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Disordered fluorite-related solid solutions �AF2�1−x−y �Ln�F3�x �Ln�F3�y, where A=Ca, Sr, Ba; Ln�=Er, Tm,
Yb; Ln�=Lu, Y; and x�y=0.001–0.4, were studied by both optical detection and conventional electron
paramagnetic resonance �EPR� techniques. The EPR spectra of paramagnetic rare-earth ions Er3+, Tm3+, and
Yb3+ in clusters of diamagnetic Y3+ and Lu3+ ions were recorded. It appears that the crystalline electric field
at the sites of Ln ions in the clusters is of “nearly” tetragonal symmetry and provides for high values of factors
g�, approaching the theoretical limits, and small values of factors g��0 in the ground states of the paramag-
netic Ln ions. It was assumed that all the clusters of Ln ions in the solid solutions appear to be similar in
structure to the hexameric clusters, which are the basic structural units of the homologous series of fluorite-
related superstructures �AF2�1−y�LnF3�y with compositions y=5/m, where m is an integer in the range of
13–19. The structure of “symmetric” hexameric clusters in CaF2, SrF2, and BaF2 hosts was established by
computer simulation. The crystalline electric field and the spectroscopic ground-state parameters for Er3+,
Tm3+, and Yb3+ ions in the hexameric clusters were calculated and found to be in agreement with the
experimental data, being totally different from those known for the “isolated” simple cubic and tetragonal
centers in the fluorite crystals.
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I. INTRODUCTION

Alkaline-earth fluoride crystals AF2 �A=Ca,Sr,Ba� have

a simple fluorite cubic lattice �space group Fm3̄m�, which
can be presented as an infinite sequence of fluorine cubes
with every other �alternate� of their central positions occu-
pied by cations. These crystals can be readily doped with
trivalent rare-earth ions and yttrium.1 �Below, these ions will
be referred to as Ln ions.� The excess impurity charge �+1�
of Ln cations is compensated by embedding additional F−

ions in the anion sublattice interstices. For low dopant con-
centrations ��0.01 mol % and less�, simple tetragonal and/or
trigonal centers with local charge compensation �Ln3+-F−�
and simple cubic centers with nonlocal charge compensation
�Ln3+� are formed in the fluorite lattice. Higher dopant con-
centrations favor the formation of pair centers �Ln3+-F−�2

and clusters of Ln3+ and F− ions.1,2

The Ln trifluorides exhibit a giant, up to about 40 mol %,
solubility in alkaline-earth fluorides. An x-ray study shows
that nonstoichiometric fluorite-related solid solutions crystal-
lize as the high-temperature cubic � phase, with the cations
keeping their crystallographic positions unchanged, while the
anion excess gives rise to the formation of disordered defects
in the anion sublattice.

Neutron scattering3–5 and extended x-ray absorption fine
structure6,7 �EXAFS� measurements made it possible to as-
sume more than 20 cluster models.3–10 The best known ones
are the clusters 2:2:2 and 3:4:2, where the notation l :m :n
denotes the number of vacancies VF and interstitial ions F�

�1/2 ,u ,u ;u=0.37� and F� �v ,v ,v ;v=0.41� in the anion
sublattice.8,9 These hypothetical models were used to explain
some specific features observed in the ionic conductivity,11,12

dielectric losses,13 etc., in doped fluorites. The structural sta-
bility of some cluster models was confirmed by calculations
of Catlow and co-workers.7–9

The x-ray14 and electron diffraction15 studies revealed a
superstructural lattice ordering of the nonstoichiometric
fluorite-related solid solutions A1−yLnyF2+y with composi-
tions y=5/m, where m is an integer in the range of 13–19,
prepared under some specific conditions. The superstructures
were found in CaF2 solid solutions with the trifluorides of
Dy↔Lu,Y �as well as in tveitite, a natural yttrofluorite min-
eral�, SrF2 doped with the trifluorides of Eu↔Lu,Y, and in
BaF2 doped with the trifluorides of the whole Ln series ex-
cept La.15–19 The basic structural motif of these superstruc-
tures is the hexameric cluster of Ln6F37 type, or 8:12:1 in
terms of the above notation. It is actually identical with the
Ca6F32 structural unit of the fluorite lattice, in both volume
and shape. Therefore, such clusters are readily incorporated
into the fluorite lattice accommodating the anion excess �see
Fig. 1�. In the hexameric cluster, six corner-sharing anti-
prisms enclose a cuboctahedron of anions F12, which con-
tains one more off-center F− ion in its cavity.

There are two homologous series of the superstructures.
The first one is a completely cation-ordered structure with
six trivalent cations in each Ln6F37 cluster and the interstitial
anions randomly distributed over the remaining “cubic” par-
ent structure of the fluorite. The other one is a completely
anion-ordered structure with one divalent and five trivalent

PHYSICAL REVIEW B 72, 014127 �2005�

1098-0121/2005/72�1�/014127�11�/$23.00 ©2005 The American Physical Society014127-1

http://dx.doi.org/10.1103/PhysRevB.72.014127


cations randomly distributed over the ALn5F37 clusters.
While the value of the index m for the observed superstruc-
tures corresponds to solid solutions with a comparatively
high molar content of LnF3, from 26 to 43 mol %, domains
of the superstructure phases with a high LnF3 content were
also found in less concentrated CaF2 solid solutions with
5 mol % YF3.15

The EXAFS studies7,20 show that the disordered fluorite-
related solid solutions with a high concentration of LnF3 can
contain the same hexameric clusters that were found in the
superstructures. However, in CaF2uLnF3 solid solutions,
the 8:12:1 clusters are gradually replaced by the 1:0:3 clus-
ters as the ionic radius increases from that of Lu to La.3,4 It
should be noted, however, that the straightforward determi-
nation of the cluster structure in a disordered system by x-ray
or electron diffraction methods is impossible.

It is well known1 that detailed information on the struc-
ture of impurity centers in crystals can be obtained by elec-
tron paramagnetic resonance �EPR�. However, the EPR spec-
tra of clusters had not been observed.1,21 At the same time,
clusters of Ln ions were reliably identified by their optical
absorption spectra in the spectral range of the 4f-4f electron
transitions in Ln ions.2,22,23 Furthermore, at dopant concen-
tration of �1 mol % and higher, the optical spectra of Ln-
doped fluorite crystals predominantly exhibit the absorption
bands of cluster ions.24 The optical detection �OD� tech-
nique, which involves monitoring the circular dichroism of
the optical absorption bands of Ln ions in the external mag-
netic field, was used in Refs. 24–26 to record the EPR spec-
tra of Ln ions in clusters. The results obtained by the optical
detection technique for Er3+, Tm3+, and Yb3+ ions in clusters
are discussed in Sec. III. �Some distinctive features of the
crystal studied are presented in Sec. II.� The experimental
data on conventional EPR of Tm3+ ions in clusters in CaF2
are reported in Sec. IV. In Sec. V, the shell theory and ex-
change charge model are used for calculation of the crystal-
line electric field and the spectroscopic parameters of the
ground states of Er3+, Tm3+, and Yb3+ ions in clusters of the
Ln6F37 type. The results of this study are briefly summarized
in Sec. VI.

II. CRYSTALS

The crystals were grown by the Stockbarger-Bridgman
method in graphite crucibles in an apparatus with graphite
heaters. Oxygen was removed from source materials of high
purity by overheating them in a mixture with a small amount
of PbF2. The melt was used for the crystal growth. Before
that, a small amount of PbF2 was also added to the charge.

The OD EPR study �see Sec. III� was carried out with
“fresh” crystal samples. The spectra thereby obtained, as
well as those recorded by the conventional EPR, did not
reveal the oxygen-compensated paramagnetic Ln3+ centers.
However, rather intense EPR signals of trigonal Ln3+-O2−

centers were recorded in the “aged” samples. Hence, after a
long-term storage �of about 20 years�, the samples absorbed
oxygen.

All the fluorite samples doped with about 1 mol % or
more Ln ions are imperfect single crystals. Their cleavage
surfaces are slightly mosaic, and each sample consists of a
great number of small mutually penetrating crystallites �“mi-
croblocks”�. The latter fact was revealed by an EPR and
x-ray study �see Sec. IV�. This is likely to occur due to local
distortions of the crystal lattice of these “nanostructural” ma-
terials, which may contain regions enriched in Ln3+ �aggre-
gates of clusters� embedded into the “unperturbed” fluorite
lattice depleted of LnF3.27 However, from any crystal, even
of highly concentrated solid solution, one could break off
samples with “rather flat” cleavage surfaces. After treatment,
such samples were used in the experiments.

III. OD EPR SPECTRA OF Er3+, Tm3+, AND Yb3+ IONS IN
CLUSTERS

The optical detection of EPR by measuring the magnetic
circular dichroism24,28,29 �MCD� is performed in the absorp-
tion bands of the paramagnetic centers under study. This al-
lows for finding correlation between the EPR and optical
spectra of the same centers. The measuring signal is detected
in the optical channel, which is independent of the micro-
wave channel of excitation transitions between the spin lev-
els of an impurity in the magnetic field. This makes it pos-
sible to induce “forbidden” transitions �in the case of the
factor g��0� at a high microwave power and to use low-
quality microwave resonators with volume samples. All
these advantages of the OD method were used in our work.

MCD is the difference ���� in the absorption coefficients
��� of a sample in magnetic field B0 for right- ��+� and left-
��−� circularly polarized light propagating along B0:

�� = ���+� − ���−� . �1�

Without the magnetic field, ��=0, because the absorption
coefficients for right- and left-circularly polarized light are
equal. When B0 is switched on, the ground state of a para-
magnetic impurity splits. At a low temperature, the Boltz-
mann population of the Zeeman sublevels of the ground
states induces MCD—that is, ���0 so far as optical transi-
tions from the different sublevels to the upper states com-
monly have different circular polarization. As a rule, the Zee-
man splitting is much less than the bandwidth of the optical

FIG. 1. Hexameric cluster Ln6F37 with inner F12+1 cuboctahe-
dron, which replaces the structural unit Ca6F32 with an inner F8

cube in the fluorite crystal lattice.
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absorption bands. In this case, the dependence of MCD on
the magnetic field, ���B0�, is a function of only the popula-
tions of the sublevels, which can be described by the Bril-
louin function for the magnetization of a paramagnet.30 For
the effective spin S= 1

2 in the ground state of a paramagnetic
impurity, this reads

���B0� = ��max tanh�g�BB0/2kBT� , �2�

where g is the spectroscopic splitting factor, �B is the Bohr
magneton, kB is the Boltzmann constant, and ��max

���max�	� is the saturation value of MCD, ��, recorded
with probe light at the given wavelength 	 in high magnetic
fields. If the sample is also exposed to a microwave field of
frequency 
1, which induces transitions between the Zeeman
sublevels of the ground state at a resonant value of the mag-
netic field, the dependence ���B0� will have a dip. The
change in the field dependence of the MCD upon applying
the microwave field will represent the OD EPR spectrum:

����B0� = ���P1 = 0,B0� − ���P1,B0� , �3�

where P1 is the power of the microwave field.
In our OD EPR experiments �
1�36 GHz�, a sample �up

to 4�4�4 mm3 in size� was placed in a low-quality micro-
wave resonator with apertures for the probe light beam at a
wavelength isolated by a monochromator. The circular polar-
ization modulator periodically changes the polarization of
the probe light �−↔�+. Having passed through the sample,
the light arrives at a photodetector. For MCD measurements,
the modulation of the light intensity with the change in its
circular polarization is recorded. In OD EPR experiments,
the modulation of the MCD induced by switching on and off
the microwave power is measured.

A study of solid solutions �AF2�1−x�Ln�F3�x�AF2:Lnx�
�where Ln��Er, Tm, or Yb and 0.0005
x
0.02� at T
=1.8 K in the external magnetic field revealed a strong MCD
of all the optical absorption spectra of �Ln��3+ ions in
clusters.24–26 �We studied the optical bands in the visible and
near-IR spectral regions.� The MCD observed is very sensi-
tive to the orientation of the crystallographic axes in the
magnetic field. This reveals the strong anisotropy of the g
tensor �g� �g�� of the ground states with an alignment of the
principal axis �g�� along the crystal axis C4. The g� values
�which were determined from the ���B0� dependences at
B0 �C4� appear to be very close to the maximum theoretical
limit for all Ln� ions studied �see below�. However, the OD
EPR spectra of these solid solutions exhibit broad back-
ground absorption with a scarcely discernable structure.
These clusters turn out to be magnetically concentrated sys-
tems �see below�.

In order to suppress the spin-spin interactions between the
paramagnetic �Ln��3+ ions in clusters, they were diluted �up
to 90% and more� by diamagnetic �Ln��3+ ions Lu3+ or Y3+.
We studied the solid solutions �AF2�1−x−y�Ln�F3�x�Ln�F3�y

�AF2:Lnx� ,Lny�, where 0
x�y
0.4. The capability of
such a dilution follows, for example, from Refs. 22–24. It
was shown that the distribution of Ln� and Ln� ions with
close values of ionic radii is statistically independent in clus-
ters. This fact was also confirmed by the OD EPR study at a

gradual change in the concentration ratio of paramagnetic
and diamagnetic ions in the crystals �see Fig. 2�. In the pro-
cess of the dilution, the initially broad OD EPR band gradu-
ally narrowed and exhibited a structure.

For all the paramagnetic Ln� ions in the “diluted” clusters,
the detailed study of OD EPR and MCD revealed a strong
anisotropy of their g tensors �g� �g�� with the alignment of
their principal axes �g�� along the crystal axes C4. It was also
found that the g� values do not noticeably change throughout
the range of existence of the solid solutions studied at vari-
ous x and y with either Lu or Y.

Figure 3 depicts the OD EPR spectra �
1�36 GHz� of
Er3+, Tm3+, and Yb3+ ions in clusters of diamagnetic ions in
some fluorite-related solid solutions.

The spectroscopic factors of the paramagnetic Ln� ions in
clusters are listed in Table I. It can be seen that factors g� of

FIG. 2. OD EPR spectra of Tm3+ ions in clusters at different
concentrations and dilutions of Tm3+ ions by diamagnetic Y3+ ions
in CaF2. �The spectra were recorded by monitoring 3H6→ 3F2,3
optical transitions in the 4f shell of Tm3+ ions in clusters.� Orien-
tations of the crystals in the external magnetic field are B0 �C4

�solid line� and B0 �C3 �dashed line�. 
1=36 GHz. T=1.8 K.

FIG. 3. OD EPR spectra of Tm3+, Er3+, and Yb3+ ions embed-
ded in clusters of diamagnetic Lu3+ and Y3+ ions in fluorite-type
crystals. �The spectra were recorded by monitoring the optical tran-
sitions 4I15/2→ 4F5/2 in Er3+, 3H6→ 3F2,3 in Tm3+, and 2F7/2
→ 2F9/2 in Yb3+.� Orientation of the crystals in the external mag-
netic field is B0 �C4. 
1=36 GHz. T=1.8 K. Note the different X
scales for the Tm3+ ion and for the Er3+ and Yb3+ ions.
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the ground states of Er3+, Tm3+, and Yb3+ in clusters have
the record-high values, which are close to the theoretical
limit glim=2JgJ, where J is the total angular momentum and
gJ is the Lande factor of the lowest multiplet for each of the
Ln� ions.31 For the g� factor, the estimate g��g� holds.
Hence, the ground states of these ions are approximately
pure 	±J
 doublets. These results can be explained by the
specific crystal field of the local surrounding of the Ln ions
in hexameric clusters �see Sec. V�.

It is noteworthy that the EPR lines of Er3+ and Yb3+ ions
in clusters of diamagnetic ions have an appreciable width
even in orientation of the external magnetic field B0 �C4
along the principal axis of the g tensor �see Fig. 3�. In con-
trast, the EPR spectra of Tm3+ exhibit rather narrow lines of
the characteristic doublet due to the hyperfine interaction of
the electron shell of �169Tm�3+ with its nuclear spin I=1/2
�the isotope abundance of 169Tm is equal to 100%�. The
spacing between the lines in the Tm3+ doublets �from
240 to 245 G in the B0 �C4 orientation� is approximately the
same for all solid solutions. This is governed by the hyper-
fine interaction constant A� �see Sec. IV for details�. Depend-
ing on the cation of a fluorite crystal lattice �Ca, Sr, or Ba�,
the diamagnetic ions that form clusters �Lu or Y�, and on the
specifics of the crystal growth, the OD EPR spectra of Tm3+

exhibit either a single or a few close or far away doublets
�see Figs. 2 and 3�. The presence of a number of Tm3+ dou-
blets indicates the existence of a series of possible types of
crystallographic positions of Ln ions in the clusters. Each
doublet can be characterized by its own value of the initial
splitting � of the Tm3+ ground state in the zero magnetic
field �see Sec. IV�. In particular, the presence of two weak
doublets in the OD EPR spectrum of CaF2:Y0.01Tm0.0005 in
low magnetic fields is evidence of the corresponding Tm3+

ions having the initial zero-field splitting only slightly less

than the energy of a microwave quantum ��1.2 cm−1�.
The orientation of the principal axis �g�� of the g tensor

along the crystal axis C4 could be evidence of a pure tetrag-
onal symmetry of a coordination polyhedron of the anions
surrounding Ln ions in the clusters. However, the experimen-
tal data are evidence of some distortion of the tetragonal
symmetry. The width of the EPR lines of the paramagnetic
Ln� ions in the clusters of the diamagnetic Ln� ions appre-
ciably increases with deviation of the external magnetic field
from the principal direction B0 �C4 �e.g., see the EPR spectra
of CaF2:Y0.01Tm0.0005 in Fig. 2�. The dependence of this
orientational broadening on the angle � of the direction of
the magnetic field B0 with the crystal axis C4 turns out to be
significantly stronger than the theoretical one, �1/cos�,
which could be assumed for an anisotropic g tensor and an
inhomogeneous EPR line. Furthermore, the broadening ap-
preciably increases with an increase in the concentration of
the solid solutions above y�0.03. Therefore, in highly con-
centrated solid solutions with y→0.4, the OD EPR spectrum
is observable only in the B0 �C4 orientation. The orienta-
tional broadening can be explained by a misalignment of the
principal axes g� with the preferable directions �C4� in the
solid angle �
5° for CaF2 with y
0.02. For the maximum
concentration y�0.4, the solid angle is estimated as �

30°. This value by far exceeds the misalignments of the
crystal axes per se, which occur because of the existence of
a number of mutually penetrating microblocks in the samples
studied �see Secs. II and IV�.

The OD EPR study demonstrates that the hexameric clus-
ters Ln6F37 are formed in solid solutions. It can be seen from
Fig. 1 that all the Ln sites in Ln6F37 clusters are identical and
the symmetry of the crystal field at the Ln sites is tetragonal
�if the off-center position of the F− ion in the cavity of the
cuboctahedron F12 is neglected�. A broad background ab-

TABLE I. Experimental values of spectroscopic splitting factors of paramagnetic ions Ln�=Er3+, Tm3+,
and Yb3+ embedded in clusters of diamagnetic ions in fluorite-related solid solutions AF2:Lny� �A=Ca, Sr, Ba;
Ln�=Y, Lu� and their calculated values.

Ln�
ion Crystal

Ground
doublet g�

lim

Experimental values Calculated values

g� � �cm−1� g� � �cm−1�

Er3+ CaF2 ±15/2 18 15.5±0.3a 17.9

SrF2 16±0.5a 17.9

BaF2 17.2±0.3a 18.0

Tm3+ CaF2 ±6 14 13.62±0.03b �1=0.20±0.07b 13.8 0.9

13.8±0.3a �1=0.3±0.1a

�2=2±1a

SrF2 13.8±0.3a �1=0.3±0.2a

�2�1a
13.8 2.2

BaF2 13.8±0.3a �=0.2±0.1a 13.8 1.9

Yb3+ CaF2 ±7/2 8 6.8±0.2a 8.0

SrF2
c 7.9

BaF2
c 7.9

aOD EPR �
1=36 GHz� results for solid solutions in a wide range of y=0.001–0.4: see Sec. III.
bEPR data �
1=37–100 GHz� for CaF2:Y0.01Tm0.0005: see Sec. IV.
cNo data available.
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sorption observed in the OD EPR spectra of the solid solu-
tions, which contain only the paramagnetic Ln� ions, and
their smooth variation with gradual dilution of the paramag-
netic ions by the diamagnetic ones show, however, that there
are no “isolated” clusters Ln6F37 in the fluorite lattice. The
Ln6F37 clusters appear to coagulate, thus forming the do-
mains of Ln-enriched phase in the crystal lattice. Our esti-
mates show that the concentration of Ln in the Ln-enriched
phase may be close to the maximum solubility of LnF3 in
fluorites �up to �40 mol %�.

A significant width of the OD EPR lines of Er3+ and Yb3+

ions in clusters even in low-concentrated solid solutions
��1 mol % � and the presence of a set of the hyperfine dou-
blets in the EPR spectra of Tm3+ ions indicate the existence
of a number of “slightly” different positions of Ln ions in
clusters. This conclusion is in agreement with the investiga-
tions performed by optical spectroscopy in doped fluorites.2

The above facts and also the abnormal orientational broad-
ening of the OD EPR spectra with an increase in the concen-
tration of the solid solutions, apparently, can be explained by
the interaction between Ln6F37 clusters and by the absence of
the complete order in their arrangement in cluster domains.
The formation of clusters and their domains, probably, gives
rise to the microblock structure of the solid solutions studied
�see Sec. IV�. It should be noted that, besides clusters of the
Ln6F37 type, the OD EPR spectra do not reveal clusters of
other possible types.

IV. EPR OF Tm3+ IONS IN HEXAMERIC CLUSTERS

The paramagnetic Ln� ions in clusters of diamagnetic Ln�
ions were also studied with an E-12 Varian EPR spectrom-
eter �Q band, 
1�37 GHz� and an EPR spectrometer with a
quasioptical recording channel of the microwave absorption
in the frequency range of 65–100 GHz.32 However, the EPR
spectra were reliably detected only for clusters with Tm3+

ions. The spectra had rather low intensity and could be ob-
served in crystals with no more than about 5 mol % of
Ln�F3. The detailed study was performed on the clusters in
CaF2 crystals.

The dependence of the frequency of resonant transitions
on the magnitude of the magnetic field was investigated with
the quasioptical EPR spectrometer for crystals
CaF2:Y0.01Tm0.0005 �see Fig. 4�. In these measurements, the
direction of microwave propagation, k, was orthogonal to
B0. The EPR spectra were reliably observed only for the
orientation of both the oscillating �B1� and static magnetic
fields along the crystal axis C4. As far as there was no reso-
nator in the spectrometer, we used large �10�10
�10 mm3 samples with a number of microblocks �see be-
low�. However, for the B0 �C4 orientation, the spectra from
different microblocks merge into a single line.

CaF2:Y0.01Tm0.0005 crystals of �4�2�0.5 mm3 size
were studied with the Varian spectrometer. The measure-
ments were aggravated by the appreciable dielectric losses in
the samples, which are due to the presence of two-level
systems.33 The dielectric losses made it impossible to study
the electric dipole transitions between the levels of non-
Kramers doublets of the ground states of Tm3+ ions.31 As for

the magnetic dipole transitions, the most intense EPR signals
of Tm3+ were recorded in the B0 �B1 �C4 orientation in agree-
ment with the theory.31

Figure 5�a� shows the orientation dependence of the reso-
nance frequencies of CaF2:Y0.01Tm0.0005 for the rotation of
B0 in the �111� plane. Only the low-field hyperfine resonance
of Tm3+ is presented. The orientation dependence corrobo-
rates the existence of the three basic magnetically nonequiva-
lent tetragonal centers in clusters. Figure 5�b� shows the ex-
tra splitting of both the low- and high-field hyperfine
resonances with an increase in the angle of the magnetic field
B0 with the C4 axis of the crystal. It may be evidence of a
misalignment of the g� axes with the preferable directions
�C4� within a solid angle of a few degrees. This can also
arise from the misalignment of the crystal axes due to the
existence of a great number of microblocks in the samples
studied.

FIG. 4. Resonance frequency of the strongest EPR hyperfine
doublet of Tm3+ ions embedded in clusters of diamagnetic ions in
CaF2:Y0.01Tm0.0005 vs external magnetic field B0. Experimental
data are depicted by points. The solid lines are calculations with
g� =13.62, A� =0.155 cm−1, and �=0.20 cm−1. Orientation of the
crystal in the magnetic fields in B0 �B1 �C4. T=4.2 K.

FIG. 5. �a� Orientation dependence of the low-field hyperfine
resonance of Tm3+ upon rotation of B0 in the �111� crystal plane of
CaF2:Y0.01Tm0.0005, where � is the angle of B0 with respect to the

�21̄1̄� direction. The solid lines are calculations, and the circle
points are the experimental data. �b� The observed splitting of Tm3+

resonances with an increase in the angle of the magnetic field B0

with C4 axis of the crystal. �a�, �b� 
1=37 GHz, T=4.2 K. �c� Mi-
croblock structure of the x-ray diffraction pattern of the �111� re-
flection �see Sec. IV�.
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The existence of microblocks was revealed by the x-ray
study on the reflections from the cleavage surfaces of the
crystals. Figure 5�c� shows a diffraction pattern which exhib-
its about ten different microblocks on the ��4�2 mm2� sur-
face of the sample studied by EPR �see Fig. 5�a��. In this
experiment, the detector of the x-ray diffractometer was set
to record the �111� reflection at an angle of 2�=35.82°
�FeK��. The rotation of a crystal holder, which is usually
used for averaging, was switched off. The x-ray diffraction
pattern was recorded by subsequent inclination of a crystal
with a step of ��=0.02°.

The powders prepared from the grown crystals with LnF3
concentration up to 5 mol % were also studied by the x-ray
diffractometry. No splitting or broadening of the x-ray reflec-
tions were found in these powders as compared to the pow-
ders of pure CaF2. Hence the studied crystals contain only
the cubic � phase. It should be noted that, in concentrated
solid solutions �BaF2 with �25 mol % of LnF3�, the cubic �
phase coexists with other distorted cubic phases.27

The results of the EPR study were treated under assump-
tion that the non-Kramers doublet of the ground state of
Tm3+ ion lies far below the other excited Stark levels.
Griffith34 has shown that, in this case, the behavior of the
non-Kramers doublet in a magnetic field is determined only
by factor g�, whereas g�=0. The spin Hamiltonian for the
ground doublet �S=1/2 , I=1/2� is

H = �Sx + g��BSzB0z + A�SzIz, �4�

where � is the zero-magnetic-field splitting of the doublet, A�

is the hyperfine interaction constant, and B0z is the compo-
nent of the static magnetic field along the g� direction. From
the EPR of CaF2:Y0.01Tm0.0005 measured in the B0 �C4 ori-
entation, we get A� /g��B=244±2 G, g� =13.62±0.03, and
�=0.2±0.07 cm−1. Using these parameters and taking into
account a small deflection �4° of the �111� crystal plane
from the plane of rotation of B0 in the experiment, we cal-
culated the orientation dependence which is shown in Fig.
5�a� by solid lines. In high magnetic fields, these curves go
approximately through the centers of gravity of the points
corresponding to the extra splitting of Tm3+ resonances �see
Fig. 5�b��.

Although the presence of microblocks in the samples is
proved by the x-ray study, the extra splitting of Tm3+ reso-
nances �see Fig. 5�b�� can also be caused by the lowering of
the tetragonal symmetry of Ln ions and a corresponding in-
crease in number of the magnetically nonequivalent centers
in clusters. This may be brought about by a displacement of
a fluorine atom from the center of the cuboctahedron, inter-
actions of the neighboring clusters, etc. �see Sec. III�. How-
ever, on the basis of our EPR study, we can substantiate only
a simplified model of the tetragonal centers of Tm3+ ions in
the clusters characterized by the only factor g� and the ran-
dom misalignment of the crystallographic and/or g� axes
within a solid angle of a few degrees.

V. CRYSTAL FIELD AND GROUND-STATE
SPECTROSCOPIC PARAMETERS OF RARE-EARTH IONS

IN HEXAMERIC CLUSTERS

The starting point for estimating the crystalline electric
field �CEF� in a hexameric cluster is the calculation of the

arrangement of atoms inside and outside the cluster. For this
purpose, computer simulations35 can be used. The calcula-
tions of some cluster structures in the fluorite lattices were
made in Refs. 7–9. However, to determine the CEF param-
eters for a lanthanide ion in the hexameric cluster, we have to
obtain more detailed information on the position of atoms
and their induced electrical dipole moments.

Using an approach described in Ref. 36, we have com-
puted the atomic structure of a region of the fluorite crystal
lattice with the embedded hexameric cluster. The calcula-
tions were made in the framework of a pair-potential ap-
proximation coupled with the shell model description of lat-
tice ions.37 The core and shell equilibrium positions for ions
in the defected region were found by minimizing the crystal
lattice energy as follows:35,36

E =
1

2�
i

�
j��i�

Vij +
1

2�
i

ki	li
� 	2, �5�

where the first term is the sum over the pair potentials of
different ions, the second term is the interaction energy be-
tween the core of the ith ion and its shell shifted relative to

the core by a displacement vector l�i, and ki is the shell-core
spring constant.

The pair potential is given by the equation

Vij = Vij
* + f ij�	rij

� 	� + gij�	rij
� − li

� + lj
� 	� , �6�

where r�ij is the radius vector between the ion cores and Vij
* is

the Coulomb interaction of the ith and jth ions.
The screening of the Coulomb potential due to the overlap

of electronic densities of ions can be described by the short-
range potential

f ij�r� = − Aij exp�− Bijr�/r . �7�

The Born-Mayer repulsion and van der Waals attraction can
be written as

gij�r� = Cij exp�− Dijr� − 	ij/r
6. �8�

The model parameters for fluorite crystals were previ-
ously determined in Ref. 36. The potential parameters of the
F−-F− interaction were obtained from Hartree-Fock calcula-
tions of the interaction of two fluorine ions. The parameters
of the A2+-F− short-range repulsive potential were obtained
by fitting the calculated crystal properties to the experimental
data on the lattice, dielectric and the elastic constants, and
the frequencies of Raman- and IR-active vibrational modes
for the host fluorite crystals. The parameters of the short-
range electrostatic screening were calculated by numerical
integration of the free-ion electron densities. The parameters
of the Gd3+-F− short-range potential were found by fitting the
calculated results to the electron-nuclear double-resonance
�ENDOR� data on the positions of anions around a cubic
Gd3+ center in the fluorite lattices.

In this work, we used more accurate values of the inter-
action potentials for Ca- and Sr fluorite crystals. These pa-
rameters, as well as the parameter ki for the Gd3+ ion, were
calculated to fit also the ENDOR data on low-symmetry cen-
ters of Gd3+ in the fluorite-type crystals.38,39 All the potential
parameters used in this work along with the charges of ion
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cores, Xi, and the shells, Yi, are listed in Table II.40 Below,
we neglect the difference in the Ln3+-F− pair potentials for
the lanthanide ions studied and assume them equal to that of
Gd3+-F−.

The simulation of a crystal structure with the embedded
hexameric cluster started with the replacement of the octahe-
dron of the six nearest A2+ cations of the fluorite lattice by
Ln3+ ions. The internal cube of 8 F− ions was replaced by a
cuboctahedron of 12 F− ions which were located at the
middle of the edges of that cube. One more F− ion was
located at the center of the cluster. Other ions occupied the
unbiased positions of the AF2 crystal lattice. Then, with the
cubic symmetry of the arrangement fixed, the structure relax-
ation of the defected region enclosing 250 ions was calcu-
lated and the equilibrium positions of atoms and shell-core
displacements were determined. The Coulomb interaction
between the ions of the defected region and the ions of the
rest of the crystal was calculated by the Ewald method.

In all fluorite crystals, the relaxation resulted in a stable
configuration of Ln6F37 cluster and surrounding ions. As a
result of the relaxation, a F12 cuboctahedron grows in size,
pulling up to Ln6 octahedron. Weak distortions of the fluorite
lattice are observed up to the border of the defected region
�of about 15 spheres from the cluster center�. Even distant
fluorine ions have noticeable shell-core displacements, ac-
quiring significant electrical dipole moments.

With neglect of a fluorine atom in the cuboctahedron cav-
ity, the eight nearest fluorine ligands around a lanthanide ion
form a distorted square antiprism with C4v symmetry �see
Fig. 6�. The calculated distances and angles in the coordina-
tion polyhedron surrounding Ln ion in the “isolated”
hexameric cluster are given in Table III.

In CaF2, the average �Ln-F
 distance in the square anti-
prism was found to be equal to 2.35 Å and the �Ln-Ln
 dis-
tance between the nearest Ln ions in the hexameric cluster to
4.03 Å. It should be noted that the same �Ln-F
 length in the
Ca0.9Er0.1F2.1 and Ca0.68Er0.32F2.32 solid solutions was mea-
sured in Refs. 6 and 20 by EXAFS as equal to 2.35 and
2.25 Å and the �Ln-Ln
 distance to 4.21 and 4.16 Å, respec-
tively.

The crystal-field Hamiltonian for a lanthanide ion is given
by the equation31,41

HCF = �
p=2,4,6

�
q=0

p

BpqOp
q = �

p=2,4,6
�p�

q=0

p

Bp
qOp

q , �9�

where �p are Stevens coefficients, Op
q are the angular mo-

mentum operators, and Bp
q are the parameters determined by

the distribution of electrostatic charges of the surroundings.
In this work, we used the exchange charge model42,43

�ECM�. It takes into account the electrostatic fields generated
by point charges and dipoles of the neighboring ions, as well
as the exchange interaction of the 4f shell of the Ln ion with
ligand electrons. The Bp

q parameters are the sum of the elec-
trostatic and exchange terms:

Bp
q = Bp el

q + Bp s
q , �10�

The electrostatic term is

Bp el
q = Kp

q�1 − �p�e2�rp
�
�

�− Z��Pp
q�x�,y�,z�,r��r�

−�2p+1�,

�11�

where the summation � is taken over all the cores and shells
of the neighboring ions having coordinates �x� ,y� ,z�� in a
fixed Cartesian coordinate system with the center at the 4f
core of the Ln ion, r� is the distance from the lanthanide ion
to the core or the shell of the ligand, Pp

q�x� ,y� ,z� ,r�� are
homogeneous polynomials of degree p listed in Ref. 31, �rp

is the mean value of rp averaged over the atomic wave func-
tions for 4f electrons,31 �p is the shielding factor which al-
lows for polarization of the closed 5s25p6 shells within the
Ln ion and its effect on the CEF at the 4f core,44 e is the
electron charge, Z� is the effective charge number which

TABLE II. The model parametersa of interacting ions �in atomic units�.

i j Aij Bij Cij Dij 	ij ki Xi Yi

Ca2+ F− 31.720 1.5490 223.532 2.0865 22.1800 8 −6

Sr2+ F− 75.042 1.5570 261.181 1.9683 10.5741 8 −6

Ba2+ F− 164.932 1.5575 294.125 1.8414 4.8574 8 −6

F− F− 36.456 1.3778 157.083 1.8927 69.5469 4.1797 5 −6

Gd3+ F− 267.283 2.058 80.0 11 −8

aOnly the values of parameters used in the calculations are given.

FIG. 6. Coordination polyhedron �8+1� of anions around the Ln
ion in the hexameric cluster which was calculated to be a distorted
square antiprism �a2�a1�b� with C4v symmetry+atom Fc in the
body of the cuboctahedron.

EPR SPECTRA AND CRYSTAL FIELD OF HEXAMER… PHYSICAL REVIEW B 72, 014127 �2005�

014127-7



takes on the value of X� for the core and Y� for the shell of
the corresponding ions from Table II, and Kp

q are the numeri-
cal coefficients arising from the replacement of spherical har-
monics by polynomials: K2

0=1/4, K4
0=1/64, K4

4=35/64, K6
0

=1/256, and K6
4=63/256.42,45

The exchange term is

Bp s
q =

2�2p + 1�
7

Kp
qe2G�

�

Sp�r��Pp
q�x�,y�,z�,r��r�

−�p+1�,

�12�

where the summation � is carried out over the shells of the
nearest fluorine ions, the exchange charge G is specific for
Ln ions and ligands and is estimated as G�10 for fluorite
type crystals, and Sp are the bilinear forms constructed from
the overlap integrals of the 4f wave functions of the Ln ion
with 2s and 2p functions of the fluorine ions.42,46 The depen-
dence of Sp on the Ln3+-F− distance was calculated in Ref.
46 using Hartree functions of free ions. It can be fitted by the
exponential

SP�r�� = Sp
0 exp�− �pr�� . �13�

Finally, the ECM parameters taken from Refs. 42 and 46
and used in this work are given in Table IV. Note that, for all
the Ln ions studied, we assumed the same values of the G
and �p parameters which were given in Ref. 42 for the
simple Er3+ centers in CaF2.

The exchange sum over the shells of the nearest-neighbor
fluorine ions and the electrostatic sum over the cores and
shells of all ions in the defected region were calculated by
direct summation in Eqs. �12� and �11�, respectively. The
remaining part of the crystal was taken into account by the
Ewald method.

The calculated CEF parameters for Ln ions in the “sym-
metric” hexameric cluster are given in Table V. They were
used for finding the eigenstates and wave functions of Stark

levels of Er3+, Tm3+, and Yb3+ ions. Calculated spectro-
scopic factors of the ground states of these ions in the hex-
americ clusters are given in Table I.

The calculations agree with the experiment. The spectro-
scopic splitting factors of the paramagnetic Ln ions were
calculated to be strongly anisotropic: the factors g� are close
to the theoretical maximum limits and g�=0. The main con-
tribution to the axial crystal field in the clusters is described
by the parameter B20=�2B2

0, and B2
0 appears to be negative

�see Table V�. For Er3+, Tm3+, and Yb3+ ions, the Stevens
coefficient �2�0. The matrix elements of the spin operators
O2

0 are positive and have their maximum values for states
with the maximum projections of integral angular momen-
tum on the principal symmetry axis: Jz= ±J. Therefore, the
	±J
 doublets make the main contribution to the wave func-
tions of the ground states of the paramagnetic Ln ions in the
clusters. The CEF parameters B4

4 and B6
4 �see Table V� allow

for an admixture of states with other Jz. However, our calcu-
lations show that the g tensors remain strongly anisotropic
for all the paramagnetic Ln ions in the hexameric clusters.
For Tm3+ ion �which has an even number of 4f electrons�,
the nonzero values of the B4

4 and B6
4 CEF parameters result in

1–2 cm−1 splitting of the ground doublet characterized by
	±Jz
= 	±6
 �see Table I�.

It is interesting to compare the calculation results for the
CEF parameters of the hexameric cluster with those of the
simple cubic and tetragonal centers, which we have obtained
within the same approach �see Table V�. For cubic centers,
the CEF parameter B2

0 is equal to zero. In the simple tetrag-

TABLE III. Calculated ion separations and angles in the coordination polyhedron �8+1� of anions around
the Ln ion in the hexameric cluster in fluorite-type crystals. The symbols are indicated in Fig. 6. In the
antiprism, F1 and F2 anions form the square edges with the lengths a1 and a2, respectively.

Crystal
�Ln-F1


�Å�
�1

�deg�
�Ln-F2


�Å�
�2

�deg�
�Ln-Fc


�Å�
a2

�Å�
b

�Å�

CaF2 2.41 54.6 2.28 107.2 2.85 3.08 2.07

SrF2 2.44 53.9 2.31 108.9 2.93 3.09 2.19

BaF2 2.47 52.9 2.35 110.9 3.03 3.10 2.33

TABLE IV. ECM parameters for Ln ions �Refs. 42 and 46�.
�2=0.558, �4=�6=0,b and G=7.6.b

Ion ln S2
0 ln S4

0 ln S6
0 �2

a �4
a �6

a

Er3+ 0.654 0.087 −1.471 1.994 1.896 1.648

Tm3+ 0.524 −0.152 −1.729 1,991 1,881 1,641

Yb3+ 0.394 −0.391 −1.987 1.987 1.864 1.633

aIn atomic units.
bAssumed for all Ln ions studied.

TABLE V. CEF parameters �in cm−1� for Er3+ in the hexameric
cluster and in the simple centers in CaF2.

CEF
parameter

Cubic
center

Tetragonal
center

Contracted
square

antiprisma
Hexameric

cluster

B2
0 0.0 49.9 −613.1 −487.3

B4
0 −78.7 −48.8 −87.4 −57.1

B4
4 −393.5 −352.9 0.0 710.5

B6
0 29.7 29.8 17.8 14.7

B6
4 −623.7 −449.4 0.0 −98.9

aFor an idealized model of highly symmetric surrounding of the Ln
ion in a contracted regular square antiprism with D4d symmetry, we
assumed that the length a1 is equal to a2. The length a2 and height
b are equal to those in the hexameric cluster. The Ln3+ ion is placed
into the center of the antiprism �see Fig. 6�.
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onal center, the presence of the neighboring interstitial F− ion
makes B2

0�0 and changes slightly the other CEF parameters
with respect to the cubic center. The “off-axial” parameters
B4

4 and B6
4 are large enough as compared with the “axial” B4

0

and B6
0. There are strict relationships B4

4=5B4
0 and B6

4

=−21B6
0 for a cubic crystal field. This results in a significant

mixing of the wave functions with different projections of
the angular momentum and approaching in values of the fac-
tors g� and g� of the ground states of both Er3+ and Yb3+

ions. The spectroscopic splitting factors for the simple
Ln3+-F− tetragonal centers1 in CaF2 are g� =7.780 �7.781�,
g�=6.254 �6.365� for Er3+ and g� =2.423 �2.812�, g�

=3.878 �3.743� for Yb3+ �our calculated values are given in
parentheses�. For cubic centers,1 g=6.785 �6.800� for Er3+

and g=3.438 �3.429� for Yb3+. For simple Tm3+ centers, the
ground states are isolated singlets and the EPR spectra are
not observed.1

The peculiar features of CEF at the site of the Ln3+ ion in
the hexameric cluster can be explained by examining only
the nearest local environment �see Fig. 6 and Table III�.
Eight F− ions form a distorted square antiprism with C4v
symmetry. It only slightly differs from a contracted regular
square antiprism �in which the length a1 would be equal to a2
and the Ln3+ ion is placed into its center �see Fig. 6�� with a
higher symmetry of D4d having the eightfold rotation-
inversion axis S8. The CEF parameters for the D4d square
antiprism, which simulates the “real” antiprism in the hex-
americ cluster, are also given in Table V.

Harris and Furniss47 found that the CEF in a square anti-
prism with D4d symmetry is pure axial—i.e., all the off-axial
CEF parameters Bpq�0 when q�0. The corresponding
crystal-field Hamiltonian for the Ln ion can be written in the
form

HCF = B20O2
0 + B40O4

0 + B60O6
0. �14�

It should be noted that, for the other highly symmetrical
coordination polyhedrons �e.g., for cube, octahedron, tetra-
hedron, etc.�, there are off-axial parameters Bpq�0 �with q
�0� which are greater than all the axial ones. This results in
a strong admixture of wave functions characterized by dif-
ferent projections Jz of the angular momentum J. Due to the
parent D4d symmetry with the eightfold axis S8 of a square
antiprism, the wave functions characterized by different Jz
projections are mixed only under distortion of the antiprism.
It is noteworthy that, in a regular antiprism �with a1=a2=b;
see Fig. 6�, the parameter B2

0=0. However, B2
0 becomes nega-

tive and increases in its absolute value upon contraction of a
regular antiprism, making b�a1 ,a2. In the hexameric clus-
ter, due to a strong Coulomb attraction of the F12 cuboctahe-
dron to the Ln6 octahedron, the antiprism appears to be con-
tracted and B2

0 is negative.
We estimated the change in the CEF parameters at the site

of the Ln ion as a result of a probable displacement of the F−

ion from the center of the hexameric cluster and also of a
replacement of one of the Ln ions in the octahedron Ln6 with
A cation �see the Introduction�. �In the calculations, the pos-
sible shift of ions in the cluster and neighboring ions was not
taken into account.� The change of the spectroscopic splitting
factors of the ground states of the paramagnetic Ln ions ap-

peared to be of the same order of magnitude or less than is
due to a distortion of a square antiprism in the hexameric
cluster. Therefore, these calculations do not allow one to dis-
criminate between the possible diversity of hexameric clus-
ters observed in the EPR spectra of fluorite-related solid so-
lutions.

VI. CONCLUSIONS

The EPR study of yttrofluorite-type solid solutions
�AF2�1−y�LnF3�y which contain Ln ions of the second half of
rare-earth series and yttrium reveals only hexameric clusters
therein, presumedly of Ln6F37 type. The nearest local envi-
ronment of Ln ions in clusters is a square antiprism of F−

ions. A square antiprism is closely related to the bicapped
trigonal prismatic geometry occuring in the YF3 structure,
which is adopted in all the lanthanide trifluorides LnF3 with
Ln from Sm to Lu.47,48

The calculations of CEF parameters and spectroscopic
factors of Er3+, Tm3+, and Yb3+ in hexameric clusters show
that a square antiprism environment forms a strong axial
crystalline electric field. It accounts for the high—
approaching the theoretical limits—principal values of g ten-
sors for these paramagnetic ions. It is noteworthy that the
EPR spectra of Tm3+ have been observed only in a few com-
pounds with a rather low crystal symmetry,49,50 apparently,
because of a “casually strong” axial crystalline electric field
therein. However, for the square antiprism of anions as a
local environment, the occurrence of a non-Kramers doublet
	±J
 in the ground state of Tm3+ �and Tb3+� ions is quite
possible not only in crystals, but even in a fluorozirconate
glass.47 There is a whole class of fluorite-related structures
with square antiprisms of anions.18 One of its representatives
is KY3F10 crystal with the splitting factors for the Er3+ ion51

close to those measured in our work.
Our work �see also Ref. 26�, as well as the electron dif-

fraction study,15 reveals the tendency of the clusters to co-
agulate into domains that, probably, have superstructural or-
dering.

However, in contrast to the superstructures, there are also
“simple” cubic Ln3+ centers in the “undisturbed” regions of
the fluorite lattice of the solid solutions, located outside clus-
ters or their domains. With an increase in the concentration
of LnF3 above �1 mol %, the EPR spectra of the cubic cen-
ters are appreciably broadened and even exhibit a pro-
nounced structure,52 which implies a complex pattern of the
solid solutions under study.

Nonstoichiometric fluorite solid solutions are nonequilib-
rium. It is known that, in moderately concentrated solid so-
lutions ��5 mol % �, the balance between clusters and
simple centers can be shifted by prolonged annealing of a
sample at T=600 °C �a process in which the cluster concen-
tration increases� or by its quenching from T=900 °C, thus
substantially reducing the cluster concentration in favor of
the simple centers. However, the solid solutions appear to
modify at room temperature as well. We observed the EPR
spectra of Tm3+ ions in clusters to become more complex in
“aged” samples after 20 years of their storage. The number
of different positions of Ln ions in clusters increased. It is
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possibly due to the rearrangement of clusters, in which the
penetration of oxygen ions into the fluorite lattice �see Sec.
II� may also occur.18,19

Our work confirms the assumption of Bevan, Ness, and
Taylor,18 based on a crystal chemistry study, that the high-
temperature disorded �cubic� � phase of nonstoichiometric
fluorites is made up of clusters formed by six corner-sharing
square antiprisms enclosing a cuboctahedron of anions.
These clusters are “kaleidoscopically” incorporated within
the fluorite matrix. The disorder in the arrangement of the
clusters and also the presence of “split” atoms,17–19 appar-
ently, could explain the phenomena—namely, the two level
systems33,53 and boson peaks54—which are usually character-

istic of glasses, but were also revealed in fluorite-related
solid solutions.
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