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We develop a three-dimensional flux line lattice model in the layered superconductors, taking into account
both long-range magnetic interactions between pancake vortices located in different layers for a single flux line
and those between vortices located in the same layer for different flux lines. Using Langevin dynamic simu-
lations, we study the disorder and thermally driven melting transitions from a disentangled Bragg glasssBGd
with quasi-long-range order to an entangled amorphous vortex glasssVGd or a vortex liquid sVL d in the
disorder strength-temperature phase diagram. Owing to nonmonotonous temperature dependence of the inter-
actions between vortices, the BG-VG melting line exhibit unusual temperature behavior, reproducing the
inverse melting phenomenon observed recently on BSCCO crystals.
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I. INTRODUCTION

In highly anisotropic superconductors, the flux-line lattice
sFLLd can be built up by superposing the contributions of
stacks of two-dimensionals2Dd pancake vortices.1–3 It has
been widely accepted that at low temperatures and low mag-
netic fields, these vortices, which interact both magnetically
and through Josephson coupling, align into a 3D linelike
elastic lattice without dislocations, which is called the quasi-
long-range ordered Bragg glasssBGd phase. However, un-
dergoing a thermally driven or a disorder driven condition,
the FLL may melt into an entangled vortex liquidsVL d or an
entangled vortex solidsVGd phase. The differece between
VG and VL phases is that the zero resistivity is kept for the
former and not for the latter.

Recently, Avrahamet al.4 reported an unusual first-order
“inverse melting” behavior of the lattice formed by magnetic
flux lines, using local magnetization measurements com-
bined with a vortex ”shaking” technique on the
Bi2Sr2CaCu2O8 sBSCCOd crystals. They found that, in the
field-temperature phase diagram, the first-order transition
sFOTd line does not terminate atTcp, but continues down to
a lower temperature. The slope of the FOT line changes sign
at Tcp. While the melting line aboveTcp has a negative slope,
characterizing the thermal driven first-order phase transition;
the melting line belowTcp exhibits a positive slope and has a
different underlying nature, which is a disorder-driven
BG-VG transition. In such a BG-VG transition, the vortex
lattice from an ordered phase transforms into an disordered
amorphous phase upon cooling. This finding leads to several
important results. One is that the disorder-driven transition at
the second magnetization peak is of first order. This result is
consistent with recent results based on Josephson plasma
resonance studies,5 transport measurements,6 neutron scatter-
ing experiments on Nb,7 as well as several numerical
simulations8–11 and theoretical studies.12,13 Recently, the
presence of metastable states and superheating/supercooling
effects strongly suggested that the BG-VG transitions in dif-
ferent materials are first order in nature,11 and this transition
is associate with the peak effect in the critical current in

experimental. It then follows that the BG-VL melting line
and BG-VG transition line are two manifestations of the
same FOT. The disorder-driven transition should be a univer-
sal phenomenon and is apparently at the heart of the ubiqui-
tous peak effect in low-Tc superconductors.6 Another result is
that the phase boundary between BG and VG phases is up-
turned at intermediate temperature region. Similar tempera-
ture dependence of the BG-VG transition line was also re-
ported in other layered superconductors.14–17 It was argued4

that the disorder-driven transition arises from the competi-
tion between the elastic energy of lattice and the vortex pin-
ning energy. At the intermediate temperature regime, thermal
fluctuations reduce the pining energy, resulting in an upturn
of the BG-VG transition line.

In recent theoretical and numerical studies on the phase
diagram of vortex states,8–10,12,13the obtained phase bound-
aries between BG and VG phases are almost independent of
temperature, and the inverse melting behavior has not been
understood. It is highly desirable to find out a reasonable
explanation for this disagreement in melting behavior be-
tween existing experiments and theories. In this paper, we do
not want to study the FOT nature in high-Tc superconductors,
but instead focus on the temperature dependence of the
BG-VG phase border in the vortex phase diagram. Taking
into account long-range magnetic interactions between pan-
cake vortices located in different layers for a single flux line
and those between vortices located in the same layer for
different flux lines, we develop a 3D rigid flux line lattice
model to simulate the disorder strength-temperature phase
diagram. It is found that the temperature dependence of the
in-plane penetration depth makes the magnetic interactions
between vortices exhibit nonmonotonic temperature behav-
ior. The present simulation can provide a qualitative expla-
nation for the inverse melting behavior observed experimen-
tally.

II. MODEL

We study a 3D flux line lattice system considering the
random pinning, thermal fluctuations, and long-range mag-
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netic interactions between all pancake vortices. In this line-
like lattice, each flux line is composed ofLz vortices and
each layer containsNv vortices distributed in a square lattice
and Np pinning centers distributed randomly. The pancake
vortices in a layer are modeled as repulsive point particles.
With no driving, the overdamped equation of motion for the
ith vortex is given byhvi =Fp+Fth+Fvv.

18 Fp is the pinning
force. The point pinning potential is modeled by a Gaussian
potential well with decay length asRp, and the pinning
strength is described byFp0f0 with f0 as the unit of force. As
pointed out in Refs. 8, 9, and 18, the effective randomness
strength may be assumed to increase with increasing mag-
netic field, so that anH-T diagram may be replaced with an
Fp0f0-T diagram. The thermal noise forceFth is assumed to
be a Gaussian white noise.Fth0sTdf0 stands for the intensity
of the thermal fluctuation force, which is proportional to the
square root of temperature.

In highly anisotropic superconductors, both the in-plane
and out-of-plane pancake interactions are long range, and the
Josephson coupling may be neglected as a reasonable
approximation.1 According to the magnetic interaction
model, the vortex-vortex interactionFvv includes two
parts:1,2,11,19,20the repulsive interaction between two pancake
vortices located in the same plane, and the attractive interac-
tion between two vortices located in different layers but
along the same line. We first consider the in-plane repulsive
interaction due to the overlap of magnetic vortex field.2,18 In
the present model each vortex in the plane represents a seg-
ment of rigid flux line with finite length. As a result, the
in-plane pancake vortex system under consideration are not a
simple 2D model, but contains important 3D effects. From
the London theory, the in-plane repulsive potential between
two vortices located atr i ,zl and r j ,zl is given by
Evvsri,j ,0d=sLf0

2/4pm0lT
2dK0sri,j /lTd. Here K0szd is the

modified Bessel function of the third kind andlT is the in-
plane superconducting penetration depth.ri,j = ur i −r ju is the
distances between the two pancakes in cylindrical coordi-
nates. The intervortex repulsive force on vortexi is equal to
the derivative of the interacting potential,

Fvvsri,j,0d =
Fvv0f0

lT
3 K1S uri,ju

lT
D r i,j

r i,j
, s1d

whereFvv0f0 stands for the intensity of the interaction be-
tween vortices. The interacting force depends on temperature
via the temperature-dependent penetration depthlT

=l0/Î1−t2, where l0 is the in-plane penetration depth at
zero temperature and taken as the unit of length, andt
=T/Tc. Owing to a competition between the decreased
prefactor and sharply increased Bessel function with tem-
perature,Fvvsr ,0d exhibits unusual temperature dependence,
as shown in Fig. 1sad. We can see that for the spacing be-
tween vorticesr,4l0, the interacting force decreases mo-
notonously with increasing temperature. Forrù4l0, how-
ever, it first increases with temperature and has a big drop
nearTc.

The attractive interactions between out-of-plane vortices
are very important for the 3D vortices system forming a rigid
line lattice in a disordered superconductor. According to the
model proposed by Clem1 and an effective approach,11,19,20

the straight vortex line can be built up by superposing the
contributions of stacks of 2D pancake vortices through the
long-range magnetic interactions along the line direction.
The attractive interaction between two pancake vortices at
r i ,zl, and r j ,zk, in a single flux line but different layers is
given by,1,11,19,20

Fvvsri,j,zl,kd = − Sm
dAvv0

2lTri,j
FexpS−

uZl,ku
lT

D
− expS−

Îri,j
2 + Zl,k

2

lT
DG r i,j

r i,j
. s2d

Here Sm is the interlayer coupling parameter andd is the
thickness of superconducting layers. In this magnetic inter-
action model, we do not consider the interlayer Josephson
coupling with a short force range of the coherence length
scale, and hereZl,k= uZl −Zku is treated to be of long range. In
Ref. 1, the above equation was deduced on the assumption
that the spatial variation ofz is on the scale ofli and larger,

FIG. 1. Temperature depen-
dence of sad the repulsive force
Fvvsr ,0d for different values ofr;
sbd the attractive forceFvvsr ,Zd
for different values ofZ.
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so we take the value of the stacking periodicity lengths
=Zl,l±1 as thel0 scale. The minus sign in the prefactor indi-
cates that the interplane magnetic force along ther i,j direc-
tion is attractive. This attractive force varies withr first in-
creasing linearly untilr.l0 and then decrease slowly,
exhibiting an elastic attractive force which is favorable to the
coaxial alignment of vortices. In this work we consider the
in-plane penetration depth divergence with increasing tem-
perature nearTc, Fvvsr ,Zd also exhibits an unusual tempera-
ture dependence, as shown in Fig. 1sbd. We can see that
Fvvsr ,Zd first increases with increasingt and then decreases
at higher temperature nearTc. The unusual temperature be-
havior of in-plane and out-of-plane magnetic interactions is
found to be the key factor, causing an upturn of the BG-VG
phase border.

Since the transition from alignment to entanglement of
rigid flux lines and the decoupling between the pancake vor-
tices in different layers occur almost simultaneously, we use
the loss of coherence or the decoupling between the layers as
the criterion of melting transition of the FLL system,11,19,20in
which the rigid flux lines are entangledsor decoupledd into
disordered 2D vortex pancakes in the absence of coherence
between the layers. The correlation function in thec direc-
tion is defined byCz=1−kUsa0− ur i,l −r i,l+1udur i,l −r i,l+1u2/a0l
where a0 is the in-plane vortex lattice constant. We will
choose a constant value of the correlation function,Cz=C0,
as the transition point,Cz.C0, indicating an ordered phase
andCz,C0 a disordered phase. The choice ofC0 is mainly
determined by two factors. First,Cz should have a visible
drop atC0 and then decrease to zero, as shown in Fig. 2sad.
Next, on the both sides ofC0 there are qualitatively different
ordered and disordered characteristics, as shown in the insets
of Fig. 3. For weak pinning strength, e.g.,Fp0=2.0 in Fig.
2sad, it is found that for 1.0ùCz.0.5, the pancakes are
aligned into rigid lines and the FLL system is regarded as a
coupled BG phase with quasi-long-range ordersshown in the
lower left inset of Fig. 3d. For Cz,0.5, corresponding to the
higher temperature case, the FLL system may be regarded as
a decoupled disordered liquid phasesshown in the lower
right inset of Fig. 3d. Evidently, C0=0.5 is not the only
choice, the other choice deviated fromC0=0.5, provided that

it is in a reasonable range, will not change the qualitative
results obtained below.

For stronger pinning strength and at lower temperatures,
the criterion of BG-VG transition is somewhat different from
that of the BG-VL one. In this case, the disorder-driven force
is the random pinning interaction rather than the thermal
fluctuations. In such a disordered VG phase, the decoupled
pancakes in neighboring planes still remain in a short-range
order, and the “flux lines” remain but are entangled, so that
the FLL system may be regarded as a entangled solid with
zero resistivity keptsshown in the upper left inset of Fig. 3d.
As a result, for the BG-VG transition,Cz is chosen to be a
lower value such as in a range of 0.6.Cz.0.5.

III. RESULTS AND DISCUSSIONS

Using numerical simulations, we investigate the melting
transition of an ordered FLL by changing temperaturet and
the randomness strengthFp0f0. We normalize length scales
by the in-plane penetration length at zero temperaturel0, and
take a0=4l0, Rp=0.5l0, and d=0.01l0. For the nearest-
neighbor layers, the interlayer coupling parameterSm=0.18.
For the second nearest-neighbor layers,Sm=13.33. Other pa-
rameters used areLzs=20d, Nvs=81d, Nps=162d, Fth0f0=0.36,
Fvv0f0=0.05, anddAvv0=10. The periodic boundary condi-

FIG. 2. Correlation function
Cz as functions ofsad temperature
t for different pinning strength
Fp0; sbd disorder strengthFp0f0

for different t.

FIG. 3. Phase diagram of vortex lattice inFp0f0-t plane.
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tions both in the plane and along thec direction are applied.
We also simulate vortex systems of different sizes, by keep-
ing both densities of vortices and pinning centers unchanged.
The simulated results are found insensitive to the choice of
the sample size, indicating that the present calculations are
reliable.

We first study the temperature-driven melting transition
by slowly increasing temperature of the vortex system with
the pinning strength fixed. In the present simulations, the
initial configuration of the FLL system is set to be a set of
rigid lines distributed uniformly in a square lattice, and 2
3105 Monte Carlo steps are used to let the vortices approach
their equilibrium distribution. The calculated results forCz as
functions oft for different Fp0f0=2.0,4.5,5.2,6.5 are plotted
in Fig. 2sad. It is found that, for small pinning strengthsse.g.,
Fp0f0=2.0d, the FLL remains BG phase withCz.0.5 at
lower temperatures; as the temperature rises to a critical
value tms=0.6d, Cz has an abrupt drop towards zero, indicat-
ing a transition from the BG phase to VL phase. This melting
transition attm is mainly thermal driven, because the pinning
strength remains unchanged. For a larger pinning strength
se.g.,Fp0f0=4.5d, the situation is quite different. In addition
to the VL phase at higher temperaturest. tms=0.6d, there
exists another disordered VG phase at low temperaturest
, tds=0.33d due to disorder-induced fluctuations. At the in-
termediate temperatures betweentd and tm, the value of the
correlation function has an unusual humpCz.0.6, indicating
the appearance of a new BG state. It follows that in this
temperature regime the ordering effect due to vortex-vortex
interactions prevails over disorder effects due to pinning and
thermal fluctuations, resulting in a reentrant phenomenon at
td. For strong pinning strengthse.g.,Fp0f0=5.2 and 6.5d, the
melting temperature is reduced totm=0.55 and 0.1. From the
two curves we can see that at low temperaturest, tm, the
FLL system is in the VG phase with the values ofCz,0.6
and keeps them between 0.5-0.6; with increasing temperature
st. tmd, the FLL system melts into the VL phase.

We also calculateCz as functions ofFp0f0 at low tempera-
turest=0.1,0.2,0.3, the calculated results plotted in Fig. 2sbd.
It is found that whenFp0 increases to certain critical value
sFp0

m d, Cz decreases below 0.6; and after then it remains un-
changed or decreases slowly. It follows that the BG-VG tran-
sition of the FLL system is of disorder-driven origin. In Fig.
2sbd, Fp0

m f0,4.435,4,435,4.439 fort=0.1,0.2,0.3, respec-
tively. The correlation functionCz in Fig. 2sbd seems to have
no visible singularity at the BG-VG transition pointFp0

m . In
the present BG-VG transition the disorder phase is not the
thermally driven liquid, but the disorder-driven amorphous
phase due to the pinning centers distributed randomly. While
in the thermal-driven transition, the correlation function de-
creases rapidly with increasing temperature, exhibiting a sin-
gularity; in the disorder-driven BG-VG transition, its de-
crease with the pinning strength is relatively small and it
tends constant when the pancakes are completely pinned by
the quenched disorder. This result is related to the experi-
mental fact4,14–16that while the melting transition into a liq-
uid vortex state is manifested by a discontinuous jump in the
reversible magnetization, the solid-solid transition into an
entangled vortex state is manifested by the appearance of a

second magnetization peak with pronounced features such as
onset, kink, or peak. In addition, the present calculated re-
sults are found to have significant history and memory ef-
fects near the transition lineFp0

m , indicating that this BG-VG
transition is close related to the nature of a first-order phase
transition.

From all the calculated results ofCz by scanning pinning
strength and temperature, we construct a steady-state phase
diagram on theFp0f0− t plane, as shown in Fig. 3. Here the
solid line with solid circles and negative slope indicates the
BG-VL phase border which is an assembly oftm vs Fp0 ob-
tained above. The solid line with open circles and positive
slope indicates the BG-VG phase border which is an assem-
bly of td vs Fp0. The dashed line with solid circles and bars
represents the BG-VG phase border which consists ofFp0

m vs
t. The upper dashed line is drawn bytm vs Fp0, and repre-
sents the transition between VG and VL phases. Both solid
and dashed lines in Fig. 3 construct a complete phase dia-
gram that consists of three sectors. The right boundary be-
tween BG and VL phases is a result of competition mainly
between the intervortex interactions and thermal fluctuations.
At the same time, random pinning provides a little of disor-
der factor, making this sector of boundary exhibit a negative
slope. The low-temperature sector is the boundary between
BG and VG phases, which is a result of competition mainly
between the intervortex interactions and random pinning. For
weak pinning strength the vortex lattice remains its ordered
BG structure, as the pinning strength is increased strong
enough, disorder caused by random pinning drives a transi-
tion of vortex lattice from the BG to VG phase, and results in
a highly pinned phase of entangled vortices. At low tempera-
tures, thermal fluctuations have little effect on the phase tran-
sition, and this sector of phase boundary is almost parallel to
the temperature axis.

At intermediate temperatures, the solid line is still the
boundary between BG and VG, but it has a positive slope.
There is a hump of the transition line near the crossed tem-
perature betweentm and td, indicating an appearance of re-
entering the BG state and the inverse melting behavior. This
unusual behavior stems from a competition between ordering
and disorder. As shown in Fig. 1, both in-plane and out-of-
plane interacting forces between the vortices may be en-
hanced by increasing the temperature in the intermediate
temperature regime. If the the temperature-enhanced inter-
acting force may prevail over the disordered pinning effect
and thermal fluctuations, the reentering BG state will appear.
The reentering BG state obtained in the present simulation
provides a qualitative explanation for the inverse melting
behavior observed experimentally. In the present calcula-
tions, however, if the intervortex interactions are assumed to
be independent of temperature, there will be neither hump of
disorder-driven transition line nor inverse melting behavior.
It appears that the inverse melting behavior arises from the
temperature-enhanced interactions between vortices rather
than the reduction of pinning effects by thermal fluctuations.4

From the present model, it follows that the inverse melting
phenomenon does exist in the vortex lattice of the high-Tc
superconductors, even though it is not very easy to be ob-
served.
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