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An effective fitting approach together withab initio calculation is proposed for construction ofn-body
potentials for hcp-bcc metal systems under the framework of the embedded atom method. In two representative
systems, i.e., the miscible Co-Nb and immiscible Sc-W systems, the potentials so constructed are proven to be
relevant in reproducing some static properties. Moreover, applying the potentials, molecular dynamics simu-
lations using solid solution models predict that the glass-forming ranges of Co-Nb system are within 18–84
at. % of Nb, and reveal that amorphous alloys can be formed with Sc-enriched compositions and the critical
solubility of W in the Sc-based solid solution is 15 at. %. Interestingly, the predicted composition ranges
favoring metallic glass formation are in good agreement with the experimental observations.
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I. INTRODUCTION

Atomic-scale simulations based on empirical interatomic
potentials of solids/materials have been proven to be useful
in understanding some important issues in the field of con-
densed matter/materials physics and construction of realistic
n-body potentials is of necessity prior to perform the simu-
lations. In the literature, there have been three major methods
together with some modified versions proposed for construc-
tion of n-body potentials, i.e., the embedded atom method
sEAMd,1 the Finnis-Sinclair sFSd model,2 and the tight-
binding sTBd formalism.3 Generally speaking, the EAM and
FS potentials have widely been used for studying the cubic
metals,4,5 whereas the TB potentials have extensively been
used for studying the hcp and fcc metals, because of their
suitabilities for the metals of respective crystalline structures.
Concerning the binary metal systems, there are naturally,
three possible combinations among the three major crystal-
line structures of bcc, fcc, and hcp. To relevantly describe the
interactions in the systems, the EAM and TB potentials have
frequently been used for the bcc-fccse.g., the Cr-Ni systemd6

and hcp-fcc systemsse.g., the Zr-Ni systemd,7 respectively,
and the remaining hcp-bcc systems have been less studied so
far than the bcc-fcc and hcp-fcc systems, though there have
been a few examples using EAM potentials to describe the
interactions of the pure hcp metals.5,8,9 In order to develop a
complete computational methodology for further modeling
and simulation studies, much effort is necessary and should
be paid to the hcp-bcc metal systems. The present study is
accordingly undertaken and the main objective iss1d to con-
struct n-body potentials for some representative hcp-bcc
metal systems under the framework of EAM, ands2d to ap-
ply the proven realisticn-body potentials in molecular dy-
namicssMDd simulation to study one of the basic issues in
the field of metallic glasses, i.e., the glass formation ability/
rangesGFA/GFRd of the systems.

II. MODEL AND METHOD

In the EAM, the total energyEtot, which can be written as
a unique function of the electron densityri, is mainly the

energy to embed the atom into the electron density of the
neighboring atoms, and supplemented by a short-range dou-
bly screened pair interaction, which accounts for the core-
core repulsions.10 Consequently, the total energy can be ex-
pressed by

Etot = o
i

Fisrid +
1

2 o
i,jsiÞ jd

fi jsr ijd, s1d

whereFsrid is the energy required to embed atomi into the
background electron densityri, andri =o jÞi f jsr ijd. f jsr ijd is
the electron density at the site of atomi contributed by atom
j . fi jsr ijd and r ij are, respectively, the short-range pair
potential and the separated distance between atomi and
atom j . The electron density function is commonly taken as
an exponentially decreasing function,11 and at a first
approximation, the atomic electron densityfsrd takes a
function form of fsrd= fe expf−xsr / re−1dg for both hcp and
bcc metals, wherefe is a scaling factor determined by the
cohesive energyEc and the atomic volumeV. re is an
equilibrium nearest distance, andx is an adjustable
parameter to be fitted. The embedding function adopts a uni-
versal form suggested by Banerjea and Smith11 and Cai and
Ye.12 Accordingly, the embedding function can be expressed
by

Fsrid = − F0F1 − lnS ri

re
DnGS ri

re
Dn

+ F1S ri

re
D , s2d

whereF0=Ec−Ev
f andEv

f is the vacancy formation energy.
F1 is an adjustable parameter for the hcp metal and it is set to
be zero for the bcc metal.re is the host electron density at an
equilibrium state. According to Banerjea and Smith,11 a de-
creasing exponential curvature function combining with the
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universal embedding function could yield the model function
of Roseet al.13 Consequently, the function proposed by Cai
and Ye12 for the fcc metals is adopted and a little modified
for the pair potentialfsrd of the hcp metals in the present
study

fhcpsrd = − af1 + bsr/re − 1dgexpf− bsr/re − 1dg. s3d

Meanwhile, the function proposed by Johnson and Oh14 is
used for the pair potential of the bcc metals in the present
study

fbccsrd = HFsrd = k0 + k1sr/re − 1d + k2sr/re − 1d2 + k3sr/re − 1d3, re ø r ø rs

Fasrd = Fsrd + kafFsrd − Fsredgsr/re − 1d2, r , re,
J s4d

wherer is the interatomic distance,re is an equilibrium first-
neighbor distance,ka is a constant in the form ofka
=4.5f1+4/sAr −0.1dg depending on an anisotropy ratioAr,
and the cutoff distancesfrom rs to rcd is set to be between the
second- and third-neighbor distances.15 In construction of
n-body potentials for the pure hcp metals, the present authors
propose the following fitting approach, i.e., using the average
bulk and shear moduli, instead of five independent linear
elastic constants, together with the cohesive energy, vacancy
formation energy and equilibrium lattice constants to fit the
potential parameters, and after fitting, five independent linear
elastic constants are reproduced by the fitted potentials, thus
confirming the relevance of the fitting as well as the param-
eters. It turns out that the proposed fitting approach is fairly
effective, though, in principle, it is also possible to use five
independent linear elastic constants in fitting the potential
parameters.

The hcp-bcc cross potential takes a simplified form,
which was recently proposed for the fcc-bcc metal systems
by Gonget al.,16 to combine the hcp-hcp and bcc-bcc poten-
tials

fhcp-bccsrd = Affhcpsr + Bd + fbccsr + Cdg, s5d

whereA, B, andC are three potential parameters to be fitted.

III. MOLECULAR DYNAMICS SIMULATION

Two representative systems, i.e., the Co-Nb and
Sc-W systems, which are characterized by a negative

s−37 kJ/mold and a positive formation enthalpy
s+14 kJ/mold,17,18 respectively, are selected in the present
study to demonstrate the feasibility of the proposed fitting
approach in construction ofn-body potentials and the
relevance/applicability of the potentials in reproducing the
static as well as the dynamic properties of the hcp-bcc metal
systems through MD simulations.

A. Construction of n-body potential and simulation
of the Co-Nb system

For the Co-Nb system, the experimental data of the cohe-
sive energy and elastic constants of the equilibrium Co-Nb
compounds are not accessible, and the complexity and un-
certainty of the crystalline structures of the equilibrium
Co-Nb compounds also constrain the use of these properties
in fitting the cross potential.18,19 For the Sc-W system, there
is not even an equilibrium compound and therefore no physi-
cal property could be used for fitting the cross potential. In
this regard, there have been some reports20,21 showing that
the first-principles calculations are of significant help in ac-
quiring some useful physical properties of the alloy phases
necessary for derivingn-body potentials. Accordingly, apply-
ing the Viennaab initio simulation package,22 the total ener-
gies and the lattice constants of the two possible Co75Nb25
and Co50Nb50 nonequilibrium compounds withL12 and B2
structures, respectively, are first calculated and then used in
deriving then-body potential of the Co-Nb system. Concern-
ing the details of the calculations and the fitting procedure,
the readers are referred to the recent publication from

TABLE I. Fitted parameters for the Co-Co, Nb-Nb, and Co-Nb potentials.

Co-Co Nb-Nb Co-Nb

x 7.659 19 x 10.403 652 A 1.677 400

aseVd 0.291 56 k0seVd −0.393 145

b 3.341 78 k1seVd −0.642 187 BsÅd −0.682 548

rasÅd 2.496 84 k2seVd 3.593 435

F1seVd 0.447 19 k3seVd −3.787 160 CsÅd 1.117 879

rssÅd 3.6 rssÅd 3.4

rcsÅd 4.4 rcsÅd 4.4

n 0.825 17 n 0.440 653
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authors’ group.16 After the fitting and optimization, the po-
tential parameters are obtained and Table I lists the fitted
parameters for the Co-Co, Nb-Nb, and Co-Nb potentials, re-
spectively. Table II and Table III list the comparison between
some physical properties reproduced by the constructed po-
tentials and from the experimental/ab initio calculated values
used initially for fitting the potentials.23–25 Evidently, the
constructed potentials of the Co-Nb system work reasonably
well in terms of reproducing some physical properties of the
pure Co and Nb as well as those of the possible Co75Nb25
and Co50Nb50 nonequilibrium compounds. It should be noted
that the elastic constants of both pure metals and compounds
are necessary to be acquired for testing the many-body po-
tentials. Accordingly, the comparison between the calculated
and experimental /ab initio values of independent second-
order elastic constants of hcp-Co, bcc-Nb,L12-Co3Nb, and
B2-CoNb are listed separately in Table III. From the table, it
can clearly be observed that the independent second-order

elastic constants for both pure metals and compounds can
indeed be reproduced reasonably. In addition, the energy dif-
ferences between the three major crystalline structures for
pure metals Co and Nb are also calculated by the present
potentials, by Johnson and Hu’s potentials and obtained by
ab initio calculation, and are listed in Table II. Take the en-
ergy difference between the bcc and fcc Nb as an example,
one can see from the table that the presently calculated value
Ebcc−Efcc=−0.2812 eV/atom is quite comparable withEbcc
−Efcc=−0.27 eV/atom calculated by Johnson’s potential,
and is smaller thanEbcc−Efcc=−0.3334 eV/atom obtained
by ab initio calculation. Apparently, all the calculated results
confirm that the most stable structure of Nb is of bcc. It is
also true for the Co that all the calculated results confirm the
most stable structure is hcp. Experimentally, an intermediate
L12-Co75Nb25 phase has been obtained and its lattice con-
stant was determined to be 3.66 Å,26 which is consistent with
the results of 3.60 and 3.64 Å deduced from the present

TABLE II. Comparison between calculated and experimental/ab initio values of cohesive energyEc,
lattice constanta andc, average bulk moduliB, average shear moduliG, vacancy formation energyEv

f , and
structure stabilityssee Refs. 23–25d.

EcseV/atomd asÅd csÅd BsMbard GsMbard Ev
f seVd

Co Experimental 4.39 2.507 4.069 1.948 0.9115 1.46

This work 4.39 2.507 4.069 1.948 0.9115 1.46

Nb Experimental 7.47 3.301 1.730 0.4250 2.75

This work 7.47 3.301 1.730 0.4250 2.75

Co75Nb25 Ab initio 5.472 43 3.64

sL12d Fitted 5.489 08 3.60

Co50Nb50 Ab initio 6.016 72 3.07

sB2d Fitted 6.077 79 3.00

Structure stability

Ebcc−EfccseV/atomd Ehcp−EfccseV/atomd Reference

Co Ab initio 0.0852 −0.0231

Hu et al. 0.0164 −0.0062 5

Fitted 0.0356 −0.0029

Nb Ab initio −0.3334 −0.0319

Johnsonet al. −0.27 0 14

Fitted −0.2812 0

TABLE III. Comparison between the calculated and experimental /ab initio values of independent
second-order elastic constants of hcp-Co, bcc-Nb,L12-Co3Nb, andB2-CoNb ssee Ref. 25d.

C11sMbard C12sMbard C13sMbard C33sMbard C44sMbard

Co Experimental 3.195 1.661 1.021 3.736 0.824

This work 3.275 1.350 1.178 3.569 0.728

Nb Experimental 2.5270 1.3320 0.3097

This work 2.5270 1.3320 0.3097

L12-Co3Nb Ab initio 3.6834 1.6395 1.5996

This work 3.1614 1.9878 1.3774

B2-CoNb Ab initio 2.5094 1.7299 0.6044

This work 2.3931 1.7280 0.2374
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n-body potential and obtained byab initio calculation, re-
spectively. Obviously, all the above results lend further sup-
port to the relevance of the newly constructed potentials.

The fitted potentials should also reproduce dynamic prop-
erties of the materials studies. Here we have also performed
some important tests. For example, employing the con-
structed potentials for Co and Nb, the melting points of pure
Co and Nb were determined by means of MD simulations to
be about 1910 and 2850 K, respectively, which are in rea-
sonably good agreement with the mean experimental values
si.e., 1768 K for Co and 2741 K for Nb, respectivelyd. It can
therefore be considered that the constructed Co-Nb potentials
are capable of describing the atomic interaction expediently
even when inharmonic effects play a major role for the two
metals.

Employing the constructed Co-Nb potentials, MD simula-
tions using the hcp and bcc solid solution models are carried
out, respectively, to study the crystal-to-amorphous transition
in the Co-Nb system. Concerning the details of the MD
scheme and the structural characterization methods, the read-
ers are referred to recent publication from author’s group.27

As it has been shown that the GFR of a binary metal system
is the composition range bounded by the two terminal critical

solid solubilities, below which the solid solution would re-
tain its crystalline state, while beyond which the solid solu-
tion would transform into a disordered/amorphous state.28

Accordingly, in the hcp solid solution model, the amount of

FIG. 1. The projections of atomic positions ofsad Co90Nb10, and
sbd Co80Nb20 hcp-solid solution models, respectively, after anneal-
ing at 300 K for 2 ns. Open circles: Co. Filled triangles: Nb.

FIG. 2. The projections of atomic positions ofsad Co10Nb90, and
sbd Co20Nb80 bcc-solid solution models, respectively, after anneal-
ing at 300 K for 2 ns. Open circles: Co. Filled triangles: Nb.

FIG. 3. For the Co-Nb system, the calculated total pair correla-
tion functions of the solid solution models upon annealing at 300 K
for 2 ns. sNote: the left five lines are for the hcp solid solution
models and the right five lines are for the bcc solid solution
models.d
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Nb solute atoms is gradually increased until reaching a criti-
cal value, at and beyond which the solid solution becomes
energetically unstable and collapses into a disordered state,
thus determining the critical solid solubility of Nb in Co.
Similar simulations are also performed to determine the criti-
cal solid solubility of Co in Nb. As a typical example to
show the determination of the critical solid solubility of the
Co-Nb system, Figs. 1 and 2 exhibit the projections of
atomic positions of the Co90Nb10, Co80Nb20, Co20Nb80, and
Co10Nb90 solid solution models after annealing at 300 K for
2 ns, respectively. It can be seen vividly that a uniform dis-
ordered structure is formed in the Co80Nb20 and Co20Nb80
solid solution models, while the Co90Nb10 and Co10Nb90
solid solution models still remain in a partially ordered state,
indicating that the critical solid solubility to trigger the
crystal-to-amorphous transition is between 10 and 20 at. %
of Nb for the Co-rich side and 80 and 90 at. % of Nb for the
Nb-rich side, respectively. Besides, it is recognized that the
total pair correlation functions are considered as a decisive

measure to confirm a disordered state. Figure 3 exhibits the
calculated total pair correlation functions of the Co-based
hcp and Nb-based bcc solid solution models upon annealing
at 300 K for 2 ns. In Fig. 3, the left five lines are for the hcp
solid solution models and the right five lines are for the bcc
solid solution models. One sees clearly that in the Co-rich
side, beyond 20 at. % of Nb, the hcp solid solutions have
transformed into amorphous states, and that in the Nb-rich
side, beyond 80 at. % of Nb, the bcc solid solutions remain
in crystalline states. We further study in detail the two com-
position ranges, i.e., within 10–20 at. % of Nb and within
80–90 at. % of Nb, respectively, and the simulations deter-
mine the two critical solid solubilities of the Co-Nb system
are 18 at. % of Nb in Co and 16 at. % of Co in Nb, respec-
tively. Consequently, the GFR of the Co-Nb system deter-
mined directly from the interatomic Co-Nb potential through
MD simulations is within 18–84 at. % of Nb, which is in
excellent agreement with the experimental observationssi.e.,
20–80 at. % of Nbd reported in the literature.29,30

TABLE V. Comparison between the calculated and experimental/ab initio values of cohesive energyEc,
lattice constanta andc, average bulk moduliB, average shear moduliG, vacancy formation energyEv

f , and
structure stabilityssee Refs. 23–25d.

EcseV/atomd asÅd csÅd BsMbard GsMbard Ev
f seVd

Sc Experimental 3.90 3.308 5.267 0.558 0.3067 1.15

This work 3.90 3.308 5.267 0.558 0.3067 1.15

W Experimental 8.66 3.165 3.1029 1.599 3.95

This work 8.66 3.165 3.1029 1.599 3.95

Sc75W25 Ab initio 4.9244 4.34

sL12d Fitted 4.9471 4.28

Sc50W50 Ab initio 5.8245 3.31

sB2d Fitted 5.9148 3.39

Structure stability

Ebcc−EfccseV/atomd Ehcp−EfccseV/atomd Reference

Sc Ab initio 0.1084 −0.0409

Hu et al. 0.0501 −0.0010 5

Fitted 0.0261 −0.0001

W Ab initio −0.4585 0.0187

Johnsonet al. −0.07 0 14

Fitted −0.0295 0

TABLE IV. Fitted parameters for the Sc-Sc, W-W, and Sc-W potentials.

Sc-Sc W-W Sc-W

x 6.417 256 x 6.155 980 A 1.108 85

aseVd 0.311 282 k0seVd −0.547 671

b 1.226 141 k1seVd −2.130 315 BsÅd 0.698 26

rasÅd 2.662 559 k2seVd 16.808 946

F1seVd 0.712 605 k3seVd −8.503 413 CsÅd 0.307 02

rssÅd 3.4 rssÅd 3.2

rcsÅd 4.4 rcsÅd 4.4

n 1.25 n 0.44
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B. Construction of n-body potential and simulation
of the Sc-W system

Similar ab initio calculations and potential fitting are also
conducted for another representative hcp-bcc metal system,
i.e., the immiscible Sc-W system with a positive heat of en-
thalpy, and ann-body Sc-W potential is thus constructed.
Table IV lists the fitted parameters for the Sc-Sc, W-W, and

Sc-W potentials, respectively. Table V list the comparison
between some physical properties reproduced by the con-
structed potentials and from the experimental/ab initio calcu-
lated values used initially for fitting the potentials23–25 and
Table VI lists the comparison between the calculated and
experimental/ab initio values of independent second-order
elastic constants of hcp-Sc, bcc-W,L12-Sc3W, andB2-ScW,
respectively. Evidently, the constructed potentials of the
Sc-W system also work reasonably well in terms of repro-
ducing some physical properties of the pure Sc and W, as
well as those of the possible Sc75W25 and Sc50W50 nonequi-
librium compounds in the system. One may note from the
values listed in Table VI that the independent second-order
elastic constants C11 and C12 of B2-ScW determined by the
present potential is about two times higher than that obtained
from ab initio calculations, which, to the author’s view, may
generally be acceptable for an empirical many-body poten-
tial. In addition, the energy differences between the three
major crystalline structures for pure metals Sc and W are
also calculated by the present potentials, by Johnson and
Hu’s potentials and obtained byab initio calculation, and are
listed in Table V. Take the energy difference between bcc
and fcc W as an example, one sees from the table that the

FIG. 4. The projections of atomic positions ofsad Sc90W10, and
sbd Sc80W20 solid solution models, respectively, after annealing at
300 K for 2 ns. Open circles: Sc. Filled triangles: W.

FIG. 5. For the Sc-W system, the calculated total pair correla-
tion functions of the solid solution models upon annealing at 300 K
for 2 ns. sNote: the left five lines are for the hcp solid solution
models and the right five lines are for the bcc solid solution
models.d

TABLE VI. Comparison between the calculated and experimental/ab initio values of independent second-
order elastic constants of hcp-Sc, bcc-W,L12-Sc3W, andB2-ScWssee Ref. 25d.

C11sMbard C12sMbard C13sMbard C33sMbard C44sMbard

hcp-Sc Experimental 0.9926 0.3968 0.2932 1.0701 0.2723

This work 0.9359 0.3436 0.3324 1.1326 0.2859

bcc-W Experimental 5.2239 2.0453 1.6072

This work 5.2239 2.0453 1.6072

L12-Sc3W Ab initio 1.1785 0.7126 0.5536

This work 1.2616 0.9780 0.4642

B2-ScW Ab initio 1.0184 1.5630 0.4643

This work 2.3483 2.1033 0.4899
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presently calculated valueEbcc−Efcc=−0.0295 eV/atom is
comparable withEbcc−Efcc=−0.07 eV/atom obtained from
Johnson’s, and is smaller thanEbcc−Efcc=−0.4585 eV/
atom obtained byab initio calculation. One may also
note that the values ofEfcc−Ehcp of Sc determined by the
present potentials0.0001 eV/atomd and by Hu’s potential
s0.001 eV/atomd is about 40 and 4 times, respectively, lower
than that obtained fromab initio calculations. In this regard,
such kind of discrepancy has been frequently observed, as
one could not expect that the empirical many-body potentials
could reproduce all the related properties precisely. Nonethe-
less, the above result, at least, correctly suggests that the hcp
structure is energetically lower than the fcc structure for Sc.
Similarly, it is also true for W that the most stable structure is
of bcc. These results could serve as convincing evidence
confirming the relevance of the newly constructed potentials.

Before employing the constructed Sc-W potentials to per-
form the MD simulation for studying the GFR of the Sc-W
system, the melting points of pure metals Sc and W are es-
timated to be about 2020 and 3850 K, respectively, which are
in reasonably good agreement with the mean experimental
valuess1812 K for Sc and 3680 K for W, respectivelyd. It
can therefore be considered that the constructed Sc-W poten-
tials are capable of describing the atomic interaction expedi-
ently even when inharmonic effects play a major role for the
two metals. The constructed Sc-W potentials are then applied
to perform MD simulations to determine the GFR of the
Sc-W system. As a typical example to show the determina-
tion of the critical solid solubility of W in Sc, Fig. 4 exhibits
the projections of atomic positions of the Sc90W10 and
Sc80W20 solid solution models after annealing at 300 K for 2
ns, respectively. It can be seen vividly that a uniform disor-
dered structure is formed in the Sc80W20 solid solution
model, while the Sc90W10 solid solution model still remains
in an ordered state, indicating that the critical solid solubility
to trigger the crystal-to-amorphous transition is between 10
and 20 at. % of W. Figure 5 exhibits the calculated total pair
correlation functions of the Sc-based hcp and W-based bcc
solid solution models, respectively, upon annealing at 300 K

for 2 ns. One sees clearly that in the Sc-rich side, beyond 10
at. % of W, the hcp solid solutions have transformed into
amorphous states, and that in the W-rich side, the bcc solid
solutions remain in crystalline states. We further study in
detail the composition range of 10–20 at. % of W and deter-
mine that the critical solid solubility of W in Sc is 15 at. %.
It is therefore deduced that amorphous alloys can readily be
formed in the Sc-rich side, whereas in the W-rich side, amor-
phous alloy can hardly be obtained. In order to validate the
prediction, we performed ion beam mixing experiments us-
ing Sc-W multilayered samples with various overall alloy
compositions. Interestingly, in the Sc-rich side, two amor-
phous alloys were indeed obtained in the Sc75W25 and
Sc60W40 multilayered samples upon 200 keV xenon ion irra-
diation to a dose of 931015Xe+/cm2, whereas in the W-rich
side, unique amorphous phase was not observed in the
Sc25W75 and Sc40W60 multilayered samples upon irradiation
up to the highest dose of 131016Xe+/cm2 conducted in the
present study. Apparently, these experimental results are in
support with the above simulation results.

IV. CONCLUSION

In summary, we have developed an effective fitting ap-
proach for construction ofn-body potentials of the hcp-bcc
metal systems under the framework of embedded atom
method. The constructedn-body potentials are proven to be
relevant in reproducing the static properties and some dy-
namic properties of the systems as well as in determining the
composition ranges favoring the formation of amorphous al-
loys of the systems through molecular dynamics simulations.
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