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The decoherence of a localized electron spin in a lattice of nuclear spins is an important problem for
potential solid-state implementations of a quantum computer. We demonstrate that even at high fields, virtual
electron spin-flip processes due solely to the hyperfine interaction can lead to complex nuclear spin dynamics.
These dynamics, in turn, can lead to single electron spin phase fluctuation and decoherence. We show here that
remarkably, a spin echo pulse sequence can almost completely reverse these nuclear dynamics except for a
small visibility loss, thereby suppressing contribution of the hyperfine interactidi fwocesses. For small
systems, we present numerical evidence which demonstrates a universal scaling of the magnitude of visibility
loss that depends only on the inhomogeneous linewidth of the system and the magnetic field.

DOI: 10.1103/PhysRevB.71.224411 PACS nun®er76.60.Lz, 03.67.Lx, 03.65.Yz, 76.30v

I. INTRODUCTION under free evolution. However, in most experiméhtsand

The hyperfine coupling between an excess electron spilf! the context of controlled spin dynamics for quantum com-
utation, it is desirable to measure coherence in the context

and its surrounding nuclear spin lattice is an important’ ; h . .
source of decoherence in spin-based quantum dot schem@%a. spin echo pulse sequence. Therefore, in this paper, we
ill investigate electron spin coherence and nuclear spin dy-

for solid state quantum computatiéf.Due to the hyperfine W I ! . : . d
coupling, the Zeeman energy of the electron spin can b8amics due to the hyperfine coupling under an idealized spin

exchanged with the Overhauser energy of the nuclear Iattic@,d;O er>]<pe_r|n|1|ent.| et ther interacti i al
resulting in loss of longitudinal electron spin polarization. In N physically relevant systems, other interactions will also

I . - ! contribute to electron spin decoherence. For instance, deco-
addition, time fluctuations of the Overhauser field lead toherence of the electron spin due to spin-orbit induced cou-

loss of coherence Of_ the electronic spin s?ahe._a S'.based pling to phonons was studied in Refs. 12 and 13. Spectral
guantum computer, it may be possible to avoid this interacyg gjon arising from dipolar nuclear-nuclear interaction has
tion 232 using isotopically purified S{"'Si has no nuclear peen addressed in Ref. 14, where it was shown to be effec-
spin).>* However, for many IlI-V semiconductors such as tjyely controllable with suitably designed CPMG pulse se-
GaAs, there are no spin-zero nuclear isotopes; therefore thgences. Low-energy effective Hamiltonians describing a
influence of the hyperfine coupling will have to be taken intocentral spin coupled to a spin bath have been analyzed with
account. A comprehensive understanding of the hyperfine inoperator instanton methods.The effect of precession of
teraction may allow the loss of electron spin coherence to bgath spins on coherence of a central spin has also been ad-
minimized through intelligent hardware design or pulse sedressed in the spin bath models, and distinguished from the
guence engineering. decoherence effects caused by “coflips” of bath spins with
Numerous studies have investigated the electron spin dehe central spif® Because we are interested specifically in
cay induced by the hyperfine interaction under free evoluthe effect of the hyperfine interaction here, we will neglect
tion. At zero external field, calculations of the exact quantunother effects such as phonon coupling or dipolar nuclear-
dynamics for small systems established that the hyperfinauclear coupling which can also contribute to decoherence,
interaction generates substantial entanglement between theorder to isolate the effect of the hyperfine interaction.
electron and the nuclear spin lattitAt low external fields, Rather than resort to approximation methods, we simulate
analytic solutions were obtained to describe the decay othe full electron-nuclei system through exact diagonalization.
electron spin correlation functions, finding that longitudinal Due to the exponential growth of the Hilbert space, only
spin relaxation_occurs via power law decay on a time scalsmall numbers of nuclear spins can be treated using this
governed byAyN whereN is the number of nuclei and is  method. However, even for small systems we observe com-
the average hyperfine coupling strengfhin Ref. 7, deco- plex dynamics which will serve to illustrate the fundamental
herence due to the hyperfine Hamiltonian was studied usinghysics for larger systems. We focus mainly on the regime of
a Markovian approximation to nuclear dynamics. A general-high magnetic fields in which the external magnetic field is
ized master equation has also been used to describe nogreater than the total Overhauser field of the nuclei. This
Markovian dynamics in both the high- and low-field regimesregime is both experimentally realizable and practically de-
at short time scales, again finding a power-law decay osirable for applications in quantum computation, since single
coherencé.However, semiclassical calculations have shownspin measurement requires a high effective magnetic feld.
that correlation functions exhibit a long time scale, oscilla-In this high-field regime, we obtain several nonintuitive re-
tory behavior rather than chaotic dynamics, suggesting thaults that have implications for electron spin coherence.
correlation function decay is due to averaging over initialFirst, we find that even at high magnetic fields, rich nuclear
conditions rather than to inherent system ergoditityall of ~ dynamics can still occur. Because high magnetic fields sup-
these previous publications, electron spin decay was studigaress single flip flops between the electron and a nucleus, it
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might be naively assumed that all dynamics are suppressed. H=(ys— 9)BS,+E_+ S AS-I )
However, virtual flip flops enable nuclear dynamics to persist i =

even at high fields. Second, as expected, we observe rapid
decay of the in-plane magnetization of the electron undekvhere
free evolution of the systerfno spin echy both for a pure _
initial state and for a completely mixed initial state. How- E =fiyBIN-2L+1)/2. 3

ever, if we simulate a spin echo sequence, we find that th&jnce each block can be treated independently, all further
complex nuclear dynamics are almost completely reversedna|ysis pertains to the subspace specified by some given
and the in-plane magnetization of the electron is almost coma|ye of the quantum number In general, we will also drop
pletely recovered, except for a small visibility decay. Thisg gjnce it will add only an overall phase to the evolution
phenomenon, if it can be generalized to larger numbers ofiinin any given subspace.
spins, would imply that the spin echo pulse sequence can The fyl| Hamiltonian can be separated into a zeroth order
remove almost all electron decoherence caused by the hyper[ramiltonianHO and a perturbatioV,
fine interaction. This behavior appears to reflect some partial
hidden symmetry of the hyperfine Hamiltonian in the pres- H=Hy+V, (4)
ence of an external field.
This paper is organized as follows. Section Il defines our
system Hamiltonian and gives background information re- Ho= (s yl)BS+2AiSlljZ’ (5)
garding the spin echo experiment and the origin of nuclear !
dynamics. Section Il presents our numerical results. Conclu-
sions are presented in Sec. IV together with discussion. V= 12 A(SI_+S1.,) ©6)
- 2 ]_ J 1= J+

Il. BACKGROUND . . . . Lo
At high B fields, this separation can be used to gain insight

In this section, we present general background informainto the origin of system dynamid$;however, it should be
tion regarding our spin system. First, we will define ouremphasized that we simulate here the full quantum dynamics
Hamiltonian and identify some of the symmetries we can useising exact diagonalization, not by using any type of pertur-
to simplify it. We also give a brief synopsis of decoherencebative treatment. We defing) and||) to represent thezand
processes and cite how they relate to our system. Second, we polarized electron states, respectively. We also defitte
outline the spin echo experiment and discuss its utility forbe anN-bit string of +1's and —1's representing a given state
removing inhomogeneous contributions to the electron spimf the nuclei in thez basis. The eigenstates of the unper-
decay. Finally, we derive an effective Hamiltonian which ex-turbed HamiltoniarH, are then given by, z) or |[J,2).
plains the origin of the nuclear dynamics that we observe in In such a system, the electron spin undergoes decoherence
our numerical simulations. processes, which are usually described by the Bloch equa-

The system we study is that of a localized electron withtions and which are usually characterized by coherence time
spin operatorS in a lattice of N nuclear spins, with spin scalesT, and T,. However, the Bloch equations assume an
operatorsly,l,, ... ,Iy. Here we consider spin 1/2 nuclei exponential form for coherence decay which is not a valid
such thatS=1=1/2. Thesystem in question could be an im- assumption for hyperfine-induced deédylf we wish to
purity electron bound to a doping atom in a semiconductokcharacterize the time scale of decoherence, we must select a
lattice, or an excess electron in a quantum dot. The electroguitable definition forT; and T,. In this paper, we define
spin is coupled to the¢th nuclear spin via the hyperfine in- T, to be the time it takes for the longitudinal electron spin

teractionA;. The Hamiltonian for this system28817 magnetizationS,(t) to decay to 1é of its initial value.
Similarly, we defineT; to be the time it takes for the mag-
H=y8BS+ ¥ BE ljz + E AS-1j, (1) nitude of the in-plane magnetizati®(t) to decay to 1é of
J

J its initial value. T, contains contributions from inhomoge-

where yg and y, are the gyromagnetic ratios of the electron neous broadening, which results either from the measure-
and nuclei, respectively, ari8lis the external magnetic field. ment of an ensemble of spins in different local environments,
Here, we have neglected nuclear-nuclear dipolar couplinggr from the measurement of a single spin in a mixed initial
which is known to contribute to electron spin decoherencestatep(0). Therefore we also define the spin echo coherence
through nuclear spectral diffusion, because we would like taime T,, which is defined as the time it takes for the spin
isolate the contribution of the hyperfine couplifg® The  echo envelope to decay to d 6f its initial valueZ’ T, con-
Hamiltonian in Eq.(1) conserves the total spin angular mo- tains no contributions from inhomogeneous broadening,
mentum. Thus, we can immediately block diagonalize thewhich is removed by the spin echo pulse sequence. These
Hamiltonian based on th&,=S,+2l;, operator. For conve- definitions are equivalent to the standard definitions in the
nience, we will label each of these blocks by the quantuntase of exponential decay. Throughout this paper, we will
numberL whereL is the total number of “down” sping.e.,  take “decoherence” to refer to all processes which lead to a
J,=h(N-2L)/2]. For a given block with quantum numbey  loss of electron spin polarization, both longitudinal and
we can then remove the nuclear Zeeman energy from theansverse. “Dephasing” will refer to processes which lead to
Hamiltonian by subtracting an overall constant a loss of transverse polarization only.
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We now note that due to the large Zeeman energy of thinhomogeneous contribution B, can be contrasted to the
electron, there will be an energy gap between the manifold oflephasing induced by dynamic sources, such as a time-
electron spin-up and electron spin-down eigenstaté$,oft ~ varying external field or a fluctuating nuclear Overhauser
is clear that for large enough field$; will be infinite be-  field caused by nuclear spin dynamics. To remove the con-
cause there is then no efficient mechanism for the longituditribution due to static, inhomogeneous broadening and re-
nal relaxation of the electron spin. If we define the totalcover the intrinsic coherence tinTg we must perform a spin
Overhauser field echo sequencéer/2-7—m—7—echg.

We now turn our attention to a detailed analysis of the
B.= f (7)  spin echo experiment for this system, which will be crucial

Ys™N in interpreting our numerical results. The spin echo experi-
_ ment was developed by Hatto remove inhomogeneous
then whenB> B, we can derive several results. broadening in an ensemble spin measurement. We will as-

(1) The S, label is approximately a good label for the g me that at the beginning of the spin echo experiment, the
eigenstates off. In other words, eigenstates Bfare either  gjactron spin has been rotated to point in thedirection.

nearly electron spin-ugd|f)) or nearly electron spin-down Tpq system is then allowed to evolve freely for some time

EA]'

([1)). We will refer to these states as" and “~" eigen-  Next ‘an idealizedr-pulse which flips the spin of the elec-

states, respectively. _ tron is applied. Ther pulse is described by the operator
(2) There is an energy gap of approximatélyB be-

tween nearly spin-uf' +”) eigenstates dafl and nearly spin- R,=|0OX0O+|0OXO. (10

down (“—") eigenstates offl.
(3) Becauses, is nearly a good label for the eigenstates o
H, S,(t) can only deviate a small amount from its initial value

¢After another period of free evolution for time the magni-

tude of the in-plane magnetization of the elect®n=S,

+iS, is measured, yielding a measure of single spin coher-

B2 ence.

ISAt) = S,(0)] sO(B—Z)- (8) In addition to removing the effects of inhomogeneous
broadening, the spin echo experiment can remove dephasing

Hence, we can identif3; as a critical field for the longitu- due to a broad class of Hamiltonians having the form

dinal relaxation of the systenjiResults(1)—3) are proved

rigorously in Ref. 17} yseert = P Hse=| OXO| ® Vo+ | OXO| @ Vg, (11)

~ Although longitudinal relaxation is suppressed at highynerev,, andV, are arbitrary operators on the nuclear spins

fields, resulting in an infinite value for tf# coherence time,  hat have the commutation properfy,Vo]=0. The in-

the same is not necessarily true for .the intrinsic |n—planep|ane magnetization after the spin echo sequence is given by
coherence timd,. In fact, numerical evidencgsee Sec. Il

demonstrates thdt, is governed by a second critical fiedd (7)) = THp(OUT (DR UT(NS.U(MR.U(D], (12)
defined as ’ " o
. where
A= > A2, 9) _ aHsgrlh
e n V5 U(7) = "sem, (13

. . . . First we note that we can writdge as
Since we are concerned here with the in-plane relaxation of SE

the glectron spi_n, from now on when we spe_zak of_the ‘_‘criti- Hge= (Vo+ Vo) I+ (V- VDS, (14
cal field” we will be referring toA.. This critical field is )

equivalent to the inhomogeneous broadening linewidth dudhen we note the relations

to the hyperfine interactiofi.e., T,~ 1/(ysAc)]. What is re-

markable, however, is that this quantity also acts as a critical R:SR-=-S, (15)
field for intrinsic broadening.
R,S\R,=S.. (16)

This intrinsic broadeningT,) can be caused by nuclear
dynamics which stem from second-order spin flip processesysing these facts, we find that
Because these second-order processes conSgrtleey are

not suppressed as stronglyBsprocesses. It is these second- <~S+(T; ) =Trp(O)UT ()R, UT(DS,U(DR U(D] (17)
order processes which cause the divergences in second-order

perturbation theory noted in Ref. 2. In addition to intrinsic =Tt p(0) IVrVOSTER g iV V) Syrfh
broadening, inhomogeneous broadening which contributes to . -

T, can occur in an ensemble measurement when an ensemble XR,S.R,eVrVoSTiR eVoVoSh] (18)
of electrons is subjected to a slightly inhomogeneous mag-

netic field. Inhomogeneous broadening can also occur when =Ti[p(0)e™ Vo VOISlhg ViV Stk

a single electron experiences an ensemble of Overhauser

. i =i (V-VD) Syt i (Ve V) Syt
fields due to the nuclei being in a mixed state. In our calcu- X § g VI VoShg VI VoSrit] (19
lations, inhomogeneous broadening will result from the use

of a fully mixed initial state for the nuclear spins. This static, =Trp(0)S.] (20)
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=(S.(0)). (21)  (11). Furthermore, as noted above, although real electron

) ) . spin-flip processes are suppressed at high magnetic field, the
Hence, we arrive at the conclusion that the spin echo experijeciron can instead undergo a virtual flip flop which corre-

ment removes decay of in-plane magnetization for all Hamil-qnds to the perturbation acting twice on the initial state.
tonians of the form given in Eq11). L This action leaves the spin state of the electron unchanged,
To understand the origin of nuclear dynamics in this sysy ¢ fiip flops the spins of two nuclei. Because this process
tem, we can derive an effective f'am'ltolf""f}” which containsyses not produce a net change in the longitudinal polariza-
nuclear-nuclear Interactions. Lit") be a “+” eigenstate of  tjon of the electron, it can occur even at high fiefdsienT,
the Ham|lt0n.|anH, i.e.,|#*) has pr_lm:jmly electron_ SPIN-UP  processes are substantially suppressed hence may con-
character. Without loss of generalify") can be written s ihyte to electron spin decoherence. We will provide explicit
|y =| 0,4 +| 0,4, (22) e_xamples of the n_uclgar spin dyna_mlcs resulting from these
virtual electron spin flip processes in Sec. lll.
Because the perturbationflips the polarization of the elec-
tron, the action ofH on the electron spin-up and electron IIl. NUMERICS
spin-down subspaces yields the two simultaneous equations \ye now show numerical calculations for one electron and
Hol 0,4 + V| O,¢H) =E,| 0,4, (23) N=5—13nucle_i. Due to the exponen_tial size of the Hilbe_rt
space, simulating larger systems rapidly becomes unfeasible.
Hol O,y +V| O, 4% = E,| O, 4. 24 How«_ever, even in sm_all systems, we Wlll_see thqt the basic
ol 0,90+ VD9 =B 0,40 @9 physics of the hyperfine interaction and its role in the fea-
Equation (24) can be solved fot[,¢7) and the resulting tures of the resulting nuclear dynamics become apparent. We

expression inserted into ER3) yields will show that the spin echo envelope decay depends only on
1 the ratio of the external fiel® to the critical fieldA..
Hol 0,45 +V VIO,¢hy=E|0,¢45. (25 We will make use of two different initial states in our
E.-Ho simulations. The first initial state we consider is a pure state

Because of the energy gap between the spin-up and spiHl, wh]ch the nuclei are all pointed in either the er -z
down states, the operator (B,—Ho) is always well direction:

defi_m_ad%7 Because the__left-hand side_ of HGD) dgpends on o) =10 ) ® |z0), (30)

E., itis not a true Schrodinger equation; to obt&inexactly,

Eqg. (25) must be solved self-consistently. However, if we Where|zy) is a randomly chosen simultaneous eigenstate of
substituteE, =7 (ys—y,)B/2, then we can obtain an effective thg |, operators. Ogr secorjd initigl state is the completely
Hamiltonian from Eq.(25). The effective Hamiltonian for Mixed nuclear density matrix(0), given by

the electron spin-up Slibspace is p(0)=c|0 X0 |®T, (31)
Herr = Ho+ Ve, (26) where c is a normalization constant arif] is the identity
operator on the nuclear spins. In both cases, the electron is
> AAJ 1 l,.. (27)  initialy polarized in the x direction. We simulate the
.k fi(ys— 'yl)B+%ﬁzj Al nuclear dynamics for a specific set of hyperfine constants
{Aj}, wherej=1---N andN=9. The hyperfine constants are
We obtain a similar, but not identical, effective Hamiltonian selected randomly from a uniform distribution on the range
for the spin-down subspadeote the transposition of the  [0.1,0.3 T yielding a total Overhauser field &.=1.42 T
andl, operatorg and a critical field ofA.=0.482 T. Although the nuclear dy-
namics will depend on the specific values for the coupling

X

V;ff:

ST
Hesr = Ho + Ve, (28) constants, we show below that our key results, namely, the
52 1 near reversal of nuclear dynamics and the near absence of
Vie=—— > AAJ [ electron spin decoherence, are valid regardless of the particu-
eff 4 “ K+ 1 k—+ . .
ik fi(ys— v)B+ EﬁEJ- Ajlj; lar values of the hyperfine coupling constants. Furthermore,

we find that these results show little dependence on the num-
(29 ber of nucleiN.

Equations(27) and (29) show that the overall coupling be- First, we verify that even at high figlds nuplear dynamics
tween nuclei does indeed decrease at high fields, because @& Occur in the form of electron mediated flip flop between
operator 1(E—H,) scales approximately as B/ However, nuclei. The primary observable we use to quantify nuclear

the energy cost of flip flopping two nuclgiandk is propor-  SPIN dynamics is the overlap of the nuclear state at time
tional to%—Ak. Thusp, if K,—par?d A, are c’leose in vglue?, the W|th thfa initial nuclear statdzy), which is specified by the
nuclei can flip flop even at high fields. projection operator

~ If we now examine the hyperfine Hamiltonian in Hd) P, =120z (32

in light of this discussion, we note that it is not immediately

clear whether the spin echo experiment will remove allin the absence of nuclear flip flop, this operator will have
dephasingH does not have the form dfigc given in Eq.  the value 1 for all times. Figure 1 shows the free evolution

224411-4



UNIVERSAL SCALING OF HYPERFINE-INDUCED..

PHYSICAL REVIEW B 71, 224411(2005

= IB=O.030T

-- B=0.030T
--B=0121T -- B=0.121T
1ok — B-0482T || o6l — B-0.482T |
-=- B=1929T -=- B=1.929T
‘== B=7.718T == B=7.718T
1 1 0.5 .
_ i =
A o8h - b = B
= '. X e a = 04
N i 7 ' RS P =
o -4 \ ] \ ’ %
T N A WA B |

FIG. 1. The expectation value &, =Zs® [2o)(zo| as a function FIG. 3. The expectation value of the magnitude of the in-plane
of t at B=0.030,0.121,0.482,1.93, and 7.72 T for the initial statemagnetizatior}(S,(t))| as a function ot at B=0.030, 0.121, 0.482,
o) [see Eq(30)]. In this exampleN=9 andA.=0.482 T. As the 193, and 7.72 T for an initial density matrx0) corresponding to
external field increases, nuclear dynamics are slowly “frozen out.’y completely mixed nuclear stafsee Eq.(31)]. Inhomogeneous
However, nuclear dynamiCS Clearly persist well above the Criticalbroadening causes the in-p|ane magnetization to decay on approxi.
field. mately the same time scal@&,) independent of the external field.

of P,(t) at B=0.030,0.121,0.482,1.93,7.72 Ti.e., B  similar to what is observed in nuclear spectral diffusion,
=1—16AC,%1AC,AC,4AC,16AC) given the initial statéy) defined  except that here the coupling constant between nuclei de-
in Eq. (30). We see clearly that above the critical field, the pends on the external magnetic field. As we begin to freeze
magnitude of nuclear dynamics decreases as the externalit nuclear flip flops at higher fields, the magnitude of
field increases, because the coupling between nuclear stat3 (t)) does not decay substantially from its initial value be-
due toV scales as 1B. In essence, increasing the magneticcause the electron simply precesses at some frequency gov-
field acts to gradually “freeze out” nuclear flip flop. erned by the initial nuclear configuration and its effective
Figure 2 shows the magnitude ¢§,(t)) for the same Overhauser field.
system. At low fields, where extensive nuclear dynamics oc- Although these simulations are useful to explore the ori-
cur, the magnitude ofS,(t)) decays because the electron gin of nuclear dynamics, it is important to note that in real
experiences a fluctuating magnetic field. This effect is veryexperiments the magnitude of the in-plane magnetization of
the electron(S,(t)) will decay even in the absence of nuclear

flip flop. In a real system the initial state is unlikely to be a

-- B=0.030T
-- B=0121T z-polarized state of the nuclei, or even a pure state of the
08¢ el nuclei; rather, the initial nuclear density matrix will likely be
== B=7.718T highly mixed. In other words, the initial density matrix will
05 1 contain incoherent contributions from a variety of initial
o 3 ” ; L "~ ,,"-‘_ ’ nuclear states. Even if thmagnitudeof (S,) undergoes no
e S O S T N A decay for each of these initial nuclear states, the frequency of
= g precession for each initial state will be different, leading to
@ overall dephasing. This dephasing is what is normally known

as “inhomogeneous broadening;” it is not necessarily intrin-
sic to the system but is only due to the mixed initial state.
Thus, it becomes necessary to use the spin echo experiment
to remove this inhomogeneous decay and to recover the in-
trinsic decay constank,. To investigate this effect, we will
now use a fully mixed nuclear density matrix as an initial
state[see Eq(31)].

First, we confirm that a mixed initial state does indeed

FIG. 2. The expectation value of the magnitude of the in-pland€ad to inhomogeneous broadening in our system. Figure 3
magnetization |(S,(t))) as a functon of t at B=0.030, shows that, as expected, the ensemble of Overhauser fields
0.121,0.482,1.93,7.72 T for the same system as in Fig. 1, i.e., thexperienced by the electron due to the mixed initial nuclear
initial state is again the pure stdif). As the nuclear dynamics are state leads to dephasing on a time scale that is nearly inde-
slowly “frozen out,” there is a corresponding decrease in the magpendent of the external field. We also see that at high fields,
nitude of in-plane magnetization decay. the mixed initial state leads to a faster decay(8f(t))| than
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B=
e applied atr=100 000 ns. Figures(8) and Fe) then show the
06} --B H
P o S e 7299 999.9,100 000 ns. The evolution of the operator runs
' fomtuamnimiatie e backwards after the application of thepulse, so that at’
0.4 | X
| to S,(0). Because the operat&;(7; 7) is nearly the identity
*o3f 1 operator with repect to the nuclear states, the in-plane mag-
A - , netization will remain close to its initial value, regardless of
0.2 ’/'“\‘;ITV',\%“/I\;’I\,‘.n'”\’\‘”",]\yl.ly/'ht\ ’I\ Y AN TN T \\\ }f"mq\“ \
T R TSR A We now examine the importance of the specific values of
oA v ' ‘ : 1 the hyperfine constans; for this nuclear dynamics reversal
0 : 5 : s w particular selection of hyperfine constants, which were cho-
0 ! 3 ¢ ° 6 sen at random from a uniform distribution. Because the
FIG. 4. The expectation value of the magnitude of the spin ech®f the hyperfine constants, the absence of spin decay that we
envelopel(S,(r; 7)| as a function ofr at B=0.030, 0.121, 0.482, observe might be highly system dependent. To probe this
specified byp(0) [see Eq(31)]. Above the critical fieldA,, the spin @S @ function ofB for a variety of system parameters and
echo experiment removes nearly all decay of the in-plane magnetsizes. For each system, we select hyperfine constants from
(i.e.,B=1.93 T). Note that this effect persists even at long times. ate the time-averaged magnitude of the spin-echo envelope
or thevisibility lossv, where
inhomogeneous broadenirig, < T,). v =112 =|(S,(7; |/ (33
We now consider the dynamics of this system under th
not have the form given in Eq11), we do not necessarily tm;ﬁc;nwt;ag/alr(gpﬁ r(?fX;If:]ea:‘ilgulstgcl)‘or:‘ssfeo\/re?;lrngliteeélnfjl/?]::i
expect the spin echo experiment to remove all dephasing% grap '
=0.482 T, this system undergoes both nuclear flip flop an bre(;e;%she;hg\ej rsn V\V/Z:ieazs'ﬁ]eeC;Sd Irgtr;dglrgg'l th deer?"nrg:sa;lrzﬂgli
in-plane magnetization decay. However, Fig. 4 demonstrates Y P Y
e emarbe rest rat W ., near he full mag- =" PVEIOPEUl magnelc feld,vegrdless of e paric,
nitude of the in-plane magnetization is recovered by the spill1. yp piing ' '
fip flop is “ffozen out” at very high fleldfor instance, at | WNETTIOTe, we see Inat i befawior i ndeperident ofsys-
B=7.72 T), the spin echo experiment will reverse nearly all ’ g Y
in systems at much lower fields, for which more complex |met-r(?vt?]rsal phipom?non s}et(;mshto b?. compleg‘)]/tln%epen—
nuclear dynamics occur, the same reversal of decay tak nt ot the Specific values of the hyperfine constaxtan
nuclear coupling are known to be responsible for irreversiblét?uclIear dlynamlfg\s themselves are very sensitive to the par-
nuclear spectral diffusioh!* Yet the simulation in Fig. 4 icular values ow.
couplings, the analogous nuclear dynamics induced by the IV. DISCUSSION AND CONCLUSIONS
hyperfine interaction do not lead to irreversible spin echo \wa have studied here the dynamics of a system of one
To probe this effect, we can directly examine the OP€M3%on with exact diagonalization methods. We have found that
tors S,(7) and S,(7’; 7). Figures %a)-5(c) show the matrix even at external magnetic fields above the critical figld
for the block connecting electron spin down to electron spinorder coupling between nuclei induced by the electron-
up states. At=0, the operato5,(0) acts as the identity on nuclear hyperfine interaction. These dynamics cause the elec-
However, as time evolves, nuclear dynamics, which lead t@o decoherence similar to the effect of dipolar nuclear spec-
dephasing, can be clearly seen in the nontrivial action ofral diffusion. However, unlike nuclear spectral diffusion,

0030 T off-diagonal structure in Figs.(8-5(c). Next, a pulse is
BT matrix representation of the operatér(r’;loo 000 n$ at
=100 000 ns, we find thas,(7 ;100 000 n¥ is nearly equal
iy | : N \ the initial state.
rE B TAVHLE Y y
' to occur. So far, we have offered no justification for our
T (sec) x 10~ . .
nuclear and electronic dynamics depend on the exact value
1.93, and 7.72 T. The initial nuclear state is again the mixed statéSsue, we will evaluate the magnitude of the spin-echo decay
zation, even for systems displaying substantial nuclear dynamicthe uniform distribution on the intervi,0.6) T and evalu-
the pure initial state, due to the presence of both intrinsic and
spin echo experiment. As discussed above, bechiudees (?n Eq. (33 the time average is taken over some suitably long
Figures 1 and 2 confirmed that for a pure initial stateat e have scaled our results to the critical field of each system
that if we now perform a spin echo experiment, we Obtainuniversal scaling of visibility(i.e., the magnitude of the spin
echo pulse sequence. It might be expected that when nucle ||sibility of a given system depends only its critical fieid.
in-plane magnetization decay. However, it is surprising tha cales asA/B)” for every value ofN simulated. That this
place. In fact, nuclear flip flop dynamics due to dipolaro the number of nuclei is remarkable, considering that the
shows that in contrast to this known behavior for dipolar
envelope decay, except for a small visibility loss. electron interacting withN nuclei via the hyperfine interac-
representation of the operat8(r) at 7=0,0.1,100 000 ns, nuclear dynamics can still occur as a result of the second-
the nuclear states and there are no off-diagonal contributiongron to experience a fluctuating Overhauser field, giving rise
S,(7) on the nuclear states, as evidenced by the increasintpese flip flop dynamics due to the hyperfine interaction can
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FIG. 5. The matrix representation of the operaﬁo(rr’ ;7) atB=A.=0.482 T over the course of a spin echo experiment wherealse
is applied atr=100 000 ns. The operators are shown inzti@sis representation of the nuclear states; the intensity of each point on the plot
represents the amplitude of the corresponding matrix element between nuclear states. For clarity, we consider only the primary contributing
block of the operatofi.e., the block connecting electron spin down to electron spin up $tatethe other blocks are much smaller in
magnitude. At short times, nuclear dynamics are negligible. At longer times, nuclear dynamics are substantial, leading to potential decay of
S,. However, the final panel shows that the spin echo experiment nearly reverses all nuclear dynamics, leading to a recovery of in-plane
magnetization.

be nearly completely reversed using a single spin echo pulse 44
sequence. This reversal of nuclear dynamics in turn reverse L
the decay of the in-plane electron spin magnetization, lead-
ing to a negligible decay of the spin echo envelope function. 1¢7'L
The latter appears to be better characterized as a visibility
loss? Finally, we have found that this loss of visibility obeys
a universal scaling with the external magnetic field that de- 107
pends only on the critical field of the system. S
It should be noted that the entanglement generated by the
hyperfine interaction between the electron and nuclei has al- 107
ready been studied at zero external field, where it was con-
cluded that it will be necessary to remove or at least to mini-
mize this entanglement in a quantum computer 10
implementation based on electron spins in soti@r inves-
tigation shows that the spin echo pulse sequence accom .
plishes precisely this task by reversing the dynamics of the 10 = '

. ; 10 10 10° 10
system. Furthermore, we demonstrate that this reversal it B/A,

Egossssgl(\a,i;tbmltlyffrl]dtﬁ;rir;ggso?fc;%i apart from a small FIG. 6. The universal scaling of visibility loas[see Eq.(33)]

: . c . . versus external fiel@/A. evaluated for systems ?=5, N=9, N
. Several points merit furt_her dlscusslon. The f|rs'g |_s.t_he=11’ N=13 with randomly generated sets of hyperfine coupling
impact of the observed universal scaling on the “visibility contstants. Five systems were simulated for the system hizés
problent discussed by Yablonovitcét al In that paper, the  N=9 andN=11. Only one system was simulated for 13 because
authors point out that even small scale fluctuati6res, 10SS  the large size of the system required substantial computation time
of visibility) in the spin-echo signal caused by the electron-approximately five days on a multiple-node workstatiokbove
nucleus hyperfine interaction can be fatal to quantum comthe critical fieldB> A, the visibility loss scales a&\./B)?, inde-
putation if they are above the error threshh@@*-10°).  pendent of the selection of the hyperfine constant values and the
Thus, even if the spin echo experiment recovasstof the  size of the systeni.

Z2Z2Z=Z
o nn
- = o
w =
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in-plane coherence, it is important to know how large thelongitudinal decay at high magnetic fields can be thought of
external magnetic field must be before the loss of in-planes a result of the near commutationtdfandS,. As a result
coherence is below the error threshhold for quantum compuef this near commutatiors, is a “almost” a good quantum
tation. Because the critical field is shown here to scale apnumber for the system and the longitudinal component of the
proximately asA.=Bc/VN, for large numbers of nuclei the electron spin decays only a small amount. In this paper, we
critical field will be SUbStantia”y lower than the total Over- have observed that the in_p|ane Component of the electron
hauser field of the puplei. For 'instance,. the totaI.Overhausegpin decays only a small amount under the spin echo experi-
field of an electronic impurity in GaAs is approximatdly  ment, This fact suggests that there might be some operator
=2-2‘2T; however, the critical field is onlyAc=1.25 \\hich nearly commutes witHi, leading to a similar suppres-
X 10°T, since there are approximatel=10° nuclei inter-  gjon of gecay. The difference between the two cases is that
acting with the electroﬁ. Hence., an external field oB T, suppression is linked to the energy gap between up and
=1 T would lead to a spin echo visibility loss on the order Ofdown electron spin states. There is no obvious analogous
1076 and for any field larger than this would therefore beenergy gap forT, processes, because these processes con-
sufficient to allow fault tolerant quantum.computati(mmthe serve electron szpin. It is kn’own that the hyperfine Hamil-
absence of other decohgrence mechar)!sms . .tonian in Eq.(1) commutes with a set of operators discov-
Second, we should point out the relationship between spi . by GaudiRL22However, this fact does not immediately

Cﬁheriﬂcf recovery tart1d ent%ngle_me(:jnt. Eqﬁa:(ﬁﬁs"(z?) explain the presence of the observed universal scaling, nor
show that spin-up states and spin-down states evolve Vig\o aar complete spin echo reversal.

different effective Hamiltonians. Because the evolution of Much future work remains to be done on this problem.

h this | ¢ entanal t al Piism by which it suppresses spin echo decay. This symmetry
echo sequence reverses this 1oss of entanglemen am%‘ight be the one mentioned above, or it might be one that is

completely. IQ oth((ejr w;)rdg, th(:a.effetct ofl_thetﬁplnl ectho Se'(:ompletely new. In either case, determining its effect on the
quence can be understood as disentangiing the electron s Bin echo envelope would provide fascinating insight into

from the nuclear spins. That the hyperfine interaction shoul he nature of spin dynamics

generate entanglement is well knowmwhat is interesting In conclusion, we provide numerical evidence that a spin

and newhfrozrgj k’ghe t():Iurrtent stlfffdyt_'S lthat the sg:r_w ecf:o Sleécho sequence is able to remove a substantial part of the
g]ueenrlce should be able 1o so efiectively remove this entang Gh'ypen‘ine induced entanglement of a single electron spin in-

. . - teracting with a bath of nuclear spins. At high magnetic fields

FlnaIIy,.we turn to.the question O.f the origin of th? ob- B> A,) this residual entanglement reveals itself as a univer-
served universal scaling. It is our belief that such a univers al visibility loss, which is shown to depend only on the
scaling which is invariant to both system size and the choic?A /B) ratio [see ’Eq 9)]
of coupling constants must result from a hidden near sym-"°¢ R
metry in the system. A hidden symmetry might also account
for the oscillatory behavior and long timescale persistence of
spin correlation functions observed in Ref. 9. This claim can We acknowledge support from the DARPA SPINS pro-
perhaps be better understood by an analogy. The absencegrim and ONR under Grant No. FDN001-01-1-0826.
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