two nominally identical superlattices oriented in the same
direction with respect to the crystal directions were produced
on the two arms of the L-shaped Hall bar �see Fig. 1�a� in
which x and y are the cleavage directions�. Both superlattices
are etched at the same time, and therefore we assume that the
modulation strengths are similar for both.

The source of modulation has been identified as originat-
ing solely from the depletion effect. To this end, we studied
square superlattices of 100 nm period. At the etched holes,
the surface states are closer to the dopants. Hence a density
modulation is introduced at the 2DES.23 Combination of this
depletion effect and stress modulation is known to introduce
asymmetry between the two cleavage directions on �100�
GaAs substrates in the case of square superlattices.22,24 How-
ever, here no asymmetry was observed between the COs for
transport along the x- and y-directions. In view of the ab-
sence of asymmetry, we conclude that the modulation is ex-
clusively due to the depletion effect.

III. KEY EXPERIMENTAL OBSERVATIONS

A. Resistance traces

Figure 2 shows the magnetoresistances measured at 4 K
for transport along the two axial directions of a rectangular
superlattice with lithographic periodicities of a=136 nm

along the �011̄� direction and b=103 nm along the �011�
direction of the GaAs crystal �a :b�1.3�. The x-direction is
taken along the longer period and the y-direction along the
shorter period of the modulation. The minima of the COs in
the trace for transport along the 136 nm period occur when
2Rc= �ka−1/4�a, where Rc is the cyclotron radius and
ka=1,2 ,3 , . . ., while those in the trace for transport along the

103 nm period coincide with the condition 2Rc= �kb−1/4�b
where kb=1,2 ,3 , . . .. Hence, the location of the minima is
identical to those anticipated for a 1D modulated system with
period a and b respectively.3 Unique to 2D superlattices of
rectangular shape are the following three striking features of
the data:

�1� The amplitude of the CO peaks do not monotonically
decrease as in 1D-modulated systems. For transport along
the longer period �136 nm�, i.e. in �xx, the CO peak between
the ka=3 and 4 minima is significantly suppressed in ampli-
tude �for instance as compared with its neighboring peak at
lower magnetic field, i.e. the CO peak between the ka=4 and
5 minima�.

�2� Similarly, for transport along the shorter period
�103 nm�, i.e. in �yy, the CO peak between the kb=6 and 7
minima is significantly enhanced in amplitude �compared
with its neighboring peak at higher magnetic field, i.e. the
CO peak between the kb=5 and 6 minima�.

�3� The large CO peaks between the ka=2 and 3 minima
and the kb=2 and 3 minima occur when the magnetoresis-
tance in the other axial direction exhibits a broad CO mini-
mum. This corresponds to an interchange of the high and low
resistance directions between the two axial directions of the
superlattice.

These three characteristics of the COs in rectangular lat-
tices will be referred to as suppression, enhancement, and
switching.

B. Adjusting the modulation potential

All of these features have been predicted by the theory
outlined in Ref. 1. The underlying physical picture is the
following. According to Refs. 21 and 1, the instantaneous
velocity of the guiding center, averaged over a perimeter of
the unperturbed cyclotron orbit, is given by18

vavg = − � Veff � B/B2, �2�

where Veff is an effective potential. Hence the guiding center
drifts along the contours of the effective potential. Consider-
ing only the fundamental Fourier components, which will
prove to be sufficient in the following, we can write the
actual potential modulation in the rectangular superlattice in
the form of Eq. �1�. The corresponding effective potential is
given by18

Veff�X,Y� = Vx
eff cos�2�X/a� + Vy

eff cos�2�Y/b� , �3�

where

Vx
eff = VxJ0�2�Rc/a�, Vy

eff = VyJ0�2�Rc/b� . �4�

Here �x ,y� refer to the coordinates of the electron and �X ,Y�
to those of the guiding center of the cyclotron orbit. J0 is the
Bessel function of the first kind. As before, the x-direction is
taken to be along the longer axial lattice constant a and the
y-direction along the shorter axial lattice constant b.

A study of the behavior of this effective potential turns
out particularly instrumental. The most notable property of
the effective potential in the current context is that the mag-
netic field dependencies of Vx

eff and Vy
eff are different, as the
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arguments of the two Bessel functions involve the different
periodicities a and b. The Bessel functions entering the X-
and Y-dependent components of the effective potential are
identical to those Bessel functions describing the transport in
1D modulated systems along the direction of modulation.4,5,8

The zeroes of these Bessel functions coincide with the CO-
minima. Hence, in a 2D modulated system with periods a
and b the CO-minima agree exactly with those of the corre-
sponding 1D systems at the zeroes of �Vx

eff�2 and �Vy
eff�2. For

large arguments of the Bessel functions, these zeros occur in
excellent approximation when 2Rc= �ka−1/4�a and
2Rc= �kb−1/4�b where ka ,kb=1,2 ,3 , . . .. Figure 2 depicts
the B-dependence of �Vx

eff�2 and �Vy
eff�2 �uppermost traces,

arbitrary units� for a=136 nm and b=103 nm, calculated for
Vx /Vy =1.45. The carrier density 4.4�1015 m−2, which deter-
mines Rc, is obtained from the Shubnikov-de Haas �SdH�
oscillations. Whereas the peak values in the traces of �Vx

eff�2
and �Vy

eff�2 decrease monotonically with decreasing magnetic
field, the peak values of the COs in the experimental traces
apparently do not. To understand this, we calculated �xx�B�
and �yy�B� for the same parameter values from the model of
Ref. 1 and plotted the results near the bottom of Fig. 2. The
ratio Vx /Vy =1.45 is chosen in order to obtain for the theo-
retical resistance traces an overall appearance similar to the

corresponding experimental traces �of course apart from the
SdH oscillations, which are not included in the calculation�.
Other values in the range 1.3�Vx /Vy �1.7 would also be
acceptable and compatible with the two following estimates:

At present, no theoretical calculation on 2D superlattices
is available to directly extract the potential modulation am-
plitudes from the magnitude of the COs. Referring back to
Fig. 2, one can see that for some of the CO peaks, e.g., the
one at C in �yy, the effective potential is close to 1D. Al-
though this quasi-one-dimensionality refers only to the effec-
tive potential, we evaluate the COs at these positions using
an analytic form of the magnetic field dependence of the
COs for 1D superlattices proposed by Mirlin and Wölfle.25

Taking the heights �� of the CO peaks at B and C and a total
�quantum� scattering time �0�1.5 ps, we obtain from Eq.
�49� in Ref. 25 the potential modulation amplitudes
Vx=5.9% EF and Vy =3.5% EF, with Vx /Vy =1.7. In 1D su-
perlattices the modulation amplitude can be estimated from
the saturation field B0 of the positive magnetoresistance at
low magnetic fields.26 Extending this estimate naively to our
case of a 2D superlattice, we find for the data of Fig. 2
Vx=4.8% EF and Vy =3.8% EF, with Vx /Vy �1.3. Since both
estimates yield modulation amplitudes of the same order of
magnitude, we believe that our choice of model parameters

FIG. 2. �Color� Left panel, middle: Magnetoresistances measured at 4 K for transport along the 136 nm �x-direction, thick blue� and the
103 nm �y-direction, thin red� period directions of a rectangular superlattice. Bottom: Magnetoresistances �xx �blue� and �yy �red� calculated
using Ref. 1 for the parameters Vx=5.6% EF, Vy =3.9% EF, a ratio a :b=1.32 and q�=26. The vertical lines indicate the calculated B values
of the CO minima of �xx for indices ka �blue dashed� and of �yy for indices kb �red dotted�. They coincide with the zeroes of the
corresponding effective potential amplitudes �Vx

eff�2 �blue line� and �Vy
eff�2 �red line� shown, in arbitrary units, at the top as function of

1/ �qRc�. Right panels: A, B, C, D, E, and F show the contours of the effective potential Vx
eff cos�2�X /a�+Vy

eff cos�2�Y /b� at the peaks
marked in the left graph by A, B, C, D, E, and F, respectively. The contours in these panels correspond to guiding center trajectories in real
space.
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is reasonable for a qualitative understanding of the experi-
mental results.

At the zeros of the Bessel functions, the effective poten-
tial amplitudes �Vx

eff�2 and �Vy
eff�2 drop to zero and these ze-

roes indeed align with the minima of the COs observed in �xx
and �yy. The phases of the squared effective potential ampli-
tudes, plotted as functions of B near the top of Fig. 2, are
essentially the same as those of �xx and �yy, respectively. As
is evident from the plot, the dominance of �Vx

eff� over �Vy
eff�

changes as a function of the magnetic field. The ratio
	= �Vx

eff� / �Vy
eff� is the key to understanding the various fea-

tures of the COs in question �suppression, enhancement, and
switching� as it controls the shape of the effective potential,
i.e. the distribution of open and closed contours as well as
the direction along which open contours run. Since these
contours are the trajectories of the guiding centers in real
space, many open contours in a particular direction implies
an enhancement of the conductivity in this direction or,
equivalently, an increase of the resistivity in the perpendicu-
lar direction.

IV. DETAILED COMPARISON WITH THEORY

A. Suppression

In contrast to the peak values of the �Vx
eff�2- and

�Vy
eff�2-traces in the upper part of Fig. 2, the peak values of

the measured COs show a nonmonotonic dependence on the
magnetic field. For instance, the CO peak in �xx �blue curve�
between the ka=3 and 4 minima at the magnetic field posi-
tion with the label A is much lower than the neighboring
peaks at the field values with labels B and E. A similar re-
duction of the peak height at A is seen in the corresponding
theoretical curve for �xx at the bottom of Fig. 2. The expla-
nation goes as follows: Near A both the �Vx

eff�2 and the �Vy
eff�2

traces have local maxima and the deviation of the ratio 	
from 1 is not so large as near B and E, where �Vx

eff�2 has local
maxima while �Vy

eff�2 is close to local minima. As a conse-
quence, in the cases B and E the effective modulation in x
direction is much stronger than in y direction, with many
open guiding center trajectories in y direction. This results in
large, quasi-1D CO peaks in �xx. At A, on the other hand, the
effective potential has 2D character with more closed equi-
potentials and the CO peak is suppressed as compared
with the 1D case. The contour plots of Figs. 2�A�, 2�B�, and
2�E�, which have been calculated for �Vy

eff�=0.60�Vx
eff�,

�Vy
eff�=0.32�Vx

eff�, and �Vy
eff�=0.34�Vx

eff�, support this explana-
tion.

Similar arguments apply to the CO peak in �yy �middle
red curve: experiment; bottom red curve: theory� at A, which
is lower than that labeled D between the kb=5 and 6 minima.
At D we have �Vx

eff�=1.07�Vy
eff�, so that nearly all equipoten-

tials are closed �see Fig. 2�D�� and the guiding center contri-
butions to both �xx and �yy are suppressed below the corre-
sponding 1D cases. At A, however, we have open trajectories
in the y direction but not in the x direction, and, as a conse-
quence, the guiding center contribution to �yy is even smaller
than that to �xx, which is already suppressed compared with
its neighboring peaks. This behavior is clearly seen in both
the theoretical and the experimental results.

Another feature, that is evident in the theoretical curve for
�yy and less clear but visible also in the experimental curve,
is the asymmetry of the CO peaks between kb=3 and 4 and
between kb=5 and 6. As compared to the corresponding
maxima of �Vy

eff�2 in the upper part of Fig. 2, the maxima of
the theoretical magnetoresistance curve are shifted towards
the regions with lower values of �Vx

eff�2, since the guiding
center contribution to �yy is stronger suppressed in field in-
tervals with �Vy

eff�2
 �Vx
eff�2 than in those with �Vx

eff�2
 �Vy
eff�2.

B. Enhancement

The peak of �Vy
eff�2 marked as C in Fig. 2 corresponds to

the CO peak in �yy between the kb=6 and 7 minima. At this
field value �Vx

eff�2 nearly vanishes, 	=0.05. Figure 2�C� dis-
plays the guiding center trajectories for this CO peak. One
sees only open trajectories which run along the x direction.
This situation is very similar to a 1D modulation in y direc-
tion, with an 1D-like, unsuppressed peak of the guiding cen-
ter contribution to �yy and no guiding center contribution to
�xx. Compared with the adjacent peaks in �yy, the peak at
position C appears as enhanced. This effect is present in both
the experimental and the theoretical �yy traces.

C. Switching

So far we have compared CO peaks in the �xx and the �yy
curves only with adjacent peaks in the same curve. It is how-
ever also interesting to compare the curves with each other.

From the experimental traces in Fig. 2 one gets the im-
pression that, in general, the COs in �xx are stronger than
those in �yy. We have adapted potential strengths in the upper
part of the figure so that the theoretical curves near the bot-
tom of Fig. 2 reproduce this impression. The effective poten-
tial �Vx

eff� associated with the longer axial lattice constant is
dominant for most of the magnetic field values. Hence, at
these magnetic fields, open trajectories of the guiding center
exist exclusively along the shorter axial lattice constant �
y-direction�, and the guiding center contribution to �xx is
considerably larger than that to �yy. The CO peaks for trans-
port along the shorter axial lattice constant ��yy� at these
magnetic fields are, however, not entirely absent. As a con-
sequence of the finite mean free path and modulation
strength, a guiding center follows during its lifetime only a
fraction of the trajectory and its velocity in x direction does
not average to zero.

Near the magnetic field values labeled B and E and near
B=1.3 T the dominance of the COs in �xx is clearly seen.
There are, however, also B regions where �yy is larger than
�xx, e.g., near the positions labeled C and F. At these posi-
tions �Vy

eff�2 has local maxima while �Vx
eff�2 becomes very

small, so that the equipotential patterns of the effective po-
tential are governed by open trajectories in the x direction
�see Figs. 2�C� and 2�F�, which was calculated for
�Vx

eff�=0.31�Vy
eff��.

As Figs. 2�E� and 2�F� show, the open trajectories in these
two cases run along the two orthogonal directions: in the
y-direction in the first case and in the x-direction in the sec-
ond. This corresponds to a complete switching of the guiding
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center drift direction between the two axial directions of the
superlattice and an interchange of the high and low resistiv-
ity directions. All the features discussed so far are in nice
agreement with the theoretical predictions.1

D. Limitations of the guiding center model

There are several features of the experimental magnetore-
sistance traces, which have no counterpart in the theoretical
traces at the bottom of Fig. 2, obtained within the simple
semiclassical guiding center approximation.1 For instance to
reproduce the pronounced SdH oscillations �observed for B
�0.6 T�, one needs a quantum calculation based on a
modulation-induced single-electron Landau band structure,
in which the group velocity takes over the role of the classi-
cal guiding center drift velocity. The oscillatory width of
Landau bands yields COs, which appear as a modulation of
the envelope of the SdH oscillations.5,10 The superposition of
the SdH oscillations makes it difficult to extract the positions
of the CO minima from the experimental curves. Moreover,
near these minima, which we understand as band-
conductivity minima, one expects maxima of the scattering
conductivities, related to density of states maxima.9,10 There-
fore, near the resistance minima quantum effects may cause
differences between the experimental traces and the theoret-
ical traces in Fig. 2.

Also the pronounced positive magnetoresistance at very
low magnetic fields and the overall decrease of the resis-
tances in the region 0.1 T�B�1.0 T are beyond the scope
of the guiding center approach of Ref. 1. They can be repro-
duced by classical calculations based on the full Boltzmann
equation.20,27 The positive magnetoresistance has been ex-
plained by the motion of electrons on channeled trajectories
along minima of the modulation potential.26,27 Even if the
guiding center approach seems meaningful �i.e., in Fig. 2 for
B�0.2 T�, the calculation based on Eq. �2� is not always
reliable. It has been pointed out in Ref. 1 that Eq. �2� does
not correctly describe the guiding center motion if the effec-
tive potential �3� vanishes. At B-values close to the kb=4 and
5 minima, the effective potentials �Vx

eff� and �Vy
eff� are both

very small and the distance of the experimental resistivity
minima is apparently considerably smaller than the separa-
tion between the minima in the theoretical curves. At present
we do not know whether this discrepancy could be resolved
within the semiclassical approach �e.g., by a more reliable
treatment of the guiding center motion than on the basis of
Eq. �2��, or whether it is due to the above-mentioned quan-
tum effects.

Finally we remark that, with decreasing B, the COs of the
experimental traces decay much faster than those of the the-
oretical traces. As we know from calculations for 1D
superlattices25,27,28 as well as for square superlattices,20 this
points towards predominant small-angle scattering caused by
finite-range impurity potentials. This is also not included in
the approach of Ref. 1.

In view of all these limitations of the simple guiding cen-
ter approach, we cannot expect a quantitative agreement be-
tween the calculations of Ref. 1 and the measured magne-
toresistivity curves. However, qualitatively all predictions

�nonmonotonic decrease of CO amplitudes, suppression, en-
hancement, and switching� are confirmed in our experiments.

V. OTHER PERIODS AND MODULATION
STRENGTHS

A. Scaling property

We have also compared the COs of rectangular superlat-
tices for three different pairs of a- and b-values, while pre-
serving the ratio a :b�1.3. The superlattices are
150 nm�114 nm, 133 nm�101 nm, and 119 nm�91 nm.
The longer periods were along the �011� direction and the

shorter periods were along the �011̄� direction. The data are
plotted in Fig. 3. The magnetic field axis is rescaled as
1/ �qRc�, where q=2� /�ab, to take out both the density de-
pendence and the dependence on period. Because a :b is the
same in each case, similar features can be seen at the same
value of 1 / �qRc�. The three CO minima for ka=5 for in-
stance occur at the same abscissa value in Fig. 3.

The important observation in Fig. 3 is related to the pre-
viously discussed suppressed CO peak between the ka=3 and
4 minima. When comparing the traces obtained on the dif-
ferent superlattices, the suppression is found to be least ef-
fective in the case of the 119 nm period peak and most ef-
fective in the case of the 150 nm period peak. The
superlattices were fabricated at the same time and hence the

FIG. 3. Magnetoresistances measured at 4 K for transport in
rectangular superlattices of three different pairs of lattice constants
having the ratio 1.3: thick lines for transport along the longer peri-
ods ��xx�, thin lines for transport along the shorter periods ��yy�;
periods are indicated. For clarity, the middle and the upper pair of
traces have been offset by 30 and by 60, respectively. The three
CO minima �in �xx� for ka=5 occur at the same dashed vertical line.
The CO peaks in �xx between the ka=3 and 4, indicated by down-
ward arrows, are with increasing modulation period increasingly
suppressed.
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depths of the etched holes are expected to be nearly the same
in all cases. But the modulation amplitudes are expected to
vary. Because of the exponential decay18 with the distance of
the 2DES from the heterostructure surface, a stronger modu-
lation is associated with a larger period. The transport mo-
bilities are essentially the same in all three cases. The data in
Fig. 3 thus provide evidence of increasing suppression with
increasing modulation at a given mobility. This is in agree-
ment with the theory.1 From Eq. �2�, we conclude that the
magnitude of the velocity of the guiding center drift is pro-
portional to the gradient ��Veff�. Therefore, this velocity in-
creases with the modulation amplitude. Hence for a given
mobility, if the velocity of the guiding centers is enhanced,
more of them will be able to complete closed trajectories,
which renders the suppression more effective. Of course, if
the modulation is too large, then this picture will not hold as
then one cannot average the drift velocity over the unper-
turbed cyclotron orbit to get the average velocity and Eq. �2�
loses its validity.

B. Flattening of the commensurability minima

The data discussed so far were obtained from devices us-
ing heterostructure A. Devices from heterostructure B exhib-
ited stronger modulations. Data for transport along the two
axial directions of a 136 nm�103 nm superlattice measured
at 4 K after a brief illumination are depicted in Fig. 4. The

136 nm period was along the �011̄� and the 103 nm period
was along the �011� direction. As is evident, all the charac-
teristics of the COs discussed in connection with the data of

Fig. 2 are present in the data of Fig. 4. One additional feature
in the data is a flattening and broadening of the CO minima
in �xx and �yy at ka=2 and kb=3, respectively. This is best
illustrated in Fig. 5, which is directly comparing the data of
Fig. 2 �thin line� and Fig. 4 �thick line�. For sample B �thick
line�, the SdH oscillations of �yy are strongly suppressed near
1 / �qRc��0.13, and at 1 / �qRc��0.2, and those of �xx are
suppressed near 1 / �qRc�=0.15.

This magnetoresistance feature was predicted for rela-
tively high mean free paths �e.g., for q�=800 rather than 80;
see Fig. 8 of Ref. 1�, and we would expect it to be more
pronounced, if we calculate � from the transport time �this
would yield q��300 for the data of Fig. 2�. The large trans-
port times in our samples result from the predominance of
small-angle scattering, which was not considered in Ref. 1.
Since already small changes of the momentum can lead to
trajectories with very different guiding centers, we should
calculate � from the total scattering time �0 instead. This
reduces the q� values by more than an order of magnitude,
and we obtain q��26 and �37 for the data of Fig. 2 and
Fig. 4, respectively. The modulation amplitudes are, how-
ever, much larger for the data of Fig. 4. Using the CO peaks
between the ka=4 and 5 minima and the kb=6 and 7 minima,
and the Mirlin and Wölfle25 theory as described in Sec III B,
the potential amplitudes are estimated to be Vx=10% EF and
Vy =6% EF for the data of Fig. 4. Nevertheless, the magne-
totransport calculation best reproduces the experimental data
of Fig. 4 for a smaller ratio Vx /Vy =1.3 and amplitudes
Vx=9% and Vy =7% of EF. This is still nearly twice as large
as the values for Fig. 2. According to Ref. 1, larger modula-
tion and larger mean free path are complementary within the
limits of the guiding center drift model. Hence, the larger
modulation amplitudes enable the observation of this flatten-
ing of the CO minima in Fig. 4. This effect should be even
more pronounced in samples with larger scattering times.

FIG. 4. �Top� Magnetoresistances measured at 4 K for transport
along the 136 nm �thick line� and 103 nm �thin line� period of a
rectangular superlattice on heterostructure B. The vertical lines
mark the calculated magnetic field values of the CO minima for
indices ka and kb. Note that the broad CO minima at ka=2 and
kb=3 are flattened. Bottom: Magnetotransport calculation using
Ref. 1 with Vx=9% EF, Vy =7% EF, the ratio a :b=1.32 and
q�=37.

FIG. 5. The Magnetoresistances of Fig. 2 �thin� and Fig. 4
�thick� plotted versus 1/ �qRc�, so CO minima are aligned. Note that
the SdH oscillations for the CO minima at ka=2 and kb=2,3 are
suppressed for the thick lines as compared to the thin lines.
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VI. CONCLUSIONS

In summary, we have investigated the COs in unstressed
and ungated rectangular two-dimensional superlattices with a
ratio of periods equal to 1.3. The characteristics of the ob-
served COs can only be explained by the drift of the guiding
center of the cyclotron motion along contours of a magnetic-
field-dependent effective potential as envisaged in a recent
magnetotransport theory.1 For transport along the longer pe-
riod, the CO peaks for which the asymmetry of the effective
potentials is small were suppressed relative to their neighbor-
ing CO peaks at lower magnetic fields. In our systematic
studies, the suppression was found to be more effective with
increasing modulation amplitudes at a given transport mobil-
ity. For transport along the shorter periods, the CO peaks at
which the effective potentials along the longer periods are
small were enhanced relative to their neighboring CO peaks
at higher magnetic fields. Magnetic-field-dependent switch-
ing of high and low resistance directions between the two
axial directions of the superlattices was also observed. Com-

parison of the data with the theoretical calculation1 showed
good agreement. For a larger modulation amplitude, we ob-
served a flattening of CO minima, which was predicted by
the calculation.1 None of these characteristic features can be
explained by earlier perturbative calculations18,19 which are
valid for weak modulation only. In particular, the earlier
semiclassical and quantum theories predict a monotonic de-
cay of the CO amplitude with decreasing magnetic field
which is not the case in the data. This puts forward the the-
oretical challenge of finding the quantum mechanical version
of the semiclassical calculation.1
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