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The coherent dynamics of carriers bound to bent cylindrical surfaces is modeled by numerically solving the
open-boundary Schrödinger equation recast in surface curvilinear coordinates. The effect of the surface topol-
ogy on the transmission properties is addressed for bent cylinders and smooth junctions of cylinders with
different radii. It is shown that, where the curvature changes sharply, quantum interference phenomena are
induced, leading to an oscillatory behavior of the transmission coefficient as a function of the geometrical
parameters. The spectra of bound states are also computed. The analysis has been carried out using the
geometrical and physical parameters of carbon nanotubes, whose topology can be modeled, in many significant
cases, using the presented approach.
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I. INTRODUCTION

The technological advances in nanoelectronic-device fab-
rication and the search for the post-complementary metal-
oxide-semiconductor device family have recently led to con-
sidering a number of systems in which the carrier dynamics
is confined in one or two directions1–3 as a possible basis for
the emerging nanoelectronics. If the energy scale of the
quantum states in the confining direction is substantially
larger than the mean kinetic energy of the carrier, the quan-
tized direction can safely be neglected when computing the
carrier motion: this naturally implies the reduction of the
number of the spatial variables of the problem, with a sub-
stantial simplification in the physical modeling. When the
subspace of R3 where the particle motion takes place is
curved, the reduction in the number of variables is still pos-
sible through the limiting procedure described by da Costa.4

Such an approach has successfully been applied, for ex-
ample, to the band-structure calculation of real systems5 and
to the determination of localized surface states in deformed
quantum wires.6 Furthermore, experimental evidence of lo-
calized states induced by the topology of highly oxidized
porous silicon samples have been presented.7,8 Although the
resulting equation of motion is considerably more compli-
cated than the standard Schrödinger equation, the computa-
tional burden of the numerical solution is smaller, and the
ruling out of the confining direction allows for a direct nu-
merical simulation of cases that would be unaffordable for a
full three-dimensional �3D� approach. Furthermore, since the
first step toward the solution is analytical, some physical
insight can be gained by inspecting the effective potential
raising from the curvature of the surface, as will be shown in
the following.

In this work we analyze the coherent dynamics of a single
carrier bound to a bent cylindrical surface, possibly with a
variable diameter. The examples we investigate have a gen-
eral validity and can be thought of as models for the ballistic
surface transport of a number of realistic cylindrical

nanosystems.9 Here we take as a reference a semiconducting
carbon nanotube �CNT�10,11 and use its physical parameters
in the simulations. Moreover, we consider geometrical pa-
rameters �cylinder diameters and bending radii� that are com-
patible with semiconducting CNTs.

We stress that our approach uses an effective mass and is
based on the well-known envelope-function model, whose
validity is limited to the case of a perfectly periodic atomic
configuration, like a 3D crystal or a straight CNT. In the case
of bent CNTs or junctions between CNTs with different
chiralities, the envelope-function approach can still be used
as an approximation, provided that two effects are taken into
account, namely the local change in the electronic
properties12,13 and the geometrical deformation of the struc-
ture.

The local change in the electronic properties can be incor-
porated into the model by means of a position-dependent
effective mass, as usually made when dealing with semicon-
ductor heterostructures, or by means of a more sophisticated
position-dependent band structure.14 Such an issue will not
be addressed in this paper, and proper references will be
made to the existing literature when necessary. In particular,
the concept of effective mass will be used in the examples
given later, in which the values of the effective masses are
taken from Refs. 15 and 16.

The subject of the present work is the effect of the geo-
metrical deformation of the structure, which is of a purely
topological origin. The description of the dynamics of a par-
ticle bound to a two-dimensional �2D� surface curved within
the 3D real space is given in Sec. II, where the particular
case of a cylindrical surface will also be treated in detail. In
Secs. III–V three specific cases, namely, bent-cylindrical sur-
faces, and symmetric- and asymmetric-cylindrical junctions
are addressed, respectively. For each case, the corresponding
surface parametrization is given first, along with the effective
potential originated by the topology under study. Then, the
transmission coefficient for different geometrical parameters
is calculated to describe the coherent-transport properties of
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the investigated structure. In Sec. VI, the energy spectra of
localized states arising in some of the structures indicated
above are calculated and discussed. Finally, the conclusions
are drawn in Sec. VII.

II. QUANTUM DYNAMICS OF A PARTICLE
CONSTRAINED ON A SURFACE

A 2D regular surface S curved within the 3D real space is
described by the parametric equation r= �x�q1 ,q2� ,
y�q1 ,q2� ,z�q1 ,q2��, with q1 and q2 the curvilinear coordi-
nates over S. It is useful to introduce also the q3 coordinate
representing the distance from S along the direction normal
to it. The unit vector of such direction is n / �n�, with
n�q1 ,q2�= ��r /�q1�∧ ��r /�q2�. We briefly outline here the
procedure that yields the equation of motion for a particle
bound to S. First, a confining potential Vc�q1 ,q2 ,q3� is intro-
duced which, after a proper limiting procedure,4 becomes
Vc=0 if q3=0 and Vc=� otherwise. This separates the q3
dependence in the particle Hamiltonian expressed in the new
coordinates q1, q2, q3. The part of the Hamiltonian depending
on q1, q2 takes the form:

H = −
�2

2m
�
i,j=1

2
1

�G

�

�qi
��G�G−1�ij

�

�qj
	 −

�2

2m
�M2 − K� + Vext,

�1�

where m is the particle mass, the 2�2 matrix G the first
fundamental form17 of S, with elements Gij�q1 ,q2�
= ��r /�qi� · ��r /�qj�, G�0 the determinant of G, M�q1 ,q2�
and K�q1 ,q2� the mean and Gaussian curvatures of S, respec-
tively, and Vext�q1 ,q2� an externally applied potential. By
indicating with Hij�q1 ,q2�= ��2r /�qi�qj� ·n / �n� the coeffi-
cients of the second fundamental form,17 M and K read

M =
1

2G
�G11H22 + G22H11 − 2G12H12� ,

K =
1

G
�H11H22 − H12H21� . �2�

For a given point P of S, each plane containing the vector n
normal to S at P intersects the surface along a curve. Let C be
the curvature of such curve at P, and let Cm and CM be the
minimum and maximum of C as the plane rotates by �
around n. It is well-known17 that M = �Cm+CM� /2 and K
=CmCM. As a consequence, M2�K. In particular, for a cylin-
drical surface M =CM and K=0, while for a saddle point K
�0 and, if �Cm�= �CM�, M =0. The mean and Gaussian curva-
tures contribute to the Hamiltonian H of Eq. �1� to form an
effective-potential term U�q1 ,q2�=−�2�M2−K� / �2m�	0.
The kinetic term in Eq. �1� contains mixed second-order de-
rivatives and first-order derivatives, both with nonconstant
coefficients. The reduction of the computational burden, due
to transforming the problem from three to two dimensions,
largely compensates the complicacy of using curvilinear co-
ordinates, which is actually a minor drawback in the numer-
ics.

The remaining part of this section will be devoted to pro-
viding the necessary details about the cylindrical surface,
which is the building block of the analysis to follow. Using
the symbol s instead of q1, its parametrization is given by

x = 
 cos�s/
� ,

y = q2,

z = 
 sin�s/
� , �3�

where 
 is the cylinder’s radius. It follows

G = 
1 0

0 1
�, H = 
1/
 0

0 0
� , �4�

M =
1

2

, K = 0. �5�

Finally, its Hamiltonian Hcyl reads

Hcyl = −
�2

2m

 �2

�s2 +
�2

�q2
2� −

�2

8m
2 + Vext. �6�

Note that in this case the effective potential U is a negative
constant and does not play any role in the particle dynamics.
If no external potential is applied �Vext=0� the Hamiltonian
�6� splits into the angular and axial terms. The solution is
standard and is made by the product of a free-particle term in
the axial direction q2 and a periodical term in the angular
coordinate s.

III. BENT CYLINDRICAL SURFACES

The first nontrivial case we considered is a bent cylindri-
cal surface Sbc described by the following parametrization:

x = �R + 
 cos�s/
��cos�q2/R� ,

y = �R + 
 cos�s/
��sin�q2/R� ,

z = 
 sin�s/
� , �7�

where 
 is the radius of the cylinder, R the curvature radius
of the cylinder’s axis, and s, q2 the curvilinear coordinates.
The surface Sbc is shown in Fig. 1 together with two short
straight cylinders connected at the two ends. The first and
second fundamental forms of it are

G = 
1 0

0 �R + 
 cos�s/
��2/R2 � , �8�

H = 
1/
 0

0 cos�s/
��R + 
 cos�s/
��/R2 � . �9�

From Eq. �2� one finds for the mean and Gaussian curvature:

M =
R + 2
 cos�s/
�

2
�R + 
 cos�s/
��
, �10�

MARCHI et al. PHYSICAL REVIEW B 72, 035403 �2005�

035403-2



K =
cos�s/
�


�R + 
 cos�s/
��
. �11�

Finally, the Hamiltonian �1� becomes

Hbc = −
�2

2m� �2

�s2 −
sin�s/
�

R + 
 cos�s/
�
�

�s

+
R2

�R + 
 cos�s/
��2

�2

�q2
2
 −

�2R2

8m
2�R + 
 cos�s/
��2

+ Vext. �12�

As expected, the straight-cylinder Hamiltonian is recovered
from Eq. �12� in the limiting case when R→�. In the fol-
lowing, the case Vext=0 will be considered for the sake of
simplicity. From the numerical standpoint, the extension to
the case Vext�0 is straightforward.

The effective potential U�s ,q2� is shown in Fig. 2. At the
two ends, where the cylinder is straight, the potential U
=−�2 / �8m
2� is constant, which explains the discontinuity at
the connections with Sbc. Within Sbc, the maximum and mini-
mum of U correspond to the least- and most-curved parts of
Sbc, respectively. The constant value U=−�2 / �8m
2� in the
straight cylinders is always between the above values, this
leading to a potential well and a potential barrier along the
axial direction at different angular positions. As observed in
Fig. 1, the surface curvature depends on the angular coordi-
nate: in particular, the maximum curvature is reached at the
“inner” points, nearest to the point O visible in Fig. 1, and
the minimum curvature is reached at the “outer” points.

The depths of the potential well and barrier mentioned
above depend on both the cylinder radius 
 and on the cur-
vature radius R. In Fig. 3�a� the difference �U between the
maximum and minimum values of U is reported as a func-
tion of R for two different cylinder radii: it represents the
overall variation in the effective potential U that a carrier
experiences while propagating along the surface. The
asymptotic values of �U are zero for R→� �straight cylin-
der� and � for R→
. The crossing of the curves indicates
that for small curvature radii R the potential energy is steeper
in the larger cylinder than in the smaller one, while at larger
R this condition is inverted. This has a consequence on the
transmission coefficient, as shown later. The corresponding
potential cutlines at q2=4 nm are reported in Figs. 3�b� and

3�c� for R=2 and 3 nm, respectively, showing the different
behavior of the effective potential before and after the cross-
ing point of the curves.

The scattering states of the Hamiltonian �12� that contains
the effective potential U described so far, have been calcu-
lated by numerically solving the time-independent
Schrödinger equation Hbc�=E� with Vext=0. The quantum-
transmitting boundary method18 has been used for the open-
boundary conditions in the 2D domain �s ,q2�. Specifically,
the open boundaries of the domain correspond to the connec-
tions between the straight cylinders and Sbc. As in the straight
cylinders the Hamiltonian is separable in the longitudinal
and angular directions, the boundary conditions are built as a
linear combination of functions


B = exp�iPlq2/��exp�ins/
�, Pl = �2mEl, �13�

where the first term is a plane wave of longitudinal energy
El�0, and the second one is the nth eigenstate of the normal
section of the cylinder, n=0,1 , . . .. The total energy of an
electron injected in a specific angular eigenstate n is given by
E=El+ �n2�2� / �2m
2�+Uin, where Uin is the constant curva-
ture potential in the injection cylinder. In the calculations of
the transmission coefficient shown below, the longitudinal
energy of the injected carriers El has been sampled from
0.1 to 10 meV, while the ground state n=0 has been taken
for the angular component.

The transmission coefficient for a number of bent cylin-
ders is shown in Fig. 4. Two different radii have been taken
into account, namely, 
=0.397 and 1.55 nm, corresponding
to a �10,0� and a �25,20� CNT, respectively. Both CNTs are
semiconductors and have one absolute minimum in the first
branch of the conduction band. In the analysis that follows,

FIG. 1. �Color online� Bent cylindrical surface Sbc with two
straight cylinders at the two ends. Left: the gray intensity shows the
effective potential U originating from the curvature of the surface.
The curvilinear coordinates s, q2 are indicated. The surface curva-
ture depends on s: the maximum curvature is reached at the “inner”
points. Right: top view of the structure. The curvature radius R and
the curvature angle � are shown along with the radius 
 of the
cylinders. In the example shown it is R=4 nm and 
=1.55 nm.

FIG. 2. �Color online� 3D plot of the effective potential U of Sbc

as a function of the curvilinear coordinates s, q2. The origin of s is
placed at the outer points with respect to the point O visible in Fig.
1. As 
=1.55 nm, the range of s is 2�
�9.74 nm. U is negative on
the whole domain Sbc �the gray intensity corresponds to that used in
Fig. 1�. Due to Eq. �6� a straight cylindrical surface has U
=−�2 / �8m
2�, which explains the discontinuity at the connections
between Sbc and the straight cylinders at the two ends.
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the parabolic-band approximation is adopted for both CNTs,
this yielding the effective-mass model for the charge trans-
port. As the particle is constrained on a surface, the effective-
mass tensor has two components. The component mq related
to the longitudinal motion, namely, along the q2 coordinate,
has been determined from an ab initio band calculation using
the SIESTA code.19,20 The component ms of the effective-mass
tensor related to the angular motion, namely, to the s coor-
dinate, has purposedly been taken equal to mq. In fact, the
object of the investigation is that of determining the effect of
the topology on the particle’s dynamics, which should not be
obscured by numerical differences in the coefficients. The
common value of the two masses will still be called m. It is
worth noting that, if the quantitative difference between the
two mass components were taken in to account, the Hamil-
tonian �1� and those deriving from it should be modified
accordingly.

Letting m=0.173me, with me the free electron mass, the
transmission coefficient T has been calculated from Eq. �12�
for each cylinder radius 
, using three different curvature
angles �=� /3 ,� /2 ,2� /3 and three curvature radii R=2,3,
4 nm. As the injection energy becomes higher, T increases
monotonically and, for curvature radii that are substantially
higher than 
 �e.g., R=4 nm as shown by the dotted curves
in Fig. 4�, it exceeds 0.8 for injection energies larger than
4 meV. Note that, when the decrease in the curvature radius
R makes the latter to approach 
 �solid lines R=2 nm of the
case 
=1.55 nm�, the transmission coefficient strongly de-
creases. As observed above, this is due to the curvature
sharpness and, consequently, to the corresponding steeper ef-
fective potential U already described in Fig. 3, leading to a
high reflected component of the incoming wave function. As
a final remark, we note that T increases with a decreasing

curvature angle �: in this case the shape of U is unaffected in
the angular direction, while its extension in the longitudinal
direction is proportional to �. For larger curvature angles this
leads to a wider region where the curvature potential is ef-
fective.

IV. CYLINDRICAL JUNCTIONS WITH AXIAL
SYMMETRY

The parametrization of a symmetric cylindrical junction
Sscj is given by

x = 
�q2�cos 
 ,

y = q2,

z = 
�q2�sin 
 , �14�

where 
�q2� is the q2-dependent radius of the cylinder and
�
 ,q2� are the curvilinear coordinates of Sscj. Two different
geometries have been studied, corresponding to a single and

FIG. 3. �Color online� �a� Difference �U between the maximum
and minimum of the curvature potential, as a function of the curva-
ture radius R, for two bent cylinders with radii 
=0.397 and
1.55 nm, respectively. �b� and �c� Potential energy cutlines �see Fig.
2� at q2=4 nm as a function of the angular position for two different
R values, before and after the crossing point of the curves in �a�. For
R=2 nm the curvature potential in the smaller cylinder �solid line�
is smoother than that in the larger one �dashed line�. The opposite
occurs for R=3 nm.

FIG. 4. �Color online� Transmission coefficient as a function of
the incoming-carrier energy for two bent cylindrical surfaces with
radii 
=0.397 nm �left column� and 
=1.55 nm �right column�.
Three curvature radii R=2 nm �solid line�, R=3 nm �dashed line�,
and R=4 nm �dotted line� and three curvature angles �=� /3 �top�,
�=� /2, �middle�, and �=2� /3 �bottom� are considered. The
ground eigenstate n=0 is taken for the angular component of the
incoming-electron wave function �see text�, so that the incoming-
carrier energy turns out to be E�n=0�.
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double junction �see top of Figs. 5 and 6, respectively�. In
order to realize a smooth transition between the two cylin-
ders, the shape of 
�q2� has been modeled with a five degree
polynomial, which is the lowest-order polynomial that guar-
antees a C2 regularity of the surface:


�q2� = R1 + �R2 − R1��6
q2

L
�5

− 15
q2

L
�4

+ 10
q2

L
�3	 ,

�15�

where R1 and R2 are the radii indicated in Figs. 5 and 6, and
L is the length of the connecting region. The first and second
fundamental forms for Sscj are

G = 

�q2�2 0

0 1 + 
��q2�2 � , �16�

H =
1

�1 + 
��q2�2

�q2� 0

0 − 
��q2�
� , �17�

where the single- and double-prime superscripts indicate the
first- and second-order derivatives. By using Eq. �2�, one
finds

M =
1 + �
��q2��2 − 
�q2�
��q2�

2
�q2��1 + �
��q2��2�3/2 , �18�

K = −

��q2�


�q2��1 + �
��q2��2�2 . �19�

In this case the effective potential is

U�q2� = −
�2

8m

�1 + �
��q2��2 + 
�q2�
��q2��2

�
�q2��2�1 + �
��q2��2�3 . �20�

Finally, the Hamiltonian Hscj for the symmetric cylindrical
junction reads

Hscj = −
�2

2m�G22

G

�2

�
2 +
G11

G

�2

�q2
2 +

1
�G

�

�q2

G11

�G
� �

�q2
	 + U .

�21�

For a constant 
 the expressions �18� and �19� reduce to Eq.
�5�, and Eq. �21� reduces to Eq. �6�. The effective potential
�20� is shown in Fig. 5 for the single-junction case and in
Fig. 6 for the double-junction case: thanks to the cylindrical
symmetry of the junction, U depends on the q2 coordinate
only. As a consequence, in order to investigate the scattering
states of the Hamiltonian Hscj, one separates the correspond-
ing time-independent Schrödinger equation into the follow-
ing 1D equations:

�� + A� = 0, �22�

�� + F�q2��� + G�q2���2m/�2��E − U�q2�� − A
−2�q2��� = 0,

�23�

where ��
� and ��q2� are the angular and axial eigenfunc-
tions, respectively, the eigenvalue A of Eq. �22� is the sepa-
ration constant, and E is the total energy. Due to separation,
the latter is the sum of the injection part El and of the angular
part �2A / �2m�
�q2��2�. The coefficients of Eqs. �22� and �23�
read

F�q2� = 
−1
��1 − 

�„1 + �
��2
…

−1� , �24�

G�q2� = 1 + �
��2. �25�

Equation �22� is solved with periodic boundary conditions
while Eq. �23� is solved numerically with open boundary
conditions.18 As in the case of the bent cylindrical surface,
the results are shown for an electron injected in the ground
state A=0. A number of cases have been investigated, with
different values of the geometrical parameters, both for the
single and double junction: the few reported below are rep-

FIG. 6. �Color online� Double junction. Top: 3D representation
of the surface Sscj. The gray intensity shows the effective potential
U. Bottom: effective potential as a function of the curvilinear coor-
dinates. The potential U resembles a smoothed potential well and is
independent of the angular coordinate 
.

FIG. 5. �Color online� Single junction. Top: 3D representation
of the surface Sscj. The gray intensity shows the effective potential
U. Bottom: effective potential as a function of the curvilinear coor-
dinates �
 ,q2� as given by Eq. �20�. The potential U resembles a
smoothed potential step and, due to cylindrical symmetry, is inde-
pendent of the angular coordinate 
.
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resentative of the transmission properties within such struc-
tures.

The electron-transmission coefficient T for a single junc-
tion, as a function of the injection energy, is reported in Fig.
7. The electron comes from the cylinder with radius R1 and is
either reflected or transmitted to the cylinder with radius
R2	R1. The numerical analysis has been carried out for
three different values of R1, keeping R2 and the junction
length L fixed �see caption of Fig. 7�. As in Sec. III, a single
mass has been adopted in the numerical simulation in order
to consider only the topological effects: the adopted effective
mass corresponds to that of a nanotube with radius R2
=0.397 nm, i.e., of a �10,0� CNT. In the case R1�R2 the
transmission coefficient of the junction increases monotoni-
cally and is nearly unity for energies above 30 meV. In con-
trast, when R1 is significantly different from R2, T exhibits
pronounced oscillations originating from in-resonance and
off-resonance conditions. Furthermore, the average transmis-
sion coefficient decreases as R1 /R2 increases. In order to
investigate the effect of the junction geometry and to better
understand the origin of the transmission characteristics, T
has been computed, at a fixed value of the injection energy,
as a function of the radius R1 for three different junction
lengths L. The results are shown in Fig. 8. It is easily seen
that for a fixed R1 a smaller L yields a lower transmission
coefficient. In fact, the surface curvature in the connecting
region is larger and, as a consequence, the potential U expe-
rienced by the electron along the structure is steeper �see top
insets of Fig. 8�. As expected, for a larger L �as in the case
L=20 nm, dotted line in Fig. 8� the potential U is smoother
and the resonance peaks of T are less pronounced. In general,
for fixed values of R1, R2, and L, the shape of the function


�q2� determines that of U because, as shown in Eq. �20�, the
effective potential U depends on the local value of 
�q2� and
of its first and second derivatives. For instance, the two nar-
row dips at the junction ends, visible in the insets of Figs. 7
and 8, give a significant contribution to the resonance pat-
tern, which adds to the contribution of the potential’s slope.
Such dips are more pronounced when the local curvature is
larger, i.e., when the ratio R1 /R2 is larger and/or L is smaller.

As indicated before, the five-degree polynomial of Eq.
�15� is the lowest-order polynomial that guarantees a C2

regularity of the surface. Its second derivative is larger close
to the junction ends, this originating the two dips in the ef-
fective potential. To check the influence of the shape of the
connecting region we repeated the calculation of T with dif-
ferent forms of 
�q2�. We found that other forms providing a
smooth transition from R1 to R2, similar to that analyzed
above, do not modify significantly the transmission charac-
teristics, as long as the surface of the connecting region is at
least C1. An example of this result has recently been given in
Ref. 21, where a double-parabola was used instead of the
five-degree polynomial. A further decrease to C0 in the regu-
larity of 
�q2� would lead to the appearance of a Dirac’s �
within the effective potential at each connecting point. This
case has not been tackled.

In Fig. 8 it is apparent that the positions of the maxima of
T are almost independent of L. However, such a result has
been found to hold only when R1�L. A possible explanation
is that, when the ratio R1 /L increases while R2 is kept fixed,
the coefficients F, G, U, 
−2 of Eq. �23� reach a limiting form
which introduces some periodicity into the solution. How-
ever, the correctness of this guess could not be checked so
far, because an even approximate analytical solution is quite
hard to work out for the problem at hand.

As far as the double junction structure �Fig. 6� is con-
cerned, the transmission coefficient as a function of the in-

FIG. 7. �Color online� Transmission coefficient T for three
single junctions as a function of the injection energy El. The radius
of the outgoing cylinder and the length of the connecting region are
fixed, namely R2=0.397 nm and L=5 nm, while three different val-
ues R1=1.55 nm �dotted curve�, R1=10 nm �solid curve�, and R1

=50 nm �dashed curve� are considered for the radius of the cylinder
into which the electron is injected. Inset: effective potential �20� for
the three junctions described above. The two narrow wells at the
junction ends �q2=1 nm and q2=6 nm� are more pronounced at
larger R1 /R2, corresponding to a steeper curvature.

FIG. 8. �Color online� Transmission coefficient T for three
single-junction structures with different L, as a function of R1 �see
Fig. 5�, for El=5 meV and R2=0.397 nm. The effective potential
U�q2� is shown in the insets for two values of R1 and two junction
lengths, L=10 nm �solid line� and L=20 nm �dotted line�. In both
cases, the junction starts at q2=3 nm.
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jected electron energy is reported in Fig. 9. Results for three
different radii R1 and two different lengths L of the connect-
ing regions are shown, while the length D of the inner cyl-
inder and its radius R2 have been kept fixed �the value of the
other parameters are reported in the caption of Fig. 9�. As
before, a single effective mass corresponding to that of a
�10,0� CNT has been adopted. The behavior of T is similar to
that observed for a single junction: when the two radii are of
the same order of magnitude, the surface curvature and the
potential U are smooth and the transmission coefficient in-
creases monotonically with El. Instead, for larger R1 /R2, T
becomes oscillatory and gives rise to resonance peaks. The
oscillations have a more complicated structure with respect
to the single junction case, due to the fact that the surface has
four high curvature regions corresponding to four narrow
wells in the potential U, which make the resonance condi-
tions more complicated. This behavior is more evident when
the length L of the connecting regions is shorter, since the
surface curvature, and correspondingly the effective poten-
tial, becomes steeper.

V. ASYMMETRIC CYLINDRICAL JUNCTIONS

One of the most interesting curved surfaces is that shown
in Fig. 10, made of the junction between two cylinders with
different radii, whose axes are parallel but not coinciding. In
fact, many images of junctions between two CNTs with dif-
ferent chiralities have been reported in the literature, show-
ing that the larger-diameter CNT joins the smaller-diameter
one through a section containing a single pentagon and a
single heptagon at the edges of the junction.22,23 In this sec-
tion, the transmission properties of such a surface are ad-
dressed and compared to the symmetric-junction case.

The asymmetric cylindrical junction Sacj is given by the
following parametric equations:

x = 
�q2�cos 
 ,

y = q2,

z = 
�q2�sin 
 + 
�q2� − R1, �26�

where 
�q2� is the q2-dependent radius of the cylinder and
�
 ,q2� are the curvilinear coordinates. As described above,
the asymmetry comes from the fact that, as the radius of the
cylinder changes from R1 to R2, the center of the circular
section changes as well, as shown in the top part of Fig. 10.
This topology mimics the one experimentally observed for
CNT junctions, as indicated at the beginning of this section.
As for the junctions with axial symmetry, the shape of 
�q2�
has been modeled with a five degree polynomial �see Eq.
�15��. The case of a single asymmetric junction is analyzed
here and compared to the symmetric one.

The first and second fundamental forms are

G = 
 
�q2�2 
�q2�
��q2�cos 



�q2�
��q2�cos 
 1 + 2�
��q2��2�1 + sin 
�
� ,

H =
1

�1 + �
��q2��2�1 + sin 
�2

� 

�q2� 0

0 − 
��q2��1 + sin 
�
� , �27�

where the single- and double-prime superscripts indicate the
first and second derivative, respectively. The effective poten-
tial U reads

FIG. 9. �Color online� Transmission coefficient T for three
double-junction structures with different R1, namely R1=1.55 nm
�dotted line�, R1=10 nm �solid line�, and R1=20 nm �dashed line�.
The radius and length of the inner cylinder are fixed to R2

=0.397 nm and D=5 nm, respectively. Two different cases are re-
ported, corresponding to L=5 and 10 nm.

FIG. 10. �Color online� Asymmetric single junction. Top: 3D
representation of the surface. The gray intensity shows the effective
potential U as given by Eq. �28�. Bottom: the effective potential as
a function of the curvilinear coordinates �
 ,q2�. Due to the asym-
metry of the junction, the potential U depends on both 
 and q2.
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U�q2,
� = −
�2

2m
� �1 + �1 + sin 
��2
�2 − 

���2

4
2�1 + 
�2�1 + sin 
�2�3

+

��1 + sin 
�


�1 + 
�2�1 + sin 
�2�2
 , �28�

where the dependency of the radius 
 on the coordinate q2
has been omitted for the sake of conciseness. In contrast to
the symmetric junctions, in this case the first and second
fundamental forms, as well as the effective potential U, are
not separable with respect to the curvilinear coordinates. As
a consequence the Hamiltonian, whose expression is given
by the general form �1�, must be solved by means of a fully
2D simulation. As in the previous cases, the ground state of
the angular part has been taken for the incident wave func-
tion but, due to the nonseparability, higher angular modes
arise in the transmitted and reflected components. We de-
scribe, in the following, the mechanism leading to the trans-
mission characteristics by considering the specific geometri-
cal parameters used in our simulations. The electron is
injected into the cylinder with larger radius R1, that takes the
values 1.55, 5, and 10 nm in the numerical simulations. The
energy spacing between the angular modes of the incoming
cylinder is smaller than that of the outgoing cylinder. In the
latter, the radius is fixed to R2=0.397 nm which, in turn,
provides an energy difference between the ground and first
excited angular states of about 1.4 eV. Let U1=
−�2 / �8mR1

2� and U2=−�2 / �8mR2
2� be the constant effective

potential of the incoming and outgoing cylinders, respec-
tively: for the junctions analyzed here, U1−U2 is about
350 meV. As a consequence, only electrons injected with a
total energy E�1.05 eV can be transmitted in angular modes
other than the ground state. For increasing E, the number of
available channels for the reflection in the incoming cylinder
increases, while only one transmission channel is available
up to E=1.05 eV. This influences the behavior of the trans-
mission coefficient T, which is shown in Fig. 11 as a function
of the injection energy El for three different radii R1. In the
case R1�R2, the transmission coefficient increases mono-
tonically until the number of angular channels in the incom-
ing cylinder changes from 1 �ground state� to 3 �ground state
plus double-degenerate first excited state�: for R1=1.55 nm,
this happens when El�90 meV, where T begins to decrease,
showing a sharp lowering when the new incoming angular
modes arise. The same behavior can be observed for the
higher R1 values, where the transmission coefficient shows a
number of sharp lowerings corresponding to the appearance
of new angular channels in the incoming cylinder �see, for
examples, the curve R1=10 nm at El�20, 35, and 53 meV�.
When the total energy E=El+U1 reaches 1.05 eV, new
modes arise in the outgoing cylinder: this results in a sharp
increase of T, as can be seen in the inset of Fig. 11, where the
transmission coefficient is shown for injection energies up to
2 eV for R1=1.55 nm. After the appearance of the new
outgoing-cylinder angular modes and the corresponding
sharp increase of T, the transmission coefficient decreases for
increasing injection energies. This happens because, as al-
ready described above, new angular modes for reflection
continue to become available, while those for transmission

remain unchanged. A comparison between Figs. 11 and 7
shows that the nonseparability of the asymmetric junction
leads to a totally different behavior of the transmission coef-
ficient with respect to that obtained for a symmetric cylindri-
cal junction with the same geometrical parameters. In par-
ticular we note that in the case under analysis, and in contrast
to the separable case analyzed in Sec. IV, T globally de-
creases at higher energies. In fact, the density of the angular
channels is higher in the injection/reflection cylinder �with
larger radius� than in the outgoing cylinder. In turn, the 2D
potential makes the wave function to become a superposition
of angular modes that does not occur in the symmetric case.
This indicates that the topology of the junction plays a sub-
stantial role in its coherent-transmission properties.

VI. LOCALIZED STATES

Two of the structures analyzed in the previous sections,
namely, the bent cylinder and the double junction, are char-
acterized by an effective potential U that forms a well, whose
depth and shape depends on the geometrical parameters �see,
e.g., Figs. 2 and 6�. As a consequence these kinds of struc-
tures are able to bind carriers in the quantum states localized
within the well. In the analysis carried out so far, the local-
ized states were assumed unoccupied. If this were not the
case, the transmission characteristics would strongly be
modified by the Coulomb interaction between the propagat-
ing electron and the bound one. The analysis of the carrier-
carrier interaction is beyond the scope of this work, where
only the single-particle dynamics has been addressed.

The energy spectra of the localized states have been com-
puted for both structures in order to analyze their depen-
dency on the geometrical parameters. In the bent-cylinder
case, one finds that only one localized state is present for the

FIG. 11. �Color online� Transmission coefficient T as a function
of injection energy El for an asymmetric junction. Three cases are
reported, corresponding to R1=1.55 nm �dotted line�, R1=5 nm
�dotted-dashed line�, and R1=10 nm �solid line�, with R2 and L
fixed to 0.397 and 5 nm, respectively. Inset: the transmission coef-
ficient for the case R1=1.55 nm is plotted for an injection energy
ranging from 0 to 2 eV.
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geometrical configurations we adopted in the investigation of
the transmission coefficient. The amplitude of the wave func-
tion corresponding to the bound state is maximal on the “in-
ner” side of the structure. For a fixed cylinder radius 
, the
absolute value of the binding energy increases for an increas-
ing curvature angle � because the length of the well increases
�see Figs. 1 and 2�, and/or a decreasing curvature radius R
because the depth of the well increases. For the analyzed
structures the calculated binding energies are in the meV
range. As an example, for a bent cylinder with R=2 nm, 

=1.55 nm, and �=� /2 the binding energy is −4 meV. It is
worth observing that in the cases considered here the binding
energy is relatively small with respect to the injection energy
of a propagating electron. As a consequence it can realisti-
cally be assumed that a localized electron would easily be
scattered away.

In the double-junction a number of localized states are
present in the smaller-radius cylinder, where the surface cur-
vature creates a potential well �Fig. 6�. The calculated bind-
ing energies are reported in Fig. 12. As R1 increases, the
effective potential well becomes narrower in average and
deeper, as shown in the insets of Fig. 12. The change in
width and depth influences the energy spectrum depending
on the range of R1. In particular, for R1 values up to 0.8 nm
the binding energies decrease with increasing R1, and new
bound states are created as the well deepens. At higher R1
values, the depth of the well changes slightly since U satu-
rates to the flat-surface value in a way similar to that of the
bent cylinder discussed in Sec. III, and the effect of the well
narrowing becomes more relevant. As a consequence, the
binding energies of the states increase as shown in Fig. 12. In

the double junction the localized states are in general more
strongly bound than in the bent cylinder, but it is readily
verified that the Coulomb blockade inhibits a double occu-
pancy of such states.

VII. CONCLUSIONS

In this work, the analysis of quantum states and coherent
dynamics of a particle bound to a surface has been performed
using a mixed analytical-numerical approach. In particular,
the case of cylindrical surfaces has been addressed and the
transmission coefficient has been calculated for surface states
of bent cylinders and cylindrical junctions, in order to cap-
ture the main coherent-transport features related to their geo-
metrical shape. To this purpose, a 2D open-boundary numeri-
cal solver has been developed for the solution of the coherent
dynamics of a particle strongly bound to a surface, based on
the assumption that the degree of freedom corresponding to
the direction orthogonal to the surface can be ruled out. This
leads to a 2D Schrödinger-like dynamic equation with an
additional potential U depending on the local curvature of
the surface. We showed how the latter potential is able to
strongly influence the quantum transmission characteristics
of the structures under investigation.

In the case of bent cylinders the transmission coefficient T
is found to significantly differ from unity at low injection
energies and for a steep bending. In the case of cylindrical
junctions, T is affected by the shape of the connecting re-
gion: in particular, it increases with the injection energy for a
junction with axial symmetry, while it decreases in the case
of asymmetric junctions. We believe that this topological ef-
fect, that has a purely quantum-mechanical origin, must be
taken into account when modeling charge transport phenom-
ena in a 2D domain bent within the 3D space, as, for ex-
ample, in an effective-mass description of a bent CNT.

Another effect of the surface bending is the formation of
localized states. We found that particles can be strongly
bound to the surface states of a double cylindrical junction in
case the radius of the inner cylinder is substantially smaller
�around one half or less� than that of the outer cylinders. On
the other hand, in a bent cylinder a single localized state is
present. It is always weakly bound �few meV in the analyzed
geometries� and the probability of localizing the particle is
higher in the “inner” part of the bending �toward the curva-
ture center�. We note that, since the potential U is originated
only by the surface topology, it will affect positively and
negatively charged carriers in an identical manner.

The approach described so far not only represents an in-
strument for the basic investigation of the transmission char-
acteristics of quantum states confined on a bent surface, but
can also be an efficient means to include the geometrical
effects originated by the shape of CNTs and CNT junctions,
provided that the inclusion of a realistic band structure or a
proper position-dependent effective mass allows one to take
into account the electronic properties originated by the lattice
periodicity.

FIG. 12. �Color online� Binding energy, as a function of the
radius R1, of the electron states localized in the central cylinder of a
double junction. The geometrical parameters are L=10 nm, D
=5 nm, and R2=0.397 nm. The number of bound states increases
from 1 to 4 as R1 ranges from 0.4 nm �i.e., around the value of R2�
to 2 nm.
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