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The dependencies on strain and oxygen vacancies of the ferroelectric polarization and the weak ferromag-
netic magnetization in the multiferroic material bismuth ferrite, BiFeO3, are investigated using first principles
density functional theory calculations. The electric polarization is found to be rather independent of strain, in
striking contrast to most conventional perovskite ferroelectrics. It is also not significantly affected by oxygen
vacancies, or by the combined presence of strain and oxygen vacancies. The magnetization is also unaffected
by strain, however, the incorporation of oxygen vacancies can alter the magnetization slightly, and also leads
to the formation of Fe2+. These results are discussed in light of recent experiments on epitaxial films of
BiFeO3, which reported a strong thickness dependence of both magnetization and polarization.
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I. INTRODUCTION

Materials that simultaneously show electric and magnetic
order are currently gaining more and more attention. This is
partly due to the fact that suchmultiferroics are promising
materials for the design of multifunctional device applica-
tions, but also because of the interesting physics found in this
class of materials. For example, a strong coupling between
ferroelectric and antiferromagnetic domain walls has been
found in YMnO3,

1 in orthorhombic TbMnO3 and TbMn2O4
the ferroelectric polarization can be reoriented by a magnetic
field,2,3 and ferromagnetic ordering can be “switched on” by
an electric field in hexagonal HoMnO3.

4

Although magnetoelectric materials have been known for
a long time,5 recent progress in thin-film growth and other
sample preparation techniques contributed considerably to
their renaissance. By using techniques such as pulsed laser
depositionsPLDd, chemical vapor depositionsCVDd, or mo-
lecular beam epitaxysMBEd, many materials can nowadays
be prepared as high quality epitaxial thin films. One advan-
tage of these techniques is the possibility to stabilize other-
wise metastable structures or to tune material properties by
varying the lattice mismatch between the film and the sub-
strate, thereby introducing epitaxial strain in the thin film
material.

Indeed, the effect of strain on the ferroelectric properties
of conventional ferroelectric materials is also a topic of cur-
rent interest. Strain effects can lead to a substantial increase
of the spontaneous polarization and Curie temperature,6 and
even drive paraelectric materialsssuch as SrTiO3d into the
ferroelectric phase.7 Since the mechanism for ferroelectricity
in multiferroic materials is often different from that in con-
ventional perovskite ferroelectrics,8,9 the question arises of
whether similar strain effects will be observed in multiferro-
ics. Magnetic properties can also be strongly affected by
strain, mainly due to large changes in anisotropy.10 Strain can
also affect the saturation magnetization and Curie
temperature.11

First principles density functional theorysDFTd calcula-
tions ssee, e.g., Ref. 12d play a crucial role in studying the

influence of strain on ferroelectric properties.13–15 Epitaxial
strain can be introduced straightforwardly in DFT studies by
fixing the lattice parameters in the directions corresponding
to the lateral dimension of the substrate and allowing the
system to relax in the perpendicular direction. This makes it
possible to clearly distinguish between the effect of strain
and other influences present in real thin-film samples, such
as interface effects or various types of defects. Such infor-
mation can then be used to optimize the properties of the
thin-film material.

In this work we study the influence of strain on the elec-
tric polarization and magnetization of multiferroic bismuth
ferrite, BiFeO3. Bismuth ferrite crystallizes in a rhombohe-
drally distorted perovskite structure with space groupR3c,16

where all ions are displaced along thef111g direction relative
to the ideal centrosymmetric positions, and the oxygen octa-
hedra surrounding the transition metal cations are rotated
around this axis, alternately clockwise and counterclockwise.
The magnetic order is essentiallyG-type antiferromagnetic17

but in addition, the direction of the magnetic moments in the
bulk rotates with a long wavelength of 620 ÅsRef. 18d. We
have recently shown that if this spiral spin structure is sup-
pressed, the system showsweak ferromagnetism19 with the
magnetic moments oriented perpendicular to the rhombohe-
dral axis and a slight canting of these magnetic moments
resulting in a small macroscopic magnetization.20

Ferroelectric hysteresis loops have been measured for
BiFeO3 but the experimental determination of an exact value
for the spontaneous polarizationPs is difficult due to large
leakage currents.21 Several values are reported in the litera-
ture, summarized in Table I of Ref. 22. A first principles
calculation of the spontaneous polarization of bulk BiFeO3
results in a value ofPs,95 mC/cm2 sRef. 22d; recent mea-
surements for epitaxial films grown on SrTiO3 agree well
with this value.23–25 These experiments also show a strong
dependence of both magnetization and ferroelectric polariza-
tion on the film thickness.23 One likely explanation for this
thickness dependence is the increase in strain with decreas-
ing film thickness; another is a change in the concentration
of defects such as oxygen vacancies. In this work we sys-
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tematically examine both possibilities using first principles
DFT calculations.

Our main result is that the strain dependence of the ferro-
electric polarization in BiFeO3 is rather weak compared with
conventional ferroelectric materials and that it cannot explain
the variation of the polarization reported for the thin film
samples. The same is true for the magnetization, which also
shows only weak strain dependence. The weak strain depen-
dence of the polarization is due to a very stable ionic con-
figuration in BiFeO3, which manifests itself in only small
changes of the relative ionic positions when the lattice is
strained.

The high stability of the ferroelectric configuration also
leads to a negligible dependence of the electric polarization
on the oxygen vacancy concentration. In contrast, we find
that the magnetization of BiFeO3 is affected by the presence
of oxygen vacancies but the changes are not very systematic
and depend on the precise position of the oxygen vacancy.
The presence of oxygen vacancies in all cases leads to the
formation of Fe2+ ions, which can be identified unequivo-
cally in the partial densities of states although the actual
charge differences between the different Fe sites are very
small.

II. METHOD

For this work we use first principles density functional
theory ssee, e.g., Ref. 12d within the projector augmented
wavesPAWd method26 as implemented in theVienna Ab ini-
tio Simulation PackagesVASPd.27,28 We include 15 valence
electrons for Bis5d106s26p3d, 14 for Fes3p63d64s2d, and 6
for each oxygens2s22p4d, use an energy cutoff between 450
and 500 eV for the plane wave expansion of the PAWs, a
43434 Monkhorst Pack grid ofk points,29 and the tetrahe-
dron method with Blöchl corrections for the Brillouin zone
integrations.30 For all structuressunless otherwise notedd we
relax the ionic positions while keeping the lattice vectors
fixed until the Hellman-Feynman forces are less than
10−2 eV/Å. For the calculation of the local densities of states
at the Fe sites we use a sphere radius of 1.4 Å. These values
have been found to give good convergence of all quantities
under consideration.

To treat exchange and correlation effects we use both the
local spin density approximationsLSDAd12 and the semi-
empirical LSDA+U method31 for a better description of the
localized transition metald electrons. We have recently
shown that using the LSDA+U method and a moderate
value ofU=3 eV sandJ=1 eVd leads to a good description
of the structural parameters and the ferroelectric polarization
in BiFeO3.

22 LargerU values shift thed bands further down
in energy relative to the oxygenp states but have only a
small effect on the structural and ferroelectric properties.U
=3 eV can be regarded as a lower limit of what is required to
ensure the insulating character of BiFeO3, and here we ex-
clusively use this valuesandJ=1 eVd in our LSDA+U cal-
culations. We do not claim that these values necessarily
would also lead to a good description of spectroscopic quan-
tities such as, e.g., photoemission spectra.

There are two different LSDA+U approaches imple-

mented in theVASP code, sid the traditional LSDA+U ap-
proach of Anisimov, Liechtenstein, and co-workerssin the
so-called “fully localized limit”d,31 and sii d a simplified ap-
proach of Dudarevet al.32 where only the differenceUeff
=U−J enters. As shown in the Appendix the latter approach
sii d is identical to approachsid whenJ=0, so that the differ-
ence between these two approaches can be discussed in
terms of aJ dependence. As pointed out above, the structural
and ferroelectric properties do not depend strongly on the
precise values ofU andJ and are therefore basically identi-
cal for both approaches. In contrast, the magnetization of
BiFeO3, which is due to a small canting of the mainly anti-
ferromagnetically coupled magnetic moments of the Fe
cations,20 is strongly J dependent. Although the absolute
value of this cantingsand therefore the macroscopic magne-
tizationd depends strongly onJ, the effects of strain and oxy-
gen vacancies are basically independent of the actual value
of J. Since the focus of the present paper is on these effects,
we postpone the detailed analysis of theJ dependence of the
magnetization to a future publication and always present two
data sets for the magnetization, one obtained usingU
=3 eV andJ=1 eV, the second obtained usingU=2 eV and
J=0 eV for equivalently approachsii d with Ueff=2 eVg. Our
conclusions regarding the effects of strain and oxygen vacan-
cies on the magnetization in BiFeO3 apply independently to
both data sets. We point out that a significantJ dependence is
only observed for thecantingof the local magnetic moments
of the Fe cations. The absolute values of these magnetic
moments are rather independent ofJ, as long asJ is varied
within reasonable limitssJ,1.5 eVd.

For the calculation of the ferroelectric polarization we use
the Berry-phase approach developed by Vanderbilt and
King-Smith.33–35 In this theory the polarization of a periodic
solid is represented by a three-dimensional lattice, and ex-
perimentally accessible polarization differences are obtained
by connecting two points of the “polarization lattices” of the
initial and final states, which can be transformed into each
other through a continuous “path” of insulating intermediate
states. In the present case special care must be taken in de-
termining which points of the initial and final state polariza-
tion lattices have to be connected. First, because the value of
the polarization difference in BiFeO3 is comparable to the
distance between neighboring points on the polarization
lattices,22 and in addition, because the direction of the spon-
taneous polarization in the monoclinically strained structures
and in the supercells containing oxygen vacancies is not
symmetry restricted. In such cases the noncentrosymmetric
distortions of the ionic positions in the corresponding sys-
tems are gradually reduced until an unambiguous connection
can be made, i.e., the polarization of some intermediate
states is explicitly calculated.

III. RESULTS AND DISCUSSION

A. Strain dependence of the electric polarization
for (111) oriented films

We first investigate the effect of strain corresponding to a
s111d orientation of the substrate. This geometry preserves
the rhombohedral symmetry found in the unstrained system
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and the spontaneous polarization remains oriented along the
f111g direction. We consider compressive strain as well as
tensile strain. We fix the nearest neighbor distanceahex be-
tween identical cations within thes111d plane to the values
shown in Table I and then vary the out-of-plane lattice pa-
rameterchex while relaxing all ionic positions.46 The sponta-
neous electric polarizationPs and magnetization per Fe cat-
ion Ms are calculated for the relaxed value of the out-of-
plane parameter,chex

s0d , corresponding to the minimum of the
total energy with fixed in-plane parameterahex sand relaxed
ionic coordinatesd. The results are summarized in Table I.
The strain is defined ase=ahex/ahex,0−1 whereahex,0 is the
corresponding lattice constant for the unstrained system. For
comparison we mention that the lattice constant of SrTiO3,
which is a commonly used substrate material, would lead to
a compressive strain ofe<−2%.

One can see that compressive epitaxial strain in thes111d
plane leads to a reduction of the unit cell volume whereas
tensile strain leads to a volume increase, i.e., the system does
not behave like an ideal elastic medium. This result is similar
to that found in Refs. 36 and 13 for BaTiO3. The spontane-
ous polarizationPs of BiFeO3 increases slightly with increas-
ing compressive strains4% increase of the polarization for
e=−3%d but the effect is much smaller than in the conven-
tional ferroelectric systems BaTiO3 and PbTiO3. In BaTiO3 a
strain of e=−1% leads to an increase in the polarization of
,35% sRef. 36d whereas a similar strain in PbTiO3 increases
the polarization by 15%–20%.14 The largest strain effect on
the polarization is seen in SrTiO3 which is not ferroelectric
in the unstrained state but develops a spontaneous polariza-
tion in epitaxially strained films.7

We point out that the observed small change in spontane-
ous polarization is consistent with the small changes in ionic
displacements that result from the applied strain. If we cal-
culate the expected change in polarization based on a simple
point charge model asPssed=Psse=0d+f1/VsedgoiZifRised
−Rise=0dg fhereZi is the charge associated with ioni ssee
belowd, Rised is the corresponding strain-dependent ionic po-
sition, V is the unit cell volumesalso strain dependentd, and
the sum extends over all ions in the unit cellg then the result-
ing change in polarization for reasonable values ofZi is com-

parable to the change found by the direct calculation ofPs
using the Berry-phase approach. Figure 1 shows the change
in polarization as a function of strain, calculated with the
Berry-phase approach as well as with the above formula us-
ing for Zi sid the formal charges andsii d the Born effective
chargessBECsd of the unstrained structure.22 The weaker
strain dependence of the spontaneous polarization in BiFeO3
compared to other ferroelectrics can therefore be traced back
to the weaker strain dependence of the ionic displacements in
this material.

Table I also shows the change in ionic displacements
scompared to an ideal centrosymmetric reference structure
with the same lattice parametersd as a function of strain. The
positions of the Bi cations are used as reference and therefore
the displacements of these ions are zero by definition. For a
compressive strain ofe=−3% the displacements of the Fe
cations change only by,17% sLSDAd whereas the displace-
ments of the oxygen atoms are nearly strain independent. For
comparison, an epitaxial strain of −2.28% in thes001d plane
of tetragonal BaTiO3 leads to a change of the displacements
of the Ti cations alongf001g of ,52%, and the displace-
ments of the O anions in this case change by even more than
100%.36

There are three likely explanations for the weak strain
dependence of the ionic displacements in BiFeO3. The first is
the general high stability of ferroelectrics with high Curie

TABLE I. Strain e, in-plane lattice parameterahex, relaxed out-of-plane lattice parameterchex
s0d , volumeV of the rhombohedral unit cell

scontaining two formula unitsd, absolute and relative displacements of Fe and O ions along thef111g direction hcompared to an ideal
centrosymmetric reference structure with the same lattice parameters,uised=Rised−Ri,0sed, Duised=fuised /uis0dg−1j, spontaneous polariza-
tion Ps, and magnetizationMs for BiFeO3 strained within thes111d plane. Upper values are obtained using the LSDA, lower values are
obtained using the LSDA+U method. For the LSDA+U magnetization, the first value refers toU=2 eV, J=0 eV and the second value
refers toU=3 eV, J=1 eV ssee Sec. II for detailsd.

e s%d ahex sÅd chex
s0d sÅd V sÅ3d uFe sÅd DuFe s%d uO sÅd DuO s%d Ps smC/cm2d Ms smB/Fed

−3 5.326 13.68 112.01 0.294 16.8 0.527 2.5 102.8 0.04

−1 5.431 13.45 114.53 0.268 6.2 0.520 1.2 100.1 0.05

0 5.485 13.31 115.62 0.252 0 0.514 0 98.9 0.05

+1 5.541 13.22 117.16 0.246 −2.5 0.517 0.6 98.4 0.05

+3 5.655 13.00 120.01 0.227 −9.7 0.520 1.3 97.9 0.05

−3 5.343 13.92 114.71 0.357 21.8 0.573 6.2 97.7 0.02/0.11

0 5.503 13.48 117.86 0.293 0 0.539 0 94.0 0.03/0.10

FIG. 1. PolarizationPs as function of straine calculated within
the Berry-phase approachsfull circlesd and by a simple point charge
model ssee textd using the formal chargessopen trianglesd and
Born-effective charges of the unstrained systemsopen squaresd.
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temperatures, large ionic displacements, and large energy
differences between the ground state and the centrosymmet-
ric reference structure. BiFeO3 has a very high Curie tem-
peraturesTC=1123 Kd and the energy gain in the ground
stateR3c structure is,0.25 eV per formula unit compared

to the centrosymmetricR3̄c structure and,1 eV compared
to the cubic perovskite structured. This explanation is consis-
tent with the fact that the strain dependence of the polariza-
tion is already weaker in PbTiO3 sRef. 14,TC=763 Kd than
in BaTiO3 sRef. 13,TC=400 Kd. If this explanation is valid,
a similar strain independence of the electric polarization
should be observable for LiNbO3 which is isostructural to
BiFeO3 and has a even higher Curie temperature of 1480 K
sall Curie temperatures are taken from Ref. 37d. The second
possible explanation is that the mechanism driving the ferro-
electric distortion in BiFeO3, namely the stereochemically
active lone pair,38 is relatively inert to the changes in the
lattice vectors caused by epitaxial strain. In conventional
ferroelectric perovskites the ferroelectric distortion is stabi-
lized by charge transfer from the oxygen into the unoccupied
transition metald orbitals.39 This charge transfer mechanism
is probably more sensitive to small changes in bond lengths
than the stereochemical activity of the Bi lone electron pair.
In this case the study of the strain dependence of the electric
polarization in the multiferroic BiMnO3 would be of interest.
The ferroelectricity in BiMnO3 is driven by the Bi lone pair38

but its “general stability” is not largesreportedTc,760 K,
Ref. 40d Thus a smallslarged strain dependence in LiNbO3
and a largessmalld strain dependence in BiMnO3 would con-
firm the general stabilityslone paird origin of the polarization
stability. A third possible explanation for the weak strain de-
pendence in BiFeO3 is the special geometry of the oxygen
octahedra in theR3c structure. In ferroelectrics like BaTiO3
and PbTiO3 all ions are displaced only along the polar direc-
tion whereas in BiFeO3 sand also in LiNbO3d the oxygen
octahedra are also rotated around this axis. The resulting
geometry of the oxygen cages surrounding the transition
metal cations could be less favorable for an additional strain-
induced displacement of the ions compared to the simpler
geometry found in BaTiO3 and PbTiO3. Future studies will
shed more light on this issue.

The results obtained using the LSDA+U method are very
similar to the LSDA results. Although the relative change in
displacements seems to be slightly larger than within the
LSDA ssee Table Id, the relative changes in polarization are
exactly the same in both cases. This reflects the fact, which
has been already pointed out in Ref. 22, that the explicit
treatment of electronic correlations within the LSDA+U
method has only minor effect on the structural properties of
this system. Apart from resulting in a slightly larger equilib-
rium volume, in better agreement with experimental data, the
main effect is an improved description of the electronic
structure resulting in a larger band gap and a stable insulating
phase.

B. Strain dependence of the polarization
for (001) oriented films

We now discuss the case of BiFeO3 deposited on as001d
surface. In this case the epitaxial constraint of the cubic sub-

strate enforces 90° angles of the lattice vectors within the
s001d planes, in conflict with the rhombohedral distortion of
bulk BiFeO3. One can expect that the competition between
these two effects leads to a base-centered monoclinic struc-
ture and indeed monoclinic symmetry is found experimen-
tally in epitaxial BiFeO3 films deposited on as001d surface
of SrTiO3.

41 The low symmetry of the monoclinic structure
renders a systematic computational investigation unfeasible
for this type of epitaxial strain. We have therefore performed
calculations for two structures, one representative of very
thin films s,100–200 nmd, the other representative of
thicker films s,400 nmd, based on experimentally deter-
mined lattice parameters.41 To account for the fact that the
theoretically determined lattice parameters are usually
slightly different from the experimental lattice parameters we
have scaled all values accordingly, so that the strain in the
calculations is the same as that found experimentally. We use
a monoclinic angleb=89.5°, consistent with the experimen-
tal data.41 All lattice parameters are summarized in Table II.
As reference for the theoretical lattice parameters we use the
values obtained by relaxing the bulk rhombohedral unit cell
usingUeff=2 eV.22 In the thin films the large in-plane stress
leads to a large out-of-plane relaxation and aÎ2c/a ratio that
deviates significantly from 1. In the thick films the in-plane
stress is partially released because of the two different in-
plane lattice parametersa andb, leading toÎ2c/a ratio sor
Î2c/b ratiod closer to 1 and nearly no strain in the out-of-
plane direction. The results for the electric polarization and
magnetization calculated after relaxing all the ionic positions
are shown in Table III. To ensure the insulating character of
the systems we use the LSDA+U method for these calcula-
tions.

Due to the largerc/a ratio in the “thin film” structure the
direction of the polarization rotates further away from the
f111g directionstowards thef001g directiond compared to the
“thick film” structure. This leads to an increase in the out-of-
plane component of the polarization, in spite of the fact that
the effect of strain on the absolute value of the electric po-
larization is rather small. Thus, experiments that measure the
out-of-plane component of the polarization can expect to see
changes inP due to this reorientation effect, even in cases

TABLE II. Experimental lattice parameterssin Åd found in rep-
resentative BiFeO3 films ssee Ref. 41d sline “Exp.”d, together with
the corresponding lattice parameterarh of rhombohedral bulk
BiFeO3 sRef. 16d, and the values used in the calculations for the
monoclinically strained filmssline “Theo.”d. a andb correspond to
the two in-plane directions andc to the out-of-plane direction of the
monoclinic lattice. The values in the given form correspond to the
lengths of the cube edges of the distorted cubic perovskite structure.
Strain valuese are also given.

arh/Î2

Thin films Thick films

a/Î2 b/Î2 c a/Î2 b/Î2 c

Exp. 3.98 3.92 3.92 4.06 3.91 3.97 4.00

Theo. 3.89 3.83 3.83 3.97 3.82 3.88 3.91

e −1.5% −1.5% +2% −2% −0.2% +0.4%
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where the strain dependence of the magnitude of the polar-
ization is small.

Comparing the calculated values of the spontaneous po-
larization with the experimental data fors001d oriented films
of different thickness from Ref. 23ssee Table IIId shows that
the theoretical values agree reasonably well with the experi-
mental data for the thin filmssperpendicular component of
the polarizationd. The reported experimental value for the
thicker films seems to be smaller than the calculated value.
This could be due to incomplete switching of the polarization
in the thicker films.

In summary, the strong dependency of the polarization
from the film thickness reported in Ref. 23 is probably a sum
of two effects:sid the rotation of the polarization away from
the f111g direction in the thinner films due to the increased
c/a ratio, andsii d incomplete switching of the polarization in
the thicker films.

C. Strain dependence of the magnetization

It can be seen from Tables I and III that there is no sig-
nificant strain dependence of the magnetization in BiFeO3.
The absolute value of the magnetizationsresulting from
the canting of the Fe magnetic momentsd is significantly
larger for the traditionalJ dependent LSDA+U treatment
compared to the simplified approach corresponding toJ
=0 eV ssee Sec. IId but in both cases this value is not
significantly changed by strain, either for the rhombohedral
symmetrysTable Id or for the monoclinically strained struc-
ture sTable IIId.

D. Influence of oxygen vacancies on the electric
and magnetic properties

To investigate the influence of oxygen vacancies on the
ferroelectric and magnetic properties of BiFeO3 we perform
calculations for a unit cell doubled along one of the rhom-
bohedral lattice vectorssso that it contains four formula
unitsd, in which we remove one oxygen atom and then relax
all ionic positions in the supercell. We then calculate total
and partial densities of states, electric polarization, and mag-
netization. We do this for the rhombohedral bulk structure as
well as for the thin film monoclinically distorted structure
described in Sec. III Bssee Table IId. The use of a doubled
unit cell artificially reduces the symmetry of the rhombohe-
dral system to the monoclinic space groupBb sin the case of
the monoclinically distorted structure this is already the

space group of the original unit celld. In this lowered sym-
metry there are three inequivalent groups of oxygen anions.
Removing an oxygen anion from one of the three groups in
turn leads to three different arrangements of oxygen vacan-
cies. In the following we refer to these different configura-
tions sin a somewhat arbitrary wayd as configurations I, II,
and III. The corresponding supercells have a vacancy con-
centration of 8.3%, which means that one out of 12 oxygen
anions is missing. This can formally be written as BiFeO3−d

with d=0.25.
All systems are metallic within the LSDA but become

insulating within the LSDA+U. Table IV shows the values
for the electric polarization and magnetization for all super-
cells calculated within the LSDA+U method. Remarkably,
the electric polarization is not significantly affected by
the presence of oxygen vacancies and the accompanying
structural and electronic distortions. This again reflects the
high stability of the ferroelectric configuration in this system.
Even the combined presence of epitaxial strain and oxygen
vacancies in the monoclinically distorted structures does
not lead to significant changes in the ferroelectric polariza-
tion Ps.

Figure 2 shows the densities of statesstotal and partial Fe
dd for vacancy configuration I based on the rhombohedral
bulk structure together with the corresponding densities of
states for the same structure without oxygen vacancies. The
densities of states for the other systems all look very similar
to that shown in Fig. 2. The four Fe cations in the supercell
containing the vacancy can be divided in two classes which
we call “Fe3+” and “Fe2+.” The partiald densities of states
for the two Fe3+ cations are very similar to the case without
the oxygen vacancies: theslocald majority spin states are
completely filled and theslocald minority spin states are
completely emptysapart from a small contribution arising
from the hybridization with the O 2p statesd, indicating ad5

high-spin electronic configuration. The unoccupied minority
d states are split into thet2g andeg manifolds characteristic
of the predominantly octahedral symmetry of the crystal
field. The partial densities of states for the Fe2+ cations are

TABLE III. Calculated absolute values of the polarizationuPsu
and out-of-plane componentsPsdf001g sin mC/cm2d for the mono-
clinic structures.Pexp is the value measured in thef001g direction,
ssee Ref. 23d and should be compared to the calculatedsPsdf001g. For
the magnetizationMs, the first value refers toU=2 eV,J=0 eV and
the second value refers toU=3 eV,J=1 eV ssee Sec. II for detailsd.

uPsu sPsdf001g Pexp sRef. 23d Ms smB/Fed

Thin films 94.8 63.4 50–60 0.03/0.10

Thick films 92.1 57.0 25–30 0.03/0.11

TABLE IV. Polarization uPsu and magnetizationMs calculated
within the LSDA+U method for the systems with oxygen vacan-
cies. The uppersmiddled three lines correspond to the three vacancy
configurations based on the rhombohedral bulk structuresmono-
clinic thin film structured. The last line corresponds to the tripled
unit cell. For the magnetization, the first value refers toU=2 eV,
J=0 eV and the second value refers toU=3 eV, J=1 eV ssee Sec.
II for detailsd.

uPsu smC/cm2d Ms smB/Fed

I 96.6 0.01/0.07

II 95.0 0.07/0.14

III 97.1 0.05/0.11

I 97.1 0.02/0.08

II 94.6 0.07/0.14

III 99.9 0.05/0.10

tripled 96.5 0.06/0.12
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significantly different from this. Here, thet2g minority states
are partially filled by approximately one electronsindicating
a high spind6 electron configurationd and there is a small gap
between the occupied and unoccupied minorityt2g states.
The densities of states therefore suggest a picture of distinct
Fe2+ and Fe3+ cations withd5 andd6 electron configurations,
respectively.

Although the presence of both Fe2+ and Fe3+ seems rather
obvious from the analysis of the densities of states, the local
charges, obtained by integrating the partial densities of states
up to the Fermi energy, differ only slightlys,0.1 ed for the
two types of Fe cations. Furthermore, these charges do not
represent the formal charges corresponding to the electron
configurations mentioned in the previous paragraph. The
problem of assigning localsstaticd charges based on the con-
tinuous electron density in periodic solids is well known
ssee, e.g., Ref. 42d. In practice, local quantities are found by
defining spheres around the atomic sites and projecting the
Bloch functions onto a local basis. Since the radii of such
spheres are arbitrary within reasonable limits, and the inter-
mediate region between these spheres is either neglected or
double counted, the local quantities defined in this way are
not uniquely defined. Furthermore, due to the formation of
band states within a periodic solid, the angular momentuml
is no longer a good quantum number. Even a pure “d band,”
constructed as the Bloch-sum of localizedd orbitals, usually
contains somes andp character when projected onto a local
l basis. It is therefore clear that locally defined charges are
poor indicators for the oxidation states of the ions. The clear
qualitative differences in the local densities of states appear
to be much more appropriate for this purpose.

The three-dimensional arrangement of Fe2+ and Fe3+ is
shown schematically in Fig. 3 for vacancy configuration I.
The Fe2+ cations appear on the sites adjacent to the oxygen
vacancy. The quasiplanar arrangement of oxygen vacancies
shown in Fig. 3 is a result of the particular restricted super-
cell geometry. A more isotropic distribution of oxygen va-
cancies and a smallersand probably more realisticd vacancy
concentration would require the use of larger supercells.

To validate our results also for a slightly smaller vacancy
concentration we repeated our calculations for a tripled unit
cell containing six formula units of BiFeO3−d, corresponding
to a vacancy concentration of 5.6% ord<0.17. In this case
we describe the rhombohedral lattice using hexagonal lattice
vectors where one unit cell of the hexagonal lattice contains
three lattice points of the rhombohedral lattice. The resulting
hexagonal unit cell corresponds to space groupP3 and in
this case there are six groups of inequivalent oxygen anions.
To reduce the computational effort, we only treat one pos-
sible arrangement of oxygen vacancies for the tripled unit
cell, which is obtained by arbitrarily removing one of the
oxygen anions. This calculation is done only for the rhom-

FIG. 2. Totalsgray shadedd and partial Fed densities of states
for the unstrained rhombohedral structuresupper paneld and for
vacancy configuration Islower paneld calculated forUeff=2 eV. Mi-
nority spin states are shown with a negative sign. The full lines
correspond to the Fe3+ ions, the dotted lines in the lower panel
correspond to the Fe2+ ions. The dashed vertical lines indicate the
highest occupied energy levels. Zero energy is set to the upper edge
of the Fe3+ majority spin bands.

FIG. 3. Schematic picture of charge ordering in BiFeO2.75 for
vacancy configuration I. Large white spheres represent oxygen va-
cancies. Largessmalld gray spheres represent Fe2+ sFe3+d ions. Dif-
ferent shadings indicate the two different antiferromagnetic spin
orientations. For simplicity all ions are placed at the corresponding
ideal positions within the cubic perovskite structure. On the left side
stripes of Fe2+ ions along thef110g direction can be identified. On
the right side the quasiplanar arrangement of the oxygen vacancies
is visible.
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bohedral bulk lattice parameters and using the LSDA+U
method.

The calculated polarization for the tripled unit cell with
oxygen vacancy is shown in Table IV. Also in this case the
polarization is not significantly affected by the presence of
the oxygen vacancies. Similar to the doubled unit cells, we
obtain two distinct classes of Fe cations that can be inter-
preted as Fe2+ and Fe3+, with local Fed densities of states
very similar to those shown in Fig. 2. In this case the ratio of
Fe2+ to Fe3+ is 1:2, as required by the charge neutrality of the
system. Again, the Fe2+ cations appear on the sites adjacent
to the oxygen vacancy. Therefore, although our supercells
enforce a rather artificial ordered arrangement of oxygen va-
cancies and the corresponding vacancy concentrations are
relatively high, we conclude that the incorporation of oxygen
vacancies in BiFeO3 leads to the formation of Fe2+ on the
sites adjacent to the vacancy.

We now turn our attention to the effect of vacancies on
the macroscopic magnetization which is also shown in Table
IV. Since the pairs of Fe2+ cations are always situated on
neighboring positions of the magnetic lattice, and are there-
fore antiferromagnetically aligned, no net magnetization re-
sults from a ferrimagnetic arrangement of Fe2+ and Fe3+ cat-
ions as occurs, for example, in magnetite.43 The
magnetization is therefore still caused entirely by the small
canting of the mainly antiferromagnetically oriented mag-
netic moments of the Fe cations, as shown in Ref. 20sweak
ferromagnetismd.19 Two observations can be made by inspec-
tion of Table IV. First, there is no significant difference be-
tween the strained and unstrained systems. Second, in some
cases the magnetization is enhanced compared to the bulk
value, whereas in other cases it is decreased. The differences
are slightly more pronounced for the data set corresponding
to U=2 eV, J=0 eV than for the data set corresponding to
U=3 eV, J=1 eV, but no clear trends can be identified. The
observed changes in magnetization for the various vacancy
configurations cannot be understood by considering simple
changes in coordination between the magnetically coupled
cationsswhich are the same for all vacancy configurationsd
but rather depend on the details of the structural relaxation of
both cations and anions. This is not surprising since the
Dzyaloshinskii-Moriya interaction, which is responsible for
the canting of the magnetic moments,19 is closely related to
the superexchange interaction, which in turn is known to be
very sensitive to small structural changes.44 The observed
changes in magnetization caused by the presence of oxygen
vacancies cannot explain the strong increase in magnetiza-
tion reported for the thin films of BiFeO3.

23

IV. SUMMARY AND CONCLUSIONS

In summary, our calculations show that the ferroelectric
polarization in multiferroic BiFeO3 is extremely insensitive
to both strain and the presence of oxygen vacancies. This
insensitivity of the polarization is due to a corresponding
insensitivity of the ionic displacements and is in striking con-
trast to what has been found for most conventional perov-
skite ferroelectrics. At present it is not clear if this stability is
due to a general high stability of the ferroelectric state in

BiFeO3, reflected also in its large ionic displacements and
high Curie temperaturesTC=1123 Kd,37 if this stability is a
special feature of the different mechanism driving the ferro-
electric distortion in this class of Bi-containing multiferroic
materials, namely the stereochemically active Bi lone elec-
tron pair,38 or if it is due to the special geometry of theR3c
space group containing oxygen octahedra rotations in addi-
tion to the polar displacements. Future studies of the strain
dependence of the ferroelectric polarization in the highTC
ferroelectric LiNbO3 and the lone-pair active multiferroic
BiMnO3 will help to solve this issue.

The incorporation of oxygen vacancies in BiFeO3 leads to
the formation of Fe2+ which can be identified by the clear
qualitative differences in the local densities of states, but the
actual charge disproportionation is small. The presence of
oxygen vacancies can affect the value of the macroscopic
magnetization, although the observed changes are too small
to explain the strong increase of the magnetization reported
for thin BiFeO3 film.23 These effects of oxygen vacancies are
independent of the strain state of the system.

Recently, measurements of the electric polarization for
s001d, s101d, and s111d oriented films of BiFeO3 s200 nm
thicknessd were reported24 and the experimental data could
be explained as resulting from different projections of the
same polarization vector. This supports the notion that both
magnitude and orientation of the polarization in BiFeO3 are
not significantly affected by strain, since the strain tensor
differs considerably for different film orientations. The re-
ported value of,100 mC/cm2 for the s111d oriented film24

agrees well with the polarization values calculated in this
work.
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APPENDIX: EQUIVALENCE OF THE TWO LSDA+U
APPROACHES FOR J=0

In the LSDA+U approach of Dudarevet al.32 the total
energy of the system is expressed as followsfEq. s5d of Ref.
32, generalized for noncollinear spin systemsg:

E = ELSDA +
Ueff

2 Sn − o
m,m8,s,s8

nmm8
ss8 nm8m

s8s D . sA1d

Here,nmm8
ss8 are the elements of the orbital density matrix and

n=Ss,mnmm
ss is the total number ofd electrons at the corre-

sponding ion. Summation over all sites containingd elec-
trons has been suppressed for simplicity.

The corresponding expression for the LSDA+U approach
of Anisimov, Liechtenstein, and coworkers is31
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E = ELSDA +
1

2 o
hm,sj

hkm1m3uVeeum2m4lnm1m2

s1s1 nm3m4

s2s2

− km1m3uVeeum4m3lnm1m2

s1s2 nm3m4

s2s1 j

−
U

2
nsn − 1d +

J

2o
s

nssns − 1d. sA2d

Here,ns=Smnmm
ss is the total number ofd electrons with spin

s and km1m3uVeeum2m4l are the matrix elements of the
screened electron-electron interaction. These matrix elements
are defined in terms of Slater-integralsFk as

km1m3uVeeum2m4l = o
k

aksm1,m3,m2,m4dFk, sA3d

with

aksm1,m3,m2,m4d =
4p

2k + 1 o
q=−k

k

klm1uYkqulm2lklm3uYkq
* ulm4l.

sA4d

The Slater integrals are related to the parametersU andJ via
U=F0, J=sF2+F4d /14, where one usually setsF2/F4

=0.625. ForJ=0 the only nonvanishing term in the sum of
Eq. sA3d is for k=0, and one can see from Eq.sA4d that
a0sm1,m2,m3,m4d=dm1m2

dm3m4
. ForJ=0 the matrix elements

sA3d are therefore simply given by

km1m3uVeeum2m4l = Udm1m2
dm3m4

. sA5d

Using sA5d in sA2d one obtains

E = ELSDA +
U

2 Sn − o
m,m8,s,s8

nmm8
ss8 nm8m

s8s D , sA6d

which is just Eq.sA1d with Ueff=U. The LSDA+U approach
of Dudarevet al.32 is therefore included in the approach of
Ref. 31 as the special caseJ=0.
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