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We investigate theoretically the crucial role of the interstitial defects that trigger the melting of a surface-free
elemental crystal. Based on a modified J1-J2 lattice model, we have studied the quasistatic and dynamic
properties of a face-centered-cubic elemental crystal. The avalanche of interstitial defects due to cooperation
proves to be the instability mechanism at the melting point that bridges Lindemann and Born criteria.
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I. INTRODUCTION

Bulk melting is a solid-liquid phase transition �SLPT� tak-
ing place in a surface-free crystal.1 The study of this phe-
nomenon helps to clarify the essential driving force of the
inhomogeneous phase transition out of a homogeneous sys-
tem in that the surface-free condition rules out the influence
of inhomogeneity at the surface boundary. Many endeavors
have been made to test the previous melting theories by
probing into the behavior of bulk melting,2 especially in
search of the relation between the widely cited Lindemann3

and Born4 criteria. The Lindemann criterion proposes that
melting is triggered by the avalanche of the root-mean-
square �rms� atom displacement after it exceeds a threshold
fraction ��L

*� of the atom spacing �a�, where �L
* is called the

critical Lindemann ratio, a semiempirical parameter once
conceived as a lattice type characteristic; the Born criterion
argues that the vanishing of the shear modulus is responsible
for the inability to resist lattice destruction at the melting
point.

Nevertheless, in one recent molecular dynamics simula-
tion, Jin et al.5 used numerical results to demonstrate that a
surface-free argon �Ar� crystal undergoes a first-order SLPT
when the shear moduli experience a sudden downfall �albeit
not exactly vanishing, which is consistent with the experi-
mental observation of residual shear modulus at the melting
point6� and the atom displacement surges to infinity simulta-
neously. In this visualization of the agreement of the Linde-
mann and Born criteria, Jin et al. attributed the agreement at
the superheating limit �namely, the “melting point” of a
surface-free crystal, referred to as Tm hereafter� to the obser-
vation that “Lindemann particles” �the atoms whose rms dis-
placement exceeds a�L

*� tend to aggregate as a “liquid
nucleus” and the atoms in this nucleus manifest nearly van-
ishing shear modulus difference �CS=C44− �C11−C12� /2
�0.5 In other words, each cluster of Lindemann particles
satisfies both criteria, and the expansion of these clusters
marks the steady growth of a liquid phase. The numerical
results in Ref. 5 have implications for several important
questions whose answers remain elusive.

Question 1. Are there any parameters of the interatomic
forces that may account for the magnitude of the parameter
�L

*, which seems to vary from crystal to crystal?7

Question 2. What kind of instability mechanism is directly
responsible for the nonzero shear moduli at Tm, which seems
to contradict Born’s original argument?

Question 3. How does a heterogeneous nucleation process
manage to come out from a homogeneous system, that is,
how does a surface-free solid generate an interface from
within?

The answers to these three questions will definitely im-
prove our understanding of superheating, an important pro-
cess in thermodynamics8 that is experimentally realizable by
either material coating1 or laser-induced local heating.9

In this paper, we report an analytical procedure to join the
Lindemann and Born criteria in the case of bulk melting—
the SLPT in a boundary-free system as studied in Ref. 5, and
address the three numbered queries above. In Sec. II, follow-
ing the idea of defect-motivated transition in previous
literature10–13 and the previous understanding of defect coop-
eration and aggregation,11,14–21 we use the J1-J2 lattice model
plus a vibrational Hamiltonian22 to formulate the motion of
atoms in a solid, and show that in terms of the mean-field
approximation �MFA� and variational method, the model
manifests a first-order phase transition. Section III discusses
the physical implications that underlie the model solutions,
including the symmetry of the Hamiltonian, a chemical equi-
librium analogy, and the origin of “Lindemann particles.”
Section IV interprets the coincidence of Born and Linde-
mann criteria in the light of the model solution and answers
the three aforementioned questions intractable using numeri-
cal results.

II. MODEL HAMILTONIAN AND PHASE TRANSITION

A. Total Hamiltonian

We begin our argument with the Hamiltonian for a system
of N=4�3 atoms, labeled as �=1, . . . ,N:

H = �
�=1

N �T� +
1

2 �
�=1

N

V��
vib� +

1

2 �
�=1

N

�
�=1

N

V��
conf. �1�

This Hamiltonian incorporates the kinetic energy of each
atom labeled � �T�� and pairwise potential energy between
atoms � and � �V��=V��

vib+V��
conf�, where V��=0, for �

=1, . . . ,N. For each atom labeled �, the potential energy that
it experiences reads ��=1

N V��, which finally breaks down to
the summation of the “vibrational potential” ��=1

N V��
vib and the

“configurational potential” ��=1
N V��

conf. The former is harmoni-
cally oscillating with respect to interatomic distance when
the atom � is perturbed, and the latter is formally defined as
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��=1
N �V��−V��

vib�. This method of separating the Hamiltonian
was once successfully employed to explore the extent to
which lattice vibration affects the concentration of crystal
defects.22

This work basically treats an elemental crystal with face-
centered-cubic �fcc� structure �Ar, for instance�. In order to
take the interstitial defects into account, we use a lattice
model with the standard NaCl-type structure. At absolute
zero, the Na-like lattice is totally occupied by Ar atoms,
while the Cl-like lattice is vacant and forms the totality of
octahedral holes in a perfect fcc crystal. At any finite tem-
perature, by disregarding the vibrations and lattice distor-
tions �that is, by neglecting the atoms’ kinetic energy and its
consequences� for the moment, one may caricature the mo-
tion of the atoms in the solid by stochastic hops on the two
interpenetrating fcc lattices. The configurations of the system
are thus exhausted by all the possible ways to arrange N
atoms of a fcc crystal at 2N possible sites, so the summation
over atom pairs can be converted to a summation over site
pairs, as long as the site occupancy rate n at position r
= �hkl� is included in the following way:

1

2 �
�=1

N

�
�=1

N

V��
conf =

1

2�
r

�
r�

Jrr�
confnrnr�

�
1

2 �
h,k,l=1

2�

nhkl�J1 �
h�k�l�

nh�k�l� + J2 �
h�k�l�

nh�k�l�� .

�2�

Here, �r denotes summation over all the 2N sites, �h−h��
+ �k−k��+ �l− l��=1, �h−h��+ �k−k��+ �l− l��=2, and nr denotes
the number of the atoms occupying the site at position r,
nr=0 or 1. We have the cyclic boundary condition nh+2�,k,l
=nh,k+2�,l=nh,k,l+2�=nh,k,l which eliminates the surface
boundary; and the atom number conservation condition
�h,k,l=1

2� nhkl=N which reduces the degree of independence for
the occupancy rate by 1. The “coupling constant” Jrr�

conf equals
V��

conf when the distance between two atoms � and � is equal
to �r−r��. We have used the following cutoff in Eq. �2�:
Jrr�

conf=J1 when �r−r�� is the nearest-neighbor �NN� distance,
namely, the distance between a pair of nearest “Na” and
“Cl;” Jrr�

conf=J2�0 when �r−r�� is the next-nearest-neighbor
�NNN� distance, namely, the distance between a pair of near-
est “Na” sites �or “Cl” sites�; Jrr�

conf=0 otherwise. In order that
the NNN distance becomes the bond length in the fcc crystal
in our model �such as Ar, as opposed to NaCl�, we require
that J1�J2 and J2�0. This J1-J2 lattice model approxima-
tion is justified for interatomic forces that are both pairwise
and short ranged, which is physically applicable to solids
where the interaction is governed by the Lennard-Jones �as
in noble gases� or Morse functions �as in some metals�.21

In the three-dimensional lattice, vibrations are taken into
consideration in the form of the vibrational free energy

Fvib = 3NkBT ln
h�

kBT
, �3�

where kB is the Boltzmann constant, T is the absolute tem-
perature, h is the Planck constant, and � is the geometric

mean frequency of the vibrations.22,23 The formula above is
valid in the Dulong-Petit limit—the temperature regime
where most melting processes take place and the heat capac-
ity contributed by lattice vibration is asymptotically 3NkB.

B. Mean-field approximation

According to Landau-Ginzburg theory,24 the free-energy
functional related to Eq. �2� has the expansion

Fconf�L�r�	 =
1


2a3 � d3r��1 − L2�r�	H1 + �1 − L2�r�	2H2

+ 	��L�r�	2 + 6J2 + kBT�ln
1 − L2�r�

4

+ L�r�ln
1 + L�r�
1 − L�r�� �4�

where L�r�= ��−1�h+k+l�2nhkl−1�� is a local order parameter.
Here, �·� denotes the ensemble average—the weighted aver-
age over all configurations that the system is able to sample
through. Within a region where L�r��0��0�, atoms prefer-
entially occupy even �odd� h+k+ l sites. The T=0 K ground
state is then described by either L�hkl�� +1 or L�hkl��−1.
H1� �3/2��−2J2+J1��0 evaluates the excitation energy of
isolated interstitial defects, and H2� �3/8�J2�0 denotes the
energy trade-off to excite two interstitial defects at NNN
distance instead of farther apart �i.e., “virtual attraction be-
tween defects”11�, 	�a2H1 /2 is the domain-wall energy co-
efficient, where a is the average atom spacing. Here, “�”
denotes some crude estimates based on the MFA, as illus-
trated later by some “graph counting” of interactions be-
tween neighboring sites. The logarithmic terms in the inte-
grand of Fconf�L�r�	 result from the configurational entropy
Sconf.25

The kinetic energy and the vibrational potential in the
original Hamiltonian in Eq. �1� boil down to the vibrational
free-energy functional Fvib�L�r�	=−�3kBT /
2a3��d3r�1
−L2�r�	
. Here, 
= �1/4�ln��l /�i��0 where subscripts i
and l refer to �the vibrational modes at� the interstitial sites
and the lattice sites, respectively. This logarithmic term,
which is a consequence of Eq. �3�, agrees with the lattice
model modified by different eigenfrequencies of vibration in
Ref. 22.

The representation of H1 and H2 in terms of J1 and J2 can
be done by assuming a uniform L�r� and rewriting

Fconf + TSconf = �
r

�6J1�nrnr�� + 12J2�nrnr���

= �
r

�6J2 + �1 − L2�r�	H1

+ �1 − L2�r�	2H2	 , �5�

and using the approximation

�nrnr�� � �nr��nr�� =
1 + �L�r��

2

1 − �L�r��
2

=
1 − L2�r�

4
,

�6�
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�nrnr�� =
1

2
��nrnr��l + �nrnr��i�

�
1

2
��nr�l�nr��l + �nr�i�nr��i� + g„L�r�…

=
1

2
��1 + �L�r��

2
�2

+ �1 − �L�r��
2

�2�
+

12

2
�1 − �L�r��

2
�2

=
1

2
−

1 − L2�r�
4

+
3

8
�1 − L2�r�	2. �7�

Here, g(L�r�) is an estimate of the correction due to the NNN
correlation, assuming that the system saves the binding en-
ergy in the amount of J2 when two holes on the lattice sites
are close �in NNN contact� instead of being farther apart �see
Fig. 1�. In total, the saved bonds �NNN interactions� by sto-
chastic contact of holes lower the system energy in the
amount of �3/8��J2��1−L2�r�	2. Physically speaking, �1
−L2�r�	H1 evaluates the energy cost to excite interstitial de-
fects to be the creation of six antibonds �NN interaction� and
annihilation of 12 bonds; �1−L2�r�	2H2 offsets the overesti-
mate in the bond annihilation due to the cooperative excita-
tion of interstitial defects at NNN distance—a non-negligible
process when the concentration of interstitial defects exceeds
the level of 3%�5%.

The domain-wall energy 	��L�r�	2 is offsetting the mis-
calculation ��� based on the “mean-field” assumption L�r�
=L�r��=L�r�� when spatial inhomogeneity is significant:

�8�

�9�

According to the Pythagorean theorem applied to the vector
decomposition of �L�r�, the total the domain-wall energy
contributed by the nonvanishing �L�r� at site r is thus

1

4
� 6 �

1

2
�J1

a2

2
− J2a2���L�r�	2 =

a2

2
H1��L�r�	2.

�10�

C. Variational approach and phase transition

By applying the Euler-Lagrange equation to Fvib�L�r�	
+Fconf�L�r�	, and employing the boundary-free condition, we
establish the “Poisson equation”27

�„L�r�… � H1L�r� − 2H2L�r��L2�r� − 1	 − 3kBTL�r�


− kBT tanh−1 L�r� = − 	�2L�r� . �11�

The solution to this equation optimizes the free-energy func-
tional F�L�r�	 according to the variational method.

The “phenomenological electric charge density” �(L�r�)
immediately gives rise to a simple mathematical model of
the catastrophe of the long-range order: For sufficiently low
temperature T, the curve �(L�r�) intersects the positive L�r�

FIG. 1. �a� This shows two layers in a crystal. In the “upper
layer” �atoms represented by filled circles�, the two holes are sepa-
rate whereas in the “lower layer” �checkered circles�, the two holes
are close. �b� This shows the cross-section view of the upper layer,
with loss of eight bonds �in dashed lines� as compared to a perfect
layer. �c� This shows the cross-section view of the lower layer, with
loss of seven bonds �in dashed lines� as compared to a perfect layer.
We can see that two close holes save bonding energy in the amount
of J2 �bonds are denoted by thick black lines in �b� and �c�	.

FIG. 2. �Color online� Local properties of �(L�r�) /kBT near its
node LT. Here H1=6�H2�, 
=ln�4/3�. The tangent node is �LTm

,0�.
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axis at least once �Fig. 2�, so there is a homogeneous distri-
bution L�r��LT�0 which makes �(L�r�) vanish.26 Apply-
ing

��LTm
� = 0 and � ��„L�r�…

�L�r�
�

L�r�=LTm

= 0

to Eq. �11�, we can find a threshold temperature Tm satisfying

�3
 +
1

1 − LTm

2 =
H1 − 2H2�3LTm

2 − 1�

kBTm
,

1

LTm

3 � LTm

1 − LTm

2 − tanh−1 LTm� = −
4H2

kBTm
,� �12�

so that the intersection becomes a tangent point when T
=Tm. The critical order parameter LTm

can be eliminated
from the associated equation. �In Fig. 2, kBTm=H1 /2.53.�
For temperatures higher than Tm, �(L�r�) no longer intersects
the positive L�r� axis, suggesting a sudden loss of long-range
order at Tm, which is typical of a first-order SLPT. As H2
tends to zero, so does LTm

. Therefore, in the absence of “vir-
tual attraction between defects” �proportional to H2�, a first-
order SLPT is not possible according to this model.28

Equation �12�, the formula pertaining to Tm, physically
makes sense in at least two respects.

�1� Every “J1-J2 solid” according to our model should
bulk melt at a finite temperature

Tm =
3�J2�LTm

3

2kB�LTm
/�1 − LTm

2 � − tanh−1 LTm
	

�
9�J2�
4kB

� +  ,

�13�

which results from the naive inequality

�

1 − �2 − tanh−1 � −
2

3
�3 = �

0

� 2x4�2 − x2�dx

�1 − x2�2 � 0 �14�

that holds for 0���LTm
�1.

In general, Table I justifies the inequality Tm�9�J2� /4kB,
and shows similar �Sfus For the noble gases Ne, Ar, Kr, Xe,
and Rn, the interaction mode is the well-known van der
Waals force and is described by the Lennard-Jones function,5

so they share theoretically the same �and practically similar�
dimensionless parameters �H2� / �H1�, 
, in our model. Hence
they should have almost the same dimensionless values �LTm

�,
�J2� /kBTm, and �Sfus /NAkB.

�2� For fixed bonding energy J2 and lattice softening 
,
Tm is lowered when the �H2� / �H1� ratio is enhanced. This
reasonably suggests that the lower the energy cost in excita-
tion of interstitial defects, the lower is the bulk melting point.

The statement above can be translated into

� �Tm

�H1
�

H2,


� 0 �15�

which is a corollary of the trivial algebra

�

��
�H1 − 3kBTm


�H2� � = −
4��1 − �2�2 tanh−1 �

�� − �1 − �2�tanh−1 �	2�
0

� 8x4dx

�1 − x2�3

� 0 �16�

and the following argument:

��H2� is fixed

Tm↗ � ⇒
Eq. �12�

0 � � = LTm
↘ ⇒

Eq. �16�

H1 − 3kBT
↗
�
� is fixed,Tm↗

⇒ H1 ↗ . �17�

III. PHYSICAL IMPLICATIONS OF THE MODEL

A. Symmetry analysis of the configurational Hamiltonian

We now investigate the symmetry properties of the con-
figurational Hamiltonian

Hconf�J1,J2,�nr�� =
1

2 �
h,k,l=1

2�

nhkl�J1 �
h�k�l�

nh�k�l�

+ J2 �
h�k�l�

nh�k�l�� �18�

under the transformation J1�−J1. This qualitative analysis
will shed light on the properties of the “liquid phase” derived

from our model Hamiltonian as well as the interplay of long-
range and short-range orders.

It is clear that the Hamiltonian has “sublattice
symmetry:”30 it is invariant under any transformations that
swap interstitial sites and lattice sites, i.e. mappings such as
�hkl�� �h+1kl�, �hkl�� �hk+1l�, �hkl�� �hkl+1�. If a con-
figuration �nr� preserves this symmetry, that is,

�
�− 1�h+k+l=1

nhkl = �
�− 1�h�+k�+l�=1

nh�k�l� =
N

2
; �19�

then it is easy to find that

Hconf�J1,J2,�nr
*�� = Hconf�− J1,J2,�nr�� + 3NJ1, �20�

where its dual configuration �nr
*� satisfies
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2nhkl
* − 1 = �− 1�h+k+l�2nhkl − 1� . �21�

Suppose there exists a temperature T��0 K, above which
both the �J1 ,J2� and �−J1 ,J2� systems are characterized by
equal amounts of atoms occupying the lattice sites and inter-
stitial sites. It follows that when T�T�, the dominant con-
figurations in the partition functions for both cases should
preserve the sublattice symmetry. From the obvious identity

�
�nr�

e−Hconf�J1,J2,�nr��/kBT = �
�nr

*�

e−Hconf�J1,J2,�nr
*��/kBT, �22�

we see that when T�T�, the configurational free energy has
the following correspondence:

Fconf�J1,J2,T� = Fconf�− J1,J2,T� + 3NJ1. �23�

By differentiating with respect to T, we can establish the
exact identity for configurational entropy:

Sconf�J1,J2,T� = Sconf�− J1,J2,T� , �24�

which holds for T�T�. This identity is definitely not true
when temperature is sufficiently low, so that J1 and −J1
should result in different energy costs in excitation of inter-
stitial defects, and the configurational entropy of the �J1 ,J2�
and �−J1 ,J2� systems would not be identical. Therefore, there
must exist an intermediate temperature, at which
Sconf�J1 ,J2 ,T�−Sconf�−J1 ,J2 ,T� changes from a nonvanishing
value to zero, suggesting the existence of a phase transition
that enables the system to restore the sublattice symmetry.

The insensitivity of the configurational entropy with re-
spect to the sign flip of J1 is reminiscent of the “lattice gas
model”31 which describes the liquid phase in terms of the
NNN attractive bonding energy, regardless of the nature of
repulsion at NN distance. Therefore, the high-temperature
solution of our model should correspond to a “liquid phase,”
where sublattice symmetry is preserved and accordingly,
long-range order is lost: �2nr−1�=0. In the “liquid phase,”
�nrnr����nr��nr���1/4 is definitely a bad approximation
which rules out the temperature dependence of the ensemble

average NNN occupancy �nrnr��, because the NNN correla-
tion persists, keeping some short-range order even in the
absence of long-range order. The persistent NNN correlation
also constitutes a reason why we should evaluate the NNN
average �nrnr�� more carefully than its NN counterpart, by
taking into account the corrections proportional to �1
−L2�r�	2.

B. The Poisson equation and a “chemical equilibrium” analog

By regarding the steady solid phase as a system reaching
“chemical equilibrium,” we may reaffirm the form of �(L�r�)
in the Poisson equation �Eq. �11�	. By probing into the dy-
namic process that leads to the chemical equilibrium, we
may better understand why at a critical temperature, the equi-
librium state in the context of a canonical ensemble is not
attainable.

First, for T�Tm, we find that ��LT�=0 is equivalent to the
“chemical equilibrium” condition

1 − �LT�
1 + �LT�

=
�defective cell	

�nondefective cell	
= e−��̄/kBT. �25�

Here, �·	 denotes the equilibrium concentration, and

��̄ = 2�H1 − 3kBT
��LT� − 4H2�LT���LT�2 − 1� �26�

denotes the energy difference between two types of crystal
cells: the defective cell incorporating �in the statistical par-
lance� more than one �inclusive� interstitial and the nonde-
fective cell including less than one interstitial �visualized in
the inset of Fig. 3�a�	. The terms related to J1 and J2 in the
representation of ��̄ could be recovered by the following
“graph counting” process �in the graphs: �1+ �LT�� /2= P and
�1− �LT�� /2=q	:

TABLE I. In this table, all the elements �Ne, Ar, Kr, Xe, and Rn from the 0 group; Cu, Ag, and Au from
the IB group� assume fcc structures in the solid phase �Ref. 29�. TE is the equilibrium melting point of
crystals with surfaces. Tb is the boiling point of the liquid. �Hvap is the heat of evaporation. �Hfus is the heat
of fusion. The data in the other rows are obtained or estimated as follows: �Sfus=�Hfus /TE is the entropy
change due to fusion; Tm=1.2TE is an estimate of superheating limit based on Ref. 5; �J2�= ��Hvap

+�Hfus� /6NA is a rough estimate for the J2 parameter, where NA is Avogadro’s number.

Ne Ar Kr Xe Rn Cu Ag Au

TE �K� 24.56 83.8 115.79 161.4 202 1357.6 1234.93 1337.33

Tb �K� 27.07 87.3 119.93 165.1 211.3 2840 2435 3129

�Hvap �kJ mol−1� 1.7326 6.447 9.029 12.636 16.4 300.3 250.58 334.4

�Hfus �kJ mol−1� 0.3317 1.188 1.638 2.297 2.89 13.05 11.3 12.55

�Sfus �J mol−1 K−1� 13.5 14.2 14.1 14.2 14.3 9.61 9.15 9.38

�J2�NA �kJ mol−1� 0.3441 1.273 1.778 2.489 3.215 52.23 43.65 57.83

9�J2� � 4kB �K� 93.109 344.37 481.13 673.58 870.07 14134 11812 15649

Tm �K� 29.47 100.6 138.9 193.7 242.4 1629 1482 1604
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−
��̄

4
=

1

4
��̄nondefective cell − �̄defective cell� = �1 + �2, �27�

�28�

�29�
In this counting, the probability that an atom occupies a site
is labeled at the corresponding vertex. �1 evaluates the en-
ergy difference between two types of cells regardless of the
cooperativity of �i.e., correlation between� NNN atoms; �2
considers the energy offset due to the tendency for simulta-
neous occupation or evacuation of the three sites that are
NNN to the probability-1-occupied site.

This dynamical equilibrium is achieved by stochastic cre-
ation and annihilation of interstitial defects, or more vividly
speaking, the collisions in a dilute “gas” of interstitial mono-
mers and interstitial oligomers, in search of a minimal free
energy corresponding to an optimized long-range order pa-
rameter LT �Fig. 3�a�	.

Second, we notice that the aforementioned “collision pro-
cess” causes a fluctuation of L�r�, governed by Eq. �11�
which resembles the equation for a globally neutral plasma
when T�Tm. �This is because �(L�r�) changes sign as L�r�
varies in the vicinity of LT, which is analogous to the coex-
istence of positive and negative charges in a plasma.	 The
Green’s function of fluctuation response G�r ,r#� satisfies

23/2

a3 �	�2 +
��„L�r�…

�L�r� �G�r,r#� = − kBT��r − r#� , �30�

where ��r−r#� is the Dirac delta function. For sufficiently
low temperature T�Tm, the partial derivative in the equa-

FIG. 3. �Color online� �a� LT-T dependence
for the same H1 / �H2� and 
 as in Fig. 2, where
catastrophe occurs at the “melting point” Tm

=0.89�J2� /kB. Inset shows a “chemical equilib-
rium” between nondefective �up� and defective
�down� cells at T�Tm. �b� The dimensionless pa-
rameter �3 /kBTm as a function of LTm

�inset
shows close-ups with different scales�. �3 appears
in the expression for ��, the critical size of the
liquid nucleus.
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tionabove is negative, so G�r ,r#� is a propagator that decays
exponentially as �R�= �r−r#� grows. This guarantees the sta-
bility of the homogeneous distribution L�r��LT and implies
that there is no global net flow of particles in the solid, which
is the hallmark of the canonical ensemble. However, as T
approaches Tm from below, it is possible that
��(L�r�) /�L�r��0 for certain values of L�r� not far from LT,
which results from a non-Gaussian perturbation to the homo-
geneous distribution. When T=Tm, which is defined in Eq.
�12�, the “phenomenological electric charge density” �(L�r�)
no longer changes its sign in the vicinity of LTm

, and could be
expanded as �(L�r�)=−�2�r��2−�3�r��3+¯ in the vicinity
of LTm

, where ��r�=L�r�−LTm
. At this critical temperature,

the fluctuation is governed by 	�2��r�=�2�r��2+�3�r��3.
As r→0, this equation gives ��r��−�2 /�3�0 for the iso-
tropic perturbation and ��r��rlYlm�� ,�� for all anisotropic
perturbations where l�0. Therefore, isotropic excitation
dominates the instability mechanism at Tm, because all the
Ylm �l�0� modes are overwhelmed by the Y00 mode in the
short range.

Furthermore, ��K� the Fourier transform of ��r�, has the
following behavior �V being the volume of the system�:

����K��2�

� � ���K��2e−F/kBTm�
K

d��K��� e−F/kBTm�
K

d��K�

�
kBTm	K2

V
�	2K4 −

1

4

�3kBTm

�2�3 c�c2 + 3� + O� 1

K2��−1

,

�31�

where c�−1 is the spectral width, that is, the K’s satisfying
�1−c��−1� �K�� �1+c��−1 dominate the following sums
over wave vectors:

F�L�r�	 − F�LTm
	

= V�
K

	

2
K2���K��2 +

V�2

3 �
K1+K2+K3=0

��K1���K2���K3�

+
V�3

4 �
K1+K2+K3+K4=0

��K1���K2���K3���K4� + ¯ .

�32�

Viewing ����K��2� as a complex-valued function of the
complex wave number K, and leaving alone the O�K−2� term,
we see that ����K��2� not only has poles at purely imaginary
K values �decay mode�, but also encounters singularities at
real-valued K’s �oscillation mode�, indicating that homoge-
neity is only preserved for a finite volume within which fluc-
tuation propagates as a sinusoidal wave. The characteristic
length of this wave �=4�2	223/2��3kBTmc�c2+3�a3	−1 ap-
pears in the following estimate:

G�R� =
V

�2��3 � d3K����K��2�eiK·R

�
kBTm

8�	R
�e−R/� + cos

R

�
� . �33�

The sinusoidal propagator at T=Tm facilitates particle ex-
change throughout the solid, thereby declaring the end of the
superheating process8 and demise for the grand canonical
ensemble. In this context, “quasineutrality” in the “plasma”
is attained by establishing L�r��0 and L�r��0 domains,
each with diameter of ���
2aH1

2�3�2�3kBTm�−1, which is
the average size of the locally isotropic excitations of atom
clusters.33 �Fig. 3�b� plots the dimensionless parameter
�3 /kBTm=8�−3�0

�x4�1−x2�−4dx, where �=LTm
.32	

These highly cooperative and energetic atom clusters give
rise to a catastrophe of global long-range order at Tm:

�LT��→ �LTm
� � 0, T → Tm − 0,

=0, T � Tm.
 . �34�

The vanishing long-range order �LT� at temperatures higher
than Tm casts the system into sublattice symmetry.

C. Relations with Born and Lindemann criteria: “Lindemann
particle clusters” reconsidered

Within the spherical domains of instability �SDIs� de-
scribed above as locally isotropic excitations, due to the na-
ture of the fluctuation and the relaxation, the displaced atoms
are moving collaboratively, energetically and isotropically, in
many ways similar to “Lindemann particles.”5 Regarding
these characteristics of SDIs, we can obtain three results after
restoring the lattice distortions into our model. First, the to-
tality of atoms in each SDI exhibits local isotropy, which
guarantees exactly vanishing shear modulus difference:

�CS = C44 −
C11 − C12

2
= 0. �35�

Second, the average displacement of the energetic atoms in
all the SDIs exceeds a�L

*, the average displacement of all
atoms, because packed spherical domains cannot perfectly
fill the whole space. In the light of this, the atoms in SDIs are
“Lindemann particles” by definition. Third, the critical Lin-
demann ratio �L

* is determined by the solving the Langevin
equation mr�t� · r̈�t�=r�t� ·F�t�. Here, m is the mass of the
atom, on which a force F�t� is exerted at time t. The overbar
indicates the time average. According to the ergodicity argu-
ment, we may replace the time average by the ensemble
average as long as T�Tm, and then take the limit T→Tm
−0 to conclude that

3kBTm = 4�2��2�m�a�L
*�2 �36�

where ��2� is the average square frequency.3

IV. DISCUSSIONS

In short, the aforementioned SDIs satisfy the Born and
Lindemann instabilities simultaneously and make the ava-
lanche of atom displacement and the rigidity catastrophe co-
incide. In addition to providing the mechanism �why� and
pathway �how� of melting and bridging the Born and Linde-
mann criteria in a fcc elemental crystal �Ar, Cu, etc.�, our
account of the SDIs is capable of answering the three ques-
tions about SLPT intractable by numerical simulation. �1�
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The most influential factors for the critical Lindemann ratio
�L

* are the profile �not every detail� of the interatomic force
that determines �L�Tm

as a function of J1, J2, and 
 in differ-
ent crystals. Although it might be true that m��2�� �H2�
�Tm for the Lennard-Jones potential that govern interactions
of noble gas molecules �Table I�, and there is a universal
dimensionless parameter �L

* for all van der Waals crystals
with fcc geometry, there is not necessarily a general �L

* ap-
plicable to all fcc crystals.7 �2� The residual shear modulus at
Tm is due to the fact that there is always some unoccupied
space among the packed spheres. Born’s argument is still
valid within each SDI, but no longer valid in the melting
crystal as a whole. �3� Inhomogeneous instability comes
from fluctuations that propagate as a sinusoidal wave, which
is a consequence of the optimization of the free-energy func-
tional in the thermodynamic limit. Although this wave cuts
the space into separate compartments exhibiting ostenta-
tiously mutual independence, it actually gives rise to huge
density fluctuations throughout the solid and facilitates the
exchange of particles between different sites in the space,
thus declaring the demise of canonical ensemble. Hence, this
wave digs out channels for particle flow in addition to energy
flow within the solid phase, thereby putting an end to the
superheating process.8 This reaffirms the numerical conclu-
sions in Ref. 5 that the Lindemann particles in the “surface-
free melting” process have the same function as the surface

boundaries in “surface melting:” they both form an outlet for
particle exchange, the key machinery in “melting” problems.

V. CONCLUSIONS

In this paper, we have studied the surface-free fcc crystal
with a dynamic lattice gas J1-J2 model. The mean-field ap-
proximation solution shows that the long-range order catas-
trophe is triggered by the correlation of interstitial defects
near Tm, which leads to a heterogeneous formation of insta-
bility nuclei. Since the preliquid droplets satisfy the Born
and Lindemann criteria simultaneously, these nuclei facilitate
particle flow as do surface boundaries in surface melting.
The most striking result is that the nucleation process within
the scope of this minimal model not only reconciles two
melting criteria, but also serves as a bridge that joins two
ensemble theories: the canonical and the grand canonical.
This shows evidence that the driving force of melting may
come from the interior of the solid phase itself.
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