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Heat capacity measurements of the �-phase stabilized alloy Pu0.95Al0.05 suggest that strong electron-phonon
coupling is required to explain the moderate renormalization of the electronic density of states near the Fermi
energy. We calculate the heat capacity contributions from the lattice and electronic degrees of freedom as well
as from the electron-lattice coupling term and find good overall agreement between experiment and theory
assuming a dimensionless electron-phonon coupling parameter of order unity, ��0.8. This large electron-
phonon coupling parameter is comparable to reported values in superconducting metals with face-centered
cubic crystal structure, for example, Pd ���0.7� and Pb ���1.5�. Further, our analysis shows evidence of a
sizable residual low-temperature entropy contribution, Sres�0.4kB �per atom�. We can fit the residual specific
heat to a two-level system. Therefore, we speculate that the observed residual entropy originates from crystal-
electric-field effects of the Pu atoms or from self-irradiation-induced defects frozen in at low temperatures.
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I. INTRODUCTION

Plutonium, a member of the actinides, exhibits six unique
crystal structures �phases� in the solid state at ambient pres-
sure between absolute zero and its melting temperature. The
phases range in symmetry from simple monoclinic �sm� to
body-centered cubic. One phase, the easily worked face-
centered cubic �fcc� phase, denoted by �, is thermodynami-
cally stable in pure plutonium from 592 to 736 K, and can be
stabilized down to room temperature by small additions of
trivalent elements such as gallium or aluminum. The effects
of alloying are not only structural but have a profound im-
pact on the electronic structure. Specifically, the low-
temperature � phase �sm� has a very large coefficient of ther-
mal expansion and a Sommerfeld coefficient of �S
�17 mJ/mol K2, while the high-temperature � phase exhib-
its a moderately enhanced Sommerfeld coefficient �S
�50–70 mJ/mol K2, depending on the concentration and
negative coefficient of thermal expansion.1–7 The change in
structure, the electronic specific heat, and the sign of the
thermal expansivity with a modest amount of trivalent atoms
in the � phase are not fully described by electronic structure
theory. It is believed that the high-temperature and high-
volume phase has localized, nonbinding electrons, while in
the low-temperature and low-volume phase the electrons
are itinerant and binding. This behavior is similar to the
Mott transition in correlated electron systems. Some of
this behavior is borne out in recent electronic structure
calculations.8–10 In a recent study, using inelastic neutron
scattering McQueeney and co-workers11 reported unusual
softening of phonons and elastic moduli in Pu0.95Al0.05.
Using the same sample, Lashley and co-workers12 pointed
out that the low-temperature data of the heat capacity
exhibit a moderately enhanced Sommerfeld coefficient,
�S�64 mJ/mol K2, and a �-shaped anomaly in the heat
capacity around 60 K. These observations were suggestive of
describing Pu0.95Al0.05 as an incipient heavy-fermion system.

The purpose of this study is to give a quantitative descrip-
tion of the electron-phonon interaction on the conduction
electrons in plutonium, and whether the observed low-

temperature anomaly in the heat capacity is associated with a
martensitic phase transformation. In this paper, we present
calculations of the temperature dependence of the mass en-
hancement of the conduction electrons which agree well with
the magnitude of the observed specific heat data in
Pu0.95Al0.05, enriched with 95% of the isotope 242Pu. A re-
maining residual entropy contribution, after subtraction of
electron, phonon, and electron-phonon terms from the mea-
sured data, is unlikely, due to a partial martensitic phase
transformation from the high-temperature � phase into the
low-temperature �� phase.11,12 On cooling this transforma-
tion finishes around 130–180 K and is completely reversed
on heating around 380 K.13,14 Instead of a structural transfor-
mation, we speculate that crystal-electric-field effects or
self-irradiation-induced defects and vacancies, for example,
Frenkel pairs, are responsible for the excess entropy. Addi-
tionally, the relatively strong electron-phonon coupling of
order unity, necessary for describing the measured specific
heat data, would suggest that Pu0.95Al0.05 should become su-
perconducting below a few kelvin. So far no evidence of
superconductivity has been observed down to roughly 3 K.

II. THEORY

We follow the standard approach and divide the calcula-
tion of the total heat capacity of a metal into vibrational,
electronic, electron-phonon coupling, and residual �every-
thing else� terms, C=Cph+Ce+Cep+Cres. One by one, we
will calculate the contribution of each term and determine its
importance. Since thermal expansion of Pu0.95Al0.05 is negli-
gible over the entire temperature range of interest, i.e., 1
�CP /CV�1.006, we will assume in our analysis that CP
�CV and drop the subscript. Furthermore, we will assume in
our study that the thermodynamic properties are dominated
by the fcc �-Pu crystal structure and any possible admixture
of ��-Pu is negligible. This assumption is justified by previ-
ous resistivity,14 neutron diffraction,15 inelastic neutron scat-
tering, and ultrasound measurements11 on Pu0.95Al0.05. They
either show no structural transformation between 4 and 300
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K, or indicate on cooling a partial transformation of at most
3–5 % of the sample. The partial transformation from � to ��
occurs around 130–180 K and is possibly due to metastable
surface formation during sample preparation.11

The effects of electron-phonon interaction in metals has
been studied extensively in the past and is well understood
within the framework of the strong coupling theory of
Eliashberg.16,17 We follow the approach by Grimvall,18,19

Bergman et al.,20 and Allen and Dynes.21 In the presence of
the electron-phonon interaction the electronic quasiparticle
spectrum is modified to

E�k� = �k + Re 	ep„k,E�k�;T… , �1�

where �k=
k−�, � is the chemical potential, and the shift
due to the electron-phonon self-energy 	ep yields the elec-
tron mass enhancement. The finite-temperature electron-
phonon self-energy is18,19

	ep�k,�� =
1

V
�

s
�
k�

�gs�q��2� 1 − fk� + bsq

� − �k� − �sq
+

fk� + bsq

� − �k� + �sq
	 ,

�2�

where V is the volume, and fk� and bsq are the usual Fermi-
Dirac and Bose-Einstein factors. The phonon frequencies �sq
are labeled by branch index s and momentum q. The strength
of the electron-phonon coupling for momentum transfer q
=k−k� is denoted by gs�q�. Integration over the Fermi sur-
face and averaging over all directions k gives for an isotropic
electron-phonon interaction18,19

	ep��� =
 d
�N�
�/N�EF�� 
 d���2F����

 �1 − f�
� + b����
� − 
 + � − ��

+
f�
� + b����

� − 
 + � + ��
	 , �3�

where N�
� is the electron density of states and the
Eliashberg function �2F��� is the usual product of the
electron-phonon interaction with the phonon density of states
and the electron density of states at the Fermi energy EF.

A. Phonon density of states

The lattice heat capacity of a crystal with quasiharmonic
vibrations is determined by knowing the phonon dispersion
or equivalently its phonon density of states �PDOS�. We ob-
tain the PDOS of Pu0.95Al0.05 by fitting a Born–von Kárman
force model, including up to three next-neighbor �3NN�
atomic shells, to phonon dispersions at room temperature on
�-phase stabilized Pu alloyed with Ga, recently measured by
Wong and co-workers.22 To avoid potentially small differ-
ences in the low-temperature properties of the calculated heat
capacity between Pu alloyed with Ga and Al, we simulta-
neously fitted the dispersion curves for Pu0.98Ga0.02 and the
elastic moduli for Pu0.95Al0.05 �Ref. 11� at room temperature.
The fitted moduli are C11=34.0 GPa, C44=31.4 GPa, and
C12=24.9 GPa. In the remainder of this work this will be
crucial for a proper analysis of the heat capacity.

In Fig. 1 we show the corresponding phonon density of

states at 300 K and at absolute 0 K computed for Pu0.95Al0.05.
The noticeable difference in the high- and low-temperature
PDOSs is due to the large temperature dependence of the
elastic coefficients, which vary by over 20% over this tem-
perature range. Since no low-temperature phonon dispersions
are available, we rescaled all interatomic force constants at
every temperature by the measured elastic coefficients,
Cij�T� /Cij�300 K��1.24–810−4�T �K��, and recalculated
the phonon dispersions and PDOSs. This procedure guaran-
tees the correct low- and high-temperature long wavelength
phonon dispersions. Note that the elastic bulk and shear
moduli were measured on a polycrystalline sample; thus no
information about the shear anisotropy 2C44/ �C11−C12� is
available. Therefore, in our calculations we assumed that
Pu0.95Al0.05 has the same anomalous shear anisotropy ��7�
over the entire temperature range as its sister alloy
Pu0.98Ga0.02 at room temperature.23 This assumption is justi-
fied by the negligible thermal expansion and similar tem-
perature behavior of the polycrystalline bulk and shear
moduli of Pu0.95Al0.05.

The calculated specific heat of the quasiharmonic crystal,

Cph =
1

V
�
sq

��sq
dbsq

dT
, �4�

saturates at high temperatures at the Dulong-Petit limit of 3R
for a classical phonon gas, where R=NkB is the gas constant
per mole, and accounts for most of the experimental data
seen in Fig. 2. The difference curve �C=C−Cph shown in
the inset of Fig. 2, which is similar to the one in Fig. 1 of
Ref. 12, will be discussed shortly in more detail.

Knowing the PDOS of a system, we can now compute
any phonon moment of interest. The most important mo-
ments for thermodynamic studies are the logarithmic mo-
ment �0, and �1 ,�2, and �−3. The last one determines the
Debye temperature kB�D=��−3. The logarithmic moment

FIG. 1. �Color online� Phonon density of states calculated by
fitting a 3NN Born–von Kárman force model to measured phonon
dispersions and elastic coefficients at room temperature �Refs. 11
and 22�. Extrapolation to lower temperatures is obtained by renor-
malizing all interatomic force constants with the measured elastic
coefficients �Ref. 11�.
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�0 and the quadratic moment �2 enter the high-temperature
expansions of thermal functions and therefore are calculated
at room temperature. The linear moment �1 measures the
zero-point energy vibrations and is calculated for comparison
at room temperature, too. We computed all moments directly
�see Table I� except for the Debye temperature. �D was ex-
tracted from the calculated low-temperature heat capacity in
Fig. 3 and is in very good agreement with experiment. Until
now these are the most accurately determined phonon mo-
ments of �-phase stabilized Pu and generally differ by 10–
20 % from published values in the literature. If we extrapo-
late the temperature dependence of the measured elastic
moduli to 600 K and recalculate the phonon moments, then
we can compare directly with Wallace’s estimates for the
pure � phase of plutonium. At 600 K we calculate �0
=68 K and �2=104 K, which are in very good agreement
with Wallace’s logarithmic moment. Note that he used a con-
strained analysis for the entropy, assuming �2�e1/3�0, be-
cause the high-temperature behavior of the entropy is domi-
nated by the logarithmic moment. The phonon moments by
McQueeney et al.11 were obtained from inelastic neutron
scattering on a polycrystalline sample and are consistently
8% bigger than ours. This discrepancy is �1� due to a higher

maximum phonon frequency in their PDOS, the origin
of which is not yet understood, and �2� probably due to a
misprint of the values of the longitudinal speed of sound
in their paper. The Debye temperature reported earlier by
Lashley et al.12 on the same sample is �10% smaller than
ours, because in their data analysis the Debye approximation
was applied outside its validity region, which is T��D /50
�2.3 K, and which is just below their lowest data point, as
can be seen in Fig. 3.

B. Electron density of states

In a normal metal, the temperature dependence of the spe-
cific heat at low temperatures is dominated by the electronic
term, which is Ce=�0T for a nearly-free-electron gas with a
flat electron density of states �EDOS� in the vicinity kBT of
the Fermi energy EF with Sommerfeld constant �0. If the
EDOS is structured and peaked near EF, then the T depen-
dence of Ce is more complicated and needs to be calculated
from

Ce =
2

V
�
k

�k
df��k�

dT
. �5�

Integration over the Fermi surface yields

Ce = 2
 d� N����
df���

dT
. �6�

First-principles electronic structure calculations for fcc
�-Pu show a peaked behavior of the 5f electrons near EF in
the density of states, in good agreement with photoemission
measurements.25 Since first-principles calculations do not
have the energy resolution of a few milli electron-volts, we
model the EDOS of Pu0.95Al0.05 by three Lorentzians with
different constant backgrounds above and below EF �see Fig.
4�.

Remarkably, the temperature dependence of the heat ca-
pacity at high and low temperatures strongly constrains the

TABLE I. Phonon moments of Pu0.95Al0.05 calculated at 300 K,
except for the Debye temperature �D which is calculated at T→0.
We use the conversion kB�n=��n and kB�0=e−1/3��0. Note that
Wallace �Ref. 24� reported moments for pure �-Pu near 600 K and
assumed �2�e1/3�0. The estimated error of the last digit is given
in parentheses.

�D �K� �0 �K� �1 �K� �2 �K�

This work 116�2� 77�2� 113�2� 118�2�
Ref. 11 125 84 122 127

Ref. 24 66 93

Ref. 12 100�2�

FIG. 2. �Color online� Measured heat capacity C �CP�CV� of
Pu0.95Al0.05 and calculated vibrational contribution Cph. Inset: Dif-
ference curve �C.

FIG. 3. �Color online� Debye temperature extracted from the
low-temperature approximation Cph /R= �12�4 /5��T /�D�3. A linear
temperature term was subtracted from the experimental C. The
large error bars at low T are a consequence of the subtraction
procedure.
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possible shape of the EDOS models. We found after several
adjustments that an EDOS model with three Lorentzians lo-
cated at energies E−EF=−0.4,−0.02, 0.3 eV, and differently
scaled constant backgrounds above and below EF, repro-
duces C /T very well at high temperatures, T�100 K, where
electron-phonon coupling is negligible, and requires only a
modest electron-phonon parameter � at zero temperature. We
did not attempt to further refine this EDOS model, nor did
we account for a weak temperature dependence of the chemi-
cal potential in our calculations, due to the particle-hole
asymmetry of the resonance near the Fermi surface. We set
the chemical potential equal to the Fermi energy in the tem-
perature range from 0 to 300 K. For now, we neglect such
higher-order effects in our crude approximation of the elec-
tronic heat capacity and the electron-phonon self-energy, be-
cause this also touches on the difficult problem of how to
accurately treat the occupation of localized versus itinerant
5f electrons in this material, which is still an unsolved prob-
lem. However, we found numerically that the electron-
phonon self-energy is very insensitive to the structured
EDOS model, in contrast to the electronic heat capacity.

C. Electron-phonon renormalization of heat capacity

We apply Migdal’s approximation to the calculation of the
electron-phonon self-energy,26 as outlined earlier, and obtain
the standard results for the renormalization of the EDOS or
equivalently for the mass of the conduction electrons. The
electron-phonon interaction renormalizes the electronic spe-
cific heat according to Ce→Ce+Cep:

18–20,27

Ce + Cep =
2

V
�
k

Ek
df�Ek�

dT
= 2
 dE N�E�E�1

− �ERe 	ep�E���Tf�E� + �TRe 	ep�E��Ef�E�� .

�7�

This is conveniently written as

Ce + Cep = ��0�T� + �ep�T��T . �8�

For a flat EDOS the bare electronic heat capacity of a metal
is Ce=�0T, but more generally �0→�0�T�. The electron-
phonon term is related to the electron-phonon parameter � at
T=0 and the unnormalized Sommerfeld coefficient �0 by

�ep�T� = ��0�0���ep�T�/�ep�0�� . �9�

This standard calculation neglects any effects of anhar-
monic or nonadiabatic phonons on the vibrational heat ca-
pacity and the electron-phonon self-energy that go beyond
the quasiharmonic approximation. Various theories have
been developed that go beyond Migdal’s approximation.28–31

But our analysis of the heat capacity of Pu0.95Al0.05 �see Figs.
8 and 11, and the discussion at the end of this section� shows
no significant contribution of anharmonic phonons up to
room temperature, despite a low Debye temperature. For ex-
ample, the Debye temperature of Pb is �D=105 K. Thus, we
discard any anharmonic or nonadiabatic corrections to the
calculation of the heat capacity.

Since we have no knowledge of the frequency depen-
dence of Eliashberg’s function �2F��� for Pu0.95Al0.05, we
will use �1� a very simplistic model with a single Einstein
oscillator that describes the coupling between the conduction
electrons and the lattice near the longitudinal zone boundary
phonons, and �2� a more realistic fcc spectrum model using
the PDOS, where each phonon mode couples equally to the
conduction electrons. The true �2F��� will lie somewhere
between the Einstein model and the fcc spectrum model and
result in an electron-phonon enhancement of the electronic
heat capacity that is approximated by the limits shown in
Fig. 5.

For simplicity we kept the chemical potential fixed at the
Fermi level for all temperatures when computing the
electron-phonon self-energy. Because this affects the elec-
tronic heat capacity more than the electron-phonon self-
energy, as discussed before, we neglected any corrections to
�2F��� arising from a shift of the chemical potential. For

FIG. 4. Model for the one-electron density of states per unit cell
of Pu0.95Al0.05 in the vicinity of the Fermi energy EF.

FIG. 5. �Color online� Electron-phonon enhancement of the
electronic coefficient in the heat capacity assuming that the Eliash-
berg function has a dominant Einstein mode at 2.8 THz, �2F���
����−�E�, and �2F��� is proportional to the PDOS.
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two dimensions Mahan32 discussed some of the aspects of
electron-phonon interaction near Van Hove singularities in
the context of high-temperature superconductors. However,
this is a complex and difficult problem and goes far beyond
the scope this analysis.

We can give an upper estimate of the dimensionless
electron-phonon coupling constant � by assuming a flat
EDOS. This means that all of the low-temperature enhance-
ment of the Sommerfeld coefficient relative to its high-
temperature value is due to the electron-phonon interaction.
However, it neglects electronic band structure or many-
electron effects. In Fig. 6 we report calculations for the bare
and electron-phonon renormalized electronic heat capacity.
The latter requires an unrealistically large electron-phonon
coupling parameter �=2.6. The Einstein oscillator model
gives a slightly better account of the low-temperature behav-
ior than the fcc spectrum model. The remaining discrepancy
between the difference curve �C and theory is shown in Fig.
7. The residual entropy between the integrated curves �C /T
and �Ce+Cep� /T is unexpectedly big and roughly S�303 K�
=R�0 K

303 KdT��C−Ce−Cep�� /T�0.7R.
Next we give a lower estimate for � by assuming an

EDOS peaked near the Fermi level. This time we include all
band structure and electronic correlation effects into our
model EDOS �Fig. 4�. In Fig. 8 we report the bare and
electron-phonon renormalized electronic heat capacity. We
estimate the coupling parameter �=0.8, which is in remark-
ably good agreement with the thermodynamic estimate by
Wallace ��=0.85�.24 Again the Einstein model for �2F gives
a slightly better account of the low-temperature behavior
than the realistic spectrum model. The remaining discrep-
ancy between the difference curve �C and theory is shown
in Fig. 9. The residual entropy between the integrated curves
�C /T and �Ce+Cep� /T is somewhat smaller and roughly

S�303 K�=R�0 K
303 KdT��C−Ce−Cep�� /T�0.4R, with negli-

gible entropic contribution above �100 K. Note the ex-
tremely small bump in the residual heat capacity around
TM �160 K in Figs. 9 and 10, which is within the experi-
mental and theoretical uncertainties. The residual entropy as-
sociated with this bump between 118 and 303 K is indeed
very small, �SM =S�303 K�−S�118 K���0.028–0.043�R.

Our next concern is whether or not the residual specific
heat can be attributed to lattice anharmonicity. Indeed, this is
not the case, because the curve in Fig. 10 is uncharacteristic
of anharmonicity both in temperature dependence and in
magnitude.33 First, anharmonicity is never found to have a
significant contribution only within a narrow temperature
range at low temperatures. Second, the estimated residual
entropy of �0.4–0.7�R at 303 K is much too large for anhar-

FIG. 6. �Color online� Electron-phonon enhancement of the
electronic heat capacity assuming a free electron gas, i.e., constant
EDOS near EF, combined with an �2F function that has either an
Einstein mode or a realistic fcc spectrum �PDOS shown in Fig. 1�.
For comparison the difference curve after subtraction of the lattice
contribution, �C /T= �C−Cph� /T �solid circles�, and the bare elec-
tronic heat capacity Ce /T �dashed line� are shown.

FIG. 7. �Color online� Residual heat capacity after subtracting
electron �flat EDOS�, phonon, and electron-phonon contributions
from measured C /T. For comparison �C /T is shown �solid circles�.

FIG. 8. �Color online� Electron-phonon enhancement of the
electronic heat capacity using the EDOS model from Fig. 4 com-
bined with an �2F function that has either an Einstein mode or a
realistic fcc spectrum �PDOS from Fig. 1�. For comparison �C /T
�solid circles� and the bare electronic Ce /T �dashed line� are shown.
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monicity, since the anharmonic entropy Sanh at 303 K is less
than 0.1R for all the analyzed elemental metals.33,34

The key result of this work is that after accounting for the
heat capacities from phonons, electrons, and electron-phonon
interaction there is still excess entropy remaining that awaits
explanation.

III. STRUCTURAL PHASE TRANSFORMATION �\��

Our analysis of the heat capacity has shown that there
is an unaccounted for residual excess entropy of roughly
Sres��0.4–0.7�R located between 10 and 100 K. This low-
temperature behavior is clearly separated from the “high-
energy physics” of 1400 K that follows from the invar model
proposed by Lawson and coworkers for the �-phase stabi-
lized alloys of plutonium.35,36 Therefore, it is tempting to
attribute this excess entropy to a partial martensiticlike phase
transformation.12 There is ample experimental evidence that
on cooling parts of the �-phase stabilized Pu undergo a mar-
tensitic transition from the � phase to the �� phase.14,37,38

The �� phase has the same space group as the monoclinic �
phase, except that some of the Pu atoms have been substi-
tuted by the alloying element.

If the structural transformation occurs at temperatures
above �0, i.e., in the classical high-temperature limit, then
the estimated vibrational entropy difference is

�Sph = Sph
� − Sph

� � 3R ln��0
�/�0

�� . �10�

Taking �0
�=77 K and �0

�=116 K �from Ref. 33, we
find �Sph�1.23R. This agrees with the total entropy
increase across three phase transitions, as measured experi-
mentally at ambient pressure in pure plutonium and cor-
rected for the electronic contribution, �Sph

��=�Sph
��+�Sph

��

+�Sph
���1.4R.24,39–41 However, since only 3–5 % of the

sample transforms between � and ��, the available transfor-
mational entropy is around �0.04–0.07�R, far too small to

account for �Sres��0.4–0.7�R. Further, as mentioned in Sec.
II, no transformation in either direction takes place below
�130 K. Therefore, the potential martensitic transformation
cannot be the cause for the residual specific heat, which ap-
pears at still lower temperatures; see Fig. 10.

Alternatively, we can estimate the amount of latent heat or
entropy difference by applying Landau’s theory of phase
transitions to the martensitic � to �� transition. Various mar-
tensitic transformation paths between cubic and monoclinic
symmetries have been discussed for the alloys Ni-Ti and
Cu-Zn-Al.43 Here, the situation is slightly different as dis-
cussed by Mettout et al.,44 because the axis of monoclinic
�twofold� symmetry of the martensite is along the b axis
��010� direction� of the cubic austenite. Therefore, the sim-
plest elastic free energy per volume V, describing a transfor-
mation at temperature TM, is42

�F = �T − TM���TC44
xy
2 +

1

2
�TB
B

2	 , �11�

with 
B
2 �
xx

2 +
yy
2 +
zz

2 . Its corresponding entropy difference
�S=−�T�F is

�S = − �TC44
xy
2 −

1

2
�TB
B

2 � 3.14  10−2GPa

K
2.20  10−3

+ 1.27  10−2GPa

K
3.55  10−2, �12�

or per mole of plutonium atoms we have �S��0.12
+0.79�R. The strain order parameters 
xy =0.0469,
tr �=−0.1621, and 
B

2 =0.0355 were calculated from pub-
lished lattice parameters of the high- and low-symmetry
phases at 140 K, with a0=4.5959 Å and a=6.1328 Å, b
=4.7824 Å, c=10.8997 Å, �=101.816°, respectively.15,45,46

Note that 
xy and tr � are independent of the angle �. The
temperature derivatives of the shear modulus G and bulk
modulus B have been reported for the high-symmetry �aus-
tenite� � phase.11 However, lacking measurements of the

FIG. 9. �Color online� Residual heat capacity after subtracting
electron �peaked EDOS�, phonon, and electron-phonon contribu-
tions from measured C /T. For comparison �C /T is shown �solid
circles�.

FIG. 10. �Color online� Heat capacity over temperature �C /RT�
of a two-level system with energy separation TTLS�120 K and site
occupation n�0.5; residual heat capacities are from Fig. 9.
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single-crystal elastic shear modulus C44, we used the mea-
sured polycrystalline average assuming �TC44�2�TG, be-
cause �1� C44�2G at room temperature and �2� the tempera-
ture dependence of G and B is similar.11 The estimate for �S,
based on continuum theory for deformations, is in reasonably
good agreement with the high-temperature estimate �1.2R�,
which is based on lattice dynamic theory, and the measured
entropy difference across three phases in pure plutonium
�1.4R�. Thus the predicted elastic entropy difference of
roughly 0.9R is consistent with a direct transformation path
between the cubic and monoclinic symmetries in Pu0.95Al0.05,
but does not explain the excess entropy at low temperatures.

So far we have not considered any electronic change in
entropy. For a full description, we need to address the
amount of electronic entropy difference between the � and
�� phases. If we use the peaked EDOS model to compute
Ce /T for the � phase �see Fig. 8� and subtract the high-
temperature Sommerfeld coefficient, as a best estimate for
the electronic contribution of the �� phase, then we find
�Se�100K��0.2R and �Se�303K��0.34R. This suggests
that the transformational entropy difference is dominated by
the contribution from lattice vibrations, justifying our pho-
non analysis.

Thus the proposed scenario12 of a martensitic phase trans-
formation, occurring between 130 and 380 K, is unlikely to
explain the excess entropy or the �-shaped heat capacity be-
low 100 K. Since at most 3–5 % of the sample transforms,
one would expect to observe an entropy difference of �S
� �0.04–0.07�R between 130 and 380 K. Indeed, this is con-
sistent with the observed entropy difference �SM
��0.028–0.043�R between 118 and 303 K. However, this is
much smaller than the low-temperature excess entropy
�Sres��0.4–0.7�R, which occurs mostly below 110 K, as can
be seen in Fig. 10.

IV. HEAT CAPACITY OF LOCALIZED 5f ELECTRONS

Of course there are other possibilities for additional de-
grees of freedom to explain an excess in entropy, for ex-
ample, a magnetic contribution due to localized magnetic
moments. However, very recently Lashley and co-workers47

analyzed various experiments and argued vehemently against
any form of local magnetic moments in �- and �-phase plu-
tonium at low temperatures. Alternatively, crystal-electric-
field effects may play a significant role in plutonium and its
alloys.48 It has been argued for the system of Pu monopnic-
tides that the ground state is a nonmagnetic singlet and the
first excited crystal-electric-field level is on the order of 100
K above the ground state.49,50 Therefore, each 5f electron
site will show an additional internal degree of freedom that
contributes to the total entropy. For simplicity, we model the
localized 5f electrons as independent two-level systems
�each Pu atom has two crystal-electric-field levels with net
zero spin�, then we obtain a good fit to Sres by calculating

CTLS/R = n�TTLS

T
	2 exp�TTLS/T�

�1 + exp�TTLS/T��2 , �13�

with fit parameters for site occupation n�0.5 and level split-
ting TTLS�120 K �see Fig. 10�. However, it is unsatisfactory

that only every other plutonium atom �n�0.5� should con-
tribute. On the other hand, one may argue that this agrees
with the scenario by Cooper and co-workers,51,52 who have
argued that a fraction of Pu atoms has fluctuating valences,
Pu4+/5+, due to the presence of Ga or Al. Assuming that as
many as half of the atoms are fluctuating between these two
valence states, then a two-level system �TLS� would capture
this configurational disorder. However, no sign of magnetism
has been observed at low temperatures. Instead, we speculate
that crystal-electric-field effects or the freezing of self-
irradiation-induced Frenkel pairs at low temperatures give
rise to the observed two-level system behavior. Note that
nominal 242Pu has about two orders of magnitude higher ad-
mixture of the isotope 238Pu, with a short lifetime, compared
to nominal 239Pu, which is typically used in experiments.

Finally, in Fig. 11 we compare the combined total theo-
retical heat capacity with experiment. The agreement is ex-
cellent. Here we combined the results from Figs. 2, 8, and
10, assuming an electron-phonon coupling parameter �
�0.8 with an �2F��� function that has an Einstein mode at
2.8 THz, a TLS with occupation n�0.5, and level splitting
TTLS�120 K.

V. ELECTRON-PHONON COUPLING PARAMETERS AND
SUPERCONDUCTIVITY

At low temperatures �T→0� the electronic heat capacity
is renormalized by the electron-phonon interaction. The en-
hanced Sommerfeld coefficient is �S=�0+�ep= �1+���0,
where �0 is the value in the absence of the electron-phonon
interaction and �ep incorporates all these effects. We find
from our low-temperature analysis of Figs. 6–8 a value of
�S�0.0080�5�R�67�4� mJ/mol K2, which is in excellent
agreement with earlier estimates.12

The high-temperature value of the Sommerfeld coeffi-
cient, as obtained from the purely electronic contribution in
Fig. 6 or Fig. 8, is not renormalized by the electron-phonon
interaction and has the value of the bare electronic specific

FIG. 11. �Color online� Experimental and combined total theo-
retical heat capacities.
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heat coefficient including all other many-electron effects,
�S�0.0022�2�R�18�2� mJ/mol K2. This value is remark-
ably close to the Sommerfeld coefficient at low temperatures
in the monoclinic � phase of pure plutonium, �S
�17–22 mJ/mol K2,6,53 suggestive that a few milli electron-
volts above the Fermi level the same itinerant f electrons are
contributing in both crystallographic phases.

So far our study has revealed the presence of strong
electron-phonon coupling in Pu0.95Al0.05 with a dimension-
less coupling parameter of order unity, 0.8���2.6. Most
cubic metals with such large electron-phonon interaction be-
come superconducting at a few kelvin. It is thus an intriguing
question to explore at what temperature Pu0.95Al0.05 might
become superconducting. The widely used McMillan’s for-
mula for estimating the transition temperature Tc of a super-
conductor is

Tc =
�D

1.25
exp�−

1.04�1 + ��
� − �*�1 + 0.62��	 �14�

where the fit parameter �* describes the effective Coulomb
repulsion. Despite the shortcomings of this expression,21,54

and that �* is not known a priori, it has provided qualitative
insights into the electron-phonon interaction and its effects
on Tc. If we take reasonable values for ��0.8–1.0, �D
�116 K, and �*�0.2–0.3, then we get Tc�0.4–4 K. This
estimate for the superconducting transition temperature is of
similar magnitude as for other strong electron-phonon cou-
pling superconductors �see Table II�, but until today no evi-
dence of superconductivity has been observed in the �-phase
stabilized Pu-Al or Pu-Ga alloys down to about 3 K, or in fcc
PuGa3,55 except for superconductivity in the 
-phase �bcc�
stabilized alloy series �U1−xPux�0.78Nb0.22,

56 and the tetrago-
nal compounds PuCoGa5 and PuRhGa5.57,58

It would be interesting to know if Pu0.95Al0.05 and its fcc
stabilized sister alloys had a superconducting ground state
and are not simply metastable low-temperature states above
the stable ground state of the monoclinic � phase.

VI. CONCLUSIONS

We studied heat capacity measurements of �-phase stabi-
lized Pu0.95Al0.05 and calculated the vibrational, electronic,
electron-phonon, anharmonic, crystal-electric-field, and
structural transformation contributions. Thereby, we found
several important aspects about this material. Among these
are the following: �1� electron-phonon coupling is strong and
cannot be neglected at low temperatures; �2� a flat electronic
density of states, which neglects many-electron effects,
yields an unphysically large dimensionless electron-phonon
coupling parameter ��2.6; �3� an electronic density of
states peaked at the Fermi energy with an electron-phonon
coupling parameter of order unity, ��0.8, is necessary to
account for most of the electronic heat capacity; �4� a re-
maining residual excess entropy of order Sres�0.4R can be
understood in terms of an additional internal degree of free-
dom, for example, crystal-electric-field effects or self-
irradiation-induced defects at plutonium sites; �5� a structural
transformation from �→�� occurs at temperatures too high,
and is too small in magnitude, to account for the low-
temperature excess entropy; �6� finally, the excess low-
temperature entropy is not indicative of any significant lat-
tice anharmonicity.

Clearly, more experiments are needed to resolve the rel-
evance and transformation path of the �→�� transition,
which occurs around 130–180 K. Finally, the presence of
crystal-electric-field effects, and the possibility of a super-
conducting ground state for Pu0.95Al0.05, its �-phase stabi-
lized sister alloys, and PuGa3, will be a challenge for low-
temperature calorimetry.
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