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One-band Hubbard model with hopping asymmetry and the effective theory at finite U:

Phase diagram and metal-insulator transition
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We study the one-band Hubbard model at half filling with hopping asymmetry and its effective model at
finite but large U up to the second order of 7.,/ U. Two variational wave functions, the resonating valence
bond (RVB) wave function and antiferromagnetic (AF) RVB coexisted wave function, are studied by varia-
tional Monte Carlo method on L X L square lattices up to L=12. Based on these two wave functions, the phase
diagrams for both models are presented. For the Hubbard model, we find that there is a metal-insulator
transition when the hopping parameter #,,;, which changes the local double occupant vanishes while only a
metal-insulator crossover is explored for any finite #,,;,. For the effective model in which the perturbation
expansion is up to the second order of 7,,;,,/U, a clear metal-insulator transition can be identified for both
variational wave functions and the phase diagram can be drawn accordingly. In both models, we find that the
systems are dominated by AF-RVB wave function when U is large while the RVB wave function is favored

when U is small.
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I. INTRODUCTION

The one-band Hubbard model is a generic model for in-
teracting electrons in the narrow-band and strongly corre-
lated systems.! Especially, since the high-temperature super-
conductivity was discovered in the cuprates, the Hubbard
model on two-dimensional lattices as well as its strong cou-
pling limit model,” the -/ model, have been extensively
studied in order to understand the various anomalous prop-
erties of the cuprate superconductor. The updated investiga-
tions, however, cannot supply a definitive evidence to show
the stable d-wave superconducting ground state in these
strongly correlated models.?

It is known that since the Hubbard model for two-
dimensions is not exactly solvable, using the Hubbard model
to study the exchange correlation of the system is difficult.
On the other hand, the #-J model is weaker in studying the
long range charge correlation because the on-site Coulomb
repulsion becomes trivial due to the nondoubly occupied
projection. A better phenomenological model to include
stronger correlations is the #-J-U model.* The existence of
both J and U terms is very important in a possible new
mechanism of superconductivity, gossamer superconductiv-
ity, proposed by Laughlin recently.>>® Both J and U appear-
ing in the model has been argued to be the result of the
correlations such as charge transfer processes in the three
band Hubbard model.” Dealing with the three-band Hubbard
model, however, is very complicated and thus, the precise
analytical deduction from the three band to single band Hub-
bard models lacks. Moreover, an exact reduction from the
three band model to the single band with both J and U terms
are more difficult.

In this paper, we would like to deal with the one-band
Hubbard model with a hopping asymmetry at finite U. In this
case, since the on-site Coulomb repulsion is not infinite,
there may be a fraction of the lattice sites doubly occupied
by electrons. Thus, the U term is nontrivial but can be ex-
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actly treated. The difficulty is to deal with the kinetic term.
We will present a variational Monte Carlo calculation for the
Hubbard model in a two-dimensional square lattice. We ex-
amine two types of variational wave functions, the resonat-
ing valence bond (RVB) wave function and antiferromag-
netic (AF) RVB, coexisted wave function. There are many
variational wave functions, including AF, RVB, and AF-
RVB, due to different kind of approximations. In this work,
we will not consider other possible orders, such as CDW and
SDW. For simplicity, we focus on the AF, RVB, and AF-
RVB, which were investigated by most of studies of the
variational Monte Carlo and mean-field theory. The early
variational Monte Carlo studies showed that the results of AF
and RVB are contradictory but the AF-RVB has lower
energy.®® Thus, it is quite reasonable to consider the AF-
RVB wave function. However, the mean field studies prefer
RVB.>!? Thereby, we included RVB in our work to make a
comparison with the mean field studies. It is found that the
RVB state has a lower variational energy for smaller U and
tmix Which is the hopping amplitude changing the local
double occupation while the AF-RVB state is favorite for
larger U and 1,;,. For both wave functions, we check their
phase structures. Both wave functions have a crossover from
metal to insulator states as U/t,;, tends to infinity. On the
other hand, there is an ambiguity to find an optimal varia-
tional paring parameter A describing the RVB feature of the
states. In a wide range from A=0 to 1, the variational ener-
gies are almost degenerate for the lattice size in our calcula-
tion. This leads to a difficulty to identify if the metal state is
either Fermi liquid or d-wave superconducting.

To understand the physics in the crossover regime more
clearly, we study an effective model which includes the con-
tribution up to the second order of ., /U. Moreover, the
experience in the 7-J model taught us, if there is a spin ex-
change term in the Hamiltonian, the pairing variational pa-
rameter is much easier to be optimized.!" For a large U, the
spin exchange may be explicitly shown by considering the
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virtual hopping of electron between two single occupied
sites. A hopping term changing the double-occupancy may
be taken as a perturbation as that in deducing the #-J model
from the single band Hubbard model. In the perturbative
deduction from the Hubbard model to the #-J model, we see
that the J term is actually from the second order perturbation
in t,;, /U by taking the off-diagonal term for the double-
occupied number in the kinetic term as the perturbation
Hamiltonian. Namely, if the 7 term is decomposed into
Tgiag+ Tofi-diag> the perturbation process transfers T gjoy t0 J
term, a virtual hopping process, and only 7y;,, serves as the
real hopping.'? It can also clearly be seen from the canonical
transformation deduction of the #-J model.'3 In the present
case, we can still have a J term as in the #-J model while the
U term is kept due to a nonzero double occupancy. In the

t-J model, due to the no-double occupancy constraint, the
kinetic term is a hopping between a single-occupied site to
an empty site. For the present model, in addition to this
hopping term, a hopping between double- and single-
occupied sites and a pair hopping between the double-
occupied and empty sites would be included. Thus, we can
derive an effective theory at large but finite U, which cap-
tures both the charge and exchange correlations of the sys-
tem. We can have kinetic, J and U terms. However, it should
not be confused with the #-J-U model mentioned above. In
the #-J-U model, the J is set as a free parameter that means J
is independent of ¢ and U . But in our case, J comes from the
expansion of 7, /U. In this effective theory, there is no a
hopping term which changes the local double occupation. It
is an extension of the #-J model with doubly occupied sites.

To work out our model, we use the canonical transforma-
tion. We find that, to the second order of ¢,/ U, the effective
Hamiltonian can be written as the sum over the Hamiltonians
acting on a subspace of the Hilbert space with a fixed double
occupied number D. This fixed D Hamiltonian including
three hopping terms which serve the electron hopping from
single to empty sites (f, term), double to single sites (z;
term), and the paring hopping (z, term); the U term and J
term as well as various nearest-neighbor interactions.

We also study the RVB and AF-RVB variational wave
functions for this effective model by the variational Monte
Carlo method. The RVB state is in smaller J and U regime
while AF-RVB state is favored in larger J and U, consistent
with the Hubbard model. For both wave functions, a first
order metal-insulator transition may be found.'” Finally, we
can plot a phase diagram in J-U plane. The regime J
=4(t,,;,)*/ U with t,,, /U<1 should describe the physics of
the crossover regime in the Hubbard model. We see that if
neglecting the high order term, this crossover corresponds to
a metal-insulator phase transition.

This paper was organized as follows. In Sec. II, the de-
tailed deduction of the effective model is provided by ca-
nonical transformations. In Sec. III, the VMC results for the
original Hubbard model and the effective model are pre-
sented. In Sec. IV, we give some discussions and conclu-
sions. The mean field theory is arranged in the appendix for
giving some feeling to relate our effective model to Laugh-
lin’s gossamer superconducting model.

PHYSICAL REVIEW B 72, 045130 (2005)

II. HUBBARD MODEL AND ITS LARGE BUT FINITE
EFFECTIVE MODEL

A. One-band Hubbard model

We start from the Hubbard model on a two-dimensional
square lattice where the hopping energy may be dependent
on the occupation of sites involved.'* Including the on-site
Coulomb interaction, this Hubbard model reads

L

H=T+V=T+UX v, (1)
i=1

where L is the number of the site; v;=n;n;, n,-(,zc:fgci,, with
Cis @ spin-o electron annihilation operator at site i and the
kinetic term is given by

T: Th+ Td+ Tmix’

Th: E t’}(l nis Cw_ ]U.(l nj,;),
(ij)o

2 tz/nzo CIO' C/a' n]o"
(ij)o

Thix=T,+T_=- E tmlx Nz Ciy ja(l )

(ij)o
_ E tmlx

(ij)o

cwcw Njg. (2)
Here T (T) creates (destroys) a double-occupied site. We

assume 7/ A—t /=t and t”"x—t”' for the nearest neighbor sites
and Vanlsh 0therw1se

B. Effective model

In large but finite U (U>t,,;,), we can treat the T, term
as perturbation, which leads to the #-J model in infinite U
limit. An easily pellucid way to arrive at the effective model
is via a canonical transformation. In order to define the ca-
nonical transformation, we explain our notations. The partial
Gutzwiller projection operator

NI2

Mg =I1[1-(-9rl=> ¢Pr=g". (3
i D=0

where 0<g=<1 is the Gutzwiller parameters; N is the elec-
tron number,? ﬁzzivi, and

Pp= 2, [V[I V[DH (1- Vj):|
{if,...ip} j

is a projection operator which projects a state into the sub-

space with a fixed double-occupation number D. Py=I1(0) is

the full Gutzwiller projection operator and I1(1)=1. For con-

venience, we denote

Pp(g)=¢"Pp, g =2 Pplg).

D=i

The first goal of this work is to construct an effective
Halmitonian H. and after the partial Gutzwiller projection,

045130-2



ONE-BAND HUBBARD MODEL WITH HOPPING...

the projected effective Hamiltonian is given by
T1(g)Hoyel1(g) = 2 Pp(g)HetPp(g) = 2 ¢*"PpHeosrPp.
D D

(4)

i.e., all the off-diagonal part P (g)H.Pp(g)=0 for D' # D.
We shall prove that the result effective Hamiltonian in which
all terms keep D invariance is given by

Heffz Th+Td+Tp+\7+ V, (5)

where T, is a pair hopping kinetic energy and J is the spin
exchange as well as various nearest-neighbor interactions,
namely,

E tpcm Cio cm Cia»
(ij).o

1
J= E-L,(S S; - nn+ S n;
{ij) 2

1

+ S ”ﬁ”m”ﬂ"ﬂ) : (6)

For tyi/U<1, Jy=J=~4t5. /U, t,=

The canonical transformatlon for the Hubbard model to
the #-J model has been a standard technique.'> A detailed
review for the canonical transformation can be found in Ref.
16. Our derivation is a generalization of the D=0 case. No-
tice that PpT i Ppr=0p: pr1PpTmixPp+1 and Eq. (5) remains
D invariant, as well as I1(g)I1(g")=II(gg’), P, (g)P,]D(g’)
=P, (gg ). Keeping these in mind, we do a partlal projection
H(x)HH(x) with x=g*N. For large N, x is very close to 1. A
straightforward calculation leads to a rewriting of
I1(x)HII(x)

TI(x)HTI(x) = Hy(x) + H))(x),

Ho(x) = H jjq(x) + DE_ZH?(x), (7
where
Hjiqg(%) = 2 Pp(x)HPp(x),
Pt
HY(x) = Pp_y()TPp(x) + Pp()TPpy(x).  (8)

The purpose of the canonical transformation is to acqulre an
effective Hamiltonian H(lf) such that PyH_ 1)PD PpH, 1)PO

=0 for D#0 to the second order of t,;,/U. This H lff) is
defined by

tS(l)

HO) = ST () HTT (x)e 5" )

eff

As is well known,'316 §U) js determined by the self-
consistent condition

H)(x) + [H(x), SV]=0

and thus the effective Hamiltonian reads
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i 1
Hejp=Holx) + SIS, H (@] = (s, [8, 1))}

+ ... (10)

Solving the self-consistent condition, Hi}f) in a large U is
: 12,16
given by~

1
PoH\\ Py~ P,HP, - PoHP HPo, (11)

(x)HeffP (x)=P, (x )HP, (xz)

1

+ 5P (C)HPGHP, (x%).  (12)
The approximation “~” in Egs. (11) and (12) means the
exactness is up to the second order of f,;,/U. Namely, the
third term in (10) has been neglected. In fact, the off-
diagonal part PyH eff)P vanishes also only up to the second

order:
PyH{P, =PyHP, HP HP,

1
~ AT~ Olti])

(13)

is of the third order. The second terms of Egs. (11) and (12)
may be calculated and given by

1 1
= [P0 HP HPy == ZPyT_T.Py = PoJPy,
1 1
G PoPoHPy = 2P, TPy = P, T,P, . (14)

Thus, up to the second order, we have

Py HYIPy ~ Py HeiPy. (15)

P, (H{P, (x) = P, () (H+T,)P, ().  (16)

where ~, in addition to meaning up to the second order, also
means the three and more sites processes are neglected.

If the nondouble occupied constraint is imposed, Eq. (16)
vanishes because it is related to the double occupation. Equa-
tion (15) gives rise to the common ¢-J model. However, if the
double occupation is allowed, we have to deal with Eq. (16).
In fact, one can repeats the canonical transformation to Eq
(16). We would like to requlre an effective Hamiltonian H(
whose off-diagonal part PlH ffPD Py Hg;PI—O(tJ) for D
> 1. For this purpose, one writes

M) HTL(x) = PoHyit Po + Ho(x) + HY (), (17)

where
Hy(x») = P\(:*)(H+T,)P,(x*) + P, () (H+T,)P, (x*).

We do a canonical transformation and define
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N H e, (18)
where S is required to satisfy PyS®=S®P,=0 such that
Poll(x) effl_I(x)PO is invariant under the transformation and
it is self-consistently determined by

2
erfg=e

iH(;)(xz) +[Hy(x?), sP]=0.

Hence, similar to Eq. (10), one has
~ i
HG = PoH{ P, + Ho(x) + 5[5(2)’ HY()]+ -

(19)

Projecting H( —>H(x)H( II(x) and repeating the similar
procedure to deduce Eqgs. (15) and (16), one arrives at

PHSIPy =~ PoH,Py,
(2) ~ 2
Pi(x)HeiP1(x) = x“P HgPy

P, (WHRP, (x) = P, (*)(H+T,)P, (x),

for a large U, where the three site processes have been ig-
nored.
Repeating this procedure, we finally have

() HYTI(x) = ) 2P PpHPp =T1(g)HeT1(g).
D=0

(20)

The last equality is because H.s is D invariant. The
Gutzwiller parameter is g but not x because we are doing the
partial projection in each time canonical transformation.
Thus, we end the proof of Egs. (4) and (5). Moreover, we see
that, in a partial Gutzwiller projection, the variational ground
state energy is given by a polynomial of the Guztwiller pa-
rameter g in power of 2D. The coefficient of g?>’-term is the
ground state energy of the system with a fixed D. Using g as
a variational parameter may be convenient for the numerical
simulations. In the original Hubbard model, the change of
the double occupied number is allowed. We see here that the
allowance of this change in a large U is very small. After
neglecting the three and more sites processes, the probability
of the change of D is in the third order of 7,,;,/ U as Eq. (13)
shown. Considering the fixed D processes may be helpful to
numerical simulations.

III. VARIATIONAL MONTE CARLO RESULTS

In this section, we present the variational Monte Carlo
results for the original Hubbard model with an asymmetric
hopping and for its effective model deduced in the previous
section. We only focus on the half filling case. Away from
the half filling the small double occupation concentrate may
not be important.

A. Variational wave functions

The variational wave functions we would like to study are
so-called the partially projected RVB state |¢p)=Pp/BCS)
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and the partially projected AF-RVB state |¢p)=Pp|AF-
BCS). The BCS state is defined by

IBCS) = 1T (u, + vkc,}cfkl)|0>, (21)
k

where u; and v; follows the standard BCS form

A

alk)=—=—"—,
ue  G+Eg

&=-2(cosk,+cosk)—pu, Ep= VE+AL  (22)

for the d-wave pairing parameter A;=A(cos k,—cos k,). The
AF-BCS coexisted state |AF-BCS) is defined by’

|AF-BCS(AgA ) = T () + v d) al))]o)
k,s

(
ocexplE —Gdd, }|0> (23)
k,

where

—

i

N

+A
- el
(£E;— p) + N(£E — )™+ (A7)

|»

5( x) _

<

(:
Uy

and E.= \'62+5§f, €=—2(cos k,+cos k,) and y,=2(cos k,
—cos k), and

dl(c-:r)T = QoCAko — Bko’CBk07
Ay = BeoCaro + UoChio (25)

with

1 Af
Qg = _<1_0- a>,
2 E,

1 A
Ay = —(1 + U—I) (26)
2\ T,

Caro(Chio) 18 the electron operator on sublattice A(B).

B. Hubbard model with asymmetric hopping

We first make a variational calculation for the original
Hubbard model. The energy we want to minimize is given by

> 5 Y Np(Typ+ Typ)
ED ¥PNp

ix
szD+1/2\’yND Np. Tg,DH
+ , (27)

20N,

where y=g2, Np=(iip|hp) for the partially projected RVB
state |,)=Pp|BCS) or the partially projected AF-RVB state
|4p)=Pp|AF-BCS).

The average double occupation number d is given by
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D
2, Y"Np DIL

d=— (28)
D
ED:O Y'Np
and
~ (Wp| Tha) | top)
h(d),D = ND >

mix_ $Upal Tl ) N Wl T_|hp1)

Tpp=—" ] (29)
" VNp Np, VNp Npy

Let {|ap)} be a set of the basis in the configuration space
with a fixed D. The normal factors Ny, is given by

Np= > (plapXap|gp) = > Kaplyp)]* = > |AaD|29

ap ap

(30)

where A, is just the determinant of the configuration ayp.
We are not able to calculate N exactly. We use the approxi-
mation by taking all probabilities |AaD|2 to be the same.!”!?
Thus, at half filling

RVB: L!
b T [(NR2-D)'PDL-N+D)\’

for the RVB case. In the AF-RVB case, the lattice is divided
into two sublattices A and B, respectively, and

(31)

N?)F_RVB _ (L/12)!
NagtNg | NapNag Nyt !Ny INsp!Nyg!
L/2)!
LRy (32
where the configurations (NgtsNa|»Nap.Nag;

Ngi,Ng|,Npp,Npg) correspond to numbers of spin-up, spin-
down, double occupancy, and empty sites for each sublattice
and subjected to the following constraints:

N
NAT+NA1_NAD+NAE=_

2’

N
NBT+NBl_NBD+NBE: 5,
NAT+NBT=NA1+NBI=E’
NAD+NBD:NAE+NBE:D‘ (33)

By using the variational Monte Carlo method,'” we cal-
culate the variational energy (27) by optimizing the varia-
tional parameter A. The term Ud is not dependent on A. For
the projected RVB wave function, T}, , T, p, and Tp'p,,, for
several D are depicted in Fig. 1. (The energy unit r=1 is used
in all figures through the paper.) The lattice sizes are 10
X 10 and 12 X 12, respectively. We use periodic-antiperiodic
boundary condition to avoid the degeneracy in Brillouin
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zone. All data are calculated with more than 10* Monte Carlo
samples. Although there is a minimum in 777, , around
log;o A=0, the total kinetic energy is minimized after
log;y A <-1.0 because the minima of T} p are in after
log;y A <-1.0. Unfortunately, we see that there is very broad
minimal flat in variational energy from A=0 to log;o A
=~ —1.0. Thus, we can not distinguish the metal state is either
the Fermi liquid or superconducting state. For the AF-RVB
wave function, the trend of T}, ,+7T,p and Tyyix p ps 18 dif-
ferent. However, in the total energy 27 T), p+7, p dominate.
So the situation is similar to the RVB case. The parameters
we use are log;yA=log;yA,=—0.6 and the optimal
logjg Ay~ -0.6.1120

Comparing the variational energies of the two wave func-
tions, we find that the system is in the projected RVB state
for small U and f,;, while it is in the projected AF-RVB
coexisted state for larger ones. Table I shows the transition
when T,;,=0.6. The critical line is shown in Fig. 2.

To understand the phase diagram of the system, we shall
calculate the optimal average double occupied number d for
an appropriate wave function (RVB or AF-RVB) for given
tmix and U in the optimal parameters (A or A, and A,).
Substituting Eq. (28) into Eq. (27) and eliminating y, we get
the function E(d). Then, identifying the minimum of E over
d, we get the optimal d, and E,. If dy=0, the system is in
insulating state while if d,>0, the system is in metal state.
There is a second order phase metal-insulator transition in
fmix=0 as show by Fig. 3(a). The critical interaction U.(0) is
spotted in Fig. 2. However, when ¢;, >0,

JE(d) |

ad |, U+ (T, -Ty + c \//C_ZTOJ , (34)
where C is a constant. For any finite 7,,,, no matter how large
U is, it can be found there exists a dy>0 so that
JE(dy)/ dd,=0. As instances, in Figs. 3(b) and 3(c), we plot
the d-E curves for #,,,,=0.8 and U=10 for the RVB state
[Fig. 3(b)] and the AF-RVB state [Fig. 3(c)]. The dashed
curve in Fig. 2 gives the values of (¢,,,U) where the d,
=0.01. For a sufficient small d,,, the system becomes a prac-
tical insulator and therefore, there is a metal-insulator cross-
over as showed by the shade area in Fig. 2. Due to small U,
the RVB region is in metal phase. The AF-RVB region is
divided into two phases. For a given U, the system is in the
insulating phase when t,,;, is small enough while in metal
state when 7,,,;, is large.

C. Effective model

‘We now begin to examine the effective model. The energy
we want to minimize is defined by

ED YPNp(Typ+ Tup+T,p+Jp)
E=Ud+ D 5 (35)
ED)’ Np

where d is defined by Eq. (28).
For fixed D, Np is defined by Eqs. (30)-(32) and 7, p,
Typ, Typ, Jp are defined by
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FIG. 1. (Color online.) (a), (b) The kinetic energies T}, p+7T,p and Ty, p.ps1 of RVB as functions of log g A. (a) T_56+7, 65 (squares),
T,5+T, 5 (circles), and T}, ¢+T, ¢ (triangles) in a 10X 10 lattice. (b) T_75+T, g7 (triangles), T}, 7+ 7,7 (squares), and T}, g+T, ¢ (circles) in
a 12X 12 lattice. (c), (d) The kinetic energies T}, p+ T, p and Tpyix p p+1 of AF-RVB as functions of log;o A, and log; A, in a 10 X 10 lattice.
(¢) Ty5+Tys. (d) T_56+T, 5. Note that for the different trend between T}, p+T, p and T s p.ps+1, We change the view of Ty p pei-

~ (Wp|Thapl )

h(d,p),D ND

_ Wnldlu)

J
D N,

(36)

Our strategy is that using the variational Monte Carlo
method to minimize Ej, for fixed D and fixed electron num-
ber N at the half filling by varying the variational parameter
log;o A. Then, draw the curves E as the function of d through
Egs. (35) and (28), to read out critical U, and d, from the
shape of the curve for different model parameters U/t and
J/t. At the moment, although we still use J =472 / U, we do

mix

not not restrict at f,;,/ U << 1. The comparison to the Hubbard
model is only valid in the region ¢,;/U<1.

Our variational Monte Carlo carries out on square lattices
as in the Hubbard model above, with sites L from 10 X 10 to
12X 12. A periodic-antiperiodic boundary condition is used.
All data are calculated with more than 10* Monte Carlo
samples. In the half filling, we set the chemical potential w
=0. The ground state energies Ej, are calculated. We show
S;-S; for D=0 and D=1 varying as log;y A in Fig. 4(a) for
the RVB state. The no-double occupant energy D=0 is the
variational ground state energy of the common ¢-J model.
Our result is well consistent with the known results.'"1* We
calculate Ej, up to the largest D=L/2—-1, and find that all

TABLE I. The transition of Hubbard model between RVB and AF-RVB at t,,;,=0.6. The critical U is

4.316.
U 0 1 2 3 4 5 6 4316
Erve —0.835 -0.603 —0.405 —-0.242 —0.115 —-0.0245 —-0.00202 -0.8324
ExrRrvB —-0.795 —-0.564 —-0.373 -0.221 —-0.109 —-0.0425 —-0.0205 -0.8324
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AF-RVB-I
AF-RVB-M

=L il

3 RVB-M

0.0 0.2 04 0.6 0.8 1.0 1.2

mix

FIG. 2. (Color online) The possible phase diagram of the Hub-
bard model. The solid line divides the #,,;,-U plane into the RVB
and AF-RVB regions. The RVB region is in metal state (RVB-M).
There is a crossover from metal to insulator in AF-RVB region
(AF-RVB-M to AF-RVB-I). The spot on the U axis (7,;,=0) is the
metal-insulator phase transition point U.(0). The shade area is the
crossover region and along the dashed curve dy=0.01.

these energies are almost degeneracy in wide range between
—0.5=<log;y A=<0.0. Using the Monte Carlo estimating en-
ergy Ep on 10X 10 lattice, we approximate E in Eq. (35) by
finite sum for D=49 and log,y A=-0.5. The error bars for
independent Monte Carlo initial configuration are in order of
1% and we do not show them.

The energy of the AF-RVB wave function also can be
calculated by variational Monte Carlo method with optimiz-
ing both of the model parameters A, and A,. We show J),
for D=0 and D=5 in Figs. 4(b) and 4(c). The results of D
=0 corresponding #-J model at half filling. Our results are
consistent with the known results.” One can see that for D
=0, the energy minimum locates in a deep valley.

We also analyze the two wave functions’ finite-size scal-
ing of D=0 which corresponds to Heisenberg model. The
results are show in Fig. 5. All the data but the 16X 16 of
AF-RVB, which is only one datum since it is required very
long time to get one result, are average of five independent
calculations. One can see that for Heisenberg model the en-
ergies of AF-RVB are deeper than those of RVB.

For a pair of fixed J and U, we can compare the varia-
tional energies corresponding to both wave functions (Table
I0). In this way, the J-U plane can be divided into two re-
gions: RVB and AF-RVB, which is similar to the case in the
last subsection for the Hubbard model.

For a given type wave function, we look for the possible
metal-insulator transition. First, as in the case in Hubbard
model, there is a second order phase transition when J=0. If
J>0, due to the vanishing of T™X term, there are first order
phase transitions in a given type wave function. Figure 6
gives an example of the first order metal-insulator transition.
In Fig. 7, we show the relation between the critical U,. or J,.
and the critical double occupied concentration d,. for the
RVB wave function. In this way, we can determine the criti-
cal J.-U, line in the J-U plane. Figs. 8(a) and 8(b) show the
critical J-U,. lines for the RVB and AF-RVB wave functions.

PHYSICAL REVIEW B 72, 045130 (2005)

0.0001
0.00008
mO'OOOO6
0.00004
0.00002

002 0.
(a) d
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0.000 0.001 0.0015

d

0.002

0.005 001
-0.005 d

0.015 0.02

(c) =0.01

FIG. 3. The d-E curves of Hubbard model. (a) 7, =0. The
different curves are corresponding to different U. Lower curve has a
smaller U. The second phase transition happens at U,(0)=4.5678.
(b) and (c) are d-E curves for RVB state and AF-RVB state at
tmix=0.8 and U=10, respectively.

They are quite similar. Combining these two phase diagrams
together with the region-dividing picture mentioned above,
we depict the comprehensive phase diagram [Fig. 9(a)]. In
the RVB region, due to small J and U, the system is in metal
state. In the AF-RVB region, the system is basically in an
insulating phase. For J=0.5, there is a phase which may be
a AF-RVB metal state. Since the optimal variational param-
eters A and A, are not zero, the metal state may be a super-
conducting state. Converting J — f,,,; [see Fig. 9(b)], we find
that for small 7,;,, the phase diagram is consistent with the
crossover picture in the Hubbard model.

IV. DISCUSSIONS AND CONCLUSIONS

We have investigated the Hubbard model with the hop-
ping asymmetry and deduced an effective theory for large
but finite U. Based on two types of the variational wave
functions, the phase diagram of both models are depicted by
the variational Monte Carlo method. For the Hubbard model,
we found it is difficult to determine the exact critical bound-
ary of the phase transition of the metal-insulator. Moreover,
the superconducting behavior in the metal phase was not

045130-7



Y. WEN AND Y. YU

-0.51-
A ©
-0.52 -
-0.53 D=1
-0.54
0n_ |
L ¢
-0.554 /
1 ® / D=0
-0.56 4 /
b E— ———
0.57 - T
1 1 1 T T T T 1 1

10 08 06 04 -02 00 02
(C) Iogﬂ]Ad

FIG. 4. (Color online.) The variational energy for fixed D vary-
ing as the variational parameter log;y A for RVB (a), log;o A, and
logyy A, for AF-RVB (b), (c).

clear. The effective model is a finite but large U extension of
the #-J model. This model captures both the charge and ex-
change correlation. The phase diagram of this model clearly
shows a metal-insulator phase transition. Due to non-zero
optimal A and A, the metal state may be superconducting,
which leads to the possibility of the gossamer superconduc-

PHYSICAL REVIEW B 72, 045130 (2005)
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(a)
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-1.1652 ————¥———F———7———
0.000 0.005 0.010 0.015 0.020 0.025 0.030
(b) 1/L

FIG. 5. Finite-size scaling of RVB at log;y A=-0.5 (a) and AF-
RVB at log;gA,=—0.6 and log;yA,=-0.6 (b). All data but the
16 X 16 are average of five independent results and we show typical
error bars. Where L is the lattices size.

tivity in the framework of the hopping asymmetry Hubbard
model.

The relation to the gossamer superconductivity can also
be seen from the mean field state of our theory. The basic
idea to go this mean field state has been explained in our
previous preprint.”! Here we present a renewed version of
the mean-field state. We only try to show our mean field
theory may formally be equivalent to Laughlin’s gossamer
superconducting model. We do not intent to go more analysis
such as the stability of our mean field state against other
possible instabilities before we work out some more sophis-
ticated issues. We put this formal identification into Appen-
dix.
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TABLE 1I. The transition of #-J-U model between RVB and AF-RVB at J=0.3. The critical U is 3.512.
The Critical U of RVB M-I transition is 3.8, and that of AF-RVB is 3.45.

U 1 2 3 4 5 6 3.512
Exva -0.656  -0491  -0381 -0.34 ~0.34 ~0.34 ~0.3494
Exprve  —0616  -0457 0365  -0.34943 034943  -034943  -0.3494
. - 2 h d
APPENDIX: MEAN-FIELD STATE D= = (1= By, (A2)

We outline the mean field state of our model in this ap-
pendix. Due to the paring hopping is of the order J, we
neglected it in our mean field theory. Introducing two corre-
lation functions A;;={c; c;1=¢;1¢j )0 )(U—<c,T T+cll i1)0- the
U(1) symmetry of Hy is broken by a decomposition of the
four particle terms.?! According to A;; and ;;, the mean-field
Hamiltonian of Eq. (5) is given by

— ho, (1)
HMF - 2 (tij + t (nm'+ nj(r) + t nw’n]o‘ io ]U’
(ipo

+ 2 (Jz]+J( )(nl(r+nj(7')+'l(2) urnj(?)
(ijo

X(_ 1)U(Ai Cig _]()'+ Ale]a w') + Uz annll

- 2 2J,(1 = A)nyyny,
(i)

E‘Il]<A|Al]|2+ (1 _B)|)(U|2>(l’l +I’L

(ij)
nio”jo’) >

(A1)

A
+ E Jij(E|Aij|2nianja'+

(ipo

where the parameters are given by

B
@__=
Ji'=—7J3

A
(n_ 2
Jij =—J; > i

2"

3

(1) _ _ 4
Li ==t~ (1 _A)inJij,

-0.3397

-0.33975
]

-0.3398

-0.33985 /

0.005 0.C1 O0N15 @702
d

FIG. 6. The total energy E averaged in RVB variational wave
function varying with the double occupant concentrate d for J
=0.3 and U=3.804,3.8007,3.7974 from the upmost to the lowest,
respectively. The critical U.=3.8007 and d.=0.0135 in this case.

A and B are the variantional parameters to be determined. On
the other hand, we write down Laughlin’s gossamer super-
conducting Hamiltonian

HG - IU’RN= E Ekglto Eka’ (A3)
k

where up is the renormalized chemical potential, Ej

=\(e—ugp)*+AL and by, =TI(g)hy,I1"'(g) for by =uycyy
+Uchk 1 and by =uycy l—vkcim annihilate the BCS state. Ex-
pressing explicitly Eq. (A3) by the electron operators,®?! we
have

5.0
4.54
40 Insulator

3.5

3.0
Metal

20 T T T T T T v T T T T T T 1
0.1 0.3 0.5 0.7 0.9 1.1 1.3

o N
N

3.5 .

5
3.0

1 Metal
2.54

2.0 T T T T T T

02 04 06 08 1 1.2
(0) J

Insulator

FIG. 7. Phase diagrams for different variational wave functions.
(a) for the RVB wave function, (b) for the AF-RVB wave function
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FIG. 8. The critical concentration d, for the RVB state (a) U,-
d. curve, (b) J.-d, curve.

HG Iu’RN_ 2 [tlj + tl] 1)(nt(r+ njrr) + tl] )
(io

nighz)

+ E ‘]l] 1+ alg(n10'+nj0') aﬁnzanw

(ij)o
X(_ I)U(Al] L(fcj(7'+ Aljcj(r io
+ Ucz niyn; — N (A4)

where a=1-g¢ and B=(1-g)/g and

E

(70 == 2 (avy + Bug)e™ T
k

<

E ;
tg(z) — E ﬁ(azvi _ ﬁZui)ezk(ri—rj)’

k
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FIG. 9. (Color online.) Phase diagrams of the effective model.
(a) The phase diagrams of the system in the J-U plane. (b) Con-
verting () to t,;,-U.

A 2 ukve ke(rpmry) (A5)

and Ug=(1/M)SE[Q2B+Bui+(2a-a®)vil,  ug
=(1/M)S(E[(2a+1)vi-ui]. If we identify the ¢-J-U model
to the gossamer superconducting model in the mean field
level, one requires

A=af, B=2ap,
G() _ _ 4h
W=—1 = (1= aP)x;ily,

(9@ =+ il — (1= 2aB)xd. (A6)
and  ug+ug=J(12A]A,>+8(1-B)|x ) +u, U=Us+8J(1
-A).

Although we have made a formal equivalence between
our mean field state Hamiltonian to Laughlin gossamer su-
perconducting Hamiltonian, we note that the hopping param-
eters 1902 have run out of the practical range in the real
materials. Thus, to show the system described by the ¢-J-U
model has a gossamer superconducting phase described by
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Laughlin gossamer superconducting Hamitonian, a renor-
malization group analysis is required. We do not touch this
aspect in this work. However, we can believe there is such a
superconducting phase in our theory if U<U, because the

PHYSICAL REVIEW B 72, 045130 (2005)

superconducting paring parameter is determined by the opti-
mal exchange energy as in the common #-J model. The
renormalization of the hopping parameters is believed to af-
fect the normal dissipation process only.

1J. Hubbard, Proc. R. Soc. London, Ser. A 276, 238 (1963).

2P. W. Anderson, Science 235, 1196 (1987). F. C. Zhang and T. M.
Rice, Phys. Rev. B 37, R3759 (1988).

3R. B. Laughlin, cond-mat/0209269 (unpublished).

4T. C. Hsu, Phys. Rev. B 41, 11 379 (1990).

SF. C. Zhang, Phys. Rev. Lett. 90, 207002 (2003).

®B. A. Bernevig, R. B. Laughlin, and D. I. Santiago, Phys. Rev.
Lett. 91, 147003 (2003).

7S. Daul, D. J. Scalapino, and S. R. White, Phys. Rev. Lett. 84,
4188 (2000). L. Arrachea and A. A. Aligia, Phys. Rev. B 61,
9686 (2000). E. Plekhanov, S. Sorella and M. Fabrizio, Phys.
Rev. Lett. 90, 187004 (2003).

8T. Giamarchi and C. Lhuillier, Phys. Rev. B 43,12 943 (1991).

A. Himeda and M. Ogata, Phys. Rev. B 60, R9935 (1999).

103, Y. Gan, F. C. Zhang, and Z. B. Su, Phys. Rev. B 71, 014508
(2005).

I1C. Gros, Phys. Rev. B 38, R931 (1988); T. K. Lee and S. Feng,
Phys. Rev. B 38, 11809 (1988).

12J. E. Hirsch, Phys. Rev. Lett. 54, 1317 (1985).

13See, e.g., K. A. Chao, J. Spalek, and A. M. Oles, J. Phys. C 10,
L271 (1977).

14See, e.g., L. Arrachea, A. A. Aligia, and E. Gagliano, Phys. Rev.
Lett. 76, 4396 (1996), and references therein.

15The summation over D runs from 1 to L in general. However, for
a fixed particle number N, the highest number of the double
occupied sites is N/2.

16 A, P. Balachandran, E. Ercolessi, G. Morandi, and A. M Srivas-
tava, Int. J. Mod. Phys. B 4, 2057 (1990).

17D. Vollhardt, Rev. Mod. Phys. 56, 99 (1984).

3T. Ogawa, K. Kanda, and T. Matsubara, Prog. Theor. Phys. 53,
614 (1975).

19 A review for the VMC to the #-J model, see, C. Gros, Ann. Phys.
(N.Y.) 189, 53 (1989).

20M. Ogata and A. Himeda, cond-mat/0003465 (unpublished).

21'Yue Yu, cond-mat/0211131 (unpublished).

045130-11



