PHYSICAL REVIEW B 72, 012416 (2005)

Two-magnon Raman scattering in spin ladders with exact singlet-rung ground state
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Using coordinate Bethe ansatze we construct two-magnon states for the family of spin-ladder models with
exact singlet-rung vacuum suggested by A. K. Kolezhuk and H.-J. Mikeska. The explicit formula for the
zero-temperature Raman scattering cross section is derived. The corresponding line shapes are strongly asym-
metric and their singularities originate only from bound states. This form of a line shape is in good correspon-

dence to the experimental data.
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I. INTRODUCTION

Raman scattering in spin ladders was studied in a number
of papers (see Refs. 1-9 and references therein). The ob-
tained experimental data were analyzed by several theoreti-
cal approaches.>”8 However, in none of these papers was the
exact formula for the Raman cross section used. In the
present paper we obtain the exact formula for the special
class of spin-ladder models with exact singlet-rung vacuum.
This family of models was first suggested in Ref. 10. The
corresponding Hamiltonian H has the following form:
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Here S;, (i=1, 2; n=—%,...,%) are spin-1/2 operators asso-
ciated with cites of the ladder and 7 is an identity matrix. The
auxiliary term H,%, in (2) is needed only for normalization
to zero of the lowest eigenvalue of the 16 X 16 matrix H of
rung-rung interaction.

It was shown in Ref. 10 that when the following condi-
tions,

1.

3

1 9
Jfrust = JII - EJC’ Jnorm = ZJL - E‘Ic’ (4)

Jo>20, T >30, Jo+d>

are satisfied, then the lowest (zero eigenvalue) eigenstate of
H is w®w, where w is the rung-singlet state. In this case the
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ground state of the Hamiltonian (1) has the simple tensor-
product form:

0=1] ®@w,. (5)

In order to obtain the full spectrum of H we shall also
define the following triplet states:

fﬁ = (Sllc,n - Sg,n)wn’ Sjl,n + SjZ,n)fﬁ = isjkmle’ (6)
All other eigenstates of H are separated into the following
sectors: singlet f*® f*; triplet &;;f © f*; qumtet tif! ® f¢
with elgenvalues go=J  =2J), g1=J, - J— JC, and &,=J,
+Jy—3J,; and two triplets w® ff+ff@w w1th elgenvalues
si—(1/2)(Jl 2J.£J.). Here t;y= 848+ 88— 3 8,6
The Hamlltoman (1)=(3) commutes with the following
magnon number operator Q=2,0,, where Q,=(3/4)]
+8, .S, is associated with the nth rung projection operator
on triplet states.

II. THE TWO-MAGNON STATES

Corresponding to (1)—(4), one-magnon states were ob-
tained in Ref. 10. Suggesting the following Bethe form for
two-magnon states |S, 8) (where S is the total spin and 8 the
list of additional parameters),

=2 2 almnp) -

m=—% n=m+1

i ...
Wi 1 Wil

><Wnl Wn+1 T (7)
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Xwn—lfflwnﬂ T, (8)
ij= E E (lz(m n; B)tljkl Tt Wm—lerj1Wm+1 tt

m=—%° n=m+1

Xwn—l. nwn+l B (9)

we obtain in the standard way'! the following Schrodinger
equation,
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%[as(m— 1,n;8) +ag(m+ 1,n; B) + ag(m,n— 1;8)

+asm,n+1;B8)]+ (2J, —3J,.)ag(m,n;B)
=Eag(m,n;B), (10)
and the Bethe condition for amplitudes,
2Aa4(n,n+ 1;8) = ag(n,n; B) + agln+ 1,n+ 1;8).
(11)
Here Ag=(eg—c,—e_)/(e,—&_).

For each S Eq. (11) has two solutions: the scattering so-
lution,

scati(m n: kukz) CS el(k1m+k2n) CS,Zlel(k2m+kln)»

(12)

with Cg ,=cos(k,+k)/2—Ag exp[i(ku —kp) /2] , and the
bound solution

bound (

a m,n; M) — eiu(m+n)+u(m—n)7 (13)

where the real parameters v =
following condition:

0 and —7w<u =7 satisfy the

cosu=Age™, (14)
From (14) and the non-negativity of v it follows that
|cos u| < |Ag| < e”. (15)

The eigenvalues corresponding to (12) and (13) are

E§“"(ky,ky) =20 = 3J .+ J (cos ky +cos k), (16)

J.
ES () =20 | + (Ag—3)J. + A—‘cos2 u. (17)
s
As we see from (12) and (13) the translation invariant

states correspond to ai™(m,n;k,~k), a2 (m,n;0), and
bound )
a" (m,n; ).

III. CALCULATION OF RAMAN CROSS SECTION

Following Sugai® we shall consider only the case when
the incident and scattered light have parallel polarization di-
rections, both lying in the plane of the ladder and forming an
angle 6 with respect to vertical bonds (rungs). The zero-
temperature two-magnon Raman scattering cross section as a
function of frequency and 6 can be expressed using Fermi’s
golden rule:>*

I(w,6) = lim E|<a|HR<a>|0>|25<w E,), (18)

N—x2N +

where 2N+1 is the number of rungs. Within the Fleury-
Loudon-Elliot approach the effective Raman Hamiltonians
HR(6) have the following form'> (we also take into account
interactions across diagonals):

HE(6) = Aleg cos® OH"s + Adiag[cos2(6+ yYHN
+cos?(0— y)H™] + A ung sin? OH™8. (19)

Here Aj.g, Agiag and A,,,, are constants and vy is the angle
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between the rung and diagonal directions. Operators ™S,
H' s, H, and ‘H are the following:

Hrung_zsln SZn’ Hleg_zszn 1n+1’

ll‘l

HAD =810y Syt - (20)

n

Expressing H'8, H%, H%, and H"™"¢ from the auxiliary
operators,

H¥ =2 (81, £82,) + (Sye1 £ Sa041)s 1)

and taking into account Eq. (6), we represent I(w, 6) in the
factorized form:
I(w,6) = zlt[(Aleg + Adiag sin® y)sin® 6+ Adiag cos” y cos® 6]
XIy(w), (22)

where

Iy(w) = lim E|<a|H"|0>|2a‘<w E,). (23)

N—o2N +

Formula (22) expresses the polarization angle dependence
of Raman cross section, however it may be applied in a
straightforward way only for @=m/2.°

From Eq. (6), translational and SU(2) invariance of H ™~
follows that only translation invariant singlet two-magnon
states contribute to the formula (23). Separating the contri-
butions from scattering and bound states we obtain:

N
E a(n,n+1;k,—k)

. n=—N
I(w) = lim X, —

2

N—®
E 2 la(m,n;k,— k)|
n=—N+1 m=
X 5((1) EYCﬂft(k,_ k))9 (24)
N 2
> a(nn+1:u)
n=—N

B (w) = lim Y~y

N—x =0,
TS Jatmnw)?

n=—N+1 m=-N

X 8w — EL(1)). (25)

From (12) and (13) follows

n—1

E E |ascatt(m’n;k’_ k)|2 —

4N?*(1 = 2A, cos k + Ag)

n==N+1 m=-N
+O(N), (26)
N
> @ “(nn+ 13k,—k)| =4Nsink+0(1), (27)
n=-N
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N n-1

2N
E E |ag””"d(m,n;u)|2= 5 +0o(N), u=0,m,
n=-N+1 m=-N e’ -1
(28)
N
2 a®(nn+1;u)| =N+ 1)e™®, u=0,.
n=-N
(29)

Using the substitution 3,— [(2N+1)/27][;"dk we obtain
from (26)—(29) the final expressions for the cross sections:

40(1 = x)V1 = &2

Isc'att - 5 30
0" (@) J.(1+ A% - 2xA) B0
2 1 !
Ibound(w)z_<1__)@(A2_1)5<2x—A —_>~
0 s Ty A
(31)

Here O is the step function and x=(w-2J, +3J,.)/2J, is the
rescaling parameter.

From (15) and (31) follows that the contributions from
bound states ;”"*(w) exist only for |Ag| > 1. The behavior of
I as a function of x also essentially depends on the pa-
rameter Ag=3/2-2J,/J.. When Ay==1 the formula (30) re-
duces and the line shape has a singularity at x=A. For A
=1 it lies in the top of the two-magnon continuum, however
for Ay=—1 it is in the bottom. For Ay # +1 the cross section
I3 is a regular function of x and has the maximum at the
point x,,,,=2A¢/Aj+1.

In order to study the line shape in more detail we shall
find its inflection points. Calculating the second derivative of
1" with respect to x we obtain the following condition:

P, Ag) = 4A0(1 + Ad)x — 12052 — Ag + 6A2 - 1=0.
(32)

Since p(x1,A))=-(1FA()* the polynomial p(x,A,) for
Ay# =1 has only 0 or 2 zeros in the interval (—1,1). From
standard calculation follows that p(x,A,) has the maximum
pma’x=—Ag+ 6A3—1 at the point x=0. It is evident now that
for p,uq.=>0 the line shape of I’ has two inflection points.
From the straightforward calculation follows that p,,,.>0
only for

A< |A0| < A+’ (33)

where Aiz\/312\5 (A_=0.4142, A,~2.4142). Tt may be
easily proved in a straightforward way that (A, —A_)?=4, so
A, -A_=2.

In the case (33) the line shape near the x,,,, is similar to
the van Hove singularity. For A_<A,<<A, this “singularity”
lies near the top of the two-magnon continuum, however for
—A, <Ay<-A_ it is near the bottom. In both cases the line
shape of the Raman scattering is strongly asymmetric. The
case p,..<0 with no inflection points may be interpreted as
a broad maximum. Some line shapes corresponding to dif-
ferent values of A are presented in Fig. 1.
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FIG. 1. The thick line: Ay=0.2, the thin line: Ay=0.7, and the
dashed line: Aj=—1.2.

As it follows from (16) and (17) for Ag— +1+0%, the top
(bottom) of the two-magnon continuum and the bound two-
magnon state have the same energy: 2J 1L —3J.+2J. It was
proposed in Ref. 3 that in this case the resonance between
bound and scattering states leads to a redistribution of Ra-
man intensity and merging of singularity. However, as we
see from (30) and (31) in our model this conjecture fails.
Moreover, the singularity in I;’®" appears only in the reso-
nance Ay==1 cases.

IV. COMPARISON WITH EXPERIMENT
AND DISCUSSION

Raman scattering in MgV,05 and CaV,05 were reported
in Ref. 9. It was pointed that for both materials the corre-
sponding line shapes are strongly asymmetric and have one
maximum instead of two. This fact was considered as strange
and some conjectures were suggested to interpret it. For ex-
ample, it was supposed in Ref. 9 that in MgV,Ojs there is no
spin gap and the magnetic ordering is 2D, or the spin gap is
so small (about 10 cm™') that it cannot be observed by the
experimental resolution that was used. The asymmetry of the
line shape for CaV,05 was interpreted in Ref. 9 as originat-
ing from next-nearest neighbor interactions. In Ref. 7 it was
conjectured that the second peak in the line shape of CaV,05
is not observed because it is dominated by a phonon peak. In
Ref. 3 it was conjectured that the asymmetry originates from
resonance with a two-triplet bound state.

In our paper we have demonstrated that the line-shape
asymmetry in spin-ladder Raman scattering is not something
strange and outstanding, but may appear in a sufficiently big
class of models. Of course we do not pretend that for some
values of exchange parameters our toy model necessarily de-
scribes the real materials such as CaV,05 or MgV,05. Nev-
ertheless perhaps the true ground state is in some sense
“close” to our idealized one (5) and we may believe that our
model correctly represents some general qualitative features
of real materials. In this context we emphasize that the
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exactly calculated Raman scattering line shape may be
strongly asymmetric without any additional assumptions
such as next-nearest neighbor interactions, resonance with
the bound state, or dominating phonon peak.
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