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Magnetic-field dependence of low-lying spectra in magnetic quantum rings and dots
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In this paper, the magnetic-field dependence of low-lying spectra of a single-electron magnetic quantum ring
and dot, formed by inhomogeneous magnetic fields, are calculated using the numerical diagonalization scheme.
The effects of on-center acceptor and donor impurities are also considered. In the presence of an acceptor
impurity, transitions in the orbital angular momentumare found for both the magnetic quantum ring and the
magnetic quantum dot when the magnetic field is varied.

DOI: 10.1103/PhysRevB.71.195305 PACS nunt®er73.21.La

I. INTRODUCTION investigated these electron structures and magnetic edge
In the past decade, the quantum dot was a subject of irstates, and founq thfat the energy spectra critically depend on
tense theoretical and experimental interest in nanotechnolog?e number of missing magnetic flux quanta rather than the
areas® since the fabrication of quasi-zero-dimensional eometry of the structure or the field abruptness. Rec_ently, in
semiconductor heterostructures becomes reality to electrRe dl4, basgd_on the ab0\1e m(()j(;lt_alz OL both magnetic quan-
cally confine few electrons in all spatial dimensions. Thetum dots an _nng?, Leet al. mo |f|gﬁ the magnetic qu_Jaln—
confining electrostatic potential of such quantum dots is We|Fur3 dot f‘”dd”f‘g orm'ed by two dll erentl magnetic '3 ds,'l
described by a parabolic shape theoretically. In recent year@Nd analyzed interesting numerical results in great detail.
owing to the potential uses in high density memory devices he Erotéab_lhty. curr?nt_s of th? states are elllso calculat&d us-
? . ) . o . Ing the derivative of eigenvalue wrt angular momentiym
?rrozplr;t;(ozn[I)CEg)ait: r'[lr?vlasi/vtglle-;r;[g\(/jvlﬁsmog tnwgtig Imue;nifrzatljgtl’iclmzllh JEn/dl. As a whole, the eigenvalues of the above
and gven the magnetic quantum ring’s sys?ems which arsystems were found by a traditional method via the continu-

diff f h 1 I q dd | of the wave functions and their derivatives at the bound-
ffferent from the conventional quantum dot, address a [0t Okjes petween regions of different magnetic fields. Note that
attention:®*° In case of the former one, the electrons areg

| . A e LU O Il the past studies of above systems only focus on the
confined magnetically and the confining potential is inherimpyrity-free cases, and the impurities have to be considered
ently nonparabolic. Experimentally realistic examples forin 3 real situation since it will modify the energy levels of the
several magnetic structures were also proposed, e.g., type daterials, and in turn largely affect their electronic and mag-
superconducting materials deposited on conventionahetic properties. To our knowledge, the magnetic dependence
structures! magnetic superlattices by the patterning of fer-of quantum magnetic dots and rings involving impurity dop-
romagnetic materials integrated by semiconductérand  ing was not studied in the past, which is the novel part of the
nonplanar 2DEG systems by molecular beam epitd¥p  present work.
Ref. 14, a chronological survey on the past experimental In the past decade, by using numerical diagonalization,
studies on such areas was also reviewed. One of the simplew-lying spectra of few-electron or exciton quantum dots
ways to experimentally realize the magnetic quantum dot owith and without impurity were calculated, for which elec-
ring is that the same shape of thin superconducting materidgtons or holes are confined electrostatically by parabolic po-
is placed on top of 2DEG. In this case, the magnetic fluxesentials in uniform magnetic fields*7-° Qualitative results
are expelled from the superconducting material, resulting ifor the ground state orbital and/or spin angular momenta
inhomogeneous magnetic field profiles on 2DEG. transitions were taken that are in good agreement with those
In the early theoretical studies, the magnetic quantum dodf experiments. In the present study, we apply the same com-
and ring were modeled by setting the magnetic figlth be  putational technique on those systems of the magnetic quan-
zero within the dot and the ring regions, respectively, andum dot and ring. Here, starting from the Hamiltonian of the
constanB elsewhere. For magnetic dots, Senal1® studied single electron magnetic quantum ring system in the pres-
the formation of the magnetic edge states along with theence of an on-center Coulomb acceptor or donor impurity,
corresponding classical trajectories. The classical trajectoriese rearrange the whole Hamiltonian and extract those terms
were obtained by using the general rule derived from theas the unperturbed one such that its eigenvector is exactly the
energy and angular momentum conservation [#adallon  same as 2D harmonic product basis states in the model
and Maksym’ generalized the above works to the case ofspace. Note that the system will become the case of the mag-
two interacting electrons and discussed their stabilitynetic dot when the inner radius of the ring is zero. The low-
Reijnierset al!® calculated single electron low-lying spectra lying spectra of a single electron magnetic quantum ring and
for two model systems in different magnetic profiles, with dot are then found by using numerical diagonalization. The
and without magnetic overshoot, respectively, at the edge ahagnetic moments are also found in order to get visible dis-
the dot. For the case of magnetic quantum rings, Ktral®  continuities at those points of orbital angular momentum
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transitions induced by magnetic fields. Finally, we comparen andl# denote the radial quantum number and the orbital

and analyze our overall numerical results for such a systemingular momentum, respectively. The symbgin Eq. (4) is
with and without acceptor or donor impurity. the orbital angular momentum operator in thelirection.
The radial functiorR,(r) is given by the following equation:

Il. THEORY onl

GEIIL

mk?/vhere Lw(rz) is the associated Laguerre polynomial. For a
succinct representation, ry;, andrg,, as measured from the
center of the magnetic ring, are all in units of the magnetic
length a.(=\A/mw,) with the cyclotron frequencyw,
=eB/m. Also hereafter the energies are in unitshj..

. _ _ The perturbed Hamiltonian, including the electron-
wherem is the effective mass of the electragis the abso-  jq ity Coulomb termVimp and the interaction term be-
lute value of the electron charge, aads the dielectric con- : -~

stant of the medium the electron is moving in. Note that thetWeen the electron f?‘”d th_e mhpmogeneous fiwlds can be
electron-electron interactions are not considered for math@XpreSSEd’ respectively, in units i, by
ematical simplicity and the Zeeman energy for the coupling a1

of the electron spin and the magnetic field can therefore be -
neglected without loss of physical significance. The last term
is the Coulomb interaction between the electron and the on-

(5

1/2
Ru(r) = { ] Ll r2)er2,
In the effective mass approximation, the Hamiltonian de-
scribing a single electron bound to an on-center Coulom
impurity, either acceptor or donor, in a 2D magnetic quantu

ring subjected to a magnetic field, is given by

O
H=——(P+eA?+ 1
om(PHeA 7 D

Arrer’

\A/imp =7 (6)

agr’

center impurity. The parameteris 1 for an acceptor impu-
rity and —1 for a donor impurity.

In a real situation for experiments, the magnetic quantumV,-g =

ring is formed by inhomogeneous magnetic fields: the mag
netic field perpendicular to they plane within the ring re-
gion is zero,B=0 for ro;=<r =<rg,, and constanB outside it,
B=Bg,, whereg, is the unit vector in the direction, andry;
andrq, are the inner and the outer radii of the magnetic ring,
respectively. In the representation of a polar coordinate, th

corresponding vector potentia& is then given by the
following:141°

p
B. R
Eezxr, forO=r <rqy,

. ) Br3,. .

A=¢ 2—(;1 r for ro;<r <rpy,
B(r’ - (rgo=15)), _ -
B L for r > ro,.

\

2
When the inner radiusy; goes to zero, the resulting vector
potential can be reduced to the case of a magnetic dot wit
the radiusrg,. After rearrangement, Eql) can be rewritten
as

H= 'q0+(/imp+\’\/I—B- (3

0, forO=r<rq,

-1
2r?

1,2 _ .2 1 2 _ .2 2 _ .2
= 52 (rop =Tl = el 2r(rep = 1g0) — (52— 1)l

for r > rgp,.

2 1 4
(P =gl = 5z(r* =15y, forrg <r=rq,

()

The matrix elements used for numerical diagonalization are
expressed by

~ 1 1
<¢nI|HO|¢n’I’>:{n+§(|I|+I)+§}5n,n’5l,l’r (8)
~ . 1
<¢nl|vimp|¢n’l’> = Wif Ra(r) =Ry (rrdr A 9
agJo r

<¢nl|\A/|—B|¢n'|f>:f Rnl(r)\’\/l—BRn’l’(r)r dr . (10
0

One note worth mentioning here is that, in Ef), the un-
perturbed energies give discrete values corresponding to the
ﬁlectron motion on they plane under a uniform field, and
such an energy value can be written as the non-negative in-
teger or Landau energy level indd)d,,:n+%(|l|+l). Finally,

the lowest three Landau levels of the single electron mag-
netic quantum dot and ring, with and without on-center Cou-
lomb impurity, are calculated for several lowest angular mo-

In order to calculate the eigenenergy of the whole systenmenta(1=0,+1,...,+5) as a function of the magnetic field.
by numerical diagonalization, the unperturbed Hamiltonian

can be extracted from Eql) as

Flo= —P?+
%7 2m

2
Mw We ~
Bt

3 (4)

such that its eigenfunction can be chosen as the well-know.
2D harmonic product basis stat@$ ¢, )=(1/v2m)e' 'Ry (r),
that is similar to the case of a parabolic quantum?ehere

IIl. DISCUSSION AND CONCLUSIONS

In what follows, in order to illustrate the magnetic-field
dependence of the low-lying spectra of the electron quantum
tot or ring, we set the square of magnetic lengtiich is
inversely proportional t@), as the independent variable for
the figures of this paper. Also, the natural units are used in all
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FIG. 1. Low-lying spectra of a magnetic quantum dot as a function aﬁ(k/B), (a) no impurity, (b) acceptor, andc) donor. Note that
all states are labeled by the quantum numijer$) and the statee=0, n=1, andn=2 are denoted by the curved solid, dashed, and dotted

lines, respectively. The lowest three Landau lev&ls=0, 1, 2 are denoted by solid straight lines.
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FIG. 2. Low-lying spectra of a magnetic quantum ring as a function aa’f(le), (@) no impurity, (b) acceptor, andc) donor. The

meanings of different line types are similar to those of Fig. 1.
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TABLE |. Numerical results of the magnetic quantum dot with on-center acceptor impurity.

State (0,0 0,-1) 0,-2 (0,-3 (0,9 (0,-5

Eigenenergy(Eg) ata3=0.40> 078571 0.72675 0.70295 0.67903 0.65724  0.638 89
Eigenenergy(Eg) at a3=2a7 131427 1.49279 1.80811 2.06199 221703 2.29658

the figures of the present paper: the Bohr radiag In Fig. 1(b), in the presence of on-center acceptor impu-
=#i2/ma) as the magnetic length unit afig=ma?/42 as the  rity, there is a clear-cut ground staketransition ata3/aZ
energy unit, wherer=e?/4me.?! In our actual numerical di- =~1.38. At fixed magnetic fields, the eigenstates in the in-

agonalization, the rate of convergence depends on th@'€asing sequence are just in opposition beztween magnetic
strength of the magnetic field. At sufficiently low or zero fields lower and higher than about suchﬁﬂac value, and
magnetic fields, the electron wave function is very extendedthe €igenenergies for magnetic field§/a;=0.4 and 2, for
leading to the extremely slow convergence, and very larg&Xample, are listed in Table | for comparison since the en-
basis space is required to get reliable numerical result€£r9y difference is very small beloag/a;~1.38. At mag-
Therefore, we calculate the eigenenergies of the systen{éet'c fields below this transition point, th{6,0) state has no

. " 2_ . . centrifugal barrier and the electron is closer to the center of
starting from the magnetic fielag/ a¢=0.4, without affecting the acceptor impurity comparing with other angular momen-

our discussion on the qualitative aspect of the magnetic dq m states. The electron becomes most unstable ar(@ Be

or ring. In the present numeri(;al work, ten basis states foEtate has the highest energy for the lowest Landau level,
each angular momentuid are included, since the ratio of while (0,-5) is left as the ground state. At magnetic fields

the difference in eigenenergy is less than 0.001% for th?}igher thanaé/a§z1.38 the magnetic confinement, how-

further increase of number of basis states. With better VieWSever becomes more dc’)minant than the effect of c;n-center
hereafter, we discuss the qualitative aspects of the energy..onor impurity, and the sequence of the states will return
spectra in Figs. 1 and 2 only for the _Iowest hl_.aﬂdau Ievel,to those cases without impurity. As a whole, all states shift to
since the same argument can be applied for higher ones. higher eigenenergies at nonzero magnetic fields owing to the

First of all, Ie_t us consider the_Iow-Iymg. spectra of an net small repulsion between the electron and the on-center
electron magnetic quantum dot with and without on-centef ..o nsqr impurity. In the case of on-center donor impurity
acceptor and donor impurity as presented in Fig. 1. In Fig

shown in Fig. 1c), using the same argument of a Coulomb
1(a), in the case of the impurity-free system, the eigenener g- 1) - g

effect, the electron-donor attraction brings the electron much

gies deviate more significantly from the bulk Landau level aSoser to the center of the dot. The states have the same

the magnetic field increases. Note that, when the magnetigy, ,ence as those of the impurity-free case and the eigenen-

field is weak, the radii of the orbits are large and the eIeCtrOQargies shift to lower values, and that of te0) state is even
essentially moves around in a uniform magnetic field OUtSid%egative for magnetic field’s up uﬁ/aﬁz&

of the dot. As the magnetic field strength increases, the orbits In the case of magnetic quantum ring shown in Fig. 2, the
pontract toward the cenFer .Of the dot and the effept of & ualitative aspects of low lying spectra is completely differ-
inhomogeneous magnetic field becomes more evident. O nt from those of the magnetic quantum dot. In Fig) 2t

the othgr ha}nd, the smgller the an”t“m .valtij&rek|l|), the can be clearly seen that, for the impurity-free system, there
more significant the eigenenergies dey|ate from the bulk o ground state transitions in the sequerioe0)— (0,
Landau level. It can be physically explained by the foIIow-_l)_)(0 ~2)—(0,-3—(0,-4) - as the magnetic field in-
ng. Aﬂs .‘I’Ze” known, a smglg e_Iectron eigenstdfed,) . creases, which is consistent with the results of Ref. 14. It can
=(1/v2m)€ "Ry (r) can be qualitatively regarded as the cir- hg eyplained physically by the following: For weak magnetic
cular motion of the electron about the center with orbitalfie|qs, the states with angular momehtao is far away from
angular momentuni#, and the mean square orbit radits  the magnetic edge or the center of the ring, and the electron

can be expressed by moves with an analogy to that in a uniform field, and the
) states therefore resemble the bulk Landau level. As the mag-
(Dnlrepa) = 2n+ 1|+ 1 =22, -1 +1. (11 netic field increases, the field confinement brings the states

much closer to the ring region, and the electron moves in the
The smaller the quantum value afi 2[l], the closer the elec- gpsence of a magnetic field, leading to deviation from the
tron is to the magnetic edge near the center of the dot. Singgyk Landau level. A further increase in the magnetic field
the interaction energy,_g is more negative(0,0) is left as  brings the electron much closer or approaches the center of
the ground state regardless of the magnetic field strengthhe ring, and the electron returns to move in a uniform mag-
And for our present calculation of angular momenta up to netic field. In other words, the eigenenergy for each angular
=-5, the state labeled H®, -5) is closer to the bulk Landau momentum state starts to deviate from the bulk Landau level
level since the electron is far from the magnetic edge andnd then approaches it, leading to thground state transi-
moves with an analogy to that in a uniform field. The abovetions. It is worth noting here that, in conventional electro-
argument is also applied for the rings. For convenience oftatically confined quantum dots, different from those of a
presentation, all perturbed or excited states are labeled simsingle electron magnetic quantum ring, there are ground state
larly to those of the unperturbed one. transitions only for the cases of more than one eleétan
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one electron with on-center acceptor impufityut no tran- 3.0
sitions for those systems with only one electron. 1 .
For the case of on-center acceptor impurity, shown in Fig. 0.0—¥ () donor, fing (o)

2(b), the low spectra are in general the same as those o 1 .
impurity-free cases, except for very weak magnetic fields. '8:8: 0.2 (e) acceptor, ring
Similar to the case of the magnetic quantum ¢Rig. 1(b)), (0.1 ©0.3) 04 " 0.5)
(0, -5 becomes the ground state for very weak magnetic 102 '
fields. Furthermore, apart from the argument for the  -1.04

impurity-free case, there is another reason to explain such ’E‘ 0.0 (d) no impurity, ring
ground state transitions: As the magnetic field increases, thi3 ™ ’ ©.-1) |
magnetic confinement strength brings the states close to th§ ©.0) ©:-2 ©:-3) ©-4)

position near the on-center acceptor impurity and the elec-= '0'3-_ ©:-5)

tron in turn has to jump to the orbit with higher states in ] |
order to avoid the increase of electron-acceptor repulsiong 20

Hence, all ground state transitions shift to lower magneticg 0.0 _'¥
fields, comparing with those of the impurity-free case. In %

(c) donor, dot 0,0

Fig. 2(c), for an on-center donor impurity magnetic ring, % '2'0'_
owing to the electron-donor attraction, the electron with the & 0.0~ [(05) —— ©9
(0,0) state tends to localize near the position of the on-centel | (b) acceptor, dot
donor impurity to minimize its interaction energy, af@0
is therefore left as the ground state for the magnetic fields up 497
to a3/a2=8. For the neighboring higher states, there are still ¢ 4 ©0)
L ground state transitions, in the sequeti@e-1) — (0,-2) | /"" (@) no impurity, dot
—(0,-3)—(0,-4)---, with all transition points shifting to
higher magnetic fields. -04

The magnetic moment can be defined by the derivative of 0.2 s a4 & 8 10
the lowest ground state eigenenergy with respect to the mag ) )
netic field, -JEgound1)/dB at the absolute zero of 1/a (1/a;")

temperaturé? In order to get the visible discontinuities or

spikes at the corresponding orbital angular momentum  FIG. 3. Magnetic moments as a function ofaf(~B). Note that,
ground state transitions for the overall results of Figs. 1 andOr @ clear presentation, the magnetic moments for the curves are
2, the magnetic moments of the electron magnetic quanturrawn in different scales.

dot and ring with and without impurity are plotted in Fig. 3,

and clearly shows that there is ground statéransition at side the magnetic quantum dot or ring, but also on those
a5/a2~1.38 for a magnetic quantum dot with acceptor im-systems of few electrons without neglecting both electron-
purity. In the case of a magnetic quantum ring, regardless oflectron and spin-spin interactions.

the presence of acceptor impurity, both have ground s$tate

transitio'ns.and the transition points all shift sli'ghtly to lower ACKNOWLEDGMENTS

magnetic fields for those with acceptor impurity.
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