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The five-level k ·p model for Ga1−xAlxAs parabolic quantum wells, characterized by the continuously vary-
ing chemical composition x, is used to calculate the effective spin g* factor of conduction electrons. The theory
with no adjustable parameters agrees well with the experimental data of Salis et al. �Nature 414, 619
�2001��.Both negative and positive spin g* values are described, as well as their dependence on an external
electric field. The Bychkov-Rashba spin splitting due to inversion asymmetry of the structures caused by
electric bias is calculated and shown to give negligible contribution to the g* values.
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I. INTRODUCTION

Spin systems in semiconductors are considered to be
among the promising ones for future quantum computers.1–3

Such systems often represent two-level quantum states �qu-
bits� and some of them are sufficiently weakly coupled with
the environment to assure long spin decoherence times. In
order to process quantum information one needs to manipu-
late fast and coherently the local spins. The most natural way
to control the spin splitting is to apply external magnetic
fields. This, however, requires their precise control at small
length scales which is not easy. Salis et al.4 demonstrated
that one can control the spin splitting and spin coherence
using an external electric field. This was achieved employing
Ga1−xAlxAs quantum wells �QWs� and manipulating the
electron wave functions within such wells. In particular,
since the bulk GaAs is characterized by a small and negative
spin g* factor and with the growing Al content x the g* factor
becomes positive, it was possible to do experiments near the
vanishing spin splitting and to have no spin precession at
specific electric fields. The experiments of Ref. 4 were inter-
preted using a simple phenomenological theory. Also, it was
necessary to lower all theoretical values of g* by 0.05 in
order to obtain the agreement with the experiments. It is the
purpose of the present work to provide a description of the
data of Salis et al. with an adequate theoretical formalism
and to employ only parameters determined by other mea-
surements.

It was shown some time ago that, since bulk GaAs is a
medium gap semiconductor, the description of its conduction
band requires the use of a five-level �5L� k ·p model.5,6 This
model describes the effective mass m* and the effective
Landé spin factor g* at the conduction band edge and its
dependence on the electron energy E within the band due to
the band’s nonparabolicity. The 5L k ·p model was subse-
quently adopted to III-V heterojunctions, in which the mass
m* and the factor g* can depend not only on the energy E but
also on the spacial variable along the growth direction.7,8 It is
this approach that we will use below to describe Ga1−xAlxAs
alloys and their heterostructures with continuously variable
x.

The problem of g* factor in QWs was treated theoretically
by other authors.9–11 In particular, it was predicted and veri-
fied experimentally12 that, in sufficiently narrow QWs, the g��

*

value for a magnetic field B parallel to the growth direction
z differs from the value of g�

* for B�z. In the following we
will be concerned only with the B �z case. We use a some-
what different approach than that employed in Refs. 9–11.
First, we use the 5L k ·p model, adequate for the GaAs-type
materials, whereas Refs. 9–11 employed the Kane �3L�
model. Second, Refs. 9–11 considered specific QWs �mostly
rectangular�, whereas our formulation can handle QWs of
arbitrary shape. Finally, Refs. 9–11 employed expansions in
terms of the k ·p perturbation, while we treat the coupled
k ·p equations exactly including the well potential V�z� and
project the problem onto the conduction band by substitu-
tion. In this scheme the effective mass m*�z� and the spin
factor g*�z� depend on the spatial variable z via the well
potential V�z� and the band offsets. This approach is very
well suited to the description of experimental work of the
type carried out by Salis et al.

Our paper is organized in the following way: In Sec. II we
present the general theory for the effective mass and the g
factor in the case of the variable band parameters. In Sec. III
we treat the specific system used by Salis et al., present the
results and discuss them. Section IV describes the spin split-
ting caused by the structure inversion asymmetry. The paper
concludes with a summary.

II. THEORY

We consider Ga1−xAlxAs structures used in the experi-
ments of Salis et al. Parabolic potential wells used in that
work were obtained varying the alloy content x as a function
of the position z. This means that the energy gap and other
band parameters are functions of z. As mentioned in the In-
troduction, in our description we use the adequate five-level
k ·p model for the band structure of the alloys. The 5L model
for bulk Ga1−xAlxAs is shown in Fig. 1. This model explicitly
takes into account 14 bands arising from the �7

v, �8
v �double

degenerate�, �6
c, �7

c, �8
c �double degenerate� levels, times the

double spin degeneracy, and treats the distant �upper and
lower� levels as a perturbation. Below we use the spherical
version of the 5L model �with the matrix element Q=0�. The
nonspherical case is considered in the Appendix.

We have to determine first the parameters of the model.
According to our scheme the bulk electron effective mass m*
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and the electron spin g* value at the conduction band edge
are �see Ref. 5�
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where G0=E0+�0 and G1=E1+�1. The involved gaps and
spin-orbit energies are defined in Fig. 1. The interband ma-
trix elements of momentum,

P0 =
− i�

m0�
�S�px�X , �3�

P1 =
− i�

m0�
�S�px�X� , �4�

are given by means of the energies EP0
=2m0P0

2 /�2

=27.86 eV, EP1
=2m0P1

2 /�2=2.36 eV, while the interband

spin-orbit parameter �̄=−0.061 eV is

�̄ =
− i3�

4m0
2c2 �X���V0 � p�y�Z� , �5�

�see Ref. 5�. Finally, C and C� are distant band contributions
to m0 /m0

* and g0
*, respectively. In the following we assume,

in agreement with the standard procedure, that EP0
, EP1

, and

�̄ are constant, while all other parameters in Eqs. �1� and �2�
are functions of the composition x.

The x dependence of E0�x� and G0�x� are known from
Refs. 13,14,

E0�x� = − �1.5194 + 1.36x + 0.22x2� eV, �6�

G0�x� = − �1.8594 + 1.229x + 0.291x2� eV. �7�

For the x dependence of E1�x� and G1�x� we take linear
interpolations between the corresponding values for GaAs
and AlAs,

E1�x� = �2.969 + 0.971x� eV, �8�

G1�x� = �3.14 + 0.98x� eV. �9�

The above relations can be inserted into Eqs. �1� and �2� to
obtain the x dependence of m0 /m0

* and g0
*. There remain the

unknown far-band corrections C�x� and C��x�. However, the
experimental dependence of m0 /m0

* is known from the
Shubnikov–de Haas data15

m0

m0
* = 0.0657 + 0.0174x + 0.145x2. �10�

Comparing the x dependence of m0 /m0
* described by Eq. �1�

�supplemented by Eqs. �6�–�9�� we can determine C�x�. The
results for three values of x are quoted in Table I.

We apply the same procedure to determine C��x� in Eq.
�2�. The x dependence of g0

*�x� is described by Eq. �2�
supplemented by Eqs. �6�–�9�. On the other hand, there ex-
ists in the literature two somewhat different measurements of
g0

*�x� for GaxAl1−xAs alloys. They can be described by nu-
merical fits. According to the data of Chadi et al.16 �obtained
at 77 K�

gCh
* = − 0.44 + 4.55x − 3.5x2, �11�

whereas according to Weisbuch and Hermann17 �obtained at
4 K�

gWH
* = − 0.44 + 4.25x − 3.9x2. �12�

Comparing Eqs. �2� and �11� one can determine one set of
CCh� �x�, while the same procedure for Eqs. �2� and �12� gives

FIG. 1. Five-level model of the band structure at the � point for
GaAs-type semiconductors. Level symmetries �i, energy gaps Ei,
and spin-orbit energies �i are indicated. The arrows indicate which
levels are coupled by the matrix elements of momentum �P0 , P1 ,Q�
and of the spin-orbit interaction ��̄�. The zero of energy is chosen at
the �6

c conduction band edge.

TABLE I. Far-band contributions to the effective mass m0 /m0
*

and the g* value in Ga1−xAlxAs alloys for three values of the chemi-
cal composition x, see text.

x C CWH� CCh�

0.0 −2.23 −0.025 −0.025

0.14 −1.57 −0.034 −0.009

0.40 −2.61 −0.076 +0.016
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the second set CWH� �x�. Both are indicated in Table I. It can
be seen that, both in case of the mass and of the g* value, the
distant band corrections are much smaller than the principal
contributions of the five levels. This confirms the adequacy
of the 5L model.

The electrons are confined in a potential well. As a con-
sequence, the measured g* value is given by an average of
g*�z� calculated using the electron wave function in the well.
In order to find the wave function for the conduction band
one should solve the 5L model which represents the set of 14
coupled differential equations for the envelope functions f i.

7

The external potential appears on the diagonal of the set.
However, within the spherical approximation �which
amounts to putting the matrix element Q=0, see Fig. 1� we
can solve the set by substitution expressing f3 ,… , f14 by f1
and f2, where f1 and f2 are the envelope functions corre-
sponding to the spin-up and spin-down conduction states,
respectively.

The resulting differential equation for fn
+ and fn

− functions
is
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2
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2
+ Vc�z� + eFz� fn

±�z� = Efn
±�z� , �13�

where the effective mass is
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and the g* factor is

g*�z� = 2 + 2C��z� +
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Ẽ1
	

−
2�̄

3

EP0

· EP1� 2
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	� . �15�

Here Ẽi�z�=Ei�z�−E+Vc�z�+eFz , G̃i�z�=Gi�z�−E+Vc�z�
+eFz, and F is an external electric field. The index n in fn

±

functions corresponds to the nth Landau level in Eq. �13�. In
addition to the z dependencies resulting from the x depen-
dencies in Eqs. �1� and �2�, the effective mass �14� and the g*

value �15� depend on the potential Vc�z�+eFz and on the
eigenenergy E. This is a consequence of band’s nonparabo-
licity, as shown in Refs. 7 and 8. Because m* and g* depend
on the eigenenergy, Eq. �13� must be solved self-consistently.
In practice this is done by putting a fixed value of E both in
m*�E ,z�, g*�E ,z� and as the eigenvalue on the RHS of Eq.
�13�, and checking whether this value satisfies Eq. �13� with
the boundary conditions fn

±→0 at z= ±�.
In Eq. �13� we omit in the first approximation the spin

term since we are concerned with very small spin splittings
�see below�. This approximation is verified in Sec. IV. Also,

we consider only the lowest n=0 Landau level because we
deal with very low electron densities �n2D�1010 cm−2�, so
that all electrons occupy the ground state. It is to be noted
that formulas �14� and �15� are valid also in the barriers, that
is in the classically forbidden regions.

Once the electron wave function f0�z� is found, the aver-
age value of g* is obtained,

gav
* = �f0�g*�z��f0 . �16�

In the coupled-band scheme the total wave function for the
conduction band has more than one component but, because
the gap in the GaAs-type materials is not narrow, the other
�small� components may be safely neglected.

III. RESULTS AND DISCUSSION

The potential profiles for the conduction band in samples
used by Salis et al. are shown in Fig. 2. In order to translate
the x content into the energies we use the relation �Vc
=0.80x�eV� for 0�x�0.45.18 The profiles are described by
the parabolas Vc�z�=V0+bz2, where b= �Vm−V0� / �a /2�2 is
obtained from the well parameters. In all cases a=100 nm
and Vm=0.32 eV while the minimum potential V0 is different
for each sample. Since the structures of Salis et al. had few
electrons �n2D�1010 cm−2�, the free charges did not substan-
tially affect the well potential. The profiles of all bands
within the 5L model for the quantum well with the minimum
value x0=0, are shown in Fig. 3. If one applies an external
electric field, the potential well is still parabolic but its mini-
mum is shifted to a different alloy composition x0�, which
directly influences the g*�z� function and, in turn, the value
of gav

* , see Fig. 4.
We solved numerically Eq. �13� both without the electric

field and with the electric field F. In both cases the electrons
are located in a parabolic potential well. Still, because of the

FIG. 2. Conduction band potential profiles for four Ga1−xAlxAs
parabolic quantum wells with variable Al content x, as used by Salis
et al. �Ref. 4�. The numbers indicate minimum Al content x0 �at the
band’s minimum� for a given sample.
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m*�z� dependence and the “kinks” of the potential at finite z
values �see Fig. 4� the resulting wave functions are not ex-
actly those of the harmonic oscillator’s. The potential profiles
for the quantum well with x0=0 in case of F=0 and F
=3.64�104 V/cm are shown in Fig. 4. The same figure
shows the calculated wave functions for the two cases.

Finally, Fig. 5 shows our theoretical values of gav
* com-

pared to the experimental findings of Salis et al. It was found
in Ref. 4 that the experimental data are symmetric around the
bias value of U0�1.5 V, which seems to be the “built-in”
voltage. Clearly, our theoretical results are symmetric around
the bias voltage Utot=0. This is taken into account in Fig. 5,
on the lower abscissa where we put the experimental gate
voltage Ug and on the upper one Utot=Ug+U0. We show two

sets of theoretical curves. The dashed lines are calculated
according to the gCh

* �x� experimental values of Chadi et al.,16

while the solid lines are the same but using the gWH
* experi-

mental values of Weisbuch and Hermann,17 see Sec. II. The
dashed lines are systematically higher than the solid ones,
which is due to the fact that with growing x the experimental
values of gCh

* are higher than gWH
* . This agrees with the tem-

perature dependence of g*�T� in GaAs, as investigated in
Ref. 19, since the values of gCh

* were measured at T=77 K,
while gWH

* were determined at T=4 K. Thus the data of
Weisbuch and Hermann should correspond better to the ex-
periments of Salis et al. because both were carried out at low
temperatures.

As for the comparison of the theory with experiment, it is
on the whole very good, with two small discrepancies. First,
for the sample with the highest Al content �x0=0.13� the
experimental data are slightly higher than the theoretical
solid line. Second, for the samples with x0=0 and x0=0.10
the experimental dependencies of g* on the voltage are
steeper than the theoretical ones. It can be seen, however,
that the other two samples exhibit weaker g*�Ug� dependen-
cies, so that this problem is clearly of the experimental or
technological nature. It should be emphasized that our good
theoretical fit is obtained without any adjustable parameters
and all the used parameter values were established by inde-
pendent experiments. In fact, it is impressive that the differ-
ent experiments on Ga1−xAlxAs alloys used in the present
analysis give results corresponding so well to each other.

It is of interest to compare the results of the five-level
model for the band structure of Ga1−xAlxAs with those of a
simpler three-level model. In principle, the 5L model is nec-
essary for the GaAs-type materials since, as follows from

FIG. 3. Energy profiles of five levels at the � point for the
Ga1−xAlxAs sample with x0=0 along the growth direction z, as de-
termined from the dependencies of band parameters on the Al con-
tent x.

FIG. 4. Potential profile of the conduction band for the sample
with x0=0 in the absence of an external electric field �upper part�
and with the electric bias of 4 V �lower part�. The calculated elec-
tron wave functions for the two cases are shown.

FIG. 5. Theoretical spin g* factors of conduction electrons in
four Ga1−xAlxAs parabolic quantum wells, as used by Salis et al.
�Ref. 4�, versus external electric bias. The solid lines are calculated
using bulk gWH

* �x� data of Weisbuch and Hermann �Ref. 17�, the
dashed lines are the same using gCh

* �x� data of Chadi et al. �Ref.
16�. Various symbols show the experimental results of Salis et al.

P. PFEFFER AND W. ZAWADZKI PHYSICAL REVIEW B 72, 035325 �2005�

035325-4



Fig. 3, the energy distance from the �6 conduction band to
the higher conduction bands is E1=3 eV, which is only twice
larger than the fundamental energy gap E0=1.5 eV. As we
showed earlier,5 the differences between the two models be-
come appreciable when the energy of conduction electrons
increases. In our scheme we adjust the far-band contributions
to the effective mass and the g* value to obtain the same
band-edge values. Consequently, the far-band contributions
for the 3L model are larger than those for the 5L model. It
turns out that, since the subband energies in question are
quite low �E�13 meV�, so that the nonparabolic effects are
very small, the resulting theoretical g* values according to
the 3L model are practically the same as those given above.
However, it should be emphasized again that the 5L model is
necessary for GaAs since it uses reasonable values of P0 and
P1 matrix elements and it gives the band’s anisotropy ob-
served experimentally.

Finally, we estimated the effects of free carrier density
induced by interband optical excitations on the self-
consistent potential of quantum wells in the experiments of
Salis et al. When there is no electric bias there is no net
charge since the interband excitation creates equal numbers
of electrons and holes. When an external voltage is applied,
the charge densities of electrons and holes are shifted with
respect to each other. We calculated in a self-consistent pro-
cedure the effect of n2D=1010 cm−2 electrons at the highest
bias of 3 V for the sample 0.13 �see Fig. 5�. It turns out that,
while the modification of the potential and the corresponding
subband energy are not negligible, the resulting average g*

values are practically the same. The change of g* for the
above case is �g*�10−4 between the parabolic potential and
the self-consistent potential. This can be understood by ob-
serving that the g* value depends on 1/ �E0−E+Vc� �see Eq.
�15�� in which, for GaAs, the value of E−Vc is three orders
of magnitude smaller than E0.

IV. BYCHKOV-RASHBA SPIN SPLITTING

Once an external electric field is applied to the symmetric
parabolic QWs the structure inversion asymmetry �SIA� ap-
pears and, as a result, there arises the spin splitting of sub-
band energies at B=0, called the Bychkov-Rashba
splitting.20 There exists also the spin splitting due to the bulk
�or crystal� inversion asymmetry �BIA� �sometimes called
the Dresselhaus splitting21�, but the latter is present both for
F=0 and F�0. The properties of SIA and BIA spin split-
tings were reviewed by Zawadzki and Pfeffer.22 In the
present section we estimate the SIA spin splitting in order to
check whether it can influence our theoretical results for the
g* values presented above. We do not give here the deriva-
tion of the corresponding formulas, they can be found in
Refs. 22,23.

The SIA spin splitting of the conduction subband at B
=0 is

�ESIA = 2	kF, �17�

where

	 =
1

2
�f �

�


�z
�f , �18�
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Ẽ1G̃0
	� . �19�

One should note that, while the averaging in Eq. �18� is
carried out with the use of the wave function for the �6

c

conduction subband, the derivative �
 /�z involves the band
profiles of the valence and the upper conduction bands, see
Fig. 3. This problem is discussed in detail in Ref. 22. Insert-
ing the experimental values of kF=2.5�105 cm−1�n2D

=1010 cm−2� and calculating the wave function f0 for Utot

=2 V �cf. Fig. 4� we obtain for the sample with x0=0.10 the
value of �ESIA=7.3�10−3 meV. If the spin splitting due to
SIA did not depend on an external magnetic field, the above
splitting would correspond to the field of B=6 T to the
change of the g* value �g*�0.0001, i.e., it would be negli-
gible compared to our estimated value of gav

* =0.0139. In
fact, as we showed elsewhere,22,23 �ESIA is a decreasing
function of an external magnetic field. The subband energies
in the presence of B parallel to the growth direction �includ-
ing the SIA splitting� are

En
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�
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− , �23�

in which fn
± and �n

± are the corresponding envelope functions
and energies of the spin-up and spin-down Landau levels n
without the SIA splitting, as obtained from Eq. �13�. We first
calculate the energies without the SIA splitting. To this end
we solve numerically Eq. �13� including this time the spin
term with the spin factor g*�E ,z� given by Eq. �15�. For the
sample with x0=0.10 at the external fields B=6 T and F
=1.82�104 V/cm we calculate �0

+ and �0
−, resulting in g*

=0.0143. This verifies our approximation used above, which
gave the same parameters gav

* =0.0139.
Now we can calculate the spin splitting including the SIA

contribution. For the lowest Landau level n=0 there is fn−1
=0, so that the E0

− energy is not affected by the SIA mecha-
nism. Calculating the correction to the E0

+ level we obtain the
modified spin factor at B=6 T to be g*=0.0142. Thus the
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SIA mechanism gives negligible contribution to the theoret-
ical g* values shown in Fig. 5. This is true also for the small-
est g* value of the sample with x0=0.10.

We estimated the Bychkov-Rashba splitting according to
the 3L model as well. The SIA modifications to the g* values
are again negligible, the decisive factor being the relatively
high magnetic field B=6 T, which suppresses the Bychkov-
Rashba splitting �see the analysis in Ref. 24�.

V. SUMMARY

Using the five-level k ·p model for GaAs-type semicon-
ductors in the presence of external magnetic and electric
fields we described the spin splitting of conduction subbands
in Ga1−xAlxAs parabolic quantum wells grown by a continu-
ous variation of the Al content x. The theory, having no ad-
justable parameters, agrees well with the experimental find-
ings of Salis et al. Both negative and positive spin g* values
are obtained. The theory correctly accounts for the variation
of g* values on external electric field. The Bychkov-Rashba
spin splitting, arising from inversion asymmetry introduced
by the electric bias, is calculated and shown to give negli-
gible contribution to the calculated g* values at low electron
densities.
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APPENDIX

The growth direction of QWs used by Salis et al. is
z � �001�. In the complete 5L k ·p model the bands �and con-

sequently the electron spin g*-factor� are anisotropic. The
spherical approximation, which we used above, is obtained
by putting the matrix element Q=0, see Fig. 1. We also
calculated the anisotropic conduction electron g*-value al-
lowing for Q�0 �cf. Ref. 5�. After some manipulations the
anisotropic correction to g* for B � �001� is obtained in the
form

�g001
* =

2�2n + 1�EQ�BB

9 �EP0

G̃1
� 1

Ẽ0

−
1

G̃0
	� 7

G̃0

+
5

Ẽ0
	

+
EP1

Ẽ0
� 1

G̃1

−
1

Ẽ1
	� 7

Ẽ1

+
5

G̃1
	� , �A1�

where EQ=2m0Q2 /�2 and

Q =
− i�

m0�
�X�py�Z� . �A2�

The correction to g001
* is manifestly of the nonparabolic char-

acter, as it leads to the energy correction �E�B2.
We tried to include the above correction to the description

of g*-factors presented in Fig. 5, taking the value of EQ
=15.56 eV �see Ref. 5�. However, using our procedure of
finding the far-band contribution C� to the g*- value from
other experiments, as described in Sec. II, we found that the
modified formula �A1� leads to corrections of C� in such a
way that it compensates the above modifications of g*�z�, so
that the resulting g*-values remain virtually unchanged.

Still, we quote the result �A1� as it gives corrections to g*

for B � �001� in GaAs-type materials. For the interesting
range of g*�0 these corrections are not negligible.
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