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The positron lifetimes for various vacancy clusters in silicon are calculated within the framework of the
two-component electron-positron density functional theory. The effect of the trapped positron on the electron
density and on the relaxation of the structure is investigated. Our calculations show that, contrary to the usual
assumption, the positron-induced forces do not compensate in general for electronic inward forces. Thus,
geometry optimization is required in order to determine positron lifetime accurately. For the monovacancy and
the divacancy, the results of our calculations are in good agreement with the experimental positron lifetimes,
suggesting that this approach gives good estimates of positron lifetimes for larger vacancy clusters, required for
their correct identification with positron annihilation spectroscopy. As an application, our calculations show
that fourfold trivacancies and symmetric fourfold tetravacancies have positron lifetimes similar to monovacan-
cies and divacancies, respectively, and can thus be confused in the interpretation of positron annihilation
experiments.
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I. INTRODUCTION

Silicon always contains a certain number of defects that
significantly influence its electrical and optical properties.
Vacancies and their clusters are one of the basic defect types.
They are usually created by irradiation of silicon with, e.g.,
electrons1–3 or neutrons,4–6 but can also be present in as-
grown samples.7

One of the most powerful experimental tool for probing
defects in crystalline materials is positron annihilation spec-
troscopy sPASd. However, the correct identification of de-
fects with PAS requires the knowledge of accurate positron
lifetimes for the various kinds of defects, which can be pro-
vided by numerical calculations. In most studies, positron
lifetimes are calculated using the simple practical method
proposed by Puska and Nieminen8,9 where the electron and
positron densities are determined without imposing self-
consistency; we will refer to this as the nonself-consistent
sNSCd method. In this method, the electron density is first
calculated without including the positronsor just taken as a
superposition of free-atom electron densities8d. Next, the
positron density is calculated by solving the one-particle
Schrödinger equation using an effective potential which in-
cludes the Coulomb potential and the electron-positron cor-
relation potential determined from the local electron density.
This method provides reasonable agreement with experimen-
tal positron lifetimes for bulk metals10,11 and
semiconductors11 where the positron density is low due to
delocalization. However, in the case of defects, the trapped
positron can have a significant impact on the nearby electron
density and lattice relaxation. In the case of vacancy clusters,
the latter effect is usually taken into account by performing
calculations using the unrelaxed geometries:12 It is assumed
that positron-induced outward forces approximately compen-
sate for electronic inward forces on the atoms around the
defects. Obviously, the precision of such calculations is not
perfect. Moreover, for some kinds of defects, like fourfold

vacancy clusters,13 the unrelaxed geometry is simply not
defined.

A more precise approach to positron lifetime calculations
is two-component density functional theorysDFTd.14,15 In
this case, electron and positron densities are optimized self-
consistently. This significantly complicates the computa-
tional procedure but, on the other hand, allows positron-
induced forces to be accurately calculated and, therefore, the
relaxed geometries of defects with positrons trapped inside
to be properly determined. In this work, we use the two-
component DFT to calculate positron lifetimes for small va-
cancy clusters in silicon in both “part-of-a-hexagonal-ring”
sPHRd and fourfold configurations.13

II. THEORY

In positron annihilation measurements, the intensity of the
positron beam is relatively low. As a result, only one positron
at a time is usually trapped by a defect. We thus consider a
single positron interacting with the electron gas. In the
framework of DFT, the total energy of the system is written
as

Efne,npg = Tfneg + Tfnpg +E drVextsr dfnpsr d − nesr dg

−E dr E dr 8
npsr dnesr 8d

ur − r 8u
+ Excfneg + Ee−pfne,npg,

s1d

wherene andnp are the electron and positron densities,Tfng
and Excfng are the kinetic energy and exchange-correlation
functionals, respectively,Vext is an external potentialsdue to
the ionsd, andEe−pfne,npg is the electron-positron correlation
functional. As in the usual one-component DFT, the mini-
mum of this total energy functional can be determined by
solving a set of Kohn-Sham equations for the electrons and
the positron
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− 1
2¹2cisr d + f− Vextsr d + Vh

esr d + Vxcsr d + Ve−p
e sr dgcisr d

= eicisr d, s2d

− 1
2¹2cpsr d + fVextsr d + Vh

psr d + Ve−p
p sr dgcpsr d = epcpsr d,

s3d

whereVh
esr d andVh

psr d are the Hartree potentials for the elec-
trons and the positron, respectivelyswe explicitly exclude
the positron self-interaction hered

Vh
esr d =E dr 8

nesr 8d − npsr 8d
ur − r 8u

, s4d

Vh
psr d =E dr 8

− nesr 8d
ur − r 8u

. s5d

Vxcsr d is the exchange-correlation potential

Vxcsr d =
dExcfneg
dnesr d

, s6d

andVe−p
e sr d andVe−p

p sr d are the electron-positron correlation
potentials for the electrons and the positron, respectively,

Ve−p
e sr d =

dEe−pfne,npg
dnesr d

, s7d

Ve−p
p sr d =

dEe−pfne,npg
dnpsr d

. s8d

When the electron and positron densities are known, the
annihilation ratel can easily be found as

l = pre
2cE drgsnednesr dnpsr d, s9d

wherere is the classical radius of the electron,c is the speed
of light, and g is an enhancement factor reflecting the in-
crease of electron density in the vicinity of the positron due
to electron-positron correlations.

The correct treatment of electron-positron correlations is
the most conjectural part of two-component DFT calcula-
tions. While the wide use ofsone-componentd DFT has in-
spired a lot of research on electron-electron exchange-
correlation functionals over the last decades, the commonly
used electron-positron correlation functional is based on
25 years old calculations by Arponen and Pajanne16 for a
single positron in a uniform electron gas. The parametriza-
tion of these results by Boroński and Nieminen14 provides
the correlation potentialVe−p and the interpolation formula
for the enhancement factorgsned in the limit of an infinitely
small positron density

Ve−pfRyg =5
− 1.56/Îrs + s0.051 lnrs − 0.081dln rs + 1.14; rs ø 0.302

− 0.92305 −
0.05459

rs
2 ; 0.302ø rs ø 0.56

− 0.6298 −
13.15111

srs + 2.5d2 +
2.8655

srs + 2.5d
; 0.56ø rs ø 8.0

− 0.524 − 179856.2768ne
2 + 186.4207ne,; rs ù 8.0,

6 s10d

and

gsned = 1 + 1.23rs + 0.8295rs
3/2 − 1.26rs

2 + 0.3286rs
5/2

+ s1/6drs
3, s11d

wherers=fs4/3dpneg−1/3 is in atomic units.
The use of the correlation potentials10d is justified in the

case of bulk materials, where the positron is delocalized.
However, in the case of defects, the positrons are localized
and the positron density is usually comparable to, or higher
than, the electron density; the dependence ofVe−p on np can
thus play a significant role. Puska, Seitsonen, and
Nieminen17 have considered a more advanced functional
based on the calculations by Lantto18 for a uniform electron-
positron liquid with various electron and positron densities.
However, they have found, in the case of the Ga vacancy in
GaAs, that this functional significantly overestimates the de-
localization of the positron, and fails to reproduce correctly

the lattice relaxation around the defect. We have obtained
similar results in the case of vacancy clusters in silicon.19

The most probable reason for this state of affairs is that the
positron-positron interactions that are present in the electron-
positron liquid do not exist in the case of a single localized
positron. On the other hand, the functionals10d has been
shown to provide reasonable results even for positrons
trapped in defects.20,21 Taking these considerations into ac-
count, we have decided to use this functional in our calcula-
tions; nevertheless, it remains an important challenge to de-
velop a proper correlation functional for a single localized
positron in the electron gas.

III. RESULTS AND DISCUSSION

The calculations were performed using the Vienna
Ab-initio Simulation PackagesVASPd, which employs
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pseudopotential DFT with the projector augmented-wave
methodsPAWd.22,23 The code has been modified in order to
calculate self-consistently the electron and positron wave
functions. As external potential for the positron, the local
part of the pseudopotential has been employed. We used the
local-density approximationsLDA d for both the electron
exchange-correlation and the electron-positron correlation
functionals. The latter has been taken in the low positron
density limit fEq. s10dg. Most calculations have been per-
formed using a 216-atom supercell and an energy cutoff of
18 Ry; given the large size of the supercell, Brillouin zone
sampling has been restricted to theG point.

The calculated positron lifetimes for vacancy clusters in
the PHR/chain configurations, both with and without lattice
relaxation, are displayed in Fig. 1. For comparison, we also
show the results of Saito and Oshiyama,24 who performed
similar calculations using two-component DFT with norm-
conserving pseudopotentials and a 64-atom supercell. One
can see that, for the unrelaxed geometries, our results are
very close to those of Ref. 24; for the relaxed geometries
however, our calculations give positron lifetimes which are
15–30 ps lower than those reported in Ref. 24. We note that,
according to Saito and Oshiyama, positron-induced forces
prevail in the case of the divacancy, causing an outward re-
laxation of the lattice and, therefore, an increase of the pos-
itron lifetime; in contrast, our calculations show an inward
relaxation causing a decrease of the lifetime.

In order to understand this difference, we have performed
additional calculations for a 64-atom supercell. The results
are also plotted in Fig. 1. One can see that, whereas the size
of the supercell does not significantly affect the calculated
positron lifetimes for fixed geometries, it has a strong effect
when lattice relaxation is taken into account: For calculations
with full geometry optimization, positron lifetimes calculated
in the 64-atom supercell are substantially higher than the
corresponding values in the 216-atom supercell and, for most
defects, are rather close to the results of Saito and Oshiyama.
In order to determine whether a 216-atom supercell is suffi-

cient, calculations for some vacancy clusters have also been
carried out for a 512-atom supercell and lower energy cutoff
s13.5 Ryd. We have found that lifetimes in the latter case are
just 3–5 ps lower, and that this difference decreases to
2–3 ps when the same low cutoff is used with the 216-atom
supercell. One can therefore conclude that the results for the
216-atom supercell are essentially converged.

Our results thus show that calculations with the NSC
method for unrelaxed geometries provide only approximate
estimates of the actual positron lifetimes. One can see from
Fig. 1 that, contrary to the usual assumptionswhich is based
on Saito and Oshiyama’s calculations24d, the positron-
induced forcesdo notgenerally compensate for inward elec-
tronic forces, and the effect of lattice relaxation on positron
lifetimes significantly depends on the size of the defect.
Thus, two-component DFT calculations are necessary for the
correct identification of defects with PAS.

Along with the lattice relaxation, the effect of the positron
on the electron density around the defect also plays a role,
even in the case of fixed geometries. Figure 2 presents a
comparison of positron lifetimes calculated for unrelaxed ge-
ometries with the two-component DFT and with the NSC
method. One can see that the positron lifetime given by the
two-component DFT is about 10 ps larger than for the NSC
method, i.e., the attraction of the electron density by the
localized positron leads, surprisingly, to a decrease of the
annihilation rate. In order to explain this phenomenon, we
plot in Fig. 3 the average electron and positron densities as a
function of distance from the center of the defect

n̄sld =
1

4pl2
d

dl
E

ur−r 0u,l

drnsr d. s12d

The calculations show that, as one would expect, the electron
density in the center of the defect is higher for the two-
component DFT, i.e., the interaction with the positron indeed
attracts electron density to the defect. However, at the same
time, this increase in the negative charge density deepens the

FIG. 1. Calculated positron lifetimes for va-
cancy clusters in the PHR configurations in sili-
con schain configuration forV4d: two-component
DFT with 216-atom and 64-atom supercells
fwithout semiconductor correctionsRef. 25dg and
results from Ref. 24s64-atom supercelld, for both
relaxedssolid linesd and unrelaxedsdashed linesd
geometries.
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potential well for the positron. As a result, as one can see
from Fig. 3, the positron becomes more localized inside the
defect, in a low electron density region. Because annihilation
mostly takes place outside the defect, where electron density
is high, this enhanced localization leads to the increase in
positron lifetimes shown in Fig. 2.

The results of our positron lifetime calculations for the
PHR and the fourfold vacancy clusters in silicon are summa-
rized in Table I. For comparison, we also provide the results
of our earlier calculations13 using the NSC method, as well
as the experimental lifetimes for the monovacancy and the
divacancy.3 Results are given for calculations both with and
without the semiconductor correction25 to the enhancement
factor s11d, which reflects the imperfect screening of posi-
trons in semiconductorsssee the review by Puska and
Nieminen15 for detailsd. Table I shows that the NSC method

underestimates the positron lifetimes for the monovacancy
and the divacancysby 10% and 3%, respectivelyd, and over-
estimates them for all other clusters. The most significant
difference between two-component DFT and NSC results is
for the fourfold trivacancy s+12%d, the monovacancy
s−10%d, and the symmetric fourfold tetravacancys+8%d.

One can see that the two-component DFTswith semicon-
ductor correctiond gives positron lifetimes which are in very
good agreement with the experimental values, significantly
better than NSC calculations. Moreover, the two-component
DFT method reproduces much better the difference between
vacancy and divacancy lifetimes than the NSC method: 25
and 44 ps, respectively, versus 28 ps in the experiment. This
suggests that the two-component DFT approach also pro-
vides more accurate estimates for positron lifetimes associ-
ated with larger vacancy clusters.

FIG. 2. Calculated positron lifetimes for va-
cancy clusters in the PHR configurationsschain
configuration for V4d in silicon using two-
component DFTssolid lined and NSC method
sdashed lined.

FIG. 3. Calculated average electron and posi-
tron densitiesn̄ around the ring hexavacancy in
silicon.
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According to the present calculations, fourfold trivacan-
cies and monovacancies have similar positron lifetimess287
and 280 ps, respectivelyd, and thus can be confused in the
interpretation of positron annihilation experiments. In par-
ticular, defects having a positron lifetime of 260–300 ps and
possessing high thermal stability were observed by Wang
et al.26 in plastically deformed silicon and associated to
dislocation-bound monovacancies. Our calculations indicate
that it can be likewise the signal of the fourfold trivacancies.

In a previous paper13 we suggested, based on NSC calcu-
lations, that the formation of fourfold trivacancies could be
responsible for the apparent disagreement between positron
lifetime and infrared spectroscopy data reported by Poirier
et al.:27 In the process of divacancy annealing, the infrared
absorption sassociated with divacanciesd disappears with
time while the positron lifetime remains virtually unchanged.
However, the more accurate positron lifetimes reported here
suggest that symmetric fourfold tetravacancies, rather than
trivacancies, are responsible for this effect: Indeed, the life-
time for fourfold tetravacancies is just slightly higher than
that for divacanciess316 ps versus 305 psd. Furthermore,
fourfold tetravacancies are optically inactiveslike all four-
fold clustersd, and can easily form from two-parallel divacan-
cies ssee Ref. 13 for detailsd. All these considerations point

to the formation of symmetric fourfold tetravacancies as the
most probable explanation of the observations reported in
Ref. 27. However, more measurements with other experi-
mental techniquesse.g., deep level transient spectroscopyd
are required in order to confirm this interpretation.

IV. CONCLUSION

We have calculated the positron lifetimes for various PHR
and fourfold vacancy clusters in silicon using electron-
positron two-component DFT with a 216-atom supercell. It
has been found that the results for the monovacancy and the
divacancy are in good agreement with the experimental life-
times reported in Ref. 3.

Contrary to the usual assumption, our calculations show
that positron-induced forces generally do not compensate for
electronic inward forces. Thus, the use of unrelaxed defect
geometries for positron lifetime calculations is not generally
justified, and full geometry optimizationswith respect to
both electronic and positronic forcesd is necessary. Further-
more, we have found that the lattice relaxation significantly
depends on the size of the supercell; a supercell of at least
216 atoms is required in order to calculate positron lifetimes
accurately, even for relatively small defects.

For the two-component DFT calculations, the attraction of
the electron density by the localized positron leads to a deep-
ening of the potential well for the positron. This, in turn,
leads to an increase of the positron localization in the defect,
where the electron density is low. As a result, the two-
component DFT gives larger positron lifetimes than calcula-
tions in which self-consistency is not imposed.

The present, more precise calculations suggest that the
formation of fourfold tetravacancies is the most likely expla-
nation for the apparent disagreement between positron anni-
hilation and infrared spectroscopy data reported in Ref. 27.
They also show that the fourfold trivacancy has positron life-
times close to that for the monovacancy; these two types of
defect can thus be confused when interpreting positron anni-
hilation experiments.
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