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Negative refractions of acoustic waves in a two-dimensional �2D� sonic crystal were studied both experi-
mentally and theoretically. By calculating the acoustic band structure and equifrequency surfaces, we theoreti-
cally analyzed the acoustic single-beam negative refraction in the first band operating in the ultrasonic regime.
A 2D square sonic crystal was constructed with 2.0-mm-diam steel cylinders arranged as square arrays of
2.5 mm lattice constant. A scanning transmission measurement of spatial distribution was carried out to estab-
lish the acoustic refraction of a single Gaussian beam. It was demonstrated that the negative refraction is
strongly dependent on both frequencies and incident angles, which shows great potential in acoustic devices.
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Negative refractions of electromagnetic �EM� waves were
theoretically predicted in the left-handed material �LHM� by
Veselago in 1968.1 Due to its unique physical properties and
potential applications, the study of negative refractions has
been a hot focus of interest recently. There are two ap-
proaches to realize EM negative refraction, plasmon reso-
nances in metamaterials2–7 and multiple scatterings in photo-
nic crystals �PCs�.8–13

In metamaterials, plasmon resonances of two-dimensional
�2D� arrays consisting of split-ring resonators and wires can
be used to fabricate LHM, which as a whole has both nega-
tive effective permittivity and negative permeability in a cer-
tain microwave range.5–7 Based on the above prediction,
a flat LHM slab with �=−1 and �=−1 was proposed by
Pendry to realize a so-called perfect lens14 in which both
propagating and evanescent waves contribute to the image,
and some relevant phenomena have been experimentally
demonstrated.15

In photonic crystals, the existence of negative refractions
is due to intense multiple scatterings near the Brillouin-zone
boundaries.8–13 Similar to the perfect lens in LHM, negative
refractions in PCs could also result in a flat lens, called su-
perlens, whereby it is possible to obtain the transmission
amplitude for evanescent waves to produce a real
image.12,13,16 This phenomenon was observed experimentally
in the microwave and infrared ranges,17,18 showing great
promise in photoelectronic applications.

Recently, negative refractions were also realized in other
kinds of classical waves. Liquid surface waves in a periodic
structure of copper cylinders were characterized by
band structures resulted from multiple scatterings,19 leading
to negative refraction and a superlensing effect.20 The
same phenomena have been realized recently for acoustic
waves.21,22 In this paper, we studied, both experimentally
and theoretically, the dependence of the negative refraction
of acoustic waves on frequencies and incident angles in a
2D sonic crystal �SC�.

In SCs, Lamé coefficients ��r�, ��r�, and the �mass�
density ��r� are modulated periodically and acoustic waves
can be described in terms of a band structure, as in the case
of electrons and photons.23–25 The wave equation can be
written as26
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where ui �i=1,2 ,3� are the Cartesian components of the dis-
placement vector u�r�, and xl �l=1,2 ,3� are the Cartesian
components of the position vector.

In the present experiment, in order to manufacture a 2D
SC, an aluminum plate was drilled to be a square array of
holes with the radius of 1.0 mm and the lattice constant of
2.5 mm. In the lateral direction of the plate, holes were ar-
ranged in the �1, 1� direction with 79 layers and in the per-
pendicular direction with 27 layers. The 2D SC was con-
structed by inserting 250-mm-long steel cylinder rods with
the radius of 1.0 mm into the periodically drilled plate.
Hence, our SC was a 2D square SC with steel cylinders in air
background 	�steel=7800 kg/m3, �air=1.21 kg/m3, csteel

=6100 m/s , cair=334.5 m/s �sound velocity in air at 0 °C�
,
in which the lattice constant is a=2.5 mm and the radius of
cylinders is R=1.0 mm, resulting in a filling fraction �R2 /a2

of approximately 50%.
For the SC consisting of steel and air, only the longitudi-

nal waves are allowed. Then Eq. �1� could be simplified as
follows:27
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By using the plane-wave expansion �PWE� method28 and
applying the Bloch theorem, Eq. �2� could yield the eigen-
value equation as
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where K� is restricted within the first Brillouin zone and G� is
the reciprocal vector. By using 289 plane waves, the band
structure is calculated as shown in Fig. 1�a�. With more plane
waves, such as 625 plane waves, the calculated band struc-
ture in the first and second bands is the same too. Based on
this band structure, the acoustic equifrequency surface �EFS�
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	Fig. 1�b�
 is constructed for the acoustic waves propagating
from air to the SC with the interface normal along the �1, 1�
direction �	−M in k space�. It is well known, for the square
lattice, that the lowest band has k ·��/�k
0 everywhere
within the first Brillouin zone. In other words, the group
velocity is never opposite to the phase velocity. From Fig.
1�b� we can see that for frequencies that correspond to all-
convex contours, the group velocity points to the M point. In
this case, the incidence and refraction will stand on the same
side of the interface normal, resulting in the acoustic nega-
tive refraction. Otherwise, when the EFS is concave around
the M point, the group velocity ��/�k points away from the
M point, leading to the positive refraction.

To verify the analysis of the refraction of acoustic waves,
the fabricated SC was arranged with 27 layers in the propa-
gating direction and 79 layers in the lateral direction. A scan-
ning transmission measurement of spatial distributions cov-
ering frequencies from 37 to 44 kHz was carried out by

various incident angles. In our experiment �Fig. 2�, the SC
with the interface of 	−M direction 	�1,1� in real space
 was
placed between two transducers �Airmar AR41, USA�, one
as an emitter and the other as a receiver. A continuous acous-
tic incident Gaussian beam from the emitting transducer was
generated by a function generator �Agilent 33120A, USA�.
To eliminate the angular divergence and obtain a good
Gaussian shape, we carried out a 100-mm-long,
15-mm-thick sponge loop with an inner radius of 15 mm as
an absorbing waveguide between the SC and the emitting
transducer. So a good Gaussian beam could be obtained by
absorbing acoustic waves with large angles. We measured
the amplitudes with both the absorber and no absorber. The
results �the inset of Fig. 2� showed that the width of the half
peak decreased 1/2 times when waves propagated through
the absorber, indicating a good Gaussian shape with angular
divergence less than 7°. The receiving transducer was
mounted on a goniometer that ran along the lateral direction

FIG. 1. �Color online� Theo-
retical demonstration of the acous-
tic negative refraction. �a� is the
band structure of the SC. The
shading region denotes the nega-
tive refractive frequency range
from 41.2 to 48.0 kHz with the
incident beam making 45° with
	–M direction. �b� is the EFS in k
space of the air and SC at 42 kHz
�solid� and 48 kHz �dashed�, re-
spectively; kSC and vg are the
wave vector and group velocity in
the SC, respectively.

FIG. 2. �Color online� Sche-
matic of the experimental setup
used to measure the transmission
of ultrasonic wave in a SC, con-
sisting of two transducers, a flat
rectangular slab of steel cylinders,
a function generator, and an oscil-
loscope. The SC, the rectangular
slab of steel cylinders shown as
the middle-bottom inset, is placed
between two transducers and the
left-top inset shows measurements
of the amplitude comparisons with
the absorber �solid� to without the
absorber �dashed�.
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parallel with the SC interface. The detector was positioned at
10 cm away from the refraction surface to eliminate near
field effects. The transmission signal was acquired by a digi-
tal sampling oscilloscope with a temporal resolution of
2.5 ns. The refraction was considered negative �positive� if
the emerging beam is detected at the same �different� side of
the surface normal as the incident beam.

The dependence of refractions on frequencies is shown in
Fig. 3 with a ,b for the incident angle of 45° and c ,d for the
case of 30°, respectively. In the experiment, both the emitter
and receiver were oriented to the same angle of 45° or 30°
with respect to the surface normal. For a better contrast, the
data are represented in terms of the average transmission
intensity. For the frequencies below 41 kHz shown in Fig.
3�a�, the center of the outgoing Gaussian beam is shifted to
the right and the positive refraction is observed. Above
42 kHz, the beam center shifts to the left, corresponding to
the negative refraction. Notice that the refractive angle is
dependent on frequencies. By employing PWE methods with
289 plane waves, the refractive direction with the frequency
was calculated as shown in Fig. 3�b�. The negative refraction
for the incident angle of 45° starts to appear at the frequency
of 41.2 kHz, which is very close to the experimental mea-
surements with the refractive angle of 1.7° at 41 kHz and
−2.9° at 42 kHz, respectively. Above the negative-refraction-
starting frequency of 41.2 kHz, the higher the frequency, the
larger the negative refractive angle. In the range of scanning
frequencies from 37 to 44 kHz, the negative refractive angle
reached its maximum of theoretical −27.8° and experimental
−28.0° at 44 kHz. The experimental measurements and the-
oretical calculations for the incident angle of 30° are shown
in Figs. 3�c� and 3�d�. The negative-refraction-starting fre-
quency was theoretically calculated at 41.9 kHz, which
agrees very well with our experimental results by 2.1° at
41 kHz and −0.2° at 42 kHz. Meanwhile, at the same fre-
quency, the negative refractive angle for the incident angle of
45° is always greater than that with 30°.

In the experiment, results for 30° incidence are not as

good as those for 45°, which is resulted from the angular
divergence and the big size �5-cm-diam� of the receiving
transducer. Both characters of the receiver result in a low
resolution to the refraction beam. For a bigger incident angle,
the refractive angle is greater so that the refraction could be
easily resolved and the receiver’s resolution is high enough
to get accurate measurements. While for a smaller incident
angle, the refractive angle is also smaller, for example, the
maximum around 7° at 44 kHz for 30° incidence, so the low
resolution of the receiver leads to the bigger aberrance. To
reduce this inaccuracy, a perfect Gaussian beam is needed,
however, unfortunately it is quite difficult to realize in the
regime of several tens of kHz.

These observations could be well understood by examin-
ing the acoustic anisotropic EFS 	Fig. 1�b�
. The correspond-
ing acoustic EFS and its curvature determine the direction of
acoustic refraction in SCs. With the increase of frequencies,
the SC’s EFSs are easier to convex around the M point so
that negative refractions will occur at higher frequencies.
The higher operating frequency results in the smaller EFS
around the M point; and the curvature of the corresponding
point at the EFS is greater, which leads to a bigger negative
refractive angle. When the EFS is small enough, however,
there exists a stopping frequency because the total internal
reflection occurs at the directional band gap for a single
acoustic beam, which could be calculated by using a similar
method that determines the upper limit of all angle negative
refraction �AANR�.12 The shading region in Fig. 1�a� denotes
the negative refractive frequency range from
41.2 to 48.0 kHz with the incident beam making 45° with
	−M direction. Differed from f =ckair /2� calculated
in AANR, we calculate the dispersion line by
f = �1/2��ckair / sin 45° =�2ckair /2�, whose intersection with
the band structure indicates the frequency 48.0 kHz with the
maximum negative refractive angle of −90°.

The negative refraction is also strongly dependent on the
incident angles of the acoustic beam. The anisotropy of the
SC’s EFSs could also be used to describe relations between

FIG. 3. �Color online� The de-
pendence of negative refractions
on frequencies. �a� and �c� are the
average acoustic transmission in-
tensity vs frequencies �kHz� and
angles for the SC with the incident
angle of �a� 45° and �c� 30°. The
refraction was established as the
negative refraction �NR� or the
positive refraction �PR� if the
maximum transmission intensity
is detected at the left or right side
of the surface normal, respec-
tively. The average intensity scale
varies from 0 to 1. �b� and �d� are
comparisons of experimental mea-
surements �dots� and theoretical
simulations �lines� of refractive
angles vs frequencies with the in-
cident angle of 45° and 30°.
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negative refractions and incident angles at a constant fre-
quency. To demonstrate this effect, the angles of refraction
are theoretically calculated by the PWE method with 289
plane waves and experimentally measured with a variety of
incident angles at 43 kHz as depicted in Fig. 4. We got good
agreements between theoretical calculations and experiment
measurements, for example, the refractive angle theoretically
−15.6° and experimentally −14.2° with the incident angle of
45°, and theoretically −55.9° and experimentally −55.0° with
the incident angle of 60°, respectively. If the angle of inci-
dences is bigger than 70°, there exists the directional band
gap; then the acoustic wave will experience total internal
reflection and no refraction exists. So the acoustic dispersion
and anisotropy might result in the abundant nature of refrac-
tion in arbitrary directions and will lead to some additional

interesting effects as PCs, for example, acoustic collimating
effects.

In addition, AANR �Ref. 12� is an important character for
negative refraction and its application, which in acoustic
waves was discussed in a three-dimensional sonic crystal of
carbide beads in water22 and a 2D system of water cylinders
in mercury.21 In the SC consisting of steel and air, calculated
with the method described above, there is no AANR existing
in our current crystal of R=0.4a and the steel-in-air structure
of R=0.36a in Ref. 21. However, we found that AANR may
appear at 41.2 kHz when R is greater than 1.05 mm
�R=0.42a�, and the frequency range of AANR is to be en-
larged by increasing the filling fraction of steel cylinders.
When R=1.1 mm �R=0.44a�, it is from 38.1 to 40.1 kHz
that AANR could be realized. So with the high filling frac-
tion, AANR may also appear in the steel-in-air SC, which is
very convenient to be used in applications.

To summarize, the acoustic single-beam negative refrac-
tion in the lowest band of 2D square SCs was theoretically
analyzed by calculating the acoustic band structure and
equifrequency surfaces and experimentally established in a
2D SC in the ultrasonic regime by scanning transmission
measurements of spatial distributions of a single Gaussian
beam. In order to obtain the larger negative refractive angle,
it is necessary to make the bigger incident angle at the higher
frequency. The acoustic negative refraction could be tuned to
the desired frequency range by adjusting the lattice constant
and constructing materials of the SC, for example, with im-
mersing our structure into liquids such as water. In addition,
acoustic negative refractions in our SC provide the possibili-
ties to construct an acoustic superlens in air to realize both
acoustic propagating and evanescent waves imaging.
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FIG. 4. �Color online� Comparison of measured �dots� and cal-
culated �lines� angles of refractions versus angles of incidences at
43 kHz. The inset is the EFSs at 43 kHz, in which NR and TIR
indicate the incident angles with the negative refraction and total
internal reflection, respectively.
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