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We have performed an extensive computational study of �-Al2O3, beginning with the geometric analysis of
approximately 1.47 billion spinel-based structural candidates, followed by derivative method energy minimi-
zation calculations of approximately 122 000 structures. Optimization of the spinel-based structural models
demonstrated that structures exhibiting nonspinel site occupancy after simulation were more energetically
favorable, as suggested in other computational studies. More importantly, none of the spinel structures exhib-
ited simulated diffraction patterns that were characteristic of �-Al2O3. This suggests that cations of �-Al2O3

are not exclusively held in spinel positions, that the spinel model of �-Al2O3 does not accurately reflect its
structure, and that a representative structure cannot be achieved from molecular modeling when the spinel
representation is used as the starting structure. The latter two of these three findings are extremely important
when trying to accurately model the structure. A second set of starting models were generated with a large
number of cations occupying c symmetry positions, based on the findings from recent experiments. Optimi-
zation of the new c symmetry-based structural models resulted in simulated diffraction patterns that were
characteristic of �-Al2O3. The modeling, conducted using supercells, yields a more accurate and complete
determination of the defect structure of �-Al2O3 than can be achieved with current experimental techniques.
The results show that on average over 40% of the cations in the structure occupy nonspinel positions, and
approximately two-thirds of these occupy c symmetry positions. The structures exhibit variable occupancy in
the site positions that follow local symmetry exclusion rules. This variation was predominantly represented by
a migration of cations away from a symmetry positions to other tetrahedral site positions during optimization
which were found not to affect the diffraction pattern. This study has provided further insight of the defect
structure of �-Al2O3 which is necessary for the understanding and optimization of properties. This work also
demonstrates the advantages of prior use of geometric analysis and interatomic potentials to assess a large
number of structural possibilities, before striving to achieve high accuracy with DFT on promising cases.
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I. INTRODUCTION

Due to its hardness, abrasion resistance, mechanical
strength, corrosion resistance, high surface area, and good
electrical insulation, alumina �Al2O3� is a material of consid-
erable technological and industrial significance.1,2 It exists in
a variety of metastable structures including the �, �, �, �, �,
�, and � aluminas, as well as the stable �-alumina phase.3,4

The phase transformations that occur during the calcination
of gibbsite �Al�OH�3� to �-alumina ��-Al2O3� are of funda-
mental importance in designing ceramic processing proce-
dures, which use partially calcined starting materials. Having
transition phases present in feedstock during aluminum pro-
duction, to affect both the adsorption of hydrogen fluoride
and the feedstock solubility in the electrolytic solution, is
becoming critical.5–7 Controversy over the structures of
many of the Al2O3 phases remains. Without correct knowl-
edge of the structural form, research into the properties, dy-
namics, and applications of these materials will always be
less than optimal.

Many studies have been performed on �-alumina
��-Al2O3�. It has generally been considered to be a cubic
spinel, even though tetragonal distortions have been

observed.4,8–20 Tetragonal representations of the structure
have recently been proposed.21–23 Several studies have sug-
gested a departure from the spinel representation of the struc-
ture with the occupation of nonspinel site positions.22–24 It
has also been suggested that �-Al2O3 is a dual phase mate-
rial, consisting of both cubic and tetragonal domains.25,26

The presence of hydrogen within the structure has also been
suggested.20,27–34 We have provided a more detailed review
of the literature of �-Al2O3 elsewhere.22,23,35,36

Most computational studies, beginning with the Monte
Carlo work of Peri,37 have examined the surface rather than
the bulk structure of �-Al2O3, with particular regard for its
Lewis activity and the interactions with reactive species re-
lating to catalytic applications. Some theoretical studies have
involved interatomic potential based molecular dynamics
simulations, including calculations of the bulk structure.38,39

The more recent studies were based on cluster models of the
surface and utilized ab initio quantum-mechanical methods
including molecular orbital �MO� theory,40–42 semiempirical
quantum-mechanical calculations,41,43 Hartree-Fock
�HF�,44,45 and density functional theory �DFT�.45–49 Recent
DFT studies also used a series of infinitely repeating slabs to
model the surface.50,51
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The unit cell of �-Al2O3 does not have an integer number
of aluminium ions, therefore multiple cells are required to
simulate the bulk structure with the correct stoichiometry. As
computing power has increased, different approaches to
simulating the unit cell have been adopted. Interatomic pair
potentials are not as computationally expensive as quantum-
mechanics-based methods and allow for simulation of larger
numbers of atoms. Pair potentials have been used in early
molecular dynamics simulations of supercells containing
1440,52 3600,38 and 11 52039 atoms to examine the bulk
structure. More recently, interatomic potentials were used to
perform a series of single-point calculations and optimiza-
tions of several structural models by Streitz and Mintmire53

and of 750 000 configurations by Watson and Willock.54

Both utilized supercells three times the size of the unit cell,
i.e., Al64O96, to maintain the correct stoichiometry. The ear-
liest use of quantum-mechanics-based techniques involved
ab initio plane-wave DFT calculations on a 20 atom ortho-
rhombic cell of the asymmetric unit, using local-density ap-
proximation �LDA� and norm-conserving pseudopotentials,
followed by Monte Carlo simulations on a 1440 atom super-
cell using a simple potential model.55 Mo et al.56 examined a
series of nonstoichiometic Al21O32 cells to approximate
Al2O3, using interatomic pair potentials and more computa-
tionally expensive ab initio DFT, based on the local-density
approximation. Sohlberg et al.57 used ab initio DFT within
the generalized gradient approximation �GGA� in order to
study 14 atom primitive cells with hydrogen incorporated
�HAl5O8�. DFT calculations have also been performed on 40
atom supercells containing eight Al2O3 formula units.58,59 To
our knowledge all previous computational studies on
�-Al2O3 have assumed that the structure is a cubic
spinel.60,61

The results of these theoretical studies are as diverse as
the experimental studies. For example, the molecular dynam-
ics studies by Alvarez et al.39,52,62 showed that the bulk struc-
ture of �-Al2O3 is relatively well organized and contains no
hydrogen but that the surface has many defects. They also
observed oxygen to have varied coordination52 and found
penta-52 and hepta-coordinated39 Al in addition to octahedral
and tetrahedral. Lee et al.55 observed only octahedrally and
tetrahedrally coordinated Al. Sohlberg et al.57 determined
that hydrogen is present in varying amounts within the bulk
structure. However, Wolverton and Hass58 found hydrogen
spinel to be energetically unfavorable and therefore sup-
ported an anhydrous bulk structure. They also found cations
to migrate to nonspinel positions during optimization. Sev-
eral studies observed preferential location of cation vacan-
cies on octahedral sites,52,53,56,58,59 but one determined vacan-
cies to reside on tetrahedral sites.38

Yourdshahyan et al.63 have compared the diffraction pat-
terns of their computationally determined �-Al2O3 structural
models with experimentally determined patterns, and thereby
showed that their simulated structures are close to the real
structure. The current work investigates computationally de-
rived �-Al2O3 structures through comparison of both simu-
lated and experimentally determined diffraction patterns. We
believe that this is imperative to ensure the plausibility of
theoretical models and is a necessary step before a true com-
parison of properties can be made. It is also the most direct

way to conclusively prove that a simulated structure is con-
sistent with the real average structure.

We investigate the structure of �-Al2O3, using empirical
modeling methods and density functional theory. This is pre-
ceded by geometric analysis of the structural candidates to
reduce the total number of possible structures �over 1 billion�
to a tangible number. Although modeling techniques based
on interatomic potentials cannot always yield information
with regards to subtle relative energetics, they can often pro-
duce reasonably accurate structural data in a fraction of the
time taken by quantum-mechanical calculations. Ab initio
calculations of complex structures such as �-Al2O3 can take
many weeks of computing time whereas empirical modeling
methods typically only involve a few seconds to minutes.
This allows for an extensive search of many possible struc-
tural candidates to be performed, with minimal prior assump-
tions being made, before applying high accuracy quantum
mechanical methods to a subset of the more favorable con-
figurations. We have previously demonstrated the effective-
ness of this approach using �-Al2O3.36,64 Because tetragonal
structures have been reported for �-Al2O3,21–23 both tetrago-
nal and cubic structural models are investigated here. A ma-
jor advantage of computational simulations of the structure is
that the configuration at the minimum energy provides the
precise cation coordinates. While experimental studies yield
information on the relative occupancy of the cations for �
-Al2O3 these represent only an average distributed over the
possible symmetry related positions.

We shall briefly describe the layout of the paper here. The
paper contains results from spinel and nonspinel
�c symmetry-based� models of �-Al2O3. Section II describes
the symmetry and structural characteristics considered,
which is encompassed in the geometric analysis used to gen-
erate all the possible structural models and reducing that
number to tangible quantity for empirical potential optimiza-
tion. We focus on describing the generation of spinel struc-
tural models because these were assessed first and this is how
the structure is commonly viewed. The c symmetry-based
models are not considered until Sec. IV B. Following the
methodology, we describe the parameters used in the inter-
atomic and first principles calculations in Sec. III. This is
followed by the results and discussion which first focuses on
the findings from the spinel-based models and explains how
they do not result in a representative structure of
�-Al2O3. The rest of the results and discussion then focusses
on the generation of the c symmetry models �Sec. IV B� and
the findings from the optimization of these structures from
Sec. IV D. Compelling evidence is provided, indicating that
the c symmetry models more accurately describe the struc-
ture of �-Al2O3 and characteristic features are explained. Re-
sults from DFT calculations are described in Sec. IV E,
which is followed by the conclusions of the study.

II. METHODOLOGY

A. Consideration of structure

The structure of �-Al2O3 is usually considered to be a

cubic spinel, ascribed to Fd3̄m space group symmetry.60,61
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The unit cell contains 32 oxygen ions in 32e Wyckoff posi-
tions, which are approximately close packed in a face-
centered cubic �fcc� arrangement. The cation:anion ratio in
�-Al2O3 is 2:3, as opposed to 3:4 for spinel structures, so to
maintain stoichiometry there must be 211

3 aluminum cations
in the unit cell. This creates a defect spinel structure due to
the vacancies imposed by such an arrangement. The consid-
eration of a spinel structure restricts the aluminum cations to
occupying 8a �tetrahedral� and 16d �octahedral� Wyckoff po-
sitions, which are termed the spinel sites. Hence the stoichi-
ometry can be represented as Al21�1/3��2�2/3�O32, where �

represents a vacancy among the spinel sites. Note that the

Fd3̄m space group also possesses other tetrahedral �8b and
48f� and octahedral �16d� site positions.

A tetragonal distortion of the cubic lattice has been re-
ported for several studies of boehmite-derived
�-Al2O3.4,10,13–15,65,66 The tetragonal I41/amd space group, a

maximal subgroup of Fd3̄m, with acubic� �2	atetragonal, has
been suggested to describe the tetragonally distorted
structure.21–23 The �-Al2O3 structure representation provided
by I41/amd is analogous to the spinel representation except
the unit cell contains half the number of atoms. In this space
group, the site positions analogous to the spinel sites in its
supergroup are 4a ��8a� and 8d ��16d�.67 The 16 oxygen
ions of the unit cell are located in 16h Wyckoff positions and
the 102

3 Al cations are distributed among the spinel sites. As

with Fd3̄m, the I41/amd space group has other site positions
available for occupation: 8c �octahedral� and 4b, 8e, and 16g
�tetrahedral�. Table I provides a summary of the octahedral
and tetrahedral positions available in both space group rep-
resentations.

Here we examine structural possibilities of �-Al2O3 using

both the Fd3̄m and I41/amd space groups. The room-
temperature lattice parameters used for the starting structure

candidates were a=7.911 Å for Fd3̄m,24 and a=5.600, c
=7.854 Å for I41/amd.21

Hydrogen has also been considered to be part of the bulk
structure of �-Al2O3, resulting in a hydrogen-spinel.28,32–34,51

Zhou and Snyder24 found only small amounts of hydrogen in

�-Al2O3, one OH per unit cell, and specifically ruled out
hydrogen-spinel as a structural possibility. Wolverton and
Hass57 found hydrogen-spinel structures to be thermody-
namically unstable with respect to boehmite decomposition
to an anhydrous defect spinel. These findings are supported
by Rietveld analysis of neutron diffraction data, and a range
of other experimental techniques, which showed the pres-
ence of hydrogen in the crystalline bulk to be unlikely.22,35

Therefore we do not consider the presence of hydrogen
within the bulk crystalline structure candidates examined
here.

B. Generation of spinel-based structural candidates

In order to account for the fractional number of Al ions in
the unit cell, supercells were employed which result in larger
periodic systems with an integer number of atoms. A 1	1

	3 tetragonal supercell was applied to the cubic Fd3̄m
structure and a 2	1	3 orthorhombic supercell was applied
to the tetragonal I41/amd structure. The supercells for each
structure contain 96 O and 64 Al atoms, i.e., a total of 160
atoms. In this work, the tetragonal and orthorhombic super-

cells are referred to as the Fd3̄m, or cubic, and I41/amd, or
tetragonal, systems, respectively.

Supercells �based on primitive cells� containing as little as
40 atoms have been used to examine �-Al2O3 due to earlier
computational restrictions.58,59 This limits the type of or-
dered configurations that are possible compared to the larger
supercells used here. Larger supercells were adopted because
defects are known to be present in �-Al2O3. The presence of
a single defect within a smaller cell can result in a high
concentration of defects which interact during the periodic
calculation.

As the oxygen sublattice of �-Al2O3 is well known,4 the
oxygen ions can be fixed in idealized positions while the
possible configurations are considered for the interstitial Al
ions. The Al ions are capable of occupying octahedral and/or
tetrahedral site positions. The starting structure models as-
sume that 70% of the Al atoms are distributed in octahedral
site positions and the remaining 30% are in tetrahedral posi-

TABLE I. Summary of site positions available for occupation in the cubic Fd3̄m and tetragonal I41/amd
space groups used to describe the structure of �-Al2O3. Note that the a and d symmetry positions are the
spinel site positions that traditional models of �-Al2O3 assume that the cations are restricted to.

Fd3̄m I41/amd Generic label given in this study

Octahedral site positions

Wyckoff symmetry position 16c 8c c symmetry

16d 8d d symmetry

Tetrahedral site positions

Wyckoff symmetry position 8a 4a a symmetry

8b 4b b symmetry

8e e symmetry

48f f symmetry

16g g symmetry
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tions. This distribution of cations in the structures is based on
the NMR spectroscopy and Monte Carlo simulations of Lee
et al.,55 and has also been observed in more recent NMR
work.22

In the starting structure models, the Al ions were re-

stricted to the spinel positions, 8a and 16d for Fd3̄m and 4a
and 8d for I41/amd. This approach was adopted because,
most researchers have reported cations to be exclusive to
these sites and it reduces the number of possible starting
structural configurations. The distances between the a and d
symmetry positions are greater than the distances between
any other pair of site positions. This should, in principle,
yield lower starting lattice energies. Also, significant cation
migration has been observed in aluminas using interatomic
potential calculations.64 Consequently, if a departure from
exclusive spinel site occupation is energetically favorable it
may become apparent during optimization.

Based on these assumptions, there are 48 octahedral and
24 tetrahedral site positions available in each supercell to
distribute the cations. An occupancy of 70% of the 64 Al
ions among the octahedral site positions yields 45 ions.
Hence there are 48C45=17,296 possible arrangements of the
Al ions among the octahedral site positions. Likewise, an
occupancy of 30% of the 64 Al ions among the tetrahedral
site positions yields 19 ions, generating 24C19=42,504 pos-
sible arrangements of these sites. This yields 48C45	 24C19
=17 296	45 205=735 149 184 total starting structural pos-
sibilities for each space group structure under investigation,
or a total of �1.47 billion configurations overall. A similar
approach is used to generate the c-symmetry-based �non-
spinel� models, described in Sec. IV B.

1. Selection criteria

Optimization of each of the structural possibilities even
using interatomic potentials was intractable with the avail-
able computing facilities. Selection criteria were developed
to reduce the �1.47 billion possible starting configurations
to a manageable number of structures.

The procedure adopted was to reduce the number of start-
ing structural configurations for optimization to those with
the most evenly �or sparsely� distributed cation sublattice.
This is expected to provide a group of starting structures that
have energies that are amongst the lowest of all the possible
configurations. The selection criteria were based on examin-
ing three different types of nearest neighbors in the cation
sublattice:

�i� The number of nearest-neighbor occupied octahedral
positions to an occupied octahedral position �oct-oct�—for
one occupied octahedral position there can be up to six sur-
rounding nearest-neighbor octahedrally coordinated atoms.

�ii� The number of nearest-neighbor occupied tetrahedral
positions to an occupied tetrahedral position �tet-tet�—for
one occupied tetrahedral position there can be up to four
surrounding nearest-neighbor tetrahedrally coordinated at-
oms.

�iii� The number of nearest-neighbor occupied octahedral
positions to an occupied tetrahedral position �tet-oct�—for
one occupied tetrahedral position there can be up to 12 sur-
rounding nearest-neighbor octahedrally coordinated atoms.

During the generation of the configurations, the number
of oct-oct, tet-tet, and tet-oct nearest neighbors for each oc-
cupied atom throughout the lattice were determined. These
oct-oct, tet-tet, and tet-oct criteria were applied during the
generation of the structural possibilities.

In terms of �-Al2O3 described by Fd3̄m symmetry, the
number of structure candidates was reduced to 56 064. For
the I41/amd system structures the reduced number of struc-
ture candidates was 502 752. These values represent the
number of structures with the most sparsely distributed cat-
ion sublattice �i.e., the lowest mean number of nearest neigh-
bors�, with respect to all three selection criteria. A summary
of the sample pools obtained from the application of the
selection criteria is provided in Table II.

The effectiveness of the selection criteria was examined
by determining the single point energies �based on the core

TABLE II. Summary of the application of selection criteria to
the total number of possible starting structures to obtain a reduced
sample pool for optimization. Each starting structure from the re-
duced sample pool has the lowest mean oct-oct, tet-tet, and tet-oct
nearest neighbors.

Application of oct-oct selection criteria to the 17 296 possible
arrangements of 45 cations on 48 octahedral site positions

Mean

Number of structures

for the Fd3̄m system
Number of structures

for the I41/amd system

oct-oct 5.69 432 816

5.64 5472 4656

5.60 11 296 11 728

Application of tet-tet selection criteria to the 42 504 possible
arrangements of 19 cations on 24 tetrahedral sites

tet-tet 3.58 48 192

3.47 192 768

3.37 1464 3240

3.26 7296 7536

3.16 16 608 10 992

3.05 11 712 11 376

2.95 5184 8400

Application of tet-oct selection criteria to the reduced cubic
�11 296	5184=58 558 564� and tetragonal �11 728	8400=
98 515 200� sample pool of staring structures

tet-oct 11.53 576 5760

11.47 20 736 160 896

11.42 306 048 1 555 392

11.37 2 592 768 7 529 664

11.32 10 814 400 19 057 536

11.26 20 957 568 28 162 176

11.21 17 104 512 24 782 112

11.16 5 802 624 12 985 632

11.11 903 168 3 773 280

11.05 56 064 502 752
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potentials� of each set of starting structures with a different
mean number of nearest-neighbor cations. Each set of struc-
tures exhibits a mean, maximum, and minimum energy less
than the sets of structures with higher average numbers of
nearest-neighbor cations. Hence it was verified that the se-
lection criteria were successful in providing a set of starting
structural configurations for optimization that had the lowest
single point energies for the structures scrutinized. Table III
provides a summary of the energies for the starting structural
configurations for the two lowest mean number of nearest-
neighbor cations.

The reduced number of starting structural configurations
for the I41/amd system was still a formidable quantity to
optimize with the available computational facilities and con-
sequently further criteria for reduction were sought. A set of
starting structures was randomly selected from the 502 752
most sparsely distributed structural configurations of the
I41/amd system. The number of starting structural configu-
rations randomly selected was 57 763.

Once the reduced sets of structures were optimized using
interatomic potentials, their resulting structural configura-
tions were analyzed. A selected number of structures were
then further optimized using first-principles methods. The
structures were selected based on energy and cation configu-
ration characteristics. The optimized structures were com-
pared to recently obtained experimental data22,23 by generat-
ing neutron diffraction patterns. This enables determination
of the structural configuration�s� that corresponds to a repre-
sentative structure of �-Al2O3. This approach also serves as
an example of the approach of using geometric analysis fol-
lowed by empirical potential methods and more accurate
first-principles methods.

III. COMPUTATIONAL DETAILS

A. Interatomic potentials

The potential model derived for �-Al2O3 determined by
Catlow et al.,68 based on the Born ionic model, was em-
ployed. The model consisted of short-range repulsive inter-
actions, longer-range van der Waals attractive interactions,
long-range Coulombic interactions, and atomic polarization.

The first two types of interaction are described by the Buck-
ingham potential,

Usr�r� = Aije
−rij/
ij −

Cij

rij
6 , �1�

where rij represents the separation distance between ions i
and j, Aij and 
ij are parameters describing the repulsion
term, and Cij is the dispersion coefficient describing van der
Waals attraction. The long-range electrostatic energy was
evaluated using the Ewald method.69,70 Atomic polarization
was incorporated for oxygen ions via the core-shell model
where a massless shell is coupled to a core by a harmonic
force:71

U�core-shell� =
1

2
k�core-shell�r�core-shell�

2 . �2�

The aluminum ion is not polarizable in the model used here.
More accurate structural information can be obtained

from interatomic potentials by scaling them to suit cations in
specific types of site positions.72 This approach was not
adopted here because it requires prior knowledge of which
site positions the cations reside in after minimization. Since
we do not know where the cations are precisely located in
�-Al2O3, it is more sensible to use the same potential for all
Al ions and allow for the possibility of cation migration to
different sites throughout the structure. It has been shown
that the structural information obtained from this approach is
relatively accurate and the relative energies of different
structures appear to be valid.64 Moreover, the accuracy is
invariably improved once DFT is applied.

Constant volume simulations were performed using con-
jugate gradients minimization of the total energy. When the
gradient norm fell below a given tolerance, the minimization
was changed to the rational function optimization73 �RFO�
algorithm to ensure that the final Hessian is positive definite.
The software employed for these calculations was the Gen-
eral Utility Lattice Program �GULP�.74

B. First-principles calculations

The first-principles calculations were performed with the
SIESTA code,75,76 which implements density-functional
theory. The exchange-correlation contribution to the total en-
ergy was treated within the generalized gradient approxima-
tion �GGA� of Perdew et al.77 Norm-conserving
pseudopotentials78 were used to describe the nonlocal poten-
tial due to the core while the valence electrons were de-
scribed within the framework of LCAO theory. A numerical
double-� basis set with polarization functions was employed
with soft radial confinement. Here the basis set was varia-
tionally optimized at the experimental structure of
�-Al2O3.79 All structural configurations of �-Al2O3 were op-
timized until all remnant forces were less than 0.01 eV Å−1,
using a mesh cutoff of 200 Ry. These DFT calculations were
performed using four k points for the 1	1	3 supercells of

the Fd3̄m system and two k points for the 2	1	3 super-
cells of the I41/amd system. Given the size of the supercells
this is equivalent to 12 k points for each unit cell in both
symmetry systems.

TABLE III. Summary of single point energies �i.e., energies
prior to optimization� for the structures with the two lowest mean
number of nearest-neighbor cations.

Fd3̄m system

Mean oct-oct,
tet-tet,
tet-oct

Mean
energy
�eV�

Maximum
energy
�eV�

Minimum
energy
�eV�

5.60, 2.95, 11.11 −4955.63 −4829.72 −4982.59

5.60, 2.95, 11.05 −4968.38 −4915.85 −4989.80

I41/amd system

5.60, 2.95, 11.11 −4898.22 −4748.19 −4934.10

5.60, 2.95, 11.05 −4915.07 −4801.09 −4944.17
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IV. RESULTS AND DISCUSSION

When optimizing using interatomic potentials, the oxygen
sublattice, while remaining relatively stable, showed a ten-
dency to become distorted beyond what is observed experi-
mentally. This artifact of high disorder during optimizing
with interatomic potentials was also noticed in the study of
�-Al2O3,64 but is more significant in the case of �-Al2O3
because the presence of defects in the supercell means that it
is not possible to implement space group symmetry during
optimization. However, with the exception of a small number
of structures, the oxygen sublattice remained satisfactorily
ordered �Fig. 1�b��. As was the case for �-Al2O3, the imple-
mentation of DFT was found to reduce the distortion of the
oxygen sublattice. The number of cycles required to achieve
optimization with DFT was influenced by the degree of dis-
tortion, with greater distortion resulting in longer times be-
fore convergence was achieved. Examples of the oxygen
sublattice are shown in Fig. 1 and the associated diffraction
pattern in Fig. 2. Disorder in the calculated pattern is ob-
served as greater undulation in the background. A more dis-
ordered oxygen sublattice typically results in total structure
diffraction patterns which exhibit more disorder also �see
Fig. 6�d�, for example�. In cases of high oxygen sublattice
distortion, the deformation is often due to a small number of
severely distorted oxygen atoms while the rest of the sublat-
tice remains relatively well ordered.

The converged set of structures, yielded 1161 and 12 573

distinct minimum energies for the Fd3̄m and I41/amd sys-
tems, respectively. This large number of distinct minima sug-
gests that the energy hypersurface of �-Al2O3 is festooned
with local minima and thus it is not surprising that such a
disordered structure is observed experimentally. Unlike with
�-Al2O3, configurations with equivalent minimum energies
�to three decimal places� did not always imply that the struc-
ture was the same. Distortions in the oxygen sublattice dur-
ing the calculations were found to affect the minima. For
example, structures were found to have identical Al sublat-
tice configurations, yet different energy due to different dis-
tortion in the oxygen sublattice. Structures were also found
with identical energy but different Al sublattice configura-
tions.

A. Structure analysis

Figure 3 illustrates some of the key energetic data ob-
tained from the interatomic potential optimizations. Com-
parison is made with the energy distribution of the total
sample pool and sets of structures, each with a certain cation
sublattice characteristic. The percentage of each set of struc-
tures that exhibits each configurational characteristic is
shown above the energy distribution. A lower energy distri-

bution was obtained for the structures of the Fd3̄m system,
indicating greater energetic stability. The majority of struc-
tural configurations exhibited 65 to 75% of cations on octa-
hedral site positions and 35 to 25% of cations on tetrahedral
positions after optimization, in good agreement with NMR

and Rietveld refinements.22,23 Only 15.4% of the Fd3̄m sys-
tem structures and 52.8% of the I41/amd system structures

had cations exclusively on spinel site positions after optimi-
zation. These structures were not amongst the lowest-energy
configurations, implying that spinel structures �those with
Al’s solely on spinel positions� are not the most energetically
favorable.

FIG. 1. Examples of the oxygen sublattice, viewed down the c
axis. �a� Idealized starting configuration. �b� Typical oxygen sublat-
tice after optimization. �c� Oxygen sublattice displaying significant

distortion. These examples were taken from the Fd3̄m system
structures.
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The majority of optimized structures exhibited occupancy
of nonspinel positions, including the lowest-energy structural
configurations. Although less than half of the I41/amd sys-
tem structures possessed nonspinel site occupancy, the mean
energy of these structures was less than the structures with
only spinel-site positions occupied. Most of the structures
with nonspinel occupancy have cations distributed only
among 8a /4a �a symmetry�, 16c /8c �c symmetry�, and
16d /8d �d symmetry� site positions, which were suggested in
recent experimental studies.22,23 The energies of these struc-
tures are also lower than those with cations exclusively situ-
ated on spinel sites, but the calculated lowest energy struc-
ture is not among these structures. Structures that have
energies amongst the lowest did have 16c /8c sites occupied,
but also tended to have other nonspinel sites occupied. These
results complement those of Wolverton and Hass58 who also
found occupation of c symmetry positions to occur and that
such structures exhibit a lower energy.

In Fig. 4, the number of structures that possess each par-
ticular type of site position is indicated. As expected, almost
every structure exhibits cation occupancy of a and d symme-
try positions. The occurrence of structures with occupied b
and e site positions is very infrequent, at less than 1 and 2%,
respectively. Cation occupation of f and g symmetry posi-
tions is slightly higher representing less than 9 and 6%, re-
spectively. The number of structures with unassigned site
positions is low at less than 2%. Unassigned site positions
encompasses any non-tetrahedral or octahedral site position,
such as the 32e site position proposed by Zhou and Snyder.24

It can also mean any severely distorted site positions that
cannot be assigned to any symmetry position. In most cases,
the cations in unassigned positions occurred in regions of
severe localized disruption of the oxygen sublattice, resulting
in the cation being situated beyond the allowed tolerances
�up to 0.7 Å away from the idealized starting position� used
to determine site occupation. It is therefore concluded that
the 32e site position, and any nontetrahedral or nonoctahe-
dral site position, are not likely in �-Al2O3.

There are a large number of structures with c symmetry

positions occupied for both the Fd3̄m and I41/amd systems,
equal to the number of structures with nonspinel site occu-
pancy �Fig. 4�. This is significant, especially given that the
cations were restricted to spinel sites in all starting structure
models. The statistics highlighted in Fig. 3 provide strong
evidence that c symmetry positions are occupied in
�-Al2O3 and supports the cubic-16c and tetragonal-8c struc-
ture models �cubic and tetragonal models which incorporate
the c symmetry positions in addition to the spinel sites� de-
rived by us from experimental data.22 It also suggests that
these models are universal for crystalline �-Al2O3.

Examination of all optimized structures showed that none
of the configurations exhibited a cation composition equiva-
lent to that which is experimentally observed.22,23 The frac-
tional cation occupancies obtained in the experimental stud-
ies ranged between 0.69 and 0.86 a symmetry, 0.30 to 0.45
on c symmetry, and 0.48 to 0.68 d symmetry positions. The
limitation of the experimentally derived models is that the
occupancies obtained represent an average value distributed
over all possible site positions of a particular site. The aim
here is to take a closer step towards finding precise cation

FIG. 2. Examples of neutron diffraction patterns of just the oxy-
gen sublattice. �a� Idealized starting configuration. �b� Typical oxy-
gen sublattice after optimization. �c� Oxygen sublattice displaying

significant distortion. These examples were taken from the Fd3̄m
system structures. Wavelength=1.66 Å.

FIG. 3. Key statistics for occupancy and energy distribution of

structures obtained from the optimization of the cubic Fd3̄m ���
and tetragonal I41/amd ��� system structures with interatomic po-
tentials. The � and � symbols indicate the mean energies of the
distributions. The value above each energy range is the percentage
of the total number of structures that have the configurational char-
acteristic being highlighted.

FIG. 4. Occurrence of each type of site position throughout all
optimized structures.
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coordinates of a truly representative structure. In the super-
cells that have been used in this study, the experimentally
determined fractional occupancies equate to Al ions on be-
tween �in whole numbers� 17 to 21 a symmetry, 14 to 22 c
symmetry and 23 to 33 d symmetry site positions.

Generally, the occupancy of nonspinel symmetry posi-
tions after optimization was low; typically less than 5. The
closest that any of the optimized structures came to these
experimentally determined values22,23 is no more than four
cations on c symmetry site positions, in addition to cations
on between 17 to 21 a symmetry sites and any number of d
sites, with no other site positions being occupied. There were
over twice as many structures of the I41/amd system with 17
to 21 a symmetry sites and 3 to 4 c symmetry sites occupied
than for the Fd3̄m system �22 to 9�.

None of the optimized structures �or the starting struc-
tures� exhibited a diffraction pattern that is characteristic of
what is typically observed for �-Al2O3. An experimentally
determined diffraction pattern of �-Al2O3 measured from
previous work22 is illustrated in Fig. 5. Anisotropic broaden-
ing, synonymous with peak splitting, signifies that the pat-
tern illustrated here corresponds to tetragonally distorted
�-Al2O3. If the �-Al2O3 is purely cubic, there is little differ-
ence in the diffraction pattern except that no peak anisotropy
is observed. Other variations in the diffraction patterns per-
tain to the degree of crystallinity, which affects the peak
intensity and background contribution but does not affect the
number of diffraction peaks. Crystallite size and strain may
also affect the breadth of the diffraction peaks. Figures 6 and
7 illustrate examples of neutron diffraction patterns gener-
ated from the simulated structures. The simulated patterns
were generated using Accelrys Materials Studio, using
broadening factors derived from experiment.22 The simulated
diffraction patterns have significant peaks which are not
present in the experimental pattern. Also the major peaks in
the simulated patterns, particularly those at 2��43, 49, and
73°, do not have the same relative intensities exhibited in the
experimental pattern.

DFT calculations also fail to yield a more realistic repre-
sentation of the structure of �-Al2O3 than the interatomic

potential optimizations. They mainly served to fine tune the
structure and reduce the artificial disorder that accompanies
the empirical calculations. We therefore conclude that none
of the optimized �or starting� structures is representative of
the structure of �-Al2O3.

As was seen in the �-Al2O3 study,64 interatomic potential
calculations allow for significant cation migration. As men-
tioned earlier, the large number of structures exhibiting cat-
ion migration to c symmetry site positions suggests that Al

FIG. 5. A typical experimentally measured neutron diffraction
pattern obtained from �-Al2O3 prepared from highly crystalline
boehmite. This example was measured while heating the material in
situ at 600 °C �Ref. 22�. Miller indices corresponding to the major
peaks are shown for both cubic and tetragonal symmetry groups.
Wavelength=1.66 Å.

FIG. 6. Examples of simulated diffraction patterns of structures

from the Fd3̄m system. �a� Experimental neutron diffraction pattern
collected at room temperature from a �-Al2O3 sample prepared by
calcining highly crystalline boehmite at 600 °C for seven hours
shown for comparison �all experimental diffraction patterns shown
in future figures are identical to this� �Ref. 22�. �b� Starting struc-
tural configuration, with 19 cations on 8a positions and 45 cations
on 16d. The cation configurations in �c�–�f� have the site occupancy
on each special symmetry position given in the following order: 8a,
8b, 16c, 16d, 48f . �c� The lowest energy structure, with 12, 0, 9, 42,
1, �d� 18, 0, 3, 41, 2, �e� 17, 0, 4, 43, 0, �f� 6, 0, 13, 45, 0.
Wavelength=1.66 Å.

FIG. 7. Examples of simulated diffraction patterns of structures
from the I41/amd system. �a� Experimental neutron diffraction pat-
tern for comparison. �b� Starting structural configuration, 19 cations
on 4a positions and 45 cations on 8d. The cation configurations in
�c�–�f� have the site occupancy on each special symmetry position
given in the following order: 4a, 4b, 8c, 8d, 8e, 16g, �c� the lowest
energy structure, with 13, 0, 7, 40, 0, 4, �d� 18, 0, 1, 45, 0, 0, �e� 18,
0, 1, 44, 0, 1, �f� 16, 0, 3, 43, 0, 2. Wavelength=1.66 Å.
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ions in these positions are inherent in the structure. However,
the discrepancy between the simulated and real structures
means that the starting structure models are not close enough
to the true structure of �-Al2O3 to facilitate the derivation of
its representative configuration. This provides compelling
evidence that the long held belief of �-Al2O3 being a struc-
ture where cations are exclusive to spinel site positions can
be ruled out. This finding has implications on all previous
computational �and most experimental� studies on �-Al2O3,
i.e., the structural models do not accurately represent the
structure of �-Al2O3.

B. More appropriate starting models (nonspinel)

The key to obtaining a representative structure of any ma-
terial using molecular modeling is to ensure the starting
model is as close to the correct configuration as possible.
Fortunately, this computational work was accompanied by a
parallel experimental study which has provided useful
information.22,23,35,80 A second series of starting structure
models were constructed based on the incorporation of cat-
ions on c symmetry site positions. Based on the experimental
occupancies found,22 cations were distributed in the super-
cells as follows; 19 on a symmetry positions �occupancy
=0.792�, 17 on c symmetry positions �occupancy=0.354�,
and 28 on d symmetry positions �occupancy=0.583�. We
refer to these as c symmetry-based structure models.

The starting candidates were generated by fixing the a and
d symmetry position cations in idealized positions, as for the
oxygen sublattice, and arranging the 17 cations on c symme-
try positions in all possible combinations. Three different
idealized a and d symmetry cation configurations were cho-
sen for each of the space group symmetry systems. One con-
figuration was obtained by taking the a and d symmetry cat-
ions from the lowest-energy structure of the previous set of
optimizations to have 19a symmetry cations and 28d sym-
metry cations, respectively, and set these to idealized coordi-
nates. The other two configurations were chosen by visual
inspection to ensure that the a and d symmetry cations were
distributed as sparsely and physically reasonably, as possible.

This approach yields 48C17�4.25	1012 structural possi-
bilities, an immense quantity to optimize. Each idealized
configuration was inspected and restrictions were placed on
which c symmetry positions Al ions could be situated on,
based on nearest-neighbor distances to the pre-established a
and d symmetry cations. Care was taken to ensure that the
distribution of the c symmetry positions was physically sen-
sible. The c symmetry cations were placed in positions
where no d symmetry cation was closer than 2.7 Å. How-
ever, all c symmetry positions, for both space group struc-
tures, lie in close proximity �1.7 Å� to two a symmetry po-
sitions. Given the number of a symmetry cations in the
starting structures, it is impossible to avoid placing a c sym-
metry cation in such a close position to another Al ion. It was
therefore decided to ensure that c symmetry cations were
placed such that only one a symmetry position is within
1.7 Å, where possible. Application of these restrictions to the
six established idealized configurations �three for each space
group symmetry system� yielded 19 possible c symmetry

positions available for occupation in each structure. This re-
sults in 19C17=171 possible arrangements for each structure,
a total of 513 starting candidates for each space group sym-
metry system.

Diffraction patterns generated from c symmetry-based
starting configurations are illustrated in Fig. 8. These diffrac-
tion patterns are significantly different to those from the
starting configurations with cations exclusive to spinel posi-
tions �Figs. 6�a� and 7�a��. They are similar to the experimen-
tal diffraction pattern �Fig. 5�. The peaks at 2��35, 41, 55,

and 66° from the Fd3̄m system diffraction patterns �Fig.
8�b�� are more intense than the equivalent peaks in the
I41/amd system diffraction patterns �Fig. 8�c��. This is be-

cause the asymmetric unit for the Fd3̄m space group is
smaller than that of I41/amd, and means that the latter can
have more atoms in the asymmetric unit. The result is a
smaller relative occupancy of the site positions in the
I41/amd space group �even though on the whole it is the
same� and hence means some of the equivalent peaks will be
less intense.

The smaller peaks at 2��35, 41, 55, and 66°, and other
peaks of similar or lesser intensity, are largely concealed in
the experimental pattern by the background contribution,
particularly in the lower 2� range. In the case of the simu-
lated diffraction pattern peaks at 2��62 and 66° there is a
corresponding broad hump in the experimental pattern. The
cubic diffraction pattern also exhibits reduced intensity of the
peak at 2��43°. Discrepancies in the relative intensities of
the three most intense peaks are discussed later.

C. Oxygen sublattice distortion for c symmetry-based
structures

Distortion of the oxygen sublattice was far more severe
during optimizations of the c symmetry-based structures,
making convergence difficult to achieve. This higher disor-
der is due to the close proximity of the c and a site positions.

FIG. 8. Examples of diffraction patterns generated from c
symmetry-based starting structural configurations. �a� Experimental

neutron diffraction pattern for comparison. �b� From the Fd3̄m sys-
tem and �c� from the I41/amd system of structures. Wavelength
=1.66 Å.
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It was therefore decided to apply a harmonic restraint to the
oxygen sublattice so that the oxygen ions remain confined
close to their initial starting positions:

E =
1

2
k�r − r0�2. �3�

Here k is the spring constant �which can be varied� used to
dictate how much flexibility the oxygen sublattice ions are
given to move about their original positions, r0 is the initial
ion position and r is the ion position during optimization.
This approach goes part of the way to enforcing symmetry
during optimization and the degree of distortion in the oxy-
gen sublattice was thereby significantly reduced. Structures
from the original set of spinel-based model configurations
were also optimized to verify that restraining the oxygen
sublattice does not adversely affect the cation configuration.

After optimization of the c symmetry based structures,
selected structures were then reoptimized with the restraint
on the oxygen sublattice removed. The oxygen sublattice
was found to remain well-ordered to the same degree as for
the spinel-based structures. Subsequent optimization using
DFT further improved the order and the oxygen sublattice
was found to be very similar for all structures.

D. Results from optimization of c symmetry-based structures

The key results from optimization of the c symmetry-
based structures are summarized in Fig. 9 and Table IV. As
with the previous optimizations, the structures of the
I41/amd system have higher mean, minimum, and maximum

energies than the Fd3̄m system. The higher energy of these
structures compared with the spinel-based structures �Fig. 3�
is an artificial effect caused by the harmonic restraint placed
on the oxygen sublattice; when DFT is performed the ener-
gies fall within a similar range. Also, for the characteristics
highlighted in Fig. 9, the differences in the mean energies

were smaller for the I41/amd system. A greater range in the
optimized energies was observed compared with the struc-
tures where cations were initially placed on spinel site posi-
tions, reflecting the higher amount of overall cation migra-
tion experienced for the c symmetry-based structures during
optimization. The majority of structures exhibited an even
distribution of cations throughout the optimized supercells,
maintaining approximate Al2O3 stoichiometry in each sub-
cell. It can be seen from Table IV that the average occupancy
of nonspinel positions is 42 and 45% for the Fd3̄m and
I41/amd systems, respectively, and approximately two thirds
of these occupy c symmetry positions.

After optimization, every structure in both the Fd3̄m and
I41/amd symmetry systems possessed cation occupation of
non-a, -c, or -d symmetry site positions. The nonspinel site
occupancy was much higher than for the optimized struc-
tures derived from spinel-based starting models where it was
rare to have more than five cations in any nonspinel symme-
try position. There were no cations in unassigned �nontetra-
hedral or octahedral� site positions. The cation migration pre-
dominantly involves movement of cations away from a
symmetry positions to other tetrahedral site positions of
lower symmetry. The average number of cations in a sym-

metry positions after optimization is 8 and 9 for the Fd3̄m
and I41/amd systems �Table IV�, respectively, representing
average occupation of 33 and 38%. Most of the cation mi-

gration was towards the 48f symmetry positions in the Fd3̄m
system structures. For the I41/amd system the cations were
distributed relatively evenly among all the lower symmetry
tetrahedral site positions.

The migration to other tetrahedral sites is supposedly due
to repulsion between cations in a and c symmetry positions,
which are within 1.7 Å of each other in the starting configu-
rations. Cations migrating away from a symmetry positions
therefore tend to occupy other tetrahedral positions with
fewer c and d symmetry positions nearby.

The cation migration observed in the modeling of the
structures exhibits a logical pattern. Locally, symmetry ex-
clusion rules are obeyed such that if two positions are occu-
pied within a region, nearest neighbor positions are not oc-
cupied. The cation migration away from a symmetry
positions is required for these exclusion rules to be obeyed.
When these exclusion rules are obeyed, longer-range order-
ing results such that positions that are occupied in one sub-
cell of a supercell are not necessarily occupied in the next.
There are, for example, many cases where alternate subcells
have virtually the same cation configuration, with the sepa-
rating subcell exhibiting a completely different configura-
tion.

The migration away from a symmetry positions means
that the closest structural configurations to the starting con-
figurations had between 10–15 a, 14–20 c, and 25–31 d
symmetry sites occupied, representing a variation from the
starting configuration of up to 47.4, 1.7, and 1.1%, respec-

tively. Only 20 structures of the Fd3̄m system and 135 of the
I41/amd system lie within this range �Fig. 9�. None of these
were among the lowest energy structures. However, there is
comparatively little migration away from the octahedral, c
and d symmetry, site positions. For about three quarters of

FIG. 9. Key statistics from optimizations of c symmetry-based

structural configurations of the cubic Fd3̄m ��� and tetragonal
I41/amd ��� system structures with interatomic potentials. The �
and � symbols indicate the mean energies of the distributions. The
value above each energy range is the percentage of the total number
of structures that have the configurational characteristic being
highlighted.
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the structures, the octahedral sites remain within 2.9% of
their initial occupancy �Fig. 9�. These structures exhibit the
same range in energies as the total sample pool, but have a
lower mean energy.

Irrespective of the differences between the structural con-
figurations, most of the simulated diffraction patterns gener-
ated from the optimized structures have similar appearance
for both space group systems. Furthermore, they do not dif-
fer significantly from the diffraction patterns of the starting
structures. Examples of the simulated diffraction patterns ob-
tained are presented in Figs. 10 and 11. These diffraction
patterns also provide an excellent match with experimentally
obtained diffraction patterns for �-Al2O3 �Fig. 5�. �An ex-
perimentally obtained diffraction pattern has been overlayed
in Figs. 10 and 11 for more direct comparison.�

It is clear from the optimizations that the migration of
cations away from a symmetry positions does not affect the
pattern significantly �Figs. 10 and 11�. The most important

factor in maintaining a diffraction pattern that is close to
experiment is the presence of a sufficient number of occu-
pied c symmetry positions. Secondly, a reasonably consistent
cation distribution on octahedral sites is required. Only in
cases where the structures exhibited significant cation migra-
tion away from c symmetry positions did the calculated dif-
fraction patterns show noteworthy divergence from the ex-
perimental ones. This occurred for structures where the
number of cations on c symmetry positions was less than 10,
of which there were 9 structures total for both symmetry
systems, showing increased intensity of the peaks at 2�
�41 and 66°. Irrespective of which site positions are occu-
pied, the ratio of octahedral to tetrahedral cations in the op-
timized structures is consistently around 2.33:1, although
more structures achieve this for the I41/amd system.

Except for the nine structures with less than ten cations on
c symmetry positions, the only significant discrepancies be-
tween the experimental and simulated diffraction patterns lie

TABLE IV. Summary of the distribution of cations amongst the possible site positions for all 513
optimized structures of each symmetry system investigated. For each type of Wyckoff symmetry position, the
table provides the proportion of structures that have cations occupied in each type of site. The minimum and
maximum number of cations occupied in each type of position out of all the structures, the average cation
occupation for all the structures, and the 2� range are also provided. The 2� range shows the cation
occupation range encompassing 90% of structures with a particular type of site position occupied. The table
also indicates the number on each type of symmetry position in the starting configuration for comparison.

Wyckoff
symmetry
position

%
structures

with
position
occupied

Possible
positions

per
supercell

Starting
positions

Minimum
positions
occupied

Maximum
positions
occupied

Average
�site occ.�

2� range
�site occ.�

Fd3̄m system

8a 100 24 19 1 15 8
�0.333�

3–14
�0.125–0.583�

8b 19 24 0 0 4 1
�0.042�

1
�0.042�

16c 100 48 17 6 28 17
�0.375�

10–24
�0.210–0.500�

16d 100 48 28 24 36 29
�0.583�

25–32
�0.521–0.667�

48f 100 144 0 3 17 9
�0.062�

5–13
�0.035–0.090�

I41/amd system

4a 100 24 19 1 15 9
�0.375�

6–14
�0.250–0.583�

4b 84 24 0 0 7 2
�0.083�

1–3
�0.042–0.125�

8c 100 48 17 9 31 20
�0.417�

14–23
�0.292–0.479�

8d 100 48 28 17 33 26
�0.542�

23–33
�0.479–0.688�

8e 98 48 0 0 10 4
�0.083�

1–6
�0.021–0.125�

16g 97 96 0 0 9 3
�0.031�

1–5
�0.010–0.052�
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in the relative peak intensities. In the simulated patterns, the
peaks at 2��51, 73, and 89° are generally more intense than
the corresponding peaks in the experimentally measured dif-
fraction pattern. These discrepancies are partly due to pre-
ferred orientation in the experimental material. This provides
us with a possible answer to the observed discrepancies be-
tween diffraction data and the Rietveld calculated pattern,
particularly at 2��44°, in previous work;22,23 namely the
inability of the Rietveld code used to adequately model pre-
ferred orientation. As with the starting structures, the smaller
peaks, at 2��35, 41, 55, and 66°, are largely concealed in
the experimental pattern by the background contribution.

It should be noted that the disproportionately high inten-
sity of the peak at 2��89° in the simulated diffraction pat-
terns from interatomic potential optimization �of both the
Fd3̄m and I41/amd systems� is due to the restrictions im-
parted by the harmonic restraint on the oxygen lattice. When
the structures are optimized using DFT �Figs. 12 and 13� the
peak achieves an intensity comparable to that observed ex-
perimentally. The peak at 2��44° has a fairly consistent
intensity ratio when compared to the other main peaks for all
the simulated diffraction patterns in the Fd3̄m system, but
not for the I41/amd system. It can be seen from Figs. 11�c�
and 11�e� that the relative intensities of the peak at 2�
�44°, when compared to the peaks at 51 and 73, approaches
that observed in the experimental diffraction patterns. Exam-
ining the Miller planes corresponding to the peak at 2�
�44° in the modeled structures �222 for cubic symmetry and
022 for tetragonal symmetry� indicates a difference in the
type of species present. The 222 plane �226 in the 1	1	3
supercell� is predominantly composed of oxygen ions,
whereas the 022 plane �026 in the 2	1	3 supercell� also
contains a substantial number of cations. The average density
of occupied positions on the 022 plane in the modeled
I41/amd system structures is also higher. Hence the simu-
lated structures from the I41/amd system are more represen-
tative of the experimental structure as the 022 peak from the
modeling reflects experiment more closely.

Furthermore, the anisotropic peak at 2��114° in the ex-
perimental pattern tends to be broader than most of the
equivalent peaks in simulated patterns, particularly when

compared to patterns of the Fd3̄m system. This is indicative
of strain in the material. The broadness of the peak�s� at
2��114° in diffraction patterns simulated from the I41/amd
system is closer to experiment. This is because the tetragonal
split �Fig. 5� shows that some of the strain is being released
by changing the lattice relative to the ideal cubic system.

The characteristics mentioned above indicate that con-
figurations from the I41/amd system provide a more accurate

description of the structure of �-Al2O3 than the Fd3̄m sys-
tem. This is true for the experimental material examined

FIG. 10. Examples of simulated diffraction patterns from c

symmetry-based structures of the Fd3̄m system. �a� Experimental
neutron diffraction pattern for comparison. �b� Closest configuration
to starting arrangement �therefore with least amount of non-a, -c,
and -d symmetry positions�, with 11, 0, 16, 31, 6 �cations on 8a, 8b,
16c, 16d, and 48f site positions, respectively�, �c� 14, 0, 11, 34, 5,
�d� 8, 0, 9, 28, 19, �e� 10, 0, 13, 31. Wavelength=1.66 Å.

FIG. 11. Examples of simulated diffraction patterns from c
symmetry-based structures of the I41/amd system. �a� Experimental
neutron diffraction pattern for comparison. �b� Among the closest
configurations to starting arrangement �therefore with least amount
of non-a, -c, and -d symmetry positions�, with 11, 2, 20, 28, 2, 1
�cations on 4a, 4b, 8c, 8d, 8e, and 16g site positions, respectively�,
�c� 8, 1, 17, 27, 5, 6, �d� 10, 1, 17, 30, 3, 2, �e� 8, 5, 20, 21, 5, 5.
Wavelength=1.66 Å.

FIG. 12. Lowest energy supercell structure based on Fd3̄m sym-
metry, with 9 cations on 8a, 14 cations on 16c, 28 cations on 16d,
and 13 cations on 48f site positions. �a� Experimental neutron dif-
fraction pattern for comparison. �b� After optimization with inter-
atomic potentials. �c� After optimizing with DFT. Wavelength
=1.66 Å.
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here.22,23 However, it must be considered that the experimen-
tal diffraction pattern can vary slightly depending on the
preparation conditions. For example, �-Al2O3 synthesized
from amorphous material by chemical vapor deposition
�CVD� would not be expected to exhibit the same degree of
anisotropic broadening, strain and preferred orientation ob-
served here, and would have a cubic unit cell.18,81,82 In such

a case, structural configurations from the Fd3̄m system
would provide a more appropriate description of �-Al2O3.

In principle, it does not matter exactly which positions are
occupied, as long as the same diffraction pattern is obtained.
Our simulations illustrate this since we have distinct configu-
rations that result in broadly the same diffraction pattern.
Because these theoretically derived diffraction patterns have
the same characteristics as those from experiment, they can
be indexed in the same manner. The calculated supercells
show that the overall crystal can have variations of configu-
rations from substructure unit to substructure unit �domain
structures� as long as it follows the same symmetry rules that
are allowed overall �e.g., lattice dimensions, extinction rules�
and have been found experimentally. The similarities in the
diffraction patterns demonstrate that our optimized structures
follow these rules.

The variation in the site occupancy, provided there is a
reasonably consistent number of cations in c symmetry po-
sitions, shows that it is more important to have cations on the
appropriate Miller planes than it is to have precisely the right
number of cations in particular symmetry positions. This is
most easily illustrated by Figs. 11�c� and 11�e� where there
are up to 23 tetrahedrally coordinated cations in the structure
corresponding to Fig. 11�e� �an extreme case� but the peak
intensity ratios are almost identical to those of Fig. 11�c�,
which corresponds to a more typical configuration.

We can also see from the modeling that, overall, the struc-
ture is ordered, but locally can have areas of varying occu-
pancy. �-alumina may therefore be thought of as a structure
with a consistent oxygen sublattice with a varying cation
configuration. Cations can be located at other site positions
�non-a, -c, or -d symmetry� to minimize lattice distortions,
and thus the energy, locally. Distortion of octahedra and tet-

rahedra is present throughout the structures of both the Fd3̄m
and I41/amd systems. All cations were found to lie within
0.7 Å of the localized coordinate of the site positions they
were situated in.

Each optimized supercell here provides a realistic ex-
ample of the structure of �-Al2O3 and the data obtained il-
lustrates the variance in the possible cation configurations. It
therefore follows that supercells described here allow for
more accurate and complete modeling of the defect structure
than the single unit cell approach. The single unit cell ap-
proach, namely the cubic-16c or tetragonal-8c models, pro-
vided in previous work22,23 remain a valid portrayal of the
structure, but provide only an average description. These
models are in turn much better descriptions of the structure
than the original cubic spinel description.

E. Higher accuracy structure examples

When optimizing with DFT, the distortions of the octahe-
dra and tetrahedra were found to reduce as the oxygen sub-

lattice was allowed to relax more freely to accommodate
cation movement and the cations, generally, moved closer to
the ideal positions. This distortion is a realistic feature and,
coupled with the varied distribution of cations, provides di-
rect support for the proposed short-range ordering within the
interskeletal layers of �-Al2O3 in previous work;23 distorted
octahedra and tetrahedra can occur as a consequence of the
incomplete cation migration.

While the results show that almost all of the optimized
structure candidates can be considered equally representative
of the structure of �-Al2O3, it is appropriate to show the
most thermodynamically stable configurations. Simulated
diffraction patterns for the lowest energy structures of the

Fd3̄m and I41/amd systems are shown in Figs. 12 and 13,
respectively, which provide comparison between the DFT
optimizations and those with the empirical potentials. The
undulation of the background is a reflection of the oxygen
sublattice being able to relax more freely to accommodate
cation migration in DFT. There is little or no change in the
cation positions. The relaxation of the oxygen sublattice re-
sults in the peak at 2��89° reducing in intensity and adopt-
ing an appearance closer to what is experimentally observed
�Fig. 5�. These structures are illustrated in Fig. 14, for opti-
mizations where the lattice parameters have been kept fixed.
The coordinates have been presented elsewhere36 and can
also be obtained through the corresponding author. The en-
ergy of these structures is 6.20 and 7.60 eV lower than the
energies of the structures with configurations closest to the

starting structures of the Fd3̄m and I41/amd symmetry sys-
tems, respectively. The structures that have configurations
among the closest to the starting structures, i.e., with the
least number of occupied non-a, -c, or -d site positions, are
representative of the most ideal cases. When the lattice pa-
rameters of the supercells were allowed to relax during op-
timization, the ratios of their dimensions remained relatively
constant and the structural configurations were consistent

FIG. 13. Lowest-energy supercell structure based on I41/amd
symmetry, with 9 cations on 4a, 4 cations on 4b, 18 cations on 8c,
25 cations on 8d, 4 cations on 8e, and 4 cations on 16g site posi-
tions. �a� Experimental neutron diffraction pattern for comparison.
�b� After optimization with interatomic potentials. �c� After optimiz-
ing with DFT. Wavelength=1.66 Å.
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with the calculations performed with fixed cell dimensions.
The lowest energy structures, for example, exhibited and a /b
lattice parameter ratio of 0.998 for the cubic system and
2.001 for the tetragonal system.

V. CONCLUSIONS

The purpose of this paper was to elucidate the structure of
�-Al2O3 by scrutinizing all possible structural candidates us-
ing geometric analysis before performing empirical and first
principle calculations on a reduced number of structures.
This was first carried out on spinel-based structural models
and then on c symmetry-based structural models.

Optimization of the spinel-based structural models
showed that structures with some nonspinel site occupancy
were more energetically favorable. However, none of the
structural models exhibited a configuration close to those
determined from our previous experimental studies. Nor did
any of the theoretical structures yield a diffraction pattern
that was characteristic of �-Al2O3. This discrepancy between
the simulated and real structures means that the spinel-based
starting structure models are not close enough to the true
structure of �-Al2O3 to facilitate the derivation of its repre-
sentative configuration from optimization.

However, the large number of structures which demon-
strate migration of cations to c symmetry positions provides
strong evidence that this tendency is inherent and supports
the cubic-16c and tetragonal-8c structure models of our pre-
vious work. It also suggests that these models are universal
for crystalline �-Al2O3.

Optimization of c symmetry-based structures, with start-
ing configurations similar to those derived from Rietveld
analysis of neutron diffraction data, resulted in simulated dif-
fraction patterns that were characteristic of �-Al2O3. The re-
sults show that on average over 40% of the cations in the
structure occupy nonspinel positions, and approximately
two-thirds of these occupy c symmetry positions. The simi-
larities in the diffraction patterns show that our optimized
structures follow the same symmetry rules determined by
experiment. A 2:3 ratio of cations to oxygen anions was
found in the subcells of most of the modelled supercells, as
was an approximate 2.33:1 ratio of octahedral to tetrahedral
cations in the structures. The occupancy of site positions
showed variation predominantly characterized by the migra-
tion of cations away from a symmetry positions to other
tetrahedral sites.

The variation in the site occupancy shows that it is more
important to have cations on the appropriate Miller planes
than it is to have precisely the right number of cations in
particular symmetry positions, provided that the number of
cations on c symmetry site positions remains reasonably con-
sistent. Only when there is a significant reduction in the
number of occupied c symmetry site positions is there devia-
tion of the simulated diffraction patterns away from experi-
ment.

Overall, the average structure is ordered, but locally we
can have regions of varying occupancy. The variation in the
cation occupancies follows local symmetry exclusion rules.
This results in the occupancy of non-a, -c, or -d symmetry
positions to locally minimize lattice distortions. The ob-
served distortions in octahedra and tetrahedra, coupled with
the varied distribution of cations, support the proposed short-
range ordering within the interskeletal layers of �-Al2O3 of
our previous work.

FIG. 14. Illustration of �a� Fd3̄m system structure represented in
Fig. 12, after optimization of supercell using DFT. �b� I41/amd
system structure represented in Fig. 13, after optimization of super-
cell using DFT. The lighter ions are oxygen and the darker ions are
Al.
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The supercells described here allow for more accurate and
complete modeling of the defect structure of �-Al2O3 than
the single unit cell approach. It is hoped that the data can aid
in greater understanding of the transformations to other tran-
sition aluminas and the mechanisms by which applications of
�-Al2O3 function. This research also demonstrates that prior
use of geometric analysis and interatomic potentials are suit-
able for use in investigations where stable structures need to
be determined from an enormous number of possibilities.
The empirical calculations delivered an acceptable level of
accuracy and allowed for a comprehensive survey of possible
outcomes using faster methods, before striving to achieve
high accuracy for a few more likely cases.
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