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Nonmonotonic charge occupation in double dots
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We study the occupation of two electrostatically coupled single-level quantum dots with spinless electrons as
a function of gate voltage. While the total occupation of the double-dot system varies monotonically with gate
voltage, we predict that the competition between tunneling and Coulomb interaction can give rise to a non-
monotonic filling of the individual quantum dots. This nonmonotonicity is a signature of the correlated nature
of the many-body wave function in the reduced Hilbert space of the dots. We identify two mechanisms for this
nonmonotonic behavior, which are associated with changes in the spectral weights and the positions, respec-
tively, of the excitation spectra of the individual quantum dots. An experimental setup to test these predictions

is proposed.
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INTRODUCTION we always assume, = ;. The charging energy is accounted

for by H.,=Unn,. Each dot is coupled to an electron

Quantum dots coupled to an electron reservoir can beeservoir* H,eadi=2kekialiaki. Tunneling is modeled by
filled with electrons one by one in a controlled way. With HT,i:Ek(ticiTakﬁh.c.), where we assume the tunnel matrix
increasing gate voltage, the number of electrons on the dalements to be energy independent. The tunnel coupling in-
increases in a steplike manner. As long as Coulomb interadroduces a linewidti™; = 27]t;|?p;, wherep; is the density of
tion among the dot electrons is negligible, the dot levels arstates of lead at the Fermi energy.
filled independently from each other. However, small semi- There are four possible states for the double-dot system:
conductor quantum dots are usually subject to strong Couhe double dot being empty=0), singly (y=1,2), or dou-
lomb interaction: charging energy gives rise to extended plably (y=d) occupied. The corresponding energiesByeRef.
teaus of (almos} fixed dot charge as a function of gate 5). To address the question of how the occupation’ and
voltage. The aim of the present paper is to demonstrate thah,) of the dots vary as both levels and e, are simulta-
more dramatic signatures of Coulomb correlations can b@eqysly pulled down, we keep the bare level separation
found in studying the filling of the individual levels in the A=e,-¢ fixed. The fact that tunneling does not commute

quantum dot. While the total occupation of the dot remains gyih the kinetic and charging terms is essential for the phys-
monotonic function of the gate voltage, we predict that, Un+.5 outlined below.

der circumstances specified below, the individual levels are
filled in a nonmonotonic way. The physics proposed here

enables one to observe nontrivial many-body correlations in REGIMES
a particularly simple(effective four-dimensional Hilbert We begin with identifying the regime at which a non-
space. monotonic filling of the individual dots is expected. Consider

To illustrate the signature and mechanisms of the nonfirst U=0. The spectral density of dotis a Lorentzian cen-
monotonic filling, we consider the simplest possible modekered arounde; with a width T',. As € crosses the Fermi

system that allows for a separate access to the individuainergy of the lead, the occupatidn;) of level i changes
level occupation: two electrostatically coupled single-level

guantum dots with spinless electronsee Fig. 1L The
double dot is equivalent to a single-quantum dot accommo-
dating two levels. The advantage of the double-dot setup lies
in the possibility to read out separately each dot’s occupation
by electrostatically coupled quantum point contacts. This !
kind of charge sensing has been experimentally demon- @
strated for single and double dofsrecently. The quantum
dots are tunnel coupled to one common or to two separate
electron reservoirs.

We model the double-dot system with the standard tunnel Ve
Hamiltonian H=Hgot*Haoto* Hent Hiead1+ Hieagzt Hr 1
+Hr . Quantum doti=1,2, described byHyq,;=€cjc;, ac- FIG. 1. Two electrostatically coupled single-level quantum dots
commodates a level with energy, measured relative to are attached to electron reservoirs and gated by gate electrodes. The
the Fermi energy in the leads. The level energies can bmdividual occupation is determined by adjacent quantum point
tuned by the gate electrodes. Without loss of generalitycontacts.
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kgT/T (since otherwise the filling is dominated by thermal fluctua-
tions) and is most pronounced fdr~I"> kgT.
Boltzmann = The second mechanism is based on a renormalization of
= the peak positions in the spectral density due to Coulomb

interaction’ As discussed in more detail below, tunneling in
H mech 2 and out of dot 2 yields a renormalization of dot level 1,
€,—€;. The renormalization is strongest when level 2 is
close to the Fermi energy. This renormalization can give rise
to a nonmonotonic filling of dot 2 under the condition
mech 1 A~kgT and (n))+(ny,y=1. In this case, both dots will be
partially filled oncée; and’e, are below the Fermi level. The
0 1 A/T relative occupation is approximately given by eéxp/kgT).
A renormalization of the level splitting then changes the

FIG. 2. ForkgT>T or I'>A, the occupation of the individual relative occupation. If level 2 is close to the Fermi level, then
dots is a monotonic function of the gate voltage. Nonmonotonicitiedevel 1 is strongly renormalized towards higher energies. As
due to mechanism 1 are strongest for-I'>kgT, and mechanism a consequence, the occupation of dot 2 is increased at the
2 becomes effective fok ~I'~kgT andI'; # I';. cost of level 1, i.e., there is a reshuffling of the relative oc-

cupation. When the gate voltage is increased further, the

from 0 to 1. The width of this transition is governed by renormalization becomes weaker, and level 1 gains back
maxT;,ksT}. It is obvious that in this case the occupation of some of the occupation it lost to level 2, which leads to a
each level is a monotonic function of the gate voltage. Wehonmonotonicity okny). It turns out that for symmetric cou-
thus turn our attention to the limi) >maxA,I",kgT}. pling, I'y=I",=T", the renormalization of the level separation

For temperatures larger than the level broadeningis negligible in the regimeé ~I"~kgT since both levels are
kgT>T, the influence of the tunnel couplings on the occu-renormalized approximately by the same amount. To get a
pations is negligible and the double-dot system is filled achonmonotonic dot filling, an asymmetric couplibig#I', is
cording to the Boltzmann factors exE"/ksT) of the required.
corresponding bare energidsﬁ(o) with ¢=E”-EY and

1

—0) _ 0 _ 0 =0 :
U=E, -E,"-E,"+E,”. Now the_occupaﬂons of the two PERTURBATION EXPANSION
dots are correlated due to charging enekgyn,)—{n;)(n,)
<0, but the individual dot occupatioris;) are still found to To substantiate the qualitative ideas outlined above, we
depend monotonically on the gate voltage. Therefore, we rePerform a perturbation expansion of the dot occupations in
quire T =kgT. the tunnel-coupling strength. For this, we employ a dia-

If the level separation is small compared to either thegrammatic imaginary-time technique that was introduced to
level width or temperature, méT,T'}> A, then the double study charge fluctuations in a metallic single-electron $ox,
dot will be filled in a symmetric way{n,)~(n,), which  adjusted to a two single-level-dot system. The central quan-
again yields a monotonic filling. This restricts the regime oftity iS the partition function Z=%, efg_ﬂﬁ{)- The
interest toA =T =kgT. corresponding  effective energies, = EX +EX +0O(I'?)
can be expanded in orders df. Evaluation of Y
yields EQ=—{oy(e)+ o], E=—{as(e)+ aales+U)],
E(zl):_[01(€1+u)+0'2(52)], and Egl):_[01(61+u)+0'2(52

We identify two different mechanisms by which a non- +U)], with ¢i(w)=T;/27]In(8D/2m)-ReW(:+iBw/2m)],
monotonic filling of the individual levels can occur. They are where the bandwidtid appears as a high-energy cutoff at
both related to the Coulomb interaction, with two different this intermediate step but drops out for all physical observ-
consequences concerning the spectral density. First, as membles since they only depend on differencesEgh. As a
tioned above, there is a spectral weight of level 2 not onlyresult, the dot levels are renormalized according to
arounde, (describing filling or depleting of dot 2 while dot 1 Eizei+ei(1) with

MECHANISMS FOR NONMONOTONICITY

is empty but also arouna,+U (describing transitions when

dot 1 is filled. The total spectral weight is normalized to 1, v - L2 Re{\y(l LiPlet U)) _ W(l ' I&)]

with the relative spectral weight between the two peaks be- Yoo 2 2 2 2w)]

ing determined by occupation of dot 1. Both peaks of level 2 (1)

are broadened b, (Ref. 6, which yields a patrtial filling of

the dot once the peak is close to the Fermi energy. As théor 5(21) the same expression holds with 1 replaced by 2, and
level in dot 1 passes through the Fermi level and dot 1 idJ remains unrenormalized in first order Ih Here, W (x) is
filled, the spectral weight for the level in dot 2 is transferredthe digamma function. From E@l) we see that the renor-
from the peak around, to the one around,+U, which is  malization of the level in dot 1 is proportional to the tunnel
further away from the Fermi level, yielding a reduction of coupling of dot 2(and vice versh It is maximal whene, or

the partial occupation of dot 2, giving rise to a nonmonotonice,+U is in resonance with the Fermi level, and vanishes in
filling. This mechanism will be visible foA>kgT (Fig. 2 the absence of Coulomb charging.
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FIG. 3. Nonmonotonic dot filling due to mechanism 1. The pa- e/U
rameters ard =0.1U, I';=1",=0.1U, andkgT=0.01U (Ref. 9. In-

set: Result for the symmetrized Hartree approximation. FIG. 4. Nonmonotonic dot filling due to mechanism 2 for

A=0.1U, I';=0.01U, T',=0.1U, andkgT=0.08U.

Thermodynamic quantities such as the occupation of the
dots are obtained by adequate logarithmic derivatives of the ()@ = [1-(n)©] I +(n)© I 6)
partition function. In particular, 2 ! 2me, ! 2m(e;+U)

19 As level 1 passes through the Fermi level, filling up quantum
(ny)=- Be Inz, (2 dot 1, the occupation of dot 2 drops frdfa/ (2me,) down to
' I',/[27(e,+U)]. Within our perturbative analysis, the width
14 of this drop is provided by temperature, as a broadening of
(nyy=———1InZ. 3 level 1 due to quantum fluctuations would enter in higher
BN orders only. When going to higher order Iy the width is

The first-order corrections of these quantities are directly obeXpected to be mdksT,I';}. The amplitude of the drop is

tained from approximately
(Inz)® LU
T ={[1 - (n)PNoy(e1) + () V0y(e; + U) ng) = 2mA(A+U)’ @
B
+[1 =(n)O]on(&) + (N QVas(e, + U)}, (4) We now turn to the regima ~TI"~KkgT to discuss mecha-

o nism 2. From inspection of Eql) we realize that in the
plus a constant that is independenteef e,, andU. The set  given regime the renormalization of both levels is roughly
of Egs.(2)—4) provides the starting point for the subsequentihe same. In order to generate a substantial renormalization
quantitative analysis. For example, the correction to occupanf the level separation that can give rise to a nonmonotonic-
tion of dot 2 is ity, we choose different coupling strengtli’s # I',. In the
following we discuss the cadg >T1";. The result is shown in

J Jory(eg+ U . ! : : :
<n2>(1)=—[1—<n1><°>]M—<nl><o)M Fig. 4. The second line of Eq5) is associated with the
€2 €2 renormalization of level 1. The renormalizatidtowards
Hn)© Ay @ highe_r energiesis strongest whene, passes _thrpugh the
e [oa(€) — o€+ U)] + [o1(€) Fermi energy. The peak of the nonmonotonicity is therefore
! located to the left as compared to the one related with
—oy(e+ V)], (5 mechanism 1. The width is given . For an estimate of

its height &n,), we neglect both the possibility of the
double dot being empty or doubly occupied, i.e.,
(ny)© =exp(—pA)/[exp(—BA)+1], and we assume >kgT.

where we have useén,)?/de;=(n)?/ de,.

RESULTS We find
In Fig. 3 we show the dot occupations as a function of the BeP T,-T BU
mean-level positione=(¢;+¢€,)/2 in the regime A~T &ny) = 21 B2 (8)

> kg T. We find nonmonotonicities which we relate to mecha- (€ +D? 27 2m
nism 1 discussed above. For an approximate analytical un- |f we reverse the asymmetry of the coupling strengths,
derstanding of the result, we concentrate on the nonmonotd:, >T,, we find, by using analogous arguments as above, a
nicity of (n,) on the right step. Sinc&,> €; andA>kgT, we  nonmonotonicity ofn;) on the left step, whilén,) remains

can set(n,)® =0 for the whole region over which level 1 is monotonic.

filled up, and(n,)© is independent o&,. Nevertheless, level In Fig. 5 we show the correlatofn;n,)—(n;)}n,), ex-

2 is partially filled due to quantum fluctuations, panded up to first order ifv, for the two sets of parameters
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cally controllable. Truncating the EOMs on the first hierar-

chy results in the symmetrized Hartree approximafiavith
f(w) given by [Gff(w)]™

0 T ~ T T /’l
V‘\ \[’l 1 the Green's function G
/ =[(1=(n)) [ (w—€1) +{N ) (w— €, —U) ]2 +iT"1/2 and similar

i for Giy(w). The resulting(n,) and (n,) tend to be biased
towards each other, but the nonmonotonicity is still observed

=
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(see the inset of Fig.)3
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We predict that the competition between tunneling and
0 0.5 charging energy can give rise to nonmonotonic filling of in-
dividual quantum-dot levels. We identify two different
FIG. 5. Correlator(nny)—(n,)(ny). The parameters are as in Mechanisms leading to nonmonotonicities and determine the
Fig. 3 (solid line) and Fig. 4(dashed ling regimes at which they occur. Based ona pertu_rbauon expan-
sion in the tunnel couplings, we derive analytic expressions
chosen in Figs. 3 and 4. We find that the nonmonotonicity offor the location and the strength of the signal.
the dot occupation is accompanied with an enhancement of Note added While performing this work, we became
aware of parallel work in which nonmonotonic level occu-

|
-1.5 -1 5
e/U

correlation.
Throughout our analysis, we assumed flatbands, i.epations are discussed as well.

particle-hole-symmetric densities of states, in the leads. As a
consequence{n;) at e for given I';,I', is identical to
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