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The attractive van der Waals force between a conical silicon atomic force microscope tip and a carbon
single-walled nanotube SWNT is calculated using parameters derived from the bulk dielectric response of
silicon and of graphite. This configuration was used in a recent experiment �Phys. Rev. Lett. 93, 136101
�2004�� in which the force between the tip and the nanotube was measured in the noncontact mode. The
calculations depend on the shape of the tip and whether there is an oxide layer or a layer of amorphous silicon.
There is a fair level of agreement between the calculations and measurements for tip-SWNT separations in the
range 0.5 to 1.0 nm.
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I. INTRODUCTION

Atomic force microscopes �AFM� now reach atomic reso-
lution and probe forces at sub-nanometer length scales. A
quantitative measurement of the forces, as in a recent experi-
ment which operates in the noncontact AFM �NCAFM�
mode,1 relates also to phenomena of adhesion at the micros-
cale and nanoscale.2,3 One step in validating the interpreta-
tion of such measurements is to test whether the inferred
forces can be identified with known interactions. The geom-
etry for the silicon AFM tip and the carbon single-walled
nanotube �SWNT� in the Ashino et al. experiment1 was rela-
tively simple and the tip-SWNT force was of the magnitude
anticipated for van der Waals forces. This has stimulated the
present Note, in which the tip-SWNT attractive van der
Waals force is calculated using data4,5 for the bulk electro-
dynamic response of silicon and graphite. The electrody-
namic formulation is adapted to provide estimates for novel
configurations.6

The SWNT diameter, the dimensions of the AFM tip, and
the tip-SWNT separation are all at the nanometer �nm� scale,
so the van der Waals forces are in the near-field nonretarded
regime. Two frequent approaches to the calculation are �1� to
solve the electrodynamic boundary value problem assuming
a continuum geometry and using a frequency-dependent di-
electric image strength or �2� to use an atom-atom sum or
integral7 of the London–van der Waals energy −C6 /R6, with
the coefficient C6 evaluated using empirical combining
rules.5 Here, data for the bulk dielectric response of graphite,
silicon, amorphous silicon, and SiO2 glass are transformed to
give estimates for the dynamic polarizability of the atomic
units and these are incorporated into effective C6 strengths.
Finally, the tip-SWNT force is evaluated using models for
the tip, allowing for the possible presence of a SiO2 layer or
an amorphous silicon layer.

The calculated van der Waals force at separations
0.5 to 1.0 nm is similar to the experimental force. The ex-
perimental force1 for larger separations is distinctly larger
than the calculated force. To improve on the calculations will
require more information about the structure and composi-
tion of the AFM tip than is known now from the experiment.
Further, the force arising from the presence of just one unit
of electron charge �e� on the tip is larger than the van der

Waals force at separations beyond 1 nm. These comments
highlight the requirements to understand quantitatively an
experiment that measures forces at the 0.01 nano-Newton
�nN� level.

II. CALCULATIONS

A. Effective dynamic polarizabilities

The Clausius-Mossotti relation between polarizability �,
number density n and dielectric constant �

� − 1

� + 2
= 4�n�/3 �1�

is used for generalizations ��i�� and ��i��, evaluated at pure
imaginary frequencies, which enter in the Casimir-Polder
formulation of van der Waals coefficients.6 The ��i�� is con-
structed from experimental data4 for the absorptive compo-
nent at real frequencies using Kramers-Kronig relations. For
the present work, the result of that construction is approxi-
mated by Drude-oscillator expressions

��i�� − 1

��i�� + 1
=

g0

1 + ��/Es�2 �2�

and

n���i���a = ��n�0��a/�1 + ��/Ea�2� . �3�

The parameters in Eq. �3� are given in terms of those in Eq.
�2� by

��n�0��a =
�g0/2��

1 − �g0/3�
; Ea = Es

�1 − �g0/3� . �4�

Table I shows the results of this analysis for several materi-
als. The van der Waals coefficient for atoms a and b, using
Eq. �3�, is C6�a ,b�= 3

2�a�bEaEb / �Ea+Eb�.
A test of this approximation for graphite8 is to estimate

the C6 between the carbon atoms using the “atomic” infor-
mation in Table I. Then C6=24 a.u. for number density n
=1.14�1023/cm3 and �0=7.34 a.u. This is close to C6
=4��6=25.0 a.u. obtained from Steele’s Lennard-Jones
�12,6� CuC parameters,9 �CC=28 K and �=3.40 Å. Thus

PHYSICAL REVIEW B 72, 033410 �2005�

1098-0121/2005/72�3�/033410�3�/$23.00 ©2005 The American Physical Society033410-1

http://dx.doi.org/10.1103/PhysRevB.72.033410


the results of the present formulation are likely to be similar
to those for alternative combining rule constructions based
on the Steele parameters.

Another test is to evaluate the van der Waals energy
−C3 /z3 for an atom a at distance z from a semi-infinite pla-
nar substrate of atoms b of number density nb by integrating
the atom-atom energy −C6�a ,b� /R6 over the substrate vol-
ume. The resulting strength coefficient is denoted C3�pair�
and, using Eqs. �2� and �3�, the expressions are

C3�pair� =
�nb�b�a

4

EaEb

Ea + Eb
; C3 =

g0�a

8

EaEs

Ea + Es
. �5�

The ratio of the C3’s for a silicon atom interacting with a
semi-infinite planar graphite substrate is C3 /C3�pair�=1.21,
using the data in Table I. This indicates that many-body
corrections6 to the forces calculated in this paper using atom-
atom sums are at the level of 20%, which is an acceptable
level of accuracy in the current situation.

B. Geometry

The Ashino et al. experiment nominally has a conical
AFM with hemispherical tip �radius R=2 nm� oriented per-
pendicular to the axis of a graphite SWNT of diameter d
=1.4 nm. The force was reported as a function of separation
D between the tip and the surface of the SWNT. The zero of
D was set1 using a model for the short-range repulsion be-
tween the tip and atoms of the SWNT. The SWNT was in a
bundle, but the present calculation treats a single SWNT sup-
ported on a graphite plane.

The model tip in the calculations has circular symmetry
about its axis. The radius as a function of distance � along
the axis, measured from the join of the hemisphere to a trun-
cated cone, is

	��� = �R2 − �2, − R 
 � 
 0; = R + ��, 0 
 � . �6�

The experimental tips apparently10 have conical slopes of �
�0.05−0.1. The value �=0.1 is adopted for the work re-
ported here; there are changes of less than 5% when �
=0.05 is used.11

There is some ambiguity about the state of the tip in the
measurement. Silicon exposed to air is likely to have a SiO2
layer of about 1 nm thickness. After cleaning in situ by argon

ion sputtering,1 most of the SiO2 may be replaced by amor-
phous silicon and the tip itself may be reduced in size. To
examine the effects of such uncertainties, the calculations
were done for outer tip radii R in the range 1.5–3.0 nm; the
tip itself was taken to have two components, a crystalline
silicon core, and a shell of SiO2 or amorphous silicon of
thickness �R=0.5−1.0 nm. Because g0 and Es for silicon
and amorphous silicon are so similar, Table I, replacing sili-
con by an amorphous silicon layer is expected to make little
change in the calculations, and the results for that case are
not reported here.

The force on the AFM tip includes the van der Waals
force arising from the planar graphite that supports the
SWNT.1 This is included here by integrating the −C3 /z3 en-
ergy over the “atoms” of the AFM tip �distance D+d from
the plane� and using the bulk dielectric function of graphite.

The SWNT is treated as a cylinder of carbon atoms of 2D
number density n=3.82�1015/cm2. The C6 /R6 sum for the
carbon atoms is evaluated by integrating over a cylindrical
surface of radius d /2.

The calculations are done as a function of the distance z
of the AFM tip from the axis of the SWNT. The force in the
experiments is reported as a function of distance D of the tip
from the SWNT and so D�z− �d /2�. The uncertainty in the
procedure that sets the zero of D is probably at the level of
0.1 nm. There also is an offset of this order for the effective
cylinder boundary after the integration over the SWNT
surface.5

The integration over the surface of the SWNT and the
volume of the AFM tip initially is a calculation in five vari-
ables. Three of these are reduced analytically and what re-
mains is a twofold integration, a straightforward numerical
task.

C. Results

The results of the calculations are compared with the ex-
perimental data in Fig. 1. The abscissa is Z�z− �d /2� for the
model calculations and is the reported D for the experiment.1

As noted above, there is an uncertainty of order 0.1 nm in
identifying Z with D.

The X’s in Fig. 1 denote the data1,12 for the total experi-
mental force on the AFM tip, nominally formed of silicon
with a hemispherical cap of radius R=2 nm. The points are a
linear average of the measurements at given D above the
carbon and hollow sites of the SWNT. The horizontal arrows
indicate the effect of a constant shift of +0.1 nm in D. The
open squares show the calculations for a silicon tip shape
given by Eq. �6� using �=0.1 and R=2.0 nm while the open
circles have R=1.5 nm instead. The filled squares and circles
have the same tip shapes, but with the outer 1.0 and 0.5 nm
shells, respectively, replaced by SiO2. All these cases have
force magnitudes similar to those of the experiment, but the
composite tip cases seem to follow the experimental data
better in the range Z�0.5−1.0 nm. The contribution of the
planar graphite support to the total force increases from 5%
at Z=0.5 nm to 20% at 1.0 nm and 50% at 2.0 nm.

The experimental force for D�1–3 nm was fitted1 to F
=0.02/D, with F in nN and D in nm. The calculated force

TABLE I. Parameters of the dynamic dielectric screening and
polarizability, Eqs. �2�–�4�. Energies are in a.u.

Material g0 Es n�0 Ea

graphitea 0.619 0.667 0.124 0.594

silicona 0.84 0.43 0.185 0.365

SiO2
b 0.363 0.720 0.0657 0.675

amorphous siliconc 0.836 0.37 0.184 0.314

ag0 and Es from Appendix E of Ref. 5.
bSiO2 glass, from dielectric data tabulated by H. R. Philipp in Ref.
4.
cAmorphous silicon with little hydrogen doping, from dielectric
data of Pierce and Spicer reviewed by H. Piller in Ref. 4.
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magnitude drops off much more rapidly with increasing dis-
tance at these Ds and is about 60% of the experimental value

at 2 nm. It is difficult to see how the simple 1/D power law
dependence might arise for van der Waals forces in this
geometry.7 Further, a force of magnitude of 0.01 nN is in-
deed very small. One unit of charge can give such a magni-
tude, but again with a faster decrease with increasing D. The
dot-dashed line in Fig. 1 shows the force13 on a point charge
of unit magnitude �e� at a distance Z from a grounded con-
ducting cylinder of radius 0.7 nm, to illustrate the large ef-
fect of static charge. However, this does not account for the
measured force at 1–3 nm. If the tip shape changed drasti-
cally in the experimental processing, to the extent that it
became very blunt with ��1, the van der Waals force at
2 nm might become of order 0.01 nN.

III. CONCLUSIONS

The present calculations show an encouraging level of
agreement with the AFM-SWNT force measured in the re-
cent experiment. The results at intermediate separations
0.5–1.0 nm support the identification of the measured force
with a van der Waals force. For a more quantitative analysis,
more detailed knowledge of the state of the AFM tip in the
measurement and of the distribution of the neighboring
SWNTs is needed. Then an extended calculation that in-
cluded the leading many-body corrections6 to the pair sums
used here would be warranted.
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FIG. 1. Force �in nN� as a function of distance �in nm� of the
“silicon” AFM tip from the surface of a carbon SWNT of diameter
d=1.4 nm. The X’s denote the experimental data, Ref. 1, and are
given as a function of D, which has a zero set by an estimate of the
short-range tip-SWNT repulsion. The results of the calculations are
shown as a function of the distance Z obtained from the distance z
of the tip from the SWNT axis using Z=z− �d /2�. The arrows show
the effect of a displacement of the origin of D by 0.1 nm. The van
der Waals forces are calculated with �=0.1. The open squares are
for a pure silicon tip with R=2 nm and the open circles are for R
=1.5 nm. The filled symbols have the same shape, but the outer 1.0
�0.5� nm consists of SiO2 for R=2.0 �1.5� nm, respectively. The
dot-dash line represents the electrostatic force on a point charge �e�
at distance Z from a grounded conducting cylinder of radius d /2.
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