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Recent diffraction studies have shown the existence of lattice modulations in yttrium barium cuprates
sYBCOd. We show that these modulations are caused by the ordering of OuCuuO chains in the CuO planes
according to a scheme of quasi-one-dimensional ordering developed previously. Remarkable agreement is
illustrated in the case of underdoped YBCO between experimental diffraction patterns of diffuse intensity and
calculated satellite intensity obtained fromab initio electronic structure calculations of atomic displacements in
unit cells containing missing oxygen chains.
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The discovery of a pseudogap phase1 in high-temperature
superconductors has led to regained interest in their struc-
tural properties, as inhomogeneities of various kinds2 were
observed in cuprate superconductors by means of spectro-
scopic, tunneling, and microscopic measurements. In particu-
lar, recent x-ray diffraction studies by Islam and co-workers3

have shown the existence of diffuse satellites at reciprocal
space positionssH+h,0 ,0d, where the integerH denotes a
Bragg peak andh= 2

5 and 3
5, in a high-quality, twinnedsun-

derdopedd YBa2Cu3Ox samplesYBCOd with oxygen content
x=6.63. In this paper, we present fully relaxedab initio elec-
tronic structure calculations, performed prior to these experi-
mental observations, which prove unambiguously that the
highly complex diffraction patterns observed in this sample
are due to static atomic displacements around missing rows
of oxygen atoms in the CuuO plane. The nearly perfect
agreement between the diffraction experiment and the
parameter-free calculation leaves little room for competing
explanations: the observed modulations are a direct conse-
quence of quasi-one-dimensional ordering of CuuO chains.

At high temperature YBCO has tetragonal symmetrysTd
over the concentration range 6,x,7, transforming to an
orthorhombic structure at lower temperatures as depicted by
the partly calculated, partly conjectured phase diagram of
Fig. 1. The transformation may be described formally by
considering the CuuO plane where, in the tetragonal struc-
ture, oxygen atoms randomly occupy the sites of two inter-
penetrating square lattices.4–6 Below the transition, O atoms
begin to occupy preferentially the sites of one of the two
sublattices, thus forminguCuuOuCuu chains salong
the b axisd. Initially, only one orthorhombic phasesOId was
thought to exist, visualized as a periodic array of “filled,”
i.e., fully oxygenated chains. Off-stoichiometrysx,7d is
achieved by interlacing the filled chains with “empty” ones,
ideally containing only Cu atoms. In the late 1980s, electron
diffraction revealed the existence around the central compo-
sition x=6.5 of a cell-doubling structure,7 denoted Ortho-II
sor k10l referring to an alternate stacking of filled and empty
chainsd; further x-ray and electron diffraction work8 sug-
gested the existence at low temperatures of more complex

quasi-one-dimensional structures, consisting of ordered
stackings of filled and empty chains, stable at low tempera-
tures, the diffuse nature of their characteristic diffraction
peaks being due to diffusion-limited chain ordering and frag-
mentation. If one makes the reasonable assumption that
YBCO structures at these low temperatures consist of almost
filled or almost empty parallel chains in the CuuO planes,
and if filled chains repel one another by Coulomb interac-
tions, then an algorithm due independently to Hubbard and
to Pokrovsky and UiminsHPUd9 is applicable for predicting
the ground states for these ideal quasi-one-dimensional
structures.6

The phase diagram shown in Fig. 1 is based partly on
early calculations treating the problem as a two-dimensional
Ising model in the CuuO plane with anisotropic pair inter-
action values taken from LDA calculations by Sterne and
Wille.10 Open circles indicate experimental data obtained in-

FIG. 1. The YBCO phase diagram with calculated second-order
transition linessfull curvesd and smostly conjecturedd first-order
phase boundariessdashed curvesd. The oxygen content of the com-
pound under study is indicated by a vertical dashed line at oxygen
contentx=6.63.
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dependently of the calculations by Andersenet al.11 The tran-
sitions between T and OI phases and between OI and OII
were calculated by the cluster variation methodsCVMd to be
of second kindsfull curvesd,5 but the originally calculated
OII curve is here displaced downwards by about 50 K to
show a small temperature gap between the two transition
lines, in accordance with more recent experimental results.12

Another phase region, that of the OIIIsor k110ld phase
sdashed linesd, was also calculated by the CVM.13 The pro-
nounced asymmetry towards higher oxygen concentrations
was already suggested by a graph of the HPU hierarchy ap-
plied to the YBCO model.6 The other long-period phases are
shown as arising by first-order peritectoid reactions, but the
actual location of the phase boundariessdashed curvesd, in
concentration and temperature, has not been calculated and is
conjectured based on the known hierarchy of the phases, and
on the high-oxygen asymmetry mentioned in conjunction
with the k110l phase. According to the HPU algorithm, the
structure formula of each lower-temperature phase is ob-
tained by telescoping the formulas of the two higher-
temperature phases giving rise to it. Successively longer-
period phases occur at decreasing temperature and require
increasingly longer-range interactions for their thermody-
namic stability. Accordingly, as anx=6.63 samplesdashed
vertical line in Fig. 1d, of interest here, is cooled from a high
temperature in the OI orthorhombic phase, it successively
passes throughsor close tod the k110l, k11010l and
ks110d210l phase regions.

The two-dimensional Ising model approach to low-
temperature phase transformations in YBCO is a conven-
ient one to investigate oxygen ordering in this compound. To
that effect, we performed Monte CarlosMCd simulation runs
on an 80380 square lattice at constant concentration ofc
=0.315 scorresponding to oxygen content ofx=6.63 in the
actual compoundd.14 Oxygen configurations were random-
ized at 1400 K, then “aged” at various lower temperatures by
performing typically several thousand MC steps per site. Fi-
nal occupation patterns displayed alignments of O sites pref-
erentially along one of the square directions, confirming the
expected tendency to form longsbut not perfectd chains.
Fourier transforms of the resulting patterns were taken and
resulting intensities were plotted along the direction normal
to the chains.

In a typical run, the intensity spectrum at 700 K gives
clear evidence of short-range ordersSROd at wave vector
h=0.5. This result is expected because, in the OI region at
x=6.63, the SRO wave vector should be that of the concen-
tration wave responsible for the second-order transition into
the lower-temperature phase, the OII phasesk10ld. At 500 K
the situation is less clear: the peak is still present at the same
location, as expected in the OI region, but it is broadened
probably due to imperfectk10l ordering. The situation at
300 K can best be described as one characteristic of a mix-
ture of ordered phases: there are diffuse peaks around wave
numbers roughly indicative of the OIII and OII phases, in
good qualitative agreement with the expected phase diagram.
At 200 K of the MC simulation the one-dimensional struc-
ture peaks are well formed, having maxima at wave numbers
h= 3

8 and 5
8, which are the correct wave vectors for the stron-

gest Fourier components of theks110d210l structure, whose

stoichiometric composition is precisely that of the 6.63
sample investigated experimentally.3

The MC simulations suggest that oxygen ordering in the
x=6.63 YBCO superconductor can be expected to take place,
producingk11010l sOrthoVd and/orks110d210l structures at
low temperatures, with wave vectors in the vicinity ofh= 2

5
sand 3

5d and ofh= 3
8 sand 5

8d, respectively. In x-ray diffraction
studies by Islam and co-workers,3 the observed superlattice
peaks, reproduced here in Fig. 3sto be described belowd, are
centered onh, 2

5 and sand , 3
5d expected for the OrthoV

structure. Due to imperfect short-range ordering of these
phases, however, the peaks are rather diffuse and, within
experimental errors, are consistent with the strongest Fourier
components,h= 3

8 and 5
8, of the idealks110d210l structure

whose stoichiometric composition is preciselyx=6.63. In
what follows, we provide direct proof that atomic displace-
ments driven by oxygen ordering in the CuO planes are re-
sponsible for these satellites. For that purpose, we calculate
the structure factors of perfectly ordered stoichiometric
k11010l and ks110d210l long-period structures at absolute
zero,static atomic displacements being obtained from “first
principles,” i.e., byab initio electronic structure computa-
tions with relaxed atomic positions within the unit cell.

A 63-atom orthorhombic cell representing the fully or-
dered k11010l structure was constructed by repeating five
unit cells of the YBa2Cu3O7 cell along thea direction with O
atoms removed in two chains along theb direction in the
CuuO plane. The unit cell of the perfectk10110l structure
is shown in Fig. 2 projected along theb direction. Large
filled circles represent Ba atomssnominally at positionsz
=0.25 and 0.75, green in the color versiond, medium-sized
filled circles represent Y atomssat z= 1

2, brownd, small filled
circles represent Cu atomssat z=0, 1

3, 2
3, and 1; redd and O

atoms are represented by large open circlessblued. Small
filled circles indicate starting ideal positions of all atoms.
The atomic relaxation calculations proceeded as follows: All

FIG. 2. sColor onlined The projected unit cell along theb direc-
tion of the unit cell of thek10110l structure showing atomic dis-
placementssamplified by a factor of 4 for better visibilityd from
fully relaxed LDA ab initio electronic structure calculations.
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ions were relaxed to positions of static equilibrium using
quantum-mechanical Hellman-Feynman forces, which were
calculated using theab initio VASP code.15 Coulomb interac-
tions between electrons and ions were represented by ultra-
soft Vanderbilt-type pseudopotentials16 as supplied by Kresse
and Hafner.17 Electronic wave functions were expanded in
plane waves with a cutoff energyEcut=494 eV. Exchange
and correlation effects were treated within the local-density
approximationsLDA d. Electronic states were summed over a
regular 23832 k-point grid and broadened with a first-
order Methfessel-Paxton function of width 0.15 eV. In Fig.
2, calculated atomic displacements have been scaled up by a
factor of 5 to make them more visible. For the most part, the
displacements are in the expected directions: Y, occupying
highly symmetric positions, are hardly displaced, the
rumpled CuuO2 planes tend to flatten out, and O atoms
move towards the empty chains, laterally in the CuuO
planes and vertically by fairly large amounts for the apical
oxygens. Characteristically, the very large displacements of
the Ba atoms areaway from empty O sites. Calculations for
the ks110d210l unit cell gave similar resultssnot shownd.

The critical test is now to see whether the calculated
structure factor from the relaxed unit cellsFig. 2d reproduces
in its essential features the experimental diffraction patterns
obtained by Islamet al.3 Since x-ray diffraction intensity at a
given diffraction vectorQ is essentially proportional to the
square of the Fourier transformsstructure factord of elec-
tronic density for the correspondingk vector, structure fac-
tors were calculated directly from Fourier transforming the
total electronic charge density:

rskd = o
j=1

Nat

Zj
coreeik·sR j+u jd +E rvsr deik·r dr s1d

whereRj is the crystallographic position of ionj in the ideal
unit cell ssmall filled circles in Fig. 2d, u j is its displacement
to the equilibriumsrelaxedd position slarge open circles Fig.

3d, Zj
core is the number of core electrons, andrvsr d is the

valence charge density, which was obtained fromab initio
electron-structure calculations on supercells with O vacan-
cies, as described above. Since we are using a periodic su-
percell, the calculated structure factor is nonzero only at
wave vectors that are multiples of the reciprocal lattice vec-
tors of the supercell.

We may now compare calculated diffraction patterns with
those from experiments. The upper panelsad of Fig. 3 dis-
plays the x-ray diffraction profilessblack dotsd along the
f1,0,0g direction of the reciprocal lattice, taken at 14 K from
a high-quality, well-annealed crystal of YBa2Cu3O6.63. The
data were taken on the 4ID-D beamline at the Advanced
Photon Source of the Argonne National Laboratory, using
36 keV x rays ssee Ref. 3d. Broad overlapping satellite
peaks, which are characterized by a single oxygen concen-
tration wave ath< 2

5 and 3
5, are visible in between the Bragg

pointssinteger values ofHd. Note the systematic behavior of
the diffuse intensity: to the leftslow anglesd of the even-
order main peaks satellites have a “dromedary-like” appear-
ancesone humpd, while to the right they have “camel-like”
appearancestwo humpsd. These diffuse peaks were fitted
with a pair of Gaussian lines along with Lorentzian tails and
a constant term accounting for thermal diffuse scattering and
background, respectively. The intensity of the Gaussians rep-
resenting the peaks was then corrected for geometric factors
to obtain the integrated intensities shown in Fig. 3sad by
heavy vertical linessredd located at satellite positions25 and
3
5, their heights being proportional to the satellite intensities,
about 106 times weaker than those of the Bragg peakssindi-
cated only as dashed linesd. The corrected satellite intensities
are also plotted assredd circles with associated error bars on
panelsbd of the same figure. Also shown on this panel are the
squares of the structure factorssblue circlesd of the relaxed
OrthoV unit cell calculatedab initio from the total electron
density as explained above.

The most striking feature of this comparison is the agree-

FIG. 3. sColor onlined The comparison of in-
tensities for peaks observed infH 0 0g-scans:sad
high-energy x-ray diffraction measurements from
an underdoped YBCO sample at 14 Ksmain
Bragg points indicated by dashed linesd; vertical
red lines indicate integrated intensity;sbd calcu-
lated structure factors along the same direction
for OrthoV sk10110ld structure; red circles: ob-
served intensity; blue circles: theoretical structure
factors without including Debye-Waller factors;
black circles: structure factor using approximate
F2 expression; blue line:Q2 behavior; inset: mea-
sured and theoretical intensity ratios for
immediate-neighbor satellites as indicated by the
ratio of satellite intensities ath= 3

5 to h= 2
5.
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ment of alternating “dromedary” and “camel” features repro-
duced in both measured and calculated satellite intensities.
This comparison is further illustrated by plotting, in the inset
of Fig. 3, the ratio of intensities of neighboring satellites: the
agreement is as close as can be expected, especially given
the fact that the theoretical intensities were calculated from
“first principles,” i.e., without a single experimental or ad-
justable parameter being used. Note that at higher values of
H, calculated intensities continue to increase as the magni-
tude squared of the scattering vectorsthe curveQ2 in the
figured, whereas the actual intensities level off after about
H=5. The discrepancy is due to the neglect in the theoretical
calculations of the effect of static and dynamic displacive
disorder. The point can be demonstrated as follows. Consider
the standard formula for scattered amplitudeFsQd ssee Ref.
3, for exampled in which the exponential involving the
atomic displacements has been replaced by the linear term of
its expansion, valid away from the fundamental reflections
and for uQ ·uu not too large:

uFsQdu2 = Uo
j

sQ ·u jdf jsQde−WjsQde−iQ·R jU2
. s2d

In this expression, the summation is over the indexj of the
atoms in the supercell,f j are scattering form factors, and
e−Wj are experimentally determined Debye-Waller factors.18

Values of F2 calculated for the satellites according to this
formula are plotted assblackd open circles in Fig. 3sbd, the
values of thestaticatomic relaxationsu being taken from the
ab initio calculations displayed in Fig. 2. The theoretical in-
tensities, thus corrected approximately for displacive disor-
der, now agree quite well with the corrected experimental
valuessredd. The approximate formula for the structure fac-
tor given here, but without thee−W correction, also explains
theQ2 dependence of the theoretical intensities, calculated at
0 K.

To conclude: it should be evident from the foregoing that
the periodic diffuse intensity modulations observed experi-

mentally in underdoped YBCO are caused by the ordering of
oxygen in CuuO planes, leading to predicted, well-defined
one-dimensional “O-compositional stripes,” according to the
phase diagram of Fig. 1. Of course, as the oxygen ions and
the charged vacancies order, a corresponding charge density
wave sCDWd is generated as well. The point is, however,
that it is the atomic ordering that creates the charge density
wave, not vice versa. As for the origin of the oxygen modu-
lation, it is explained by electronic structure calculations and
by thesexactd HPU algorithm as having been the diffraction
effects due to atomic displacements resulting from relax-
ations around missing oxygen ions within the chains in
oxygen-depleted phases. The calculation of the displace-
ments shown in Fig. 2 was communicated to Islamet al.19

before they undertook the analysis of their diffraction data on
optimally doped YBCO. Although there are some quantita-
tive and qualitative differences between the data in under-
doped and optimally doped materials, in the latter case, they
found that the experimentally deduced correlated atomic dis-
placements portray a pattern remarkably similar to that in
Fig. 2. The conclusion reached in Ref. 19 that an O-ordered
OrthoIV phase is responsible for the x-ray diffuse peaks is
based on the first-principles calculations presented in this
paper. The present calculation pertaining to underdoped
YBCO shows that the experimentally obtained and calcu-
lated intensities based on theoretically deduced atomic dis-
placements agree remarkably well, provided that an approxi-
mate Debye-Waller correction be applied, as shown.
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