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The decoherence of a localized electron spin in a lattice of nuclear spins is an important problem for
potential solid-state implementations of a quantum computer. We demonstrate that even at high fields, virtual
electron spin-flip processes due solely to the hyperfine interaction can lead to complex nuclear spin dynamics.
These dynamics, in turn, can lead to single electron spin phase fluctuation and decoherence. We show here that
remarkably, a spin echo pulse sequence can almost completely reverse these nuclear dynamics except for a
small visibility loss, thereby suppressing contribution of the hyperfine interaction toT2 processes. For small
systems, we present numerical evidence which demonstrates a universal scaling of the magnitude of visibility
loss that depends only on the inhomogeneous linewidth of the system and the magnetic field.
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I. INTRODUCTION

The hyperfine coupling between an excess electron spin
and its surrounding nuclear spin lattice is an important
source of decoherence in spin-based quantum dot schemes
for solid state quantum computation.1,2 Due to the hyperfine
coupling, the Zeeman energy of the electron spin can be
exchanged with the Overhauser energy of the nuclear lattice,
resulting in loss of longitudinal electron spin polarization. In
addition, time fluctuations of the Overhauser field lead to
loss of coherence of the electronic spin state.3 In a Si based
quantum computer, it may be possible to avoid this interac-
tion by using isotopically purified Sis28Si has no nuclear
spind.3,4 However, for many III-V semiconductors such as
GaAs, there are no spin-zero nuclear isotopes; therefore the
influence of the hyperfine coupling will have to be taken into
account. A comprehensive understanding of the hyperfine in-
teraction may allow the loss of electron spin coherence to be
minimized through intelligent hardware design or pulse se-
quence engineering.

Numerous studies have investigated the electron spin de-
cay induced by the hyperfine interaction under free evolu-
tion. At zero external field, calculations of the exact quantum
dynamics for small systems established that the hyperfine
interaction generates substantial entanglement between the
electron and the nuclear spin lattice.5 At low external fields,
analytic solutions were obtained to describe the decay of
electron spin correlation functions, finding that longitudinal
spin relaxation occurs via power law decay on a time scale
governed byAÎN whereN is the number of nuclei andA is
the average hyperfine coupling strength.2,6 In Ref. 7, deco-
herence due to the hyperfine Hamiltonian was studied using
a Markovian approximation to nuclear dynamics. A general-
ized master equation has also been used to describe non-
Markovian dynamics in both the high- and low-field regimes
at short time scales, again finding a power-law decay of
coherence.8 However, semiclassical calculations have shown
that correlation functions exhibit a long time scale, oscilla-
tory behavior rather than chaotic dynamics, suggesting that
correlation function decay is due to averaging over initial
conditions rather than to inherent system ergodicity.9 In all of
these previous publications, electron spin decay was studied

under free evolution. However, in most experiments10,11 and
in the context of controlled spin dynamics for quantum com-
putation, it is desirable to measure coherence in the context
of a spin echo pulse sequence. Therefore, in this paper, we
will investigate electron spin coherence and nuclear spin dy-
namics due to the hyperfine coupling under an idealized spin
echo experiment.

In physically relevant systems, other interactions will also
contribute to electron spin decoherence. For instance, deco-
herence of the electron spin due to spin-orbit induced cou-
pling to phonons was studied in Refs. 12 and 13. Spectral
diffusion arising from dipolar nuclear-nuclear interaction has
been addressed in Ref. 14, where it was shown to be effec-
tively controllable with suitably designed CPMG pulse se-
quences. Low-energy effective Hamiltonians describing a
central spin coupled to a spin bath have been analyzed with
operator instanton methods.15 The effect of precession of
bath spins on coherence of a central spin has also been ad-
dressed in the spin bath models, and distinguished from the
decoherence effects caused by “coflips” of bath spins with
the central spin.16 Because we are interested specifically in
the effect of the hyperfine interaction here, we will neglect
other effects such as phonon coupling or dipolar nuclear-
nuclear coupling which can also contribute to decoherence,
in order to isolate the effect of the hyperfine interaction.17

Rather than resort to approximation methods, we simulate
the full electron-nuclei system through exact diagonalization.
Due to the exponential growth of the Hilbert space, only
small numbers of nuclear spins can be treated using this
method. However, even for small systems we observe com-
plex dynamics which will serve to illustrate the fundamental
physics for larger systems. We focus mainly on the regime of
high magnetic fields in which the external magnetic field is
greater than the total Overhauser field of the nuclei. This
regime is both experimentally realizable and practically de-
sirable for applications in quantum computation, since single
spin measurement requires a high effective magnetic field.18

In this high-field regime, we obtain several nonintuitive re-
sults that have implications for electron spin coherence.
First, we find that even at high magnetic fields, rich nuclear
dynamics can still occur. Because high magnetic fields sup-
press single flip flops between the electron and a nucleus, it
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might be naïvely assumed that all dynamics are suppressed.
However, virtual flip flops enable nuclear dynamics to persist
even at high fields. Second, as expected, we observe rapid
decay of the in-plane magnetization of the electron under
free evolution of the systemsno spin echod, both for a pure
initial state and for a completely mixed initial state. How-
ever, if we simulate a spin echo sequence, we find that the
complex nuclear dynamics are almost completely reversed
and the in-plane magnetization of the electron is almost com-
pletely recovered, except for a small visibility decay. This
phenomenon, if it can be generalized to larger numbers of
spins, would imply that the spin echo pulse sequence can
remove almost all electron decoherence caused by the hyper-
fine interaction. This behavior appears to reflect some partial
hidden symmetry of the hyperfine Hamiltonian in the pres-
ence of an external field.

This paper is organized as follows. Section II defines our
system Hamiltonian and gives background information re-
garding the spin echo experiment and the origin of nuclear
dynamics. Section III presents our numerical results. Conclu-
sions are presented in Sec. IV together with discussion.

II. BACKGROUND

In this section, we present general background informa-
tion regarding our spin system. First, we will define our
Hamiltonian and identify some of the symmetries we can use
to simplify it. We also give a brief synopsis of decoherence
processes and cite how they relate to our system. Second, we
outline the spin echo experiment and discuss its utility for
removing inhomogeneous contributions to the electron spin
decay. Finally, we derive an effective Hamiltonian which ex-
plains the origin of the nuclear dynamics that we observe in
our numerical simulations.

The system we study is that of a localized electron with
spin operatorS in a lattice of N nuclear spins, with spin
operatorsI 1,I 2, . . . ,I N. Here we consider spin 1/2 nuclei
such thatS= I =1/2. Thesystem in question could be an im-
purity electron bound to a doping atom in a semiconductor
lattice, or an excess electron in a quantum dot. The electron
spin is coupled to thej th nuclear spin via the hyperfine in-
teractionAj. The Hamiltonian for this system is2,5,8,17

H = gSBSz + gIBo
j

I jz + o
j

AjS · I j , s1d

wheregS andgI are the gyromagnetic ratios of the electron
and nuclei, respectively, andB is the external magnetic field.
Here, we have neglected nuclear-nuclear dipolar coupling,
which is known to contribute to electron spin decoherence
through nuclear spectral diffusion, because we would like to
isolate the contribution of the hyperfine coupling.17,19 The
Hamiltonian in Eq.s1d conserves the total spin angular mo-
mentum. Thus, we can immediately block diagonalize the
Hamiltonian based on theJz=Sz+o jI jz operator. For conve-
nience, we will label each of these blocks by the quantum
numberL whereL is the total number of “down” spinsfi.e.,
Jz="sN−2Ld /2g. For a given block with quantum numberL,
we can then remove the nuclear Zeeman energy from the
Hamiltonian by subtracting an overall constant

H = sgS− gIdBSz + EL + o
j

AjS · I j , s2d

where

EL = "gIBsN − 2L + 1d/2. s3d

Since each block can be treated independently, all further
analysis pertains to the subspace specified by some given
value of the quantum numberL. In general, we will also drop
EL since it will add only an overall phase to the evolution
within any given subspace.

The full Hamiltonian can be separated into a zeroth order
HamiltonianH0 and a perturbationV,

H = H0 + V, s4d

H0 = sgS− gIdBSz + o
j

AjSzI jz, s5d

V =
1

2o
j

AjsS+I j− + S−I j+d. s6d

At high B fields, this separation can be used to gain insight
into the origin of system dynamics;17 however, it should be
emphasized that we simulate here the full quantum dynamics
using exact diagonalization, not by using any type of pertur-
bative treatment. We defineu⇑l andu⇓l to represent the +z and
−z polarized electron states, respectively. We also definez to
be anN-bit string of +1’s and −1’s representing a given state
of the nuclei in thez basis. The eigenstates of the unper-
turbed HamiltonianH0 are then given byu⇑ ,zl or u⇓ ,zl.

In such a system, the electron spin undergoes decoherence
processes, which are usually described by the Bloch equa-
tions and which are usually characterized by coherence time
scalesT1 and T2. However, the Bloch equations assume an
exponential form for coherence decay which is not a valid
assumption for hyperfine-induced decay.2,8 If we wish to
characterize the time scale of decoherence, we must select a
suitable definition forT1 and T2. In this paper, we define
T1 to be the time it takes for the longitudinal electron spin
magnetizationSzstd to decay to 1/e of its initial value.
Similarly, we defineT2

* to be the time it takes for the mag-
nitude of the in-plane magnetizationS+std to decay to 1/e of
its initial value. T2

* contains contributions from inhomoge-
neous broadening, which results either from the measure-
ment of an ensemble of spins in different local environments,
or from the measurement of a single spin in a mixed initial
staters0d. Therefore we also define the spin echo coherence
time T2, which is defined as the time it takes for the spin
echo envelope to decay to 1/e of its initial value.20 T2 con-
tains no contributions from inhomogeneous broadening,
which is removed by the spin echo pulse sequence. These
definitions are equivalent to the standard definitions in the
case of exponential decay. Throughout this paper, we will
take “decoherence” to refer to all processes which lead to a
loss of electron spin polarization, both longitudinal and
transverse. “Dephasing” will refer to processes which lead to
a loss of transverse polarization only.
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We now note that due to the large Zeeman energy of the
electron, there will be an energy gap between the manifold of
electron spin-up and electron spin-down eigenstates ofH0. It
is clear that for large enough fields,T1 will be infinite be-
cause there is then no efficient mechanism for the longitudi-
nal relaxation of the electron spin. If we define the total
Overhauser field

Bc =
"

gS− gI
o

j

Aj s7d

then whenB.Bc we can derive several results.17

s1d The Sz label is approximately a good label for the
eigenstates ofH. In other words, eigenstates ofH are either
nearly electron spin-upsu⇑ld or nearly electron spin-down
su⇓ld. We will refer to these states as “1” and “2” eigen-
states, respectively.

s2d There is an energy gap of approximately"gSB be-
tween nearly spin-ups“1” d eigenstates ofH and nearly spin-
down s“2” d eigenstates ofH.

s3d BecauseSz is nearly a good label for the eigenstates of
H, Szstd can only deviate a small amount from its initial value

uSzstd − Szs0du ø OSBc
2

B2D . s8d

Hence, we can identifyBc as a critical field for the longitu-
dinal relaxation of the system.fResultss1d–s3d are proved
rigorously in Ref. 17.g

Although longitudinal relaxation is suppressed at high
fields, resulting in an infinite value for theT1 coherence time,
the same is not necessarily true for the intrinsic in-plane
coherence timeT2. In fact, numerical evidencessee Sec. IIId
demonstrates thatT2 is governed by a second critical fieldDc
defined as

Dc =
"

gS− gI
Îo

j

Aj
2. s9d

Since we are concerned here with the in-plane relaxation of
the electron spin, from now on when we speak of the “criti-
cal field” we will be referring toDc. This critical field is
equivalent to the inhomogeneous broadening linewidth due
to the hyperfine interactionfi.e., T2

* ,1/sgSDcdg. What is re-
markable, however, is that this quantity also acts as a critical
field for intrinsic broadening.

This intrinsic broadeningsT2d can be caused by nuclear
dynamics which stem from second-order spin flip processes.
Because these second-order processes conserveSz, they are
not suppressed as strongly asT1 processes. It is these second-
order processes which cause the divergences in second-order
perturbation theory noted in Ref. 2. In addition to intrinsic
broadening, inhomogeneous broadening which contributes to
T2

* can occur in an ensemble measurement when an ensemble
of electrons is subjected to a slightly inhomogeneous mag-
netic field. Inhomogeneous broadening can also occur when
a single electron experiences an ensemble of Overhauser
fields due to the nuclei being in a mixed state. In our calcu-
lations, inhomogeneous broadening will result from the use
of a fully mixed initial state for the nuclear spins. This static,

inhomogeneous contribution toT2
* can be contrasted to the

dephasing induced by dynamic sources, such as a time-
varying external field or a fluctuating nuclear Overhauser
field caused by nuclear spin dynamics. To remove the con-
tribution due to static, inhomogeneous broadening and re-
cover the intrinsic coherence timeT2 we must perform a spin
echo sequencesp /2−t−p−t−echod.

We now turn our attention to a detailed analysis of the
spin echo experiment for this system, which will be crucial
in interpreting our numerical results. The spin echo experi-
ment was developed by Hahn20 to remove inhomogeneous
broadening in an ensemble spin measurement. We will as-
sume that at the beginning of the spin echo experiment, the
electron spin has been rotated to point in the +x direction.
The system is then allowed to evolve freely for some timet.
Next, an idealizedp-pulse which flips the spin of the elec-
tron is applied. Thep pulse is described by the operator

Rp = u ⇑ lk⇓ u + u ⇓ lk⇑ u. s10d

After another period of free evolution for timet, the magni-
tude of the in-plane magnetization of the electronS+=Sx
+ iSy is measured, yielding a measure of single spin coher-
ence.

In addition to removing the effects of inhomogeneous
broadening, the spin echo experiment can remove dephasing
due to a broad class of Hamiltonians having the form

HSE= u ⇑ lk⇑ u ^ V⇑ + u ⇓ lk⇓ u ^ V⇓, s11d

whereV⇑ andV⇓ are arbitrary operators on the nuclear spins
that have the commutation propertyfV⇑ ,V⇓g=0. The in-
plane magnetization after the spin echo sequence is given by

kS̃+st;tdl = Trfrs0dU†stdRpU†stdS+UstdRpUstdg, s12d

where

Ustd = eiHSEt/". s13d

First we note that we can writeHSE as

HSE= sV⇑ + V⇓dI + sV⇑ − V⇓dSz. s14d

Then we note the relations

RpSzRp = − Sz, s15d

RpS+Rp = S−. s16d

Using these facts, we find that

kS̃+st;tdl = Trfrs0dU†stdRpU†stdS+UstdRpUstdg s17d

=Trfrs0de−isV⇑−V⇓dSzt/"Rpe−isV⇑−V⇓dSzt/"

3RpS−RpeisV⇑−V⇓dSzt/"RpeisV⇑−V⇓dSzt/"g s18d

=Trfrs0de−isV⇑−V⇓dSzt/"eisV⇑−V⇓dSzt/"

3S−e−isV⇑−V⇓dSzt/"eisV⇑−V⇓dSzt/"g s19d

=Trfrs0dS−g s20d
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=kS−s0dl. s21d

Hence, we arrive at the conclusion that the spin echo experi-
ment removes decay of in-plane magnetization for all Hamil-
tonians of the form given in Eq.s11d.

To understand the origin of nuclear dynamics in this sys-
tem, we can derive an effective Hamiltonian which contains
nuclear-nuclear interactions. Letuc+l be a “1” eigenstate of
the HamiltonianH, i.e., uc+l has primarily electron spin-up
character. Without loss of generality,uc+l can be written as

uc+l = u ⇑ ,c⇑
+l + u ⇓ ,c⇓

+l. s22d

Because the perturbationV flips the polarization of the elec-
tron, the action ofH on the electron spin-up and electron
spin-down subspaces yields the two simultaneous equations

H0u ⇑ ,c⇑
+l + Vu ⇓ ,c⇓

+l = E+u ⇑ ,c⇑
+l, s23d

H0u ⇓ ,c⇓
+l + Vu ⇑ ,c⇑

+l = E+u ⇓ ,c⇓
+l. s24d

Equation s24d can be solved foru⇓ ,c⇓
+l and the resulting

expression inserted into Eq.s23d yields

H0u ⇑ ,c⇑
+l + V

1

E+ − H0
Vu ⇑ ,c⇑

+l = E+u ⇑ ,c⇑
+l. s25d

Because of the energy gap between the spin-up and spin-
down states, the operator 1/sE+−H0d is always well
defined.17 Because the left-hand side of Eq.s25d depends on
E+, it is not a true Schrödinger equation; to obtainE+ exactly,
Eq. s25d must be solved self-consistently. However, if we
substituteE+<"sgS−gIdB/2, then we can obtain an effective
Hamiltonian from Eq.s25d. The effective Hamiltonian for
the electron spin-up subspace is

Heff
+ = H0 + Veff

+ , s26d

Veff
+ =

"2

4 o
j ,k

AjAkI j−
1

"sgS− gIdB + 1
2"o j

AjI jz

Ik+. s27d

We obtain a similar, but not identical, effective Hamiltonian
for the spin-down subspacesnote the transposition of theI−
and I+ operatorsd,

Heff
− = H0 + Veff

− , s28d

Veff
− = −

"2

4 o
j ,k

AjAkI j+
1

"sgS− gIdB + 1
2"o j

AjI jz

Ik−.

s29d

Equationss27d and s29d show that the overall coupling be-
tween nuclei does indeed decrease at high fields, because the
operator 1/sE−H0d scales approximately as 1/B. However,
the energy cost of flip flopping two nucleij andk is propor-
tional to Aj −Ak. Thus, if Aj and Ak are close in value, the
nuclei can flip flop even at high fields.

If we now examine the hyperfine Hamiltonian in Eq.s1d
in light of this discussion, we note that it is not immediately
clear whether the spin echo experiment will remove all
dephasing.H does not have the form ofHSE given in Eq.

s11d. Furthermore, as noted above, although real electron
spin-flip processes are suppressed at high magnetic field, the
electron can instead undergo a virtual flip flop which corre-
sponds to the perturbationV acting twice on the initial state.
This action leaves the spin state of the electron unchanged,
but flip flops the spins of two nuclei. Because this process
does not produce a net change in the longitudinal polariza-
tion of the electron, it can occur even at high fieldsswhenT1
processes are substantially suppressedd and hence may con-
tribute to electron spin decoherence. We will provide explicit
examples of the nuclear spin dynamics resulting from these
virtual electron spin flip processes in Sec. III.

III. NUMERICS

We now show numerical calculations for one electron and
N=5–13 nuclei. Due to the exponential size of the Hilbert
space, simulating larger systems rapidly becomes unfeasible.
However, even in small systems, we will see that the basic
physics of the hyperfine interaction and its role in the fea-
tures of the resulting nuclear dynamics become apparent. We
will show that the spin echo envelope decay depends only on
the ratio of the external fieldB to the critical fieldDc.

We will make use of two different initial states in our
simulations. The first initial state we consider is a pure state
in which the nuclei are all pointed in either the +z or −z
direction:

uc0l = u ⇐ l ^ uz0l, s30d

where uz0l is a randomly chosen simultaneous eigenstate of
the I jz operators. Our second initial state is the completely
mixed nuclear density matrixrs0d, given by

rs0d = cu ⇐ lk⇐ u ^ II , s31d

where c is a normalization constant andII is the identity
operator on the nuclear spins. In both cases, the electron is
initially polarized in the +x direction. We simulate the
nuclear dynamics for a specific set of hyperfine constants
hAjj, where j =1¯N andN=9. The hyperfine constants are
selected randomly from a uniform distribution on the range
f0.1,0.2g T yielding a total Overhauser field ofBc=1.42 T
and a critical field ofDc=0.482 T. Although the nuclear dy-
namics will depend on the specific values for the coupling
constants, we show below that our key results, namely, the
near reversal of nuclear dynamics and the near absence of
electron spin decoherence, are valid regardless of the particu-
lar values of the hyperfine coupling constants. Furthermore,
we find that these results show little dependence on the num-
ber of nucleiN.

First, we verify that even at high fields nuclear dynamics
can occur in the form of electron mediated flip flop between
nuclei. The primary observable we use to quantify nuclear
spin dynamics is the overlap of the nuclear state at timet
with the initial nuclear stateuz0l, which is specified by the
projection operator

Pz0
= uz0lkz0u. s32d

In the absence of nuclear flip flop, this operator will have
the value 1 for all timest. Figure 1 shows the free evolution
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of Pz0
std at B=0.030,0.121,0.482,1.93,7.72 Tsi.e., B

= 1
16Dc, 1

4Dc,Dc,4Dc,16Dcd given the initial stateuc0l defined
in Eq. s30d. We see clearly that above the critical field, the
magnitude of nuclear dynamics decreases as the external
field increases, because the coupling between nuclear states
due toVeff scales as 1/B. In essence, increasing the magnetic
field acts to gradually “freeze out” nuclear flip flop.

Figure 2 shows the magnitude ofkS+stdl for the same
system. At low fields, where extensive nuclear dynamics oc-
cur, the magnitude ofkS+stdl decays because the electron
experiences a fluctuating magnetic field. This effect is very

similar to what is observed in nuclear spectral diffusion,3

except that here the coupling constant between nuclei de-
pends on the external magnetic field. As we begin to freeze
out nuclear flip flops at higher fields, the magnitude of
kS+stdl does not decay substantially from its initial value be-
cause the electron simply precesses at some frequency gov-
erned by the initial nuclear configuration and its effective
Overhauser field.

Although these simulations are useful to explore the ori-
gin of nuclear dynamics, it is important to note that in real
experiments the magnitude of the in-plane magnetization of
the electronkS+stdl will decay even in the absence of nuclear
flip flop. In a real system the initial state is unlikely to be a
z-polarized state of the nuclei, or even a pure state of the
nuclei; rather, the initial nuclear density matrix will likely be
highly mixed. In other words, the initial density matrix will
contain incoherent contributions from a variety of initial
nuclear states. Even if themagnitudeof kS+l undergoes no
decay for each of these initial nuclear states, the frequency of
precession for each initial state will be different, leading to
overall dephasing. This dephasing is what is normally known
as “inhomogeneous broadening;” it is not necessarily intrin-
sic to the system but is only due to the mixed initial state.
Thus, it becomes necessary to use the spin echo experiment
to remove this inhomogeneous decay and to recover the in-
trinsic decay constantT2. To investigate this effect, we will
now use a fully mixed nuclear density matrix as an initial
statefsee Eq.s31dg.

First, we confirm that a mixed initial state does indeed
lead to inhomogeneous broadening in our system. Figure 3
shows that, as expected, the ensemble of Overhauser fields
experienced by the electron due to the mixed initial nuclear
state leads to dephasing on a time scale that is nearly inde-
pendent of the external field. We also see that at high fields,
the mixed initial state leads to a faster decay ofukS+stdlu than

FIG. 1. The expectation value ofPz0
=IS^ uz0lkz0u as a function

of t at B=0.030,0.121,0.482,1.93, and 7.72 T for the initial state
uc0l fsee Eq.s30dg. In this exampleN=9 andDc=0.482 T. As the
external field increases, nuclear dynamics are slowly “frozen out.”
However, nuclear dynamics clearly persist well above the critical
field.

FIG. 2. The expectation value of the magnitude of the in-plane
magnetization ukS+stdlu as a function of t at B=0.030,
0.121,0.482,1.93,7.72 T for the same system as in Fig. 1, i.e., the
initial state is again the pure stateuc0l. As the nuclear dynamics are
slowly “frozen out,” there is a corresponding decrease in the mag-
nitude of in-plane magnetization decay.

FIG. 3. The expectation value of the magnitude of the in-plane
magnetizationukS+stdlu as a function oft at B=0.030, 0.121, 0.482,
1.93, and 7.72 T for an initial density matrixrs0d corresponding to
a completely mixed nuclear statefsee Eq.s31dg. Inhomogeneous
broadening causes the in-plane magnetization to decay on approxi-
mately the same time scalesT2

*d independent of the external field.
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the pure initial state, due to the presence of both intrinsic and
inhomogeneous broadeningsT2

* ,T2d.
We now consider the dynamics of this system under the

spin echo experiment. As discussed above, becauseH does
not have the form given in Eq.s11d, we do not necessarily
expect the spin echo experiment to remove all dephasing.
Figures 1 and 2 confirmed that for a pure initial state atB
=0.482 T, this system undergoes both nuclear flip flop and
in-plane magnetization decay. However, Fig. 4 demonstrates
that if we now perform a spin echo experiment, we obtain
the remarkable result that whenBùDc, nearly the full mag-
nitude of the in-plane magnetization is recovered by the spin
echo pulse sequence. It might be expected that when nuclear
flip flop is “frozen out” at very high fieldssfor instance, at
B=7.72 Td, the spin echo experiment will reverse nearly all
in-plane magnetization decay. However, it is surprising that
in systems at much lower fields, for which more complex
nuclear dynamics occur, the same reversal of decay takes
place. In fact, nuclear flip flop dynamics due to dipolar
nuclear coupling are known to be responsible for irreversible
nuclear spectral diffusion.3,14 Yet the simulation in Fig. 4
shows that in contrast to this known behavior for dipolar
couplings, the analogous nuclear dynamics induced by the
hyperfine interaction do not lead to irreversible spin echo
envelope decay, except for a small visibility loss.

To probe this effect, we can directly examine the opera-

tors S+std and S̃+st8 ;td. Figures 5sad–5scd show the matrix
representation of the operatorS+std at t=0,0.1,100 000 ns,
for the block connecting electron spin down to electron spin
up states. Att=0, the operatorS+s0d acts as the identity on
the nuclear states and there are no off-diagonal contributions.
However, as time evolves, nuclear dynamics, which lead to
dephasing, can be clearly seen in the nontrivial action of
S+std on the nuclear states, as evidenced by the increasing

off-diagonal structure in Figs. 5sad–5scd. Next, ap pulse is
applied att=100 000 ns. Figures 5sdd and 5sed then show the

matrix representation of the operatorS̃+st8 ;100 000 nsd at
t8=99 999.9,100 000 ns. The evolution of the operator runs
backwards after the application of thep pulse, so that att8

=100 000 ns, we find thatS̃+st8 ;100 000 nsd is nearly equal

to S+s0d. Because the operatorS̃+st ;td is nearly the identity
operator with repect to the nuclear states, the in-plane mag-
netization will remain close to its initial value, regardless of
the initial state.

We now examine the importance of the specific values of
the hyperfine constantsAj for this nuclear dynamics reversal
to occur. So far, we have offered no justification for our
particular selection of hyperfine constants, which were cho-
sen at random from a uniform distribution. Because the
nuclear and electronic dynamics depend on the exact value
of the hyperfine constants, the absence of spin decay that we
observe might be highly system dependent. To probe this
issue, we will evaluate the magnitude of the spin-echo decay
as a function ofB for a variety of system parameters and
sizes. For each system, we select hyperfine constants from
the uniform distribution on the intervalf0,0.6g T and evalu-
ate the time-averaged magnitude of the spin-echo envelope
or thevisibility lossv, where

v = 1/2 − ukS̃+st;tdlu/". s33d

In Eq. s33d the time average is taken over some suitably long
time intervalsapproximately 500 ns for our systemsd. Figure
6 shows a graph of the results for several values ofN, where
we have scaled our results to the critical field of each system
sbecause theAj’s were selected randomly, the critical field
for each system variesd. These plots clearly demonstrate a
universal scaling of visibilitysi.e., the magnitude of the spin
echo enveloped with magnetic field, regardless of the particu-
lar values of the hyperfine coupling constants. Instead, the
visibility of a given system depends only its critical fieldDc.
Furthermore, we see that this behavior is independent of sys-
tem size; at external fields greater thanDc, the visibility loss
scales assDc/Bd2 for every value ofN simulated. That this
time-reversal phenomenon seems to be completely indepen-
dent of the specific values of the hyperfine constantsAj and
of the number of nuclei is remarkable, considering that the
nuclear dynamics themselves are very sensitive to the par-
ticular values ofAj.

IV. DISCUSSION AND CONCLUSIONS

We have studied here the dynamics of a system of one
electron interacting withN nuclei via the hyperfine interac-
tion with exact diagonalization methods. We have found that
even at external magnetic fields above the critical fieldDc,
nuclear dynamics can still occur as a result of the second-
order coupling between nuclei induced by the electron-
nuclear hyperfine interaction. These dynamics cause the elec-
tron to experience a fluctuating Overhauser field, giving rise
to decoherence similar to the effect of dipolar nuclear spec-
tral diffusion. However, unlike nuclear spectral diffusion,
these flip flop dynamics due to the hyperfine interaction can

FIG. 4. The expectation value of the magnitude of the spin echo

envelopeukS̃+st ;tdlu as a function oft at B=0.030, 0.121, 0.482,
1.93, and 7.72 T. The initial nuclear state is again the mixed state
specified byrs0d fsee Eq.s31dg. Above the critical fieldDc, the spin
echo experiment removes nearly all decay of the in-plane magneti-
zation, even for systems displaying substantial nuclear dynamics
si.e., B=1.93 Td. Note that this effect persists even at long times.
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be nearly completely reversed using a single spin echo pulse
sequence. This reversal of nuclear dynamics in turn reverses
the decay of the in-plane electron spin magnetization, lead-
ing to a negligible decay of the spin echo envelope function.
The latter appears to be better characterized as a visibility
loss.4 Finally, we have found that this loss of visibility obeys
a universal scaling with the external magnetic field that de-
pends only on the critical field of the system.

It should be noted that the entanglement generated by the
hyperfine interaction between the electron and nuclei has al-
ready been studied at zero external field, where it was con-
cluded that it will be necessary to remove or at least to mini-
mize this entanglement in a quantum computer
implementation based on electron spins in solids.5 Our inves-
tigation shows that the spin echo pulse sequence accom-
plishes precisely this task by reversing the dynamics of the
system. Furthermore, we demonstrate that this reversal is
possible at all field strengths aboveDc, apart from a small
loss of visibility on the order ofsDc/Bd2.

Several points merit further discussion. The first is the
impact of the observed universal scaling on the “visibility
problem9 discussed by Yablonovitchet al.4 In that paper, the
authors point out that even small scale fluctuationssi.e., loss
of visibility d in the spin-echo signal caused by the electron-
nucleus hyperfine interaction can be fatal to quantum com-
putation if they are above the error threshholds10−4–10−6d.
Thus, even if the spin echo experiment recoversmostof the

FIG. 5. The matrix representation of the operatorS̃+st8 ;td at B=Dc=0.482 T over the course of a spin echo experiment where ap pulse
is applied att=100 000 ns. The operators are shown in thez-basis representation of the nuclear states; the intensity of each point on the plot
represents the amplitude of the corresponding matrix element between nuclear states. For clarity, we consider only the primary contributing
block of the operatorsi.e., the block connecting electron spin down to electron spin up statesd as the other blocks are much smaller in
magnitude. At short times, nuclear dynamics are negligible. At longer times, nuclear dynamics are substantial, leading to potential decay of
S+. However, the final panel shows that the spin echo experiment nearly reverses all nuclear dynamics, leading to a recovery of in-plane
magnetization.

FIG. 6. The universal scaling of visibility lossv fsee Eq.s33dg
versus external fieldB/Dc evaluated for systems ofN=5, N=9, N
=11, N=13 with randomly generated sets of hyperfine coupling
contstants. Five systems were simulated for the system sizesN=5,
N=9, andN=11. Only one system was simulated forN=13 because
the large size of the system required substantial computation time
sapproximately five days on a multiple-node workstationd. Above
the critical fieldB.Dc, the visibility loss scales assDc/Bd2, inde-
pendent of the selection of the hyperfine constant values and the
size of the systemN.
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in-plane coherence, it is important to know how large the
external magnetic field must be before the loss of in-plane
coherence is below the error threshhold for quantum compu-
tation. Because the critical field is shown here to scale ap-
proximately asDc=Bc/ÎN, for large numbers of nuclei the
critical field will be substantially lower than the total Over-
hauser field of the nuclei. For instance, the total Overhauser
field of an electronic impurity in GaAs is approximatelyBc
=2.24 T; however, the critical field is onlyDc=1.25
310−3 T, since there are approximatelyN=106 nuclei inter-
acting with the electron.17 Hence, an external field ofB
=1 T would lead to a spin echo visibility loss on the order of
10−6 and for any field larger than this would therefore be
sufficient to allow fault tolerant quantum computationsin the
absence of other decoherence mechanismsd.

Second, we should point out the relationship between spin
coherence recovery and entanglement. Equationss26d–s29d
show that spin-up states and spin-down states evolve via
different effective Hamiltonians. Because the evolution of
the nuclear spins depends on the state of the electron spin,
the nuclei become entangled with the electron, resulting in a
loss of electron spin coherence. As we have shown, the spin
echo sequence reverses this loss of entanglement almost
completely. In other words, the effect of the spin echo se-
quence can be understood as disentangling the electron spin
from the nuclear spins. That the hyperfine interaction should
generate entanglement is well known;5 what is interesting
and new from the current study is that the spin echo se-
quence should be able to so effectively remove this entangle-
ment.

Finally, we turn to the question of the origin of the ob-
served universal scaling. It is our belief that such a universal
scaling which is invariant to both system size and the choice
of coupling constants must result from a hidden near sym-
metry in the system. A hidden symmetry might also account
for the oscillatory behavior and long timescale persistence of
spin correlation functions observed in Ref. 9. This claim can
perhaps be better understood by an analogy. The absence of

longitudinal decay at high magnetic fields can be thought of
as a result of the near commutation ofH andSz. As a result
of this near commutation,Sz is a “almost” a good quantum
number for the system and the longitudinal component of the
electron spin decays only a small amount. In this paper, we
have observed that the in-plane component of the electron
spin decays only a small amount under the spin echo experi-
ment. This fact suggests that there might be some operator
which nearly commutes withH, leading to a similar suppres-
sion of decay. The difference between the two cases is that
T1 suppression is linked to the energy gap between up and
down electron spin states. There is no obvious analogous
energy gap forT2 processes, because these processes con-
serve electron spin. It is known that the hyperfine Hamil-
tonian in Eq.s1d commutes with a set of operators discov-
ered by Gaudin.21,22However, this fact does not immediately
explain the presence of the observed universal scaling, nor
the near-complete spin echo reversal.

Much future work remains to be done on this problem.
The most obvious question that remains unanswered is the
identity of the conjectured hidden symmetry and the mecha-
nism by which it suppresses spin echo decay. This symmetry
might be the one mentioned above, or it might be one that is
completely new. In either case, determining its effect on the
spin echo envelope would provide fascinating insight into
the nature of spin dynamics.

In conclusion, we provide numerical evidence that a spin
echo sequence is able to remove a substantial part of the
hyperfine induced entanglement of a single electron spin in-
teracting with a bath of nuclear spins. At high magnetic fields
sB@Dcd this residual entanglement reveals itself as a univer-
sal visibility loss, which is shown to depend only on the
sDc/Bd ratio fsee Eq.s9dg.
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