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Friction maps with atomic unit cell periodicity on highly oriented graphite in ultra-high vacuum are mea-
sured with the friction force microscope. The well-known stick-slip phenomenon is observed where the tip
jumps between individual equilibrium positions. We perform a statistical analysis of the frictional forces that
are necessary to induce the tip jumps. The corresponding histograms give a direct fingerprint of the distribution
function of the tip-jump events. The histograms depend strongly on the atomic structure of the surface, which
is related to the two-dimensionality of the surface potential. We compare the experimental to the theoretical
distribution function, which is based on the thermally activated Tomlinson model for atomic friction, and
quantitative values for the effective energy barriers are extracted.
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I. INTRODUCTION

The understanding of friction properties at the nanoscale
remains a challenge to scientists and engineers in a wide
range of disciplines. One of the fundamental processes of
sliding friction is the “stick-slip” phenomenon. Already
many decades ago, Tomlinson1 and Prandtl2 developed a
theory which tried to establish a correlation between macro-
scopic friction and microscopic stick-slip processes. With the
invention of the atomic force microscopesAFMd3 it became
possible to observe sliding friction processes with atomic
periodicity,4 opening up the possibility for a direct investiga-
tion of atomic scale friction. The surface of highly oriented
graphitesHOPGd has been the focus of several experimental
studies with the AFM,5,6 due to its relative inertness and
technological relevance as an efficient lubrication material.
Atomic scale friction maps on HOPG have been interpreted
in terms of a two-dimensional hopping motion of the tip
between different equilibrium positions.7–9

If the temperature is nonzero, the hopping or jump pro-
cess is of statistical nature. Gneccoet al.10 were the first to
apply this idea to stick-slip friction measurements. As a di-
rect consequence they found that stick-slip friction depends
logarithmically on the tip sliding velocity. Sanget al.11 have
investigated theoretically these jump processes and presented
an analytical expression for the corresponding statistical dis-
tribution function.

In this paper we focus on the statistics of these jump
processes. We extract the probability distribution of the
jumps from experimental friction force maps on HOPG. The
results are compared to the statistical distribution function
from Sanget al.11 Quantitative values for the parameters that
govern the friction process can be extracted from the fit to
the model.

The paper is structured as follows: First, we will review
the thermally activated Tomlinson model after Sanget al.11

In the experimental part the stick-slip experiments are pre-
sented followed by the method, which allows us to extract
the distribution function of the tip jumps from the experi-
mental friction maps. Finally, the experimental and theoreti-
cal distribution functions are compared.

II. THEORETICAL BACKGROUND

The Tomlinson model1 has been successfully used to ex-
plain the stick-slip phenomenon with atomic peridocity. In
this model it is assumed that a pointlike tip at positionxt,
which is coupled elastically to the microscope body at posi-
tion xM, is moving in a periodic tip-sample interaction poten-
tial Vsxd. Assuming a sinusoidal interaction potentialVsxd
=E0 coss2px/ad, with a surface barrier potential height12 E0

and a lattice constanta, the corresponding equation of mo-
tion is

m*xt = cef fsxM − xtd −
2pE0

a
sinS2pxt

a
D − m*gẋt. s1d

Herecef f is the effective lateral spring constant describing
the elastic coupling of the tip with the microscope base,
which includes the elastic behavior of the cantilever and the
tip-sample contact.13 The factorg is the microscopic friction
coefficient, which was introduced by Hölscheret al.7 to de-
scribe the loss of energy during the slip movement as a
velocity-dependent process. Solving this equation leads to a
solution describing the stick-slip movement of the tip at zero
temperature.

For better clarity, the corresponding potential diagram is
shown in Fig. 1. The tip is trapped in a local potential mini-
mum. An energy barrier of heightDE prevents the tip from
reaching the next energy minimum to the right. The tip base
moves with velocityv, and at a certain positionxM =xM,jump
the local minimum vanishes and the tip “jumps” to the next
local minimum. The jump height, i.e., the maximum force
just before the slip-event occurs, is a direct function of the
surface barrier potentialE0, the effective massm* , the effec-
tive spring constantcef f, and the lattice constanta.

At nonzero temperatures, however, the jump event be-
comes a statistical process. In previous publications Gnecco
et al.10 and Sanget al.11 have taken the influence of a finite
tip-sample temperature into acount and found as a result that
the temperature will induce a velocity dependence of the
friction, which was verified experimentally.10 Additionally,
an analytical description for the theoretical probability distri-
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bution function of the individual jumps was derived.11 How-
ever, a statistical analysis of experimental stick-slip events
has not been presented so far.

The analytical formula for the jump probability from Sang
et al.11 can be written as a function of the so-called reduced
bias f* :

Psf*d =
3

2

f*1/2

v* exps− f*3/2 − ef*3/2
/v*d. s2d

The dimensionless velocityv* is defined according to11

v* =
vgcef fa

2p2kBTftc
2 ·

Vk
2

Î1 − Vk
4

s3d

with Vk=Îcef fa
2/4p2E0, which is the ratio of the resonance

frequency of the tip in the surface potentialE0 versus the
torsional resonance frequency of the tip in contactf tc. The
reduced biasf* is a direct function of the lateral forceFm, at
which a jump is induced:

f* = S 2E0

3kBT
D2/3 Vk

2

s1 − Vk
4d1/6

4p

cef fa
scef fRc − Fmd. s4d

The critical position Rc, where the effective barrier
height vanishes, is defined as 2pRc/a=arccoss−Vk

2d
+Vk

−2·sinfarccoss−Vk
2dg. Combining Eqs.s2d–s4d yields the

analytical description of the jump probability as a function of
the jump-heightsFm. An example for the normalized distri-
bution function is shown in Fig. 2. Typical parameters taken
from our experiments were chosen: temperatureT=300 K,
lattice constant of HOPGa=0.246 nm, tip scan velocity of
v=80 nm/s, effective spring constantcef f=1 N/m, friction
coefficient g=13106 s−1, and resonance frequencyf tc
=75 kHz. The energy barrier heightE0 was varied between
100 and 160 meV, resulting in four different histograms. The
histograms can be characterized by four parameters: the
width of the peak, the height of the peak, the asymmetry of
the peak, and the position of the peak with respect to the
force axis. The difference in the energy barrier causes a large
change of the lateral position of the peak by a factor of 2.3,
while the height and width only change by 16% in the con-
sidered regime. For increasing energy barriers the lateral
force needed to jump over the effective barrier height is
higher, inducing a shift of the peak to larger values. How-
ever, the width of the distribution is mainly caused by the
temperature, which causes the jump process to become of

statistical nature. For example, at zero temperature the dis-
tribution function would become a delta peak.

III. FRICTION EXPERIMENTS

The friction force experiments were conducted in a com-
mercial atomic force microscopesAFMd under ultra-high
vacuum sUHVd conditions at room temperaturesOmicron
VT-AFM d. The sample was highly oriented pyrolytic graph-
ite sHOPGd that was cleaved in the load lock in vacuum at
p=1310−9 mbar shortly before the AFM experiments. As
force sensors we used single crystalline, rectangular silicon
cantileverssLFMR-type from Nanosensorsd with a width of
W=42 mm, a length ofL=214mm, and a tip height ofH
=15 mm sdata supplied by manufacturerd. The thickness of
the cantilevers was determined from the resonance frequency
of the normal oscillationfn measured in vacuum.14 The nor-
mal scnd and torsionalsctd spring constants of the cantilever

FIG. 1. The potential diagram of the Tomlin-
son model at zero temperature. Insad the tip is
trapped in a local minimum and is separated from
the next minimum to the right by an energy bar-
rier of heightDE. In sbd the tip base has moved to
the right, and the energy barrier has vanished,
which causes the tip to “jump” to the next local
minimum. However, at nonzero temperature,
there is a finite probability that the tip jumps over
the energy barrier already insad sdashed arrowd.

FIG. 2. sColor onlined The relative probability that a jump oc-
curs as a function of the maximum lateral forceFm, which was
necessary to induce the jump, after the analytical derivation of the
thermally activated Tomlinson model from Sanget al. sRef. 11d.
Typical parameters encountered during the experiments were cho-
senssee textd. The four histograms represent the cases for different
energy barrier heightsE0.
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were calculated from the geometric dimensions15 yielding
cn=0.12 N m−1 and ct=14.0 N m−1 swith the E-modulusE
=169 GPa and shear modulusG=50 GPa, data supplied by
the manufacturerd.

For quantitative interpretation of the normal and frictional
forces we calibrated the sensitivity of the AFM. Once the tip
was in contact, we performed force distance curves, where
we assumed that the contact is much stiffer than the cantile-
ver spring constant. From the slope of the force distance
curves we determined the sensitivity of the normal direction.
For the calibration of the torsional twisting of the cantilever
induced by the frictional forces we used the method from
Bilas et al.16 This method is only applicable to systems with
a beam deflection detection system and only in the case that
the tip is scanned and the sample is fixed. The method relies
on the effect that a bending of the piezotube during scanning
induces a small angle between the cantilever and the incident
laser beam.

The adhesion force between the tip and the sample during
the following friction force experiments was determined
from the average jump-off-contact valuesFof f=11.0 nNd of
several force-distance curves. No additional load was applied
in order to prevent any further changes in the atomic con-
figuration of the tip-sample contact. Hence, the effective load
during the friction experiments is entirely determined by
Fof f.

After the tip was approached towards the surface, a large
areas131 mm2d of the HOPG sample was scanned in order
to verify that a flat and homogeneous part of the surface with
no steps was investigated. Then small areas of the sample
were scanned while the tip-sample distance feedback loop
was switched off. Each line is scanned in the forward and
backward direction of the fast scan direction. A typical 3
33 nm2 friction force map, i.e., the friction force as a func-
tion of tip base position, is shown in Fig. 3sad. The well-
known stick-slip phenomenon is observed which leads to the
friction force contrast with atomic unit cell periodicity of the
surface. The friction signal for a single scan line in the for-

ward sblued and backwardsredd directions is shown in Fig. 4
and shows a sawtooth type behavior. The stick part is char-
acterized by a linearly increasing or decreasingFL signal as a
function of the lateral tip base position. In this case, the tip
sticks at the position between the surface atoms and while
the tip base moves continuously the cantilever is twisted. If
the lateral force due to the twisting is large enough, the tip
will jump laterally to the next equilibrium position, causing
the sudden vertical change inFL. The area embraced by the
two friction scan lines represents the energy that was dissi-
pated during this friction loop.

The individual carbon atoms form hexagonal rings that
are arranged in a honeycomb structure7 fsee also Fig. 3sbdg.
During the scan the tip will jump in between the local energy
minima, which are located at the center of the carbon rings,
the so-called “hollow sites” of the HOPG surface7 fblue
circles in Fig. 3sbdg. In general these jumps will follow a
two-dimensional zig-zag path on the surface,8,9 leading to a
movement of the tip along the fast scan direction as well as
perpendicular to it. Due to this effect, contrast will not only
appear in the lateral force signalFL, but also in the normal
force signalFN, which complicates the analysis of single
jumps considerably. In order to minimize this effect we ori-
ented the sample in such a way that the fast scan direction

sx directiond scans along thes1̄,2 , 1̄,0d direction of the
s0001d HOPG surface. In this case, the tip will perform al-
most exclusively jumps along the rows of the hollow-sites as
indicated by the blue arrows in Fig. 3sbd. Only if the the next
row along they direction is reached will the tip perform one
jump perpendicular to the scan direction.

IV. STATISTICAL ANALYSIS OF INDIVIDUAL
JUMP HEIGHTS

In the following we investigate the statistical distribution
of single tip jumps during the friction loops. A good experi-
mental observable is the maximum lateral forceFm during
the stick part just before the individual jumps, i.e., slip-
events, occur. For simplicity in the further discussion we call

FIG. 3. sColor onlined sad A 333 nm2 lateral friction force map
on HOPG at tip base scan velocityv=60 nm/s.sbd The schematic
representation of the HOPG unit cell. The solid black circles are the
carbon atoms in the top layer which are arranged hexagonally
around a hollow-site. The big blue circles represent the equilibrium
positions where the tip would stick and the blue arrows indicate the
jump or slip process.

FIG. 4. sColor onlined The friction loops from the friction map
in Fig. 3sad showing the stick-slip behavior of the scanning tip in
the tracesblued and retracesredd directions at a tip base velocity of
60 nm s−1.
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this maximum forceFm the “jump-height.” We developed a
method to extract the jump-heights with sufficient accuracy
from the raw data. First, the average of the forward and
backward line scans is calculated and fitted with a straight
line that defines the zero friction line. A typical forward fric-
tion raw signal corrected by the zero friction line is shown in
Fig. 5 sblue lined.

Second, in order to find the lateral position of a jump, the
raw data signal is numerically differentiatedsblack line at the
bottom of Fig. 5d and the tip base positions where the differ-
entiated signal is above a certain threshholdsdotted line in
Fig. 5d are determined. Then each individual stick part of the
friction curve is fitted with a linesupper solid black line in
Fig. 5d. The height of the peaks is then extracted, yielding the
individual jump-heightsFm. Please note that the jump-height
is always measured with respect to the zero friction line. This
procedure takes advantage of all the data points acquired
during the friction scan, which allows an improved signal-to-
noise ratio for the jump-height determination.

Figure 6 shows a typical “jump-height histogram,” i.e.,
the number of jumps as a function of the maximum lateral
forceFm just before the jump. The histograms were compiled
from a 636 nm2 friction map at a scan speedv
=120 nm s−1. A total of 23 748 jumps were extracted from
the friction map. The jumps were collected in bins with a
width of 0.008 nN, which is a compromise between resolu-
tion and smoothness of the resulting histogram. For compari-
son with the theoretical jump distribution function the histo-
gram must be normalized by the total number of jumps. The
right-hand scale shows the corresponding relative jump prob-
ability. The overall shape of the curve roughly resembles the
theoretical curve for the distribution function in Fig. 2. A
quantitative comparison will follow in the next sections.

We intentionally adjusted the sample orientation such that
only jumps parallel to the fast scan directionsx directiond

occur. Therefore we expected that a one-dimensional model
for atomic friction would be a good approximation. How-
ever, in Fig. 7 we show a zoom of a typical friction map
together with a plot for the dissipated energy per friction
loop per atomic unit cellswith a=0.246 nmd, which is de-
fined as the area between trace and retrace divided by the
number of unit cells along the scan line. Clearly, the dissi-
pated energy varies substantially from 10 to 30 eV with the
tip position along the slow scan axissy directiond, depending
on whether the tip scans exactly along the center of the
hollow-site rowsse.g., solid arrowsd or between two rows of

FIG. 5. sColor onlined The jump height analysis: The raw data
of a single friction tracesblue lined is shown as a function of the tip
base position. The differentiated friction signalsblack line, bottomd
is used to find the position of the slip events, by comparison with an
appropriate threshold valuesdotted lined. The raw data between the
slip positions is fitted with a linesblack lined and the maximum of
the lateral force just before the slip events is then extracted as the
jump-height, i.e., theFm value sred arrowsd.

FIG. 6. The experimental jump-height histogram for a tip base
velocity of 120 nm s−1. The number of jumps is shown as a function
of the lateral force necessary to induce the jump. A total of 23 748
jumps were analyzed for this histogram, and a bin width of
0.008 nN was chosen. The right-hand scale shows the relative jump
probability, which is the number of jumps from the left-hand scale
divided by the total number of jumps.

FIG. 7. sColor onlined The left image shows a zoom of the
friction map of image size 636 nm2 at a scan speed of 60 nm s−1.
The dissipated energy was calculated from the individual friction
loops and is shown in the right part of the graph. For better com-
parison with other measurements, the dissipated energy is normal-
ized by the number of lattice unit cells, over which the tip was
scanned. The black line is a 3-point box average of the raw data
ssquaresd and is meant as a guide to the eye.
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hollow-sites se.g., dashed arrowsd. The friction loops also
look very different depending on the exact position of the tip
along they direction. Figures 8sad and 8sbd show, for ex-
ample, typical friction loops along the center of the hollow-
site rows and between the rows, respectively. Therefore,
some crucial parameters governing the atomic friction pro-
cess must change considerably, depending on they position
of the tip.

Since the average friction depends strongly on the exact
tip position in they direction, a one-dimensional model must
be insufficient to describe the system adequately. It is there-
fore necessary to separately analyze the situations where the
tip is in the center and on the side of the hollow-site rows. So
far, the jump-height histogram in Fig. 6 represents an aver-
age over different sites. In this context it should be noted that
the appearance of the two-dimensional friction maps can
change considerably also under different loads.17

In Fig. 9 sscan speedv=80 nm/sd and Fig. 10sscan speed
v=120 nm s−1d we present experimental jump-height distri-
bution functionsssolid cityscape linesd that are created from
the jumps occuring in the center of the hollow-site rows
ssolid arrows, compare also Fig. 7d and between the rows
sdashed arrowsd. Each diagram is compiled from about 6000
jumps out of a total of 24 000 jumps, to achieve sufficient
statistics. Although a certain averaging over different sites
can still not be excluded, these histograms represent now the
almost one-dimensional stick-slip case and will be compared
to the thermally activated Tomlinson model in the next para-
graph.

V. COMPARISON OF EXPERIMENTAL
AND THEORETICAL JUMP STATISTICS

In order to compare our experimental jump-height distri-
bution diagrams to the theoretical curves we first analyze the
relevant fit parameters of the system. From the experiment
the tip-sample temperatureT=300 K, the HOPG unit cell
lattice constanta=0.246 nm, and the relative tip-sample ve-
locity v are known. The effective lateral spring constant is
derived from the slope of the stick-part of the friction
curves13 yielding cef f=1.02±0.16 N m−1. The torsional reso-
nance frequency of the tip in contactf tc can be estimated:18

The free torsional resonance frequency was measured di-
rectly in the UHV chambersf tf =274 948 Hzd. Assuming that
the effective mass does not change if the tip is in contact
with the surface, the resonance frequency scales with
Îcef f/ct, giving an estimate forf tc=73 482 Hz. For triangular
cantilevers,f tc values of comparable magnitude have been
reported before.18

The only unknown parameters left are the friction coeffi-
cientg, describing the rate at which the kinetic energy of the
tip is dissipated, and the surface barrier potentialE0. How-
ever, the fit of the theoretical distribution function to the
experimental histograms does not allow an independent de-
termination of both parameters. In our case, we will use an
estimate for the friction coefficientg. The ratio ofg versus
f tc determines the type of damped oscillation behavior. For
theoretical studies of the Tomlinson model7 the case ofcriti-
cal damping is usually assumed. For critical damping the
ratio is g / f tc=4p. Although we do not know the precise

FIG. 8. sColor onlined The friction loops ex-
tracted from the friction map in Fig. 7sad showing
the stick-slip behavior of the scanning tip in the
trace and retrace direction on two different posi-
tions of the surface:sad along the center of the
hollow-sitesfblue lines in Fig. 7sad and 7sbdg be-
tween two hollow-site rowsfred lines in Fig.
7sadg. The dashed lines show the fitted zero fric-
tion line which serves as the reference for the
jump-height determination.
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value of g in our experiments we will use the value for
critical damping, since it represents a defined oscillation be-
havior. Therefore we use an estimate ofg=9.23105 s−1. At
this point we note that it would also be possible to obtain the
g coefficient directly from friction measurements above the
critical velocity.18 Alternatively, one could determine the en-
ergy barrier heightE0 from the velocity dependence of the
friction10 and extract the friction coefficientg from the fit to
the histogram.

A comparison between experimental and theoretical
jump-height distribution functions is shown in Fig. 9sscan
speed ofv=80 nm s−1d. The peak width and the peak posi-
tion of the experimental curvesssolid cityscape linesd are
well reproduced by the theoretical curvessbroken linesd. The
peak height and the asymmetry, however, cannot be unam-
biguously confirmed, which is due to the noise in the experi-
mental histogram. Unfortunately, the noise of the jump-
height determination is of comparable magnitude as the
statistical noise of the lateral force measurement, and there-
fore the original distribution function will be superimposed
by a Gaussian noise peak. However, the width of the theo-
retical distribution function is mainly determined by the tem-
peraturesand also indirectly by the force calibrationd, and the
reasonable agreement of the experimental and theoretical
widths of the distribution function indicates that the spread
of the jump-heights is related to the thermally activated Tom-
linson model.

The histogram compiled from jumps at the center of the
hollow-site rowsssolid arrows in Fig. 7d was fitted with a
surface barrier potential ofE0=132 meV, and the histogram
from the jumps at the side of the hollow-site rowssdashed
arrows in Fig. 7d was fitted withE0=118 meV. These energy
barrier heights are comparable to the values previously found

in stick-slip friction experiments.10,18 In this context it is in-
teresting to note that the absolute value of the fitted barrier
heights depends on the friction coefficientg; however, the
difference between the maximum and minimum barrier
heights DE0=14 meV is independent of the particularg
value.

A similar good agreement is observed for the diagrams in
Fig. 10, which were compiled from jumps at a higher tip
base velocity ofv=120 nm s−1. Best fits were achieved with
exactly the same values forg andE0, except that the velocity
was adjusted to the experimental value, which results in a
shift of the curves by 20 pN towards higher force values.

VI. CONCLUSION

In conclusion we have measured atomic scale stick-slip
friction on graphitesHOPGd. From the friction maps we ex-
tract the maximum lateral force, which is necessary to induce
a jump. Additionally, we perform a statistical analysis of the
jumps. The concept of the jump-height histogram is intro-
duced which directly shows the probability of the tip to jump
at a certain lateral bias force. We compare the experimental
histograms with the theoretical distribution function from
Sanget al.11 which is based on the thermally activated Tom-
linson model. We find that the width and the shift of the
histograms agree well with the theory, while the expected
asymmetry of the histograms cannot be confirmed within the
noise of the experiment.

However, the histograms depend strongly on the exact
position of the tip with respect to the atomic structure of the
surface, which is a direct consequence of the two-
dimensionality of the surface potential. In fact, the energy

FIG. 9. sColor onlined The experimental jump-height distribu-
tion functions for a scan speed of 80 nm s−1 ssolid lines, cityscape
shaped, which were compiled from the jumps at the sidesredd and
the centersblued of the hollow-site rows. The dashed lines are the
corresponding best fits with the thermally activated Tomlinson
model from Sanget al. sRef. 11d with the energy barrier heights
E0

min=118 meV andE0
max=132 meV, respectively.

FIG. 10. sColor onlined The experimental jump-height distribu-
tion functions for a scan speed of 120 nm s−1 ssolid lines, cityscape
shaped, which were compiled from the jumps at the sidesredd and
the centersblued of the hollow-site rows. The dashed lines are the
corresponding best fits with the thermally activated Tomlinson
model from Sanget al. sRef. 11d with the energy barrier heights
E0

min=118 meV andE0
max=132 meV, respectively.
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dissipated during one friction loop varies by a factor of 3,
depending on the exact tip position. From the fits to our
experimental distribution functions we find a correlation be-
tween the site dependence of the friction loops with different
energy barriers of the surface potential, ranging from
118 to 132 meV. This means that already a small variation
of the effective surface energy barrier by about 10% can
have a large effect on the lateral friction. In this context it
should be noted that it has been found recently that the fric-

tion on HOPG can also vary dramatically depending on the
scan angle.19
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