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We have investigated the ground exciton energy pressure coefficients of self-assembled InAs/GaAs quantum
dots by calculating 21 systems with different quantum dot shape, size, and alloying profile using the atomistic
empirical pseudopotential method. Our results confirm the experimentally observed significant reductions of
the exciton energy pressure coefficients from the bulk values. We show that the nonlinear pressure coefficients
of the bulk InAs and GaAs are responsible for these reductions, and the percentage of the electron wave
function on top of GaAs atoms is responsible for the variation of this reduction. We also find a pressure
coefficient versus exciton energy relationship which agrees quantitatively with the experimental results. We
find linear relationships which can be used to get the information of the electron wave functions from exciton
energy pressure coefficient measurements.

DOI: 10.1103/PhysRevB.71.245315 PACS numberssd: 73.22.2f, 71.15.Dx, 81.40.Vw

I. INTRODUCTION

Self-assembled InAs quantum dotssQDsd grown on
lattice-mismatched GaAss100d substrates have been studied
extensively in both experiment and theory in the past 15
years due to their potential applications and matured synthe-
sis processes.1 Depending on synthesis methods and condi-
tions, the quantum dot can have a different size, shape, and
alloy profile. A major task of the research is to study the
dependence of the electronic structure on the size, shape, and
alloy profile. The electronic structure includes the electron
wave functions and their eigenenergies. While there are
many experimental ways to probe the electron eigenenergies
and their confinement effects, it is much more difficult to
experimentally measure the electronic wave functions. Thus
any information about the electron wave functions will be
extremely useful.

One recent popular experimental approach to study the
electronic structure of a QD is to measure their pressure de-
pendences of the photoluminescencesPLd energies. While
the PL pressure coefficientssPCd for both bulk InAs and
GaAs are close to 110 meV/GPa, it is found experimentally
that the PL pressure coefficients for the quantum dots are
usually much smaller and they can vary significantly from 60
to 100 meV/GPa,2–7 depending on the samples. While Maet
al.2 attributed the main reason for the much smaller PC to the
built-in strain in InAs dots under nonlinear elasticity theory,
Mintairov et al.9 emphasized the nonuniform In distribution
in QDs. There are also considerations for using the pressure
dependence of the effective masses and confinement poten-
tials to explain this reduction.2,4 Manjón et al.3 believed the
PC is relevant to the penetration of the exciton wave function
into the barrier by comparing different samples. But so far no
quantitative agreements have been achieved between the
model calculations and the experiment.

In this paper, via accurate atomistic calculations for the
electron wave functions for these quantum dots, we have

revealed two facts:sid The nonlinear elasticity and the non-
linear band-gap pressure dependence are responsible to the
reduction of PC, and the variation of this PC reduction for
different systems is mainly due to the different percentage of
the electron wave function residing on top of InAssor say
GaAsd atomssin the existence of alloys, this percentage is
different from the percentage inside the QD regiond. sii d
There is a simple linear relationship between the value of the
PC and the percentage of the electron wave function on top
of GaAs; as a result it can be used as a way to probe the
electron state properties from high-pressure experiments.

Note that the physical picture we obtained for the PC
reduction is very different from previous considerations.2,4,9

Although nonlinear elasticity and nonlinear band-gap pres-
sure dependence were often considered and attributed to the
reduction of PC, a simple particle-in-a-box picture was usu-
allyused in all the previous modelsssee, for example, Refs.
2,4,9d, which assumes that the electron and hole states reside
entirely inside the InAs QD. As a result, the observed large
PC variations can only come from the different quantum
confinement pressure dependence. Here we point out that
this picture is wrong, and it is essential to consider the fact
that a large portionspercetanged of the electron wave func-
tion is outside the InAs region, and this penetration is di-
rectly related to the variation of the PC reduction. The quan-
tum confinement effect contributes less than 20% to the
variation of the PC reduction. For the smallest QD we con-
sidered, the wave function outside the QD could be as large
as 98%salthough it is still a bound stated.

II. DETAILS OF CALCULATION

We will use the empirical pseudopotential methodsEPMd
sRef. 10d to describe the single electron wave functionscisr d
of an InAs quantum dot embedded in a GaAs matrix:
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¹2 + Vsr d + VNLDcisr d = Eicisr d, s1d

here the total potentialVsr d of the system is a direct sum of
the screened atomic empirical pseudopotentialsnasrd of the
constituent atomsstype ad, andVNL is the nonlocal potential
describing the spin-orbit interaction. The plane-wave EPM
approach has been used to study InAs and GaAs systems
extensively, including quantum dots and alloys. The EPM is
fitted to experimental band structures and deformation poten-
tials; its results agree well with experiments for quantum
well and quantum dots.11 To study various quantum dots in
our problem, we need computational supercells containing
up to one million atoms. To solve Eq.s1d for these large
systems, we have used the strained linear combination of
bulk band sSLCBBd method.12 In this method, the wave
function cisr d is expanded by bulk Bloch statesswhich is in
turn expanded by plane wavesd. Because the bulk Bloch
states are good physical basis functions for the quantum dot
states, we can truncate this basis setsdown to 10 000d using
physical intuitionse.g., selectingk points around theG point
and bulk bands relevant to the quantum dot statesd without
introducing significant errors. The errors caused by the
SLCBB method are around 10 meV near the band gap com-
pared with the exact solution of Eq.s1d.13 Note that the ab-
solute error of Eq.s1d compared to experiment is probably in
the range of 50 meV, which is determined by the fitting of
our EPM and the transferability of the EPM to the QD sys-
tem. Nevertheless, the current approach is a much more ac-
curate method compared to other traditional approaches like
the k ·p method, where a few hundred meV error is
possible.13. The details of the SLCBB method and the selec-
tion of the bulk band basis and their effects were reported in
Refs. 11,12.

To study the pressure effects on the electronic wave func-
tion, we first need to study the lattice relaxation under the
pressure. We have used the Keating’s valence force field
sVFFd sRefs. 14 and 15d to describe the atomic relaxation.
We have included bond-stretching, bond-bending, and bond-
angle coupling interactions and high-order bond-stretching
terms.11 As a result, all the bulk moduli and the pressure
dependence of the Young’s moduli can be fitted exactly to
the experimental values, and the VFF model describes cor-
rectly the atomic relaxationsse.g., near the InAs/GaAs sur-
faced compared with total-energyab initio results.11 To be
able to describe correctly the nonlinear lattice relaxation is
important because there is a,7.2% lattice mismatch be-
tween bulk InAs and GaAs.

After the atomic relaxation is described by the VFF
model, the pressure dependence of the bulk band structures
for GaAs and InAs is described by the EPM Hamiltonian.
Here, an explicit local strain dependence ofnasrd is used to
describe the deformation potentials of the band energies.11

Thus the fitting ofnasrd not only provides a correct band
structure at zero pressure, it also provides correct high-order
pressure dependence of the band energies. Figure 1 shows
the calculated band energy pressure dependence for bulk
InAs and GaAs. The calculated band-gap pressure coeffi-
cients for InAs and GaAs are 117 and 103 meV/GPa respec-

tively, they agree well with the experimental values of 114
and 106s4d meV/GPa.16

We next use the above VFF and EPM Hamiltonians to
calculate various embedded quantum dots under different
pressures. A large variety of QD shapes have been reported
and studied for the InAs/GaAs system by various groups, for
example, pyramidal quantum dotsPQDd with side facets ori-
ented alongh101j, h113j, or h105j,17 or truncated pyramidal
quantum dotsTPQDd.18,19 Inside the QD, various In/Ga pro-
files have been speculated, for example, an inverted-triangle
shape In-rich core19 or a growth direction linearly increasing
In concentration.18 To cover the whole spectrum of possible
shapes and alloy profiles, we have calculated 21 QDs as
shown in Table I. Their geometries, sizes, and compositions
are chosen before any calculations. They are: eight pure InAs
pyramidal quantum dotssPQDsd with h101j or h113j facets
and base sizes of 6, 9, 11.3, and 15 nm; three PQDs with
h105j facets and base sizes of 11.3, 15, and 20 nm; three
truncated pure InAs pyramidal QDssTPQDsd with h101j fac-
ets, 8 nm base size, and height/base ratios of 2/3, 1/2, and
1/4; 5 TPQDs withh101j facets, 11.3 nm base size, and
height/base ratios of 2/3, 1/2, 1/4, 1/5, 1/10; two alloy
pyramidal QDs withh101j facets, 11.3 nm base size, and
bottom Ga percentages of 40% and 50%szero Ga percentage
at the tipd. To distinguish these 21 QDs, they are numerated
from 1 to 21 as in Table I. In the following Figs. 2–4 the
digits in the open squares correspond to their numbers in
Table I.

The above described InAs quantum dots are embedded in
a pure GaAs matrix. A supercell box is used to contain the
quantum dot. A periodic boundary condition is used for the
supercell box. To remove the possible dot-dot electronic and
elastic interactions, a sufficient GaAs barrier is used. As a
result, a supercell can contain up to one million atoms. The
atomic positions within the supercell are then relaxed by
minimizing the strain energy of the VFF Hamiltonian. To
create a pressure, the overall size of the supercell is changed,
and the pressure is calculated from the local GaAs strains
away from the quantum dot. After the atomic positions are
relaxed, the electron and hole eigenstates and eigenenergies
of Eq. s1d are solved using the SLCBB method.

FIG. 1. The band-edge energiesfEsG6cd andEsG8vdg of sad bulk
InAs and sbd GaAs and their direct band gapEgsG8v−G6cd under
hydrostatic pressure.
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III. RESULTS AND DISCUSSION

We typically calculate five pressure values from 0 to 2
GPa for each quantum dot. Using these five points, the
ground exciton energy of the quantum dot is fitted as
EgsPd=Egs0d+a1P+a2P

2. Then the linear pressure coeffi-
cientssPCsd of the exciton energy is read out froma1. Con-
sistent with the experiment, we find that this PC is in the
range of 60–110 meV/GPa, much smaller than the bulk
InAs and GaAs PCs. We then plot all the calculated PCs as a
function of the QD zero-pressure exciton energyE0s0d in
Fig. 2. Note that the QD exciton energyE0s0d is the single-
particle energy gap between the lowest electron state and the
highest hole state minus the screened Coulomb interaction

between the electron and the hole, as described in Ref. 11.
This Coulomb interaction is the same as in the Bethe-
Salpeter equation, although we only used a single electron-
hole configuration. Since the confinement in a QD is mainly
caused by the potential well, not by the Coulomb interaction,
the multiconfiguration effects are very small, they only
amount to a few meV,20 while the single configuration
electron-hole Coulomb interaction is in the range of a few
tens meV. Surprisingly, despite all the different shapes and
sizes for the 21 QDs we studied, we find a rough linear
relationship between the PC and the exciton energies for all
the systems we calculated. This provides a convenient way to
compare with the experiment, without the need to know the
QD sizes and shapes which are not available from the ex-
periment. The theory and experiment comparison is shown in
Fig. 2. The agreement is excellent considering all the pos-
sible uncertainties involved. We see that, indeed, the QD
pressure coefficients are much smaller than the bulk values
of both InAs and GaAs, and they increase with the exciton
energy.

TABLE I. The 21 calculated quantum dots.

Pure InAs pyramidal quantum dotssPQDsd

1 2 3 4 5 6 7 8 9 10 11

Facet h101j h101j h101j h101j h113j h113j h113j h113j h105j h105j h105j
Base sizesnmd 6 9 11.3 15 6 9 11.3 15 11.3 15 20

Pure InAs truncated pyramidal quantum dotssTPQDsd

12 13 14 15 16 17 18 19

Facet h101j h101j h101j h101j h101j h101j h101j h101j
Base sizesnmd 6 6 6 11.3 11.3 11.3 11.3 11.3

Height/base 2/3 1/2 1/4 2/3 1/2 1/4 1/5 1/10

Alloy pyramidal quantum dots

20 21

Facet h101j h101j
Base sizesnmd 11.3 11.3

Alloy profile bottom 40%Ga, tip 0%Ga bottom 50%Ga, tip 0%Ga

FIG. 2. The PL pressure coefficientsE08d vs E0s0d sPL energyd
and comparison with experiments. TheE0s0d is the zero-pressure
exciton energy which equals the single-particle electron-hole gap
minus the electron-hole Coulomb interaction. The experimental re-
sults are Liet al. sRef. 7d, Ma et al. sRef. 2d, Manjonet al. sRef. 3d,
and Itskevichet al. sRefs. 5 and 6d. We also included one previously
calculated result from Williamsonet al. sRef. 8d.

FIG. 3. sad ECBM as a function ofoatWatEcsatd; sbd ECBM8 as a
function of oatWatEc8satd.
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To understand the variation of the PC, and its dependence
on the QD, we can perform a simple analysis. We will con-
centrate on the conduction-band minimumsCBMd state since
most of the band-gap pressure coefficient comes from the
conduction band.21 For a simple approximation, we can ex-
press the energyECBM of the CBM eigenstatecCBMsr d as a
sum of an effective mass like potential energy and a kinetic
energyEk.

22 The potential energy can be approximated by a
weighted sum of the local conduction-band energy, then we
have

ECBM <E ucCBMsr du2Ecsr dd3r + Ek; s2d

here theEcsr d is the bulk conduction-band energy for the
given local strain atr and the local constituent materialsei-
ther GaAs or InAsd. Note that, in practice, the spatial integral
of Eq. s2d is replaced by a sum over the atomoatWatEcsatd,
where the local strain for an atom is calculated from the
atom’s nearest-neighbor atomic positions, andWat denotes
the weight ofucCBMsr du2 at that atom “at.” We have plotted
the SLCBB calculatedECBM as a function ofoatWatEcsatd in
Fig. 3sad. We see that all the calculated QDs fall into a nice
curve. The difference between this curve and the dashed line
sthe potential-energy lined is the kinetic energyEk.

Now, we analyze the pressure coefficients ofECBM using
Eq. s2d. If we ignore the pressure dependences of the kinetic
energy and the weight functionWat, we can have an approxi-
mated relationship:

ECBM8 <E ucCBMsr du2Ec8sr dd3r ; s3d

here the prime indicates the derivation with pressure. Despite
all the approximations, the left- and right-hand side of Eq.
s3d do form a rough linear relationship, as shown in Fig.
3sbd. Nevertheless, the left- and the right-hand side of Eq.s3d
are not exactly the same. This is shown in Fig. 3sbd by the
y=x dashed line, which is slightly above the actualECBM8 .
The difference should come from the pressure dependence of
the Ek in Eq. s2d. From Fig. 3sbd, we see that the kinetic
energy termswhich is the confinement energy in a simple

particle-in-a-box picture with infinite walld contributes less
than 20% of the total PC reduction. The majority of PC
reduction comes from the right-hand side of Eq.s3d, which
as we will state below is mainly determined by the percent-
age of the electron on top of the GaAs atoms.

The physical meaning of Eq.s3d is clear and usefulfes-
pecially when it is written asECBM8 <oatWatEc8satdg: the PC of
the quantum dot state is a wave-function weighted sum of
the local PC at all the atoms. TheEc8satd depends on the local
strain of this atom as illustrated in Fig. 1. This can be used to
understand why the QD PC is in general less than the bulk
InAs and GaAs results. Because InAs in the QD is always
under compressive strain, due to the nonlinear PC as shown
in Fig. 1 swhich originates from nonlinear elasticity23d, the
Ec8 in the InAs region is significantly smaller than its bulk
value. On the other hand, GaAs is under tensile strain, which
will increaseEc8. Because the magnitude of the GaAs strain is
in general smaller than the InAs strain, and because most of
the wave function is localized in the InAs region if the quan-
tum dot is not too small, the averaged PC is then smaller than
the bulk InAs and GaAs PCs. However, when the majority of
the wave function is inside GaAs, it is possible that the QD
state PC is actually larger than the bulk GaAs PCssince
GaAs is under tensile straind. This is true for the smallest
quantum dot we calculated, where 98% of the wave function
is inside GaAs, and the calculated QD PCs
,106 meV/GPad as shown in Fig. 4sad is slightly larger than
the GaAs bulk value of 103 meV/GPa. In conclusion, it is
essential to take into account the penetration of the electron
wave function into the GaAs barrier in order to understand
the variation of the PC reductions in the QDs. This is con-
trary to most of the current models used in this field.

Guided by Eqs.s2d and s3d, we now try to find some
simple relationships between the experimentally easily ob-
servable quantitiessexciton energy and pressure coefficientsd
and the wave-function properties. In Eq.s3d, if we approxi-
mateEc8satd by just two values, one for InAs, one for GaAs,
then ECBM8 of Eq. s3d becomes a linear function ofx
=oatPGaAsWat/oatPallWat si.e., the percentage of the wave
function on top of GaAsd. This is tested in Fig. 4sad swhere
we have plotted the pressure coefficients of the exciton en-
ergy, not just the CBM energy, so the connection with ex-
periment is more straightforwardd. We see thatE08 andx form
a very nice straight line. This can be very useful, since a
measuredE08 value will give us thex, which is a property of
the wave function that cannot be measured directly by other
means. The same relationship can be plotted between the
exciton energy itself,E0, and thex, as in Fig. 4sbd. They also
form a rough linear relationship with slightly larger scatters.
This is what we found numerically within the range of sys-
tems we have considered. Although these linear relationships
might not be exact, from a practical point of view, they can
be very useful. The linear relationships in Figs. 4sad and 4sbd,
in turn, explain why we have a roughly approximated linear
relationship betweenE08 and E0 in Fig. 2. This is because
both E08 andE0 are linearly correlated withx.

IV. CONCLUSION

In summary, using accurate and reliable empirical pseudo-
potential methods and the SLCBB calculations, we have

FIG. 4. sad The relationship betweenE08s0d andx sthe percentage
of the electron state in GaAsd; sbd the relationship betweenE0s0d
andx.
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studied InAs and GaAs quantum-dot PL pressure coeffi-
cients. We investigated 21 different quantum dots covering
the ranges of experimental QD size, shape, and alloy profile.
We found linear relationships between PC and exciton en-
ergy, which agree excellently with the experimental results.
We point out that it is necessary to consider the penetration
of the electron state into the GaAs barrier in order to under-
stand the PC reductions and their large variations. We find
various relationships between the pressure coefficients and
the exciton energies, and the electronic wave-function prop-
erties. Especially, we find linear relationships between the
wave-function percentage on top of GaAs and the PL pres-
sure coefficients and PL energies. These relationships can be

used to obtain the information of the electron states via the
measurements of PC or the exciton energy energies.
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