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Absorption spectra, exciton energy levels and wave functions for solid Ne and Ar have been calculated from
first principles using many-body techniques. Electronic band structures of Ne and Ar were calculated using the
GW approximation. Exciton states were calculated by diagonalizing an exciton Hamiltonian, derived from the
particle-hole Green function, whose equation of motion is the Bethe-Salpeter equation. Singlet and triplet
exciton series up to principal quantum number n=5 for Ne and n=3 for Ar were obtained. Binding energies
and longitudinal-transverse splittings of n=1 excitons are in excellent agreement with experiment. Plots of
correlated electron-hole wave functions show that the electron-hole complex is delocalized over approximately
7 a.u. in solid Ar.
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I. INTRODUCTION

Electronic and optical properties of rare gas solids �RGS�
Ne and Ar have been well studied experimentally1–11 and
theoretically12–20 and have been the subject of several review
articles.21–23 Their optical absorption spectra are character-
ized by sharp exciton peaks at energies up to several eV
below the fundamental band gap; such a large exciton bind-
ing energy provides a good testing ground for theoretical
methods for excitons. Excitons in RGS consist of a hole in a
p-type valence band and an electron in an s-type conduction
band. The momentum of the hole can be either j=3/2 �spin
triplet� or j=1/2 �spin singlet�. Spin-orbit coupling mixes
these states and so pairs of transverse exciton lines, labeled
by principal exciton quantum numbers n and n�, are ob-
served in optical absorption experiments. When spin-orbit
coupling is weak, as in Ne, energies of these excitons ought
to be close to the spin singlet and triplet energies. Creation of
longitudinal excitons in electron energy loss experiments
produces a longitudinal polarization field which couples to
the associated long-range macroscopic electric field and
leads to energy splitting of longitudinal �L� and transverse
�T� excitons of the same principal quantum number.

An integral equation approach has been applied to exci-
tons in insulators for over 40 years.24 This incorporates
screened electron-hole attraction and exciton exchange terms
in the Hamiltonian. Early applications of this approach to
RGS �Refs. 12 and 13� used an approximation in which the
exciton wave function was restricted to a single unit cell �one
site approximation�. Following this, Resca and co-workers
developed an approach which took into account the delocal-
ized nature of the exciton wave function by solving an effec-
tive mass equation.14–16 In this approach the electron-hole
attraction term was unscreened when both electron and hole
were on a single site and screened by a macroscopic dielec-
tric constant factor when they were on different sites. Modi-
fication of the electron-hole attraction term as a function of
electron-hole separation in this way leads naturally to a
quantum defect correction, En=Eg−Bex/ �n+�n�2, to the
Wannier formula for exciton energies, En=Eg−Bex/n2. Eg is
the fundamental band gap and Bex is the exciton binding

energy. Resca and Resta16 showed that the former expression
could predict exciton energies rather well with a weak de-
pendence of the quantum defect, �n, on n. However, subse-
quent direct measurements of the fundamental band gaps in
RGS �Ref. 25� showed that the fundamental gap derived
from a fit to the Wannier formula �excluding the n�=1 exci-
ton� yielded a value for Eg in good agreement with the ex-
perimental values while the quantum defect model yielded
quite different values. Bernstorff et al.26 concluded that RGS
excitons “do not possess atomic parentage.” Exciton wave
functions for RGS are, therefore, well-known to have strong
but incomplete localization of the electron and hole on the
same site. This intermediate binding character of excitons in
RGS means that they are far from the well-separated
electron-hole pair limit, which applies to semiconductors and
is well described by the effective mass approximation
theory.27 A recent calculation,19 which used a screened Cou-
lomb electron-hole interaction and a Slater-Koster parametri-
zation of the band structure, found good agreement with ex-
perimental exciton energies and delocalization of the
electron-hole wave function over three nearest neighbor dis-
tances.

The integral equation approach was applied to
diamond28,29 and silicon30 by Hanke and Sham in the 1970s
using a tight-binding parametrization of the band structure.
Strinati31 showed how the equation of motion for the
particle-hole Green function, the Bethe-Salpeter equation32

�BSE�, for core-hole excitons could be reduced to an effec-
tive eigenvalue problem. Recent ab initio calculations of va-
lence excitons in crystalline solids33–35 have been based on
this effective eigenvalue problem and the Bethe-Salpeter for-
malism has been reviewed.36 In this paper we present ab
initio calculations of excitonic absorption spectra and corre-
lated electron-hole wave functions for excitons in Ne and Ar.
Quasiparticle band energies are calculated using the GW
approximation37 and the Bethe-Salpeter formalism,36 which
includes statically screened electron-hole attraction and exci-
ton exchange terms, is used to calculate the optical spectrum.
This is generated using matrix elements between the ground
state and correlated electron-hole excited states and the
longitudinal-transverse �LT� splitting of excitons is investi-
gated.
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The remainder of the paper is arranged as follows: In Sec.
II the theoretical formalism is presented, in Sec. III results of
calculations of optical spectra and correlated electron-hole
wave functions in solid Ne and Ar are given and finally
conclusions are given in Sec. IV.

II. THEORETICAL BACKGROUND

A. Quasiparticle energies

The starting point in our approach is to generate the qua-
siparticle energies and wave functions of the system. Quasi-
particle energies are obtained by solving the quasiparticle
equation,38

H�r��m
QP�r� +� ��r,r�,E��m

QP�r��dr� = �m�m
QP�r� , �1�

using perturbation theory. The unperturbed Hamiltonian is a
Kohn-Sham Hamiltonian and the self-energy operator, �, is
obtained using the GW approximation �GWA�. Quasiparticle
wave functions, �m

QP�r�, are approximated by eigenfunctions
of the unperturbed Kohn-Sham Hamiltonian. Density func-
tional theory �DFT� within the Perdew-Wang generalized
gradient approximation39 �PWGGA� is used to obtain DFT
eigenvectors and eigenvalues. Details of GW calculations as
well as quasiparticle band structures along symmetry lines
for Ar and Ne are given in Ref. 37. The CRYSTAL code40 was
used to generate single-particle wave functions for Ne and Ar
in an all-electron Gaussian orbital basis and the Coulomb
potential was expanded in plane waves. GW and BSE calcu-
lations were carried out using the EXCITON �Ref. 41� code.
The spin-orbit interaction was omitted from the calculations
and the fcc structure with experimental lattice constants
�4.46 Å Ne and 5.31 Å Ar� were used.22

B. Electron-hole excitations and optical spectra

Correlated electron-hole states, �N ,S�, can be represented
in a basis of single-particle quasi-electron �conduction c� and
quasi-hole �valence v� states,

�N,S� = �
kvc

Akvc
S â†b̂†�N,0� = �

kvc

Akvc
S �kvc� , �2�

where â† and b̂† create a quasi-hole and quasi-electron, re-
spectively, in the many-body ground state �N ,0�. Coupling
coefficients, Akvc

S , and excitation energies, �S, are obtained
by solving the BSE in the form,36

�Ekc − Ekv�Akvc
S + �

k�v�c�

�vck���v�c�k��Ak�v�c�
S = �SAkvc

S ,

�3�

where � denotes the electron-hole interaction and energies
Ekc and Ekv are quasiparticle energies obtained within the
GWA. The interaction kernel, �, is given as a sum of two
terms:36 The screened electron-hole attraction, also called the
direct interaction, �d, and the exchange interaction, �x,
which results from bare Coulomb repulsion. Neglecting any

dynamical screening, the matrix element of the direct term in
a plane-wave basis is given by,

�vck��d�v�c�k�� = −
4�e2

�
�

G,G�

	GG�
−1 �q,
 = 0�

�q + G��q + G��

� �v�k��ei�q+G�·r�vk�

��ck�e−i�q+G��·r�c�k���q,k�−k. �4�

	GG�
−1 �q ,
=0� is the symmetrized, inverted, static RPA di-

electric matrix,42 G and G� span the reciprocal lattice, and �
denotes the crystal volume. When computing the matrix el-
ements in Eq. �4� special care has to be taken for the case
q→0. If G=G�=0 the interaction diverges as 1/q2. This
contribution is separated from the left side of Eq. �3� and
integrated over a small sphere of volume V=VBZ/Nk where
VBZ is the volume of the Brillouin zone �BZ� and Nk is the
number of k points, as suggested by Arnaud and Alouani.35

This divergence exists only when v=v� and c=c�. An addi-
tional divergence of type 1/q occurs when one of the G
vectors is zero. These terms are neglected, because their con-
tribution either averages to zero or vanishes in the limit of a
large number of k points.35

The exchange term of the interaction for singlet states has
the form,36

�vck��x�v�c�k�� = 2 �
4�e2

�
�

G�0

1

G2 �ck�eiG·r�vk�

��v�k��e−iG·r�c�k�� . �5�

The G=0 term omitted from Eq. �5� is responsible for LT
splitting of singlet excitons.43 It has the form,

2 �
4�e2

�

�ck�p�vk�
Ekc − Ekv

Q̂Q̂T �v�k��p�c�k��
Ek�c� − Ek�v�

, �6�

where Q̂=q / �q� is a unit vector parallel to the macroscopic
field and p is the momentum operator. It is obtained by re-
placing G by q in Eq. �6�, taking the limit q→0 and using
the commutation relation �H ,r	=−ip to avoid calculating
matrix elements of the dipole operator, which is undefined in
a system with periodic boundary conditions. It has been
omitted from recent ab initio calculations of the transverse
�optical� spectrum in semiconductors.33,35 The LT splitting is
generally small ��0.1 eV� in that case. However, in Ne and
Ar it is large enough to warrant its inclusion, when ab initio
results are to be compared to experiment. The exchange term
in the interaction vanishes for triplet exciton states.

Finally, Eq. �3� is solved and the macroscopic dielectric
function is computed using33

	M�
� = 1 + lim
q→0

8�e2

�q2 �
S

��v,c,k
�vk�e−iq·r�ck�Akvc

S �2
�S − 
 − i0+ .

�7�

When the term in Eq. �6� is omitted the LT splitting induced
by exchange terms in Eq. �5� with G�0 is around 0.02 eV,
but when it is included these quasi-degenerate modes split
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into L and T modes with optical transition moments either

parallel �L� or perpendicular �T� to the unit vector Q̂. The
splitting is large �0.1 eV� only for n�=1 singlet excitons.

In Eq. �7� optical transitions are given as a coherent sum
of the transition matrix elements of the contributing electron-
hole pair configurations, including the coupling coefficients,
Akvc

S . Without the electron-hole interaction, excitations are
given by vertical transitions between independent electron
and hole states. In that limit Eq. �7� reduces to the well-
known random phase approximation �RPA� dielectric func-
tion,

	M
RPA�
� = 1 + 2 lim

q→0

8�e2

�q2 �
v,c,k


�vk�e−iq·r�ck�
2

Eck − Evk − 
 − i0+ . �8�

In calculating 	M from Eq. �7�, three valence bands, one
conduction band and 2048 Monkhorst-Pack44 special k
points in the full Brillouin zone were used. An artificial
broadening of 0.05 eV was introduced in spectral lines. Sev-
eral groups36,45,46 have used low symmetry, shifted k points
to achieve well converged excitonic spectra. Excitons in
RGS belong to an intermediate regime, where they are local-
ized in real space and delocalized in reciprocal space �see
Sec. III�. Convergence of excitonic spectra can, therefore, be
achieved using special points only. 65 G vectors were used
to calculate the direct part of the interaction, Eq. �4�, and up
to 500 were used for the exchange interaction, Eq. �5�. An
all-electron basis containing 5s, 4p, and 2d Cartesian Gauss-
ian orbitals on the atomic nuclear site was used for Ne and a
similar basis with 7s, 6p, and 4d orbitals on the atomic
nuclear site plus 2s, 2p, and 1d orbital on the octahedral
interstitial site was used for Ar. The basis used for Ne is
smaller than that used previously for a GW calculation on Ne
while the Ar basis is the same as used previously �basis set 2
in Ref. 37�.

III. RESULTS

A. Optical spectra

1. Neon

The BSE eigenvalue problem was solved for Ne using an
exciton exchange term which either included or omitted the
LT splitting term �Eq. �6�	. Exciton energies and binding
energies, EB=Eg−En, are given in Table I and are compared
to earlier calculations. The band gap for Ne obtained using
the GW approximation and the basis set described above was
21.67 eV �Table I� and is in very good agreement with the
experimental value of 21.58 eV.4 In the work by Andreoni et
al.,13 n=1 and n�=1 excitons were calculated using matrix
elements and a band structure from an augmented plane
wave �APW� calculation and excitons with higher principal
quantum numbers were calculated using the effective mass
approximation �EMA�. In the work by Martinelli and Pastori
Parravicini47 the electron-hole attraction term in the integral
equation was treated using a model screened Coulomb po-
tential. Experimental exciton energies in Table I are from
optical transmission data by Saile and Koch.4 Both L and T
excitons were observed in thin film optical absorption data

and the L exciton energy of 17.75 eV from the BSE calcula-
tion is in good agreement with a value of 17.74 eV from
electron energy loss data.9

The imaginary part of the macroscopic dielectric function,
	2, derived from Kramers-Kronig transformation of reflec-
tion measurements by Skibowski22 and a BSE calculation
�Eq. �7�	 for singlet states without the LT splitting in the
exchange term are shown in Fig. 1. The experimental spec-
trum shows excitonic absorption at 17.49, 20.24, 20.87, and
21.30 eV.22 These are the n�=1,2 ,3 ,4 �singlet� exciton en-
ergies for Ne and they are nearly all coincident with data for
Ne by Saile and Koch4 �Table I�, where data for triplet exci-
ton energies are available also. Singlet and triplet BSE cal-
culations show the first two exciton absorption features at
17.45�17.25� and 19.95�19.90� eV. While there is good
agreement between results of the BSE calculation and ex-
periment for n� and n=1 states, exciton binding energies for
n� and n1 are overestimated. This may be a result of in-
complete screening of the electron-hole interaction caused by
the limited basis set used in this calculation. Differences in n
and n� binding energies decrease with increasing quantum
number. Singlet/triplet energy splittings in BSE calculations
for the first two states are 0.20 and 0.05 eV and these com-
pare to 0.14 and 0.11 eV in experiment �Table I�. For higher
states the BSE predicts essentially no splitting while a small
splitting is still found in experiment.

TABLE I. Exciton energy levels, En, band gaps, Eg, binding
energies, EB and LT splittings in solid Ne in eV. Theoretical results
from an augmented plane wave �APW� calculation for the n=1 and
n�=1 states and an effective mass approximation �EMA� calcula-
tion for n and n�1; a model screened electron-hole potential cal-
culation and a BSE calculation are compared to experimental peak
positions in optical transmission data. The APW and EMA calcula-
tions include spin-orbit coupling. Fundamental band gaps and
longitudinal-transverse splittings, �LT, are given in the last two
rows.

n
APW/EMAa

En

SKb

En

This work Exp.c

En EB En EB

1 17.51 17.25 4.44 17.36 4.22

1� 17.86 17.37 17.45 4.24 17.50 4.08

2 19.90 1.79 20.25 1.33

2� 19.98 20.64 19.95 1.74 20.36 1.22

3 20.55 1.14 20.94 0.64

3� 20.93 21.19 20.55 1.14 21.02 0.56

4 20.95 0.74 21.19 0.39

4� 21.25 21.40 20.95 0.74

5 21.15 0.54 21.32 0.26

5� 21.40 21.50 21.15 0.54

Eg 21.67 21.69 21.69 21.58

�LTd 0.23 0.30 0.25

aReference 13.
bReference 47.
cReference 4.
dj=1/2 exciton.
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When the LT splitting term �Eq. �6�	 is included in the
singlet state exchange, the n�=1 exciton shifts to 17.75 eV,
which corresponds to an LT splitting of 0.30 eV. The experi-
mental LT splitting energy in the n=1� exciton is 0.25 eV
and the calculation by Andreoni et al.13 gave a value of
0.23 eV. The L exciton energy coincides with the experimen-
tal value of 17.75 eV determined by optical absorption in a
thin film4 and a value of 17.74 eV obtained from electron

energy loss experiments.9 The LT splitting for the n�=2 ex-
citon from a BSE calculation is much smaller and has a value
of 0.03 eV. Energies of T excitons remain essentially the
same when the exchange term in Eq. �6� is included.

2. Argon

Singlet and triplet exciton energies and binding energies
for Ar derived from BSE calculations and experiment are
given in Table II. Experimental exciton binding energies in
Ar are reproduced well in parametrized calculations by An-
dreoni et al.12 and by Baroni et al.18 Binding energies from
BSE calculations are also in good agreement with experi-
ment, although BSE exciton energy levels lie below experi-
mental values because the band gap is underestimated by
0.5 eV in the GW calculation used to generate the quasipar-
ticle energies in Eq. �3�. Exciton binding constants for j
=3/2 and j=1/2 states have been estimated from experiment
�Table III�.2,48 By fitting n and n�1 exciton peak positions
to a Wannier plot �i.e., with no quantum defect� we find Bex
to range between 2.06 and 2.23 eV for the j=1/2 exciton
and between 2.17 and 2.30 eV for the j=3/2 exciton. These
values are in good agreement with collected data by Bern-
storff et al.26 When the n and n�=2 levels from the BSE
calculation are fitted we find a binding constant of 2.56 eV
and when we use the n and n�=3 levels we find a binding
constant of 2.16 eV. The experimental LT splitting energy in
the n=1� exciton is 0.15 eV. The LT splittings derived from
the BSE calculation �0.36 eV� is significantly larger than that
derived from the calculation by Andreoni et al.12 �0.19 eV�
and the experimental value.

The imaginary part of the macroscopic dielectric function
from experiment and a BSE calculation for the j=1/2 exci-
ton are shown in Fig. 2. The experimental optical spectrum
contains both the n=1 and n�=1 peaks because spin-orbit
coupling mixes singlet and triplet states thereby creating two
optically active transitions. The GW band structure used here
did not include spin-orbit coupling and the BSE spectrum
shown includes only optically active singlet excitons.

B. Electron-hole wave functions

The ab initio approach used here allows the wave func-
tion of an electron-hole excitation to be examined in detail.
Excited state wave functions, �n�re ,rh�, in a coordinate rep-
resentation are,

TABLE II. Exciton energy levels, En, band gaps, Eg, binding
energies, EB, LT splittings and binding constants, Bex, in solid Ar in
eV. Theoretical results from an augmented plane wave �APW� cal-
culation for the n=1 and n�=1 states and an effective mass approxi-
mation �EMA� calculation for n and n�1, a model screened
electron-hole potential calculation and a BSE calculation are com-
pared to experimental peak positions in optical transmission data.
The APW and EMA calculations include spin-orbit coupling. Fun-
damental band gaps, longitudinal-transverse splittings, �LT, and
binding constants are given in the last three rows.

n
APWa

EB

EMAb

EB

This work Exp.c

En EB En EB

1 2.12 11.60 2.09 12.10 2.06

1� 1.84 1.86 11.75 1.94 12.35 1.90

2 13.05 0.64 13.58 0.58

2� 0.47 13.05 0.64 13.75 0.50

3 13.45 0.24 13.90 0.26

3� 0.19 13.45 0.24 14.03 0.22

Eg 13.69 14.25

�LTd 0.19 0.36 0.15

Bex 2.56 2.06

aReference 12.
bReference 18.
cReference 2.
dj=1/2 exciton.

TABLE III. Fitted exciton binding constants, Bex, and band
gaps, Eg, in solid Ar in eV. n and n�1 levels have been used for
raw experimental data. The n=2 and n�=2 energies and the GW
value for Eg have been used for BSE data and result in the same
binding energies for j=1/2 and j=3/2 series.

j Bex
a Eg

a Bex
b Eg

b Bex
c Eg

c

1 /2 2.06 14.25 2.23 14.31 2.56 13.69

3/2 2.30 14.16 2.17 14.12 2.56 13.69

aReference 2.
bReference 48.
cThis work.

FIG. 1. Imaginary part of the macroscopic dielectric function for
Ne calculated using BSE wave functions and from experimental
data by Skibowski �Ref. 22�.
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�n„re,rh… = �
k

�
v

occ

�
c

empty

Akvc
n �kc�re��kv

* �rh� . �9�

The coordinates re and rh refer to the position of the electron
and hole, respectively. The wave function is a six-
dimensional scalar function. In a crystalline system, it is in-
variant to lattice translations simultaneously applied to rh
and re. By fixing either the electron or hole in space and
plotting ��n�re ;rh��2, details of the spatial correlation func-
tion for the electron-hole distribution can be explored. Figure
3 illustrates the probability density for an electron when a
hole is fixed at an atomic nuclear site as well as the prob-
ability density for an electron with a hole fixed at the atomic
position. The plot with the fixed hole shows an electron dis-
tribution in predominantly atomic s states with a p lobe dis-
tribution over atomic sites. The plot with the electron fixed
shows the hole to be predominantly on the same atomic site
with some delocalisation onto nearest neighbor sites. A more
quantitative display of the electron-hole correlation function
is obtained by plotting the modulus squared of the wave
function along a line containing three Ar atoms �Fig. 4�.
These results confirm earlier conclusions7,19,49 that the first
exciton is delocalized over nearest neighbor atoms and give
for the first time detailed information on the structure of
correlated electron-hole functions in Ar in real space.

IV. CONCLUSIONS

An exciton Hamiltonian has been diagonalized to obtain
singlet and triplet exciton series for Ne up to n=5 and Ar up
to n=3. Exciton binding energies for n�=1 singlet and n=1
triplet excitons for both Ne and Ar are in excellent agreement

with experiment. The longitudinal-transverse splitting of the
n�=1 singlet excitons in Ne is in good agreement with ex-
periment; while the value obtained from a BSE calculation
for Ar exceeds the experimental value �0.36 eV cf. 0.15 eV�.

The band gap for Ne derived from a GW calculation is
21.69 eV and agrees very well with the experimental value
of 21.58 eV. The band gap for Ar from a GW calculation is
13.69 eV and underestimates the experimental value of
14.25 eV by 4%. The excellent agreement between theory
and experiment for the band gap of Ne is fortuitous and is a
result of using a relatively small basis set with functions
located only on atomic sites. When s and p Gaussian orbitals
were added to the basis at octahedral interstitial sites of the
fcc lattice, the GW band gap was reduced to 20.04 eV,37 an

FIG. 2. Imaginary part of the macroscopic dielectric function for
Ar calculated using BSE wave functions and from experimental
data by Saile �Ref. 22�. The fundamental gap predicted by the GWA
calculation for Ar is less than the experimental gap by 0.5 eV. The
scale for the BSE spectrum has been shifted by 0.5 eV in order to
align fundamental gaps in theory and experiment and facilitate
comparison of experimental and theoretical spectra.

FIG. 3. �Color online� Real space probability density
����rh ,re��2� for an electron �re� with respect to a fixed hole �rh�
�left panel� and the distribution of a hole with respect to a fixed
electron �right panel� in the �100� plane of solid Ar for the n�=1
state. The hole �electron� is fixed at the central atom �blue circle�.
Probability densities along the line AB are presented in Fig. 4.
Green empty circles correspond to atom positions.
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underestimate of the experimental value by 7%. Underesti-
mation of experimental band gaps to this extent is typical of
perturbative GW calculations which start with self-consistent
Kohn-Sham Hamiltonians, as this work does. For example,

the band gap is underestimated by 4% in a GW calculation
on Si.50

Overestimation of exciton binding energies with n�2 for
Ne, but not for Ar, for which a superior basis set was used,
suggests that the basis set used for Ne does not adequately
account for screening of the electron-hole attraction for more
extended excitons. Binding energies of n=1 and n�=1 exci-
tons are expected to be much less affected by underscreening
than those with larger principal quantum numbers since the
electron and hole are in close proximity in those states and
the Coulomb potential is poorly screened at that range.

When a BSE calculation was performed for Ne using a
basis which contained additional basis functions located at
octahedral interstitial sites, the optical absorption continuum
began above the first exciton absorption and no higher exci-
tons were obtained. This basis set had been used previously
in a successful GW calculation of the band structure of Ne.37

Inclusion of these functions results in a reduction of GW and
DFT band gaps by a few percent and much improved agree-
ment between the DFT band gap obtained with GAUSSIAN37

and other basis sets.51

Inclusion of high angular momentum functions �beyond
�=2� in many-body calculations on some systems where
some low lying conduction band states have significant am-
plitude in interstitial regions �e.g., solid rare gases� may
therefore be important in obtaining fully converged band
gaps and electron-hole wave functions. These are not yet
available in the CRYSTAL code. We therefore used interstitial
�=0,1 functions instead. However, this basis set resulted in
an optical spectrum for Ne where the onset of continous
absorption began above the n=1 exciton.

Plots of correlated electron-hole wave functions for the
n=1 exciton in Ar show that the extent of delocalisation of
the electron-hole pair is quite limited, confirming that these
excitons belong to an intermediate regime between Frenkel
and Wannier types.
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